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Abstract

In this paper, we investigate the local existence, global existence, and blow-up of
solutions to the Cauchy problem for Choquard—Kirchhoff-type equations involving
the fractional p-Laplacian. As a particular case, we study the following initial value
problem

i M (P =AY+ VLl 2u) = (fiw (5 dy ) 1l in RY x (0, +o00),
u(x, 0) = up(x), in RV,

where

1/p
lull = ([u]é’,,,+/RNv<x)|u|"dx> ,

s € 0,), N> ps, p,qg > 2, (—A);, is the fractional p-Laplacian, ug : RN —
[0, 400) is the initial function, M : RT — RT is a continuous function given by
M) = o1, 6 € [I, N/(N —sp)) and V : RV — R¥ is the potential func-
tion. Under some appropriate conditions, the well-posedness of nonnegative solutions
for the above Cauchy problem is established by employing the Galerkin method.
Moreover, the asymptotic behavior of global solutions is investigated under some
assumptions on the initial data. We also establish upper and lower bounds for the
blow-up time.
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1 Introduction and the Main Results

The aim of this paper is to discuss the global well-posedness, asymptotic behavior and
blow-up phenomena to the following fractional Choquard—Kirchhoff-type parabolic
equations

ur + M (Jul|?) [(=A)Y5u 4+ Vo) ulP2u] = (K [ul®)|ul92u in RN x (0, +00),
u(x, 0) = up(x), in RV,

(1.1)

where p,g > 2, M : Rt — RT is a continuous function given by M (o) = o?- 1
6e[l, N/ (N—-sp)),se,1),N>sp,uec (0, N),andV : RN — R is a scalar

potential. Hereafter /C,, (x) = |x|7H,

1/p 1/p
lu(x) —u(y)l?
lu| = ([”]{2,[1 + /]RN V(x)lul”dx) 5 [M]SA,p = </RZN dedy) .

(—Ap)* is the fractional p-Laplacian which, up to a normalization constant, is defined
for each x € RV as

— p=2 —
(—A)5p(x) =2 lim lo(x) — ()] 15¢(X) () Ay (12)
=0 JRN\B, (x) |x — y|N+sp

forall ¢ € Cgo (RN). Here B, (x) denotes the ball in RV centered at x with radius €.

In the last few decades, great attention has been paid to study problems involving
fractional Laplacian. The interest in studying such problems was stimulated by their
applications in continuum mechanics, minimal surfaces, conversation laws, popula-
tion dynamics, image processing, finance, and many others, see for example [1-3] and
the references therein. In particle the study of parabolic equations involving fractional
p-Laplacian like (1.1) are important in many field of sciences, such as biology, geo-
physics, as well as in Riemannian geometry in the so-called scalar curvature problem
on the sphere SV, for more details see [4—6]. From the mathematical point of view, the
difficulty in solving problem like (1.1) is due to the lack of compactness which caused
by the invariant action of the conformal group, or one of its subgroups, we refer to [7]
for details. When u = p = g = 2and V = M = 1, the stationary equation related to
(1.1) becomes the well-known Choquard or nonlinear Schrodinger-Newton equation

—Autu= (ICz* |u|2>u in RV, (E))

In the case when N = 3, equation (E7) was first introduced in 1954 by Pekar [8].
In 1996, Penrose [9] used equation (E;) in a different context as a model in self-
gravitating matter. The literature on equations of the type (E7) is very large and rich,
so here we just list some papers where the authors studied the existence and multiplicity
of solutions for (E1), see for example [10-13] and the references therein. If s — 17,
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p =2and V = 0, the homogeneous equation related to (1.1) reduces to the following
equation

u — M(lulHAu =0 in RY x (0, +00), u,(0) = uo. (E))

As far as we know, the first and the only result on the global existence and nonexistence
of solutions of (E/) was obtained by Gobbino [14] in a more abstract setting. In this
work the author classified the existence and nonexistence of solutions of (E/) into the
following cases :

o If ug € D(A'?) and M (||Vuoll3) # O, then there exists at least one global
solution.
e Ifug € D(AP) with B small enough, then there is no solution.

Equation (EY) is related to the parabolic analogue of the Kirchhoff equation
uyy — M(lu]|»HAu =0 in RN x (0, +00). (E})

This equation was first introduced by Gustav Robert Kirchhoff in 1876, which
describes the movement of an elastic string that is constrained at the extrema, tak-
ing into account a possible growth of the tension of the vibrating string in view of its
extension.

Recently, many authors investigated the existence of local and global solutions for
this abstract initial value problem

W't + M (||A%u(t)||2) Au() =0, u(0) = up, u'(0) = uj, (P)

where A is a nonnegative self-adjoint linear operator on a Hilbert space H with
dense domain D(A). Powers of the operator A are just defined by the spectral operator,
that is

o
ASu = "2urer, Vs =0, Yu e D(AY). (1.3)
k=0

The local and global existence of solutions of (P) has been proved under different
assumptions on the initial data (uo, #1) and on the nonlinear function M, see for
example the works by Ghisi and Gobbino [15-17] and the references cited therein. It is
important to point out here when p = 2 and s € (0, 1) the fractional Laplace operator
(=A)* defined in (1.2) and the spectral operator A® given in (1.3) are completely
different, we refer the reader to the monograph [18] for a comparison between these
operators.

In the whole space R", Papadopoulos and Stavarakakis [19] investigated the global
existence and blow-up of solutions for the following nonlocal quasilinear hyperbolic
problem of Kirchhoff type

ure — @O Vull?Au + Su; = |u|u in RN x RT, (E})
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where N > 3,8 > Oand p(x) = (¢(x)) ! is a positive function lying in LN/2(RV) N
L®RN). [20,21]

It is worth motioning that the global existence and blow-up of solutions for the
parabolic equations of Kirchhoff type involving the classical Laplacian operator have
been widely studied by many authors. For instance, we refer to [22-25] and the ref-
erences therein for the setting of bounded domains. Concerning the global existence,
asymptotic behavior and blow-up of solutions for hyperbolic equations of Kirchhoff
type involving the fractional Laplacian in the case of bounded domain, we refer the
reader to some recent results obtained in [26,27]. However, to the author’s best knowl-
edge there is no result on the global existence and blow-up of solutions for parabolic
and hyperbolic equations of Kirchhoff type involving fractional Laplacian operator in
whole R" . Recently, Fiscella and Valdinoci [28] proposed a fractional counterpart to
the Kirchhoff operator which models the nonlocal aspect of the tension arising from
nonlocal measurements of the fractional length of the string. We recall that Kirchhoff
problems, with Kirchhoff function M, are said to be non-degenerate if M (0) > 0, and
degenerate if M(0) = 0. Xiang, Radulescu and Zhang [5] considered the following
diffusion model of Kirchhoff-type

ur+ M ([l?) (—A)u = [ulP~u in Q x RY,
u(x, 1) =0 in (RM\Q) x R, (E2)
u(x,0) = ug(x) in 2,

where € is a bounded domain in RY and (—A)® is the fractional Laplacian with
0 < s <1 < p < oo. Under some appropriate conditions the authors obtained
a nonnegative local weak solution of (E>) by using the Galerkin method. Moreover,
they proved also an estimate for the lower and upper bounds of the blow-up time. Leter,
by combining the Galerkin method with potential well theory, Ding and Zhou [29]
investigated the global existence and blow-up of solutions for problem (E»). Pucci et
al. [30] studied the following anomalous diffusion model of Kirchhoff type

up 4+ M ([ulf p) (=A)5u = f(x,1) in Qx RT,
u(x, 1) =0 in (RV\Q) x R, (E3)
u(x,0) = ug(x) in 2,

where Q@ C R is a bounded domain, f € leoc (R, L*(2)) and (—A)i7 is the
fractional p-Laplacian. By using the sub-differential approach, the authors established
the well-posedness of solutions for problem (E3). Moreover, the large time behavior
and extinction of solutions are also investigated. With the help of potential well theory,
Fu and Pucci [31], studied the existence of global weak solutions and established the

vacuum isolating and blow-up of strong solutions for the following class of problem
i+ (—=AYu = ulP~2u, xeQ, t>0,

ux,t)=0, xeRM\Q, t>0, (M»)
u(x,0) =ug(x), x e
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where s € (0,1), N > 2sand2 < p <2¥ =2N /(N — 2s).

To the best of our knowledge, there is no result on global existence and asymptotic
behavior as well as blow-up of solutions in finite time for initial problem (1.1). There is
no doubt we encounter serious difficulties because of the lack of compactness, Hardy—
Littlewood—Sobolev nonlinearity as well as the degenerate nature of the Kirchhoff
coefficient.

Inspired by the above works, especially by [5,14,29], we study the well-posedness
and asymptotic behavior as well as blow-up of solutions in finite time for initial problem
(1.1). Moreover, we give an estimate for the lower and upper bounds of the blow-up
time. We stress that these results are new even in the case of classical Laplacian where
M =1.

In order to present the main results of this paper, let us recall some results related
to the fractional Sobolev space W*7(RV) (see [18,32]). Let0 < s < 1 < p < oo be
real numbers. The fractional Sobolev space W*7 (RN) is defined as follows :

|u(x) —u(y)[”

s, pmNy _ pmNy .
WP (R )—{ueL (R)./RZN X — y [N dxdy<oo},

equipped with the norm

1/p
_ P lu(x) —u(y)I?
”u”Ws,p(RN) = <||M||p + ‘/]RzN dedy .

As it is well known (W57 (RN), || . lws.p ) is a reflexive separable Banach space
and the embedding W*?(RY) — L4 (R") is continuous for any ¢ € [p, p], namely
there exists a positive constant S, such that

lullg < Sqllullws.p@ny-
Here p} is the critical exponent defined as p} = NIZI; > see [32] for more details. In
order to obtain the existence of weak solutions for (1.1), we consider the subspace of
WSP (RN)

W= {u e WP (RY) :/ V(@) |ul? dx < oo},
RN

endowed with the norm

lu(x) — u(y)|? lp
lul = (||v1/Pu||§+fRZN — 7 dxdy .

= [V
Throughout the paper we assume the following hypotheses on V :

The function V : RN — R is measurable and there exists Vp > 0 such that in; Vx)> V.
R

V1)
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e L2 (RY). (V2)

A typical example of V is given by V (x) = exp(p|x|?) for all p > 0.
The energy functional associated with initial value problem (1.1) is given by

1 1
E(u) = —|u|®? — —/ Ky [ulDul?dx, ueW. (1.4)
Op 2q Jrn
We define the Nehari functional by
I(u) = ||u|l®? —f Ky * ul)ul?dx, ueW. (1.5)
RN

In view of (1.4) and (1.5), it is easy to see that

— L _ i op L
E(u) = (ep 2q) lull”? + 2ql(u). (1.6)
Let
d= uigj(fE(u), (1.7)

where N is the Nehari manifold, which is defined by
N ={u e W\{0} : I(u) =0}. (1.8)

We shall show in Lemma 3.3 below that

2q 0p/(29—0p)
2g — 0 A
d>(2="P rd : (1.9)
20qp C(N, p,r)

where A, denotes the best constant in the embedding W < LY(RY) for all v e
[2, pi] ie,

Av=inf{M 'ueW\{O}}. (1.10)

llally

Clearly, A, > 0. Before stating the main results of this paper, let us give the definition
of the weak solutions for initial value problem (1.1).

Definition 1.1 We say that u € L°°(0, T; W) is a positive weak solution of problem
(1.1) if, u; € L*(0, T; L>(RY)) and the following equalities hold
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(1) fpv urvdx + lullPODu, v) = [on (K * u9)ud~ uv dx for each v € W and
aetime 0 <t <T,and
2) u(0) = uyp.

where

(. v) = / lu(x) —u(M)P2w(x) — u() () — v(y)) dndy
R2N

- =y Ve

+f ViulP >uv dx.
RN

Our first result reads as follows :

Theorem 1.1 Suppose that 0 < ug € W and the following condition holds :

4p* —2r0 2 — *
2<c]r<2q<min{9p+ Ps rop ( r)Ps}7

rp¥ ’ 2

2N " Np
r= ,
2N — 1

ps = (1.11)

N —sp’

Then there exists T > 0 such that problem (1.1) admits at least a nontrivial, nonneg-
ative weak solution for all t € (0, T]. Moreover, for a.e. t € [0, T],

t
/0 lus ()13 ds + E(u()) < E(uo). (1.12)

Remark 1 From the regularity of weak solutions stated in Definition 1.1 and [33,
Proposition 1.2] we infer that u € C([0, T1], L2(RM)). Therefore, the initial condition
(2) in Definition 1.1 exists and makes sense.

Before introducing the second result, let us give the following definition :

Definition 1.2 (Maximal existence time) Let u(¢) be a solution of problem (1.1). We
define the maximal existence time Ty.x of u as follows :

Tmax = sup{t > 0 : u = u(t) existson [0, T']}.

(1) If Tnax < oo we say that the solution of (1.1) blows up and Tiax is the blow up
time.
(2) If Tmax = 00, we say that the solution is global.

The proof of the following Theorem 1.2 relies on the potential well method which was
introduced by Sattinger in [34]; see [25,35,36] and the references therein for some
results on global existence of solutions.

Theorem 1.2 Assume that 0 < ug € W and the following conditions hold true :
Op <2q < pi, (1.13)
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and
E(uo) <d and I(ug) > 0. (1.14)
Then the positive weak solution u = u(t) of initial value problem (1.1) exists
globally. Moreover,
t
f ||us(s)||%ds + E(u(t)) < E(ug), a.e. t € [0,+00). (1.15)
0

Remark 2 Let us discuss the initial value for which the condition (1.14) is satisfied.

(1) If 0 < E(ug) < d and I(ug) > 0O then we have I(ug) > 0. Indeed, assume
that 7 (ug) = 0. From (1.6) we observe that ug # 0. Thus, ug € N, then by the
definition of d in (1.7), we infer that E (1) > d, contradiction.

(2) If E(up) = 0 and I(up) > 0 then we have up = 0. In fact, if we assume ug # O.
Then from (1.6) it follows that I (zg) = 0. This gives up € N and 0 = E(up) >
d > 0, contradiction by (1.9).

(3) By (1.6), clearly the case E(u#p) < 0 and I(uo) > 0 can not occur.

Furthermore, we have the following corollary to Theorem 1.2.

Corollary 1.3 Let 0 < ug € W and (1.13) holds. Assume that
E(ug) <d and I(ug) > 0. (1.16)

Then initial value problem (1.1) admits a global weak solution.

The following theorem shows the asymptotic behavior of global solutions of initial
value problem (1.1).

Theorem 1.4 Suppose the assumptions made in Theorem 1.2 are satisfied. Assume
that € € (0, s) and

op
2q 2—0p
2g — 0 A
E(ug) < (24— 7P rq . (1.17)
2g0p C(N, u,r)
Then, there holds
B—n)
(o] <o op T e, Viz0
u S—€,p P —— ) 5 5 5 - Y.
W@ = U\ T3 x@p — i 7
(1.18)
N rHI-n0=H) ,
where w = Aﬁg_ )(1=m) (2?;]_—90”1)) i and x = |[1=CWN,pu, 1Ay’

29—6p
2q6 [
(2qq—0pPE(u0)> ’ )
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The following theorem shows that the local solution obtained in Theorem 1.1 can not
be extended globally in time.

Theorem 1.5 Suppose that 0 < ug € W, 6 € (2, N/(N — sp)) and the following
conditions hold :

4p* —2r0p (2 —r)p*
9p<qr<2q<min{9p+ Ps rop r)ps}’

rp¥ ’ 2
2N N
r= L opr= Lt (1.19)
2N — N —sp
E(ug) < 0. (1.20)

Then the local weak solution u(t) obtained in Theorem 1.1 belows up in finite time T,
where T satisfies that

202[]2 2q(1—y)0p
28p=2q0-7) AZ{:*Q“*W

8lluol3@p — 1)
—0pE(u0)(@p —4)*

<T<

2(a—1
(@ — Dlugll3®"

Opay
29— > I
Remark 3 Notice that, due to the fact that 2r@p < 46p < 4p¥ the condition (1.19)
exists. Hence, from (1.19) we observe that the condition (1.11) still holds. Therefore,
in view of Theorem 1.1 there exists a local weak solution for problem (1.1) satisfies
the energy inequality (1.12).

with o =

Remark 4 The results presented in this paper can be easily extended to more general
Choquard—Kirchhoff-type equations. For example, with the same technique, we can
deal with nonlinearities M : [0, +00) — [0, +00) of class C ! such that

car’t < M@r) < e

6-1
for suitable positive constants c¢; and c¢;. However, this generality only complicates
proofs without bringing any new idea.

The remaining part of the paper is organized as follows. Section 2, contains some
preliminary results, which are required in the proof of the main results. In section 3,
we shall present some properties involving the functional E restricted to the Nehari
manifold NV In section 4, we establish local existence of solutions by using the Galerkin
method. In section 5, under some conditions on the initial data, we show the global
existence of solutions for (1.1). Furthermore, we give a decay estimate for these global
solutions in fractional Sobolev spaces for large time. Finally, in section 6, finite time
blow-up of weak solutions of (1.1) is proved, in addition to this we give an estimate
for the upper and lower bounds of the blow-up time.

Throughout the paper ¢, ¢;, C, C;, i = 1,2, ... denote positive constants which
may vary from line to line, but are independent of terms that take part in any limit
process and we use the notation || . ||, for the standard L” (RN)—norm. Furthermore
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we use “—”, “—” and “—*” to denote the strong convergence, weak convergence
and weak star convergence respectively.

2 Functional Framework

In this section, we give some technical results that will be used in the next sections.

Lemma 2.1 Let (Vy) and (V;) hold. Then the embedding W — L4 (RN is continuous
forallq € [2, p¥l.

Proof We have

1 2
/ |u|2dx:/ V7 (0)ul dx.
RN RN V7 (x)

Since p > 2 from condition (V>) and the Holder inequality we deduce

! (p=2)/2 2/p
/ uldx < / ——dx (/ V(x)|u|”dx) < Cllull®.
RV RY Y7 (x) R

On the other hand, by (V) we have W < W*?(RV) — LPs (RN).Then2 < g < D
and 6 € (0, 1) satisfy the following equation

1 0 1-6

q9 s 2

By the Holder inequality, we have
luellg < Meelly ™" Nullye < Cllue].

Hence this completes the proof. O

From now on, B (0) denotes the ball in RY of center zero and radius R > 0.

Lemma 2.2 Assume that (Vi) and (V») hold. Then the embedding W — L4(R") is
compact for all g € (2, p}).

Proof 1t is well know that the embedding W*?(R") < L4(Bg(0)) is compact for
all ¢ € [2, p}). Therefore W — L7(Br(0)) is compact for all ¢ € [2, p}). Since

2
% e L72(RN), for any ¢ > 0 there exists Ry > 0 such that

| (r=2)/p
/ ——dx <e¢g, forall R > Ry. 2.1
R¥\BR(0) V-2 (x)
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Let {u, }m, be a bounded sequence in W. Then, for any ¢ > 0 there exists my > 0 such
that

/ lum — u|2dx < g, forallm > my. 2.2)
Bg, (0)

Combining (2.1) and (2.2), for all m > my we have

1 2
/ |um—u|2dx:/ |um—u|2dx+/ VP ()l — ul? dx
RV B, (0) RY\Bg, (0) V7 ()

1 r=2/p
€+C1 / 2—dx =< (1+C1)8.
RM\Bg, (0) V-2 (x)

This combined with 2 < g < p} yields

IA

0 1-6 1-6
lum —ullqg < lum — ullpsllum —ully™ < Coe77, V8 € (0, 1), ¥Ym = mo.

Thus |luy, — ully — 0, as m — oo. Hence the proof is now complete. O
Throughout this paper, we shall assume that g satisfies

I
p(N — 5

N o (1.3)

2<q<

In what follows we recall the so-called Hardy-Littlewood—Sobolev inequality, see [37,
Theorem 4.3]. Hereafter, W’ denotes the dual space of W.

Theorem 2.3 Assume that 1 <r,j < 00,0 < u < N and

1 1 %
-+ -4+ ==2.
r j N

Then there exists C(N, , j,r) > 0 such that

lu(y)].Ju(x)] .
/ —————dxdy = C(N, w, j, r)llulljllull.
RV |x = yl#

From this Theorem, one can observe that the operator H : W — W’ defined by
(H(u),v) = / Ky lu))u|9>uv dx.
RN

for all u, v € W is well defined. Indeed, clearly, for all u € W, H (u) is a linear map.
Using the Hardy-Littlewood—Sobolev inequality for j = r = we obtain

2N
2N—nun

)19 Ju ()19~ ()] -
/ﬂ‘w Y dxdy < C(N, , r) ||l [l o]l

|x — y|#
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Note that by (1.3) we have 2 < gr < p¥. In view of the Holder inequality and the
continuous embedding W «— L* (RM) for all k € [2, pi] we deuce

dxdy < C(N, w, r)|lu* v

/ )7 Ju ()|~ o ()|
R2N

lx — y|*
Therefore, for v € W with ||v]|| < 1 we obtain
1H @)llwr < CN, o, ) ul®".

Lemma 2.4 [38, Proposition 4.7.12] Let k € (1, 00). Assume {wy,} is a bounded
sequence in L* (RN and converges almost everywhere to w. Then w,,—w in L* (RV).

Lemma 2.5 (Brezis-Lieb lemma) Let k € (1, 00). Assume {w,, } is a bounded sequence
in (RN and converges almost everywhere to w. Then for any t € [1, k]

(1) Tm fon 1wl 2wmh — [wp — w[* =2 Wy — w)h — [w['"2wh|7 dx = 0, for all
m—0Q0

h e L¥(RN),
(2) Lim [pn llwnl" — [wn —w|" — |w|’|7 dx = 0.
m—00

Proof Using the Young inequality, for any ¢ > 0 there exist C(¢), C; > 0 such that
for all a, b € R we have

|la +b|"*(a + b)h — Iall_zahﬁ = Cilhl* + C@)Ibl* + &lal”.
Taking a = w,; — w and b = w and using the above inequality, yields

Foe = (1wl 2 wmh — (wpy — w2 (wy — w)h — (| 2wh|7 — &lw,, — wl)*
< (14 CE)wl* + Calh|*.

Note that, according to the above assumptions we have (1 + C(¢g))|w|* + Ca|h|* €
L'(RM)and f,, . — 0a.einR". Thus the Lebesgue dominated convergence theorem
implies

/me,gdx—>0asm—>oo.
R

Therefore, we get
=2 t—2 t—2 S
[wn | Wyh — Wy, — wl (W, — w)h — |w| whr 5fm,s+8|wm_wky

which implies

limsup/ 1w~ 2wmh — |[wm — w|" 2wy, — w)h — |w|"2wh|" dx < ce.
m— 00 N

where ¢ = sup, |lw, — wllf < oo. Further letting ¢ — 0, we obtain the desired
result. In a similar manner, we conclude that (2) holds. m|
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2N

Throughout the paper without further mentioning, we put r = 5+~ T

Lemma 2.6 Let {u,,}m be a bounded sequence in L™ (RN) such that u,, — u a.e in
RN as m — oc. Then for any w € L™ (RN) we have

lim (K # Nt | D |t |92t w dx — / (K ) ]9 2uw dx.
m—00 RN RN

Proof Denote v, = u,; — u and observe that

AN(K“ 5 [t |D) |t |12 umw dx
= fRN[ICu 5 (1uml? = [0m| DIl 2 tmw — [vm |9 vmw) dx
+/RN[K“ s (ttml? = 1o Nlm 1920w dx
+/RN UC,0 # (|92 tmw — [V 720 w)] 0 |7 dx

+/ (K [om| D) [vm |92 v w dx (1.4)
RN

Applying Lemma 2.5 with t = g and k = rq, we find
ltm|? = [vm|? — |u)? in L"(RY),
and
lttm |72ty w — [V 920w — |u|? 2uw in L (RY).
The Hardy—Littlewood—Sobolev inequality ensures that

Ky (um|? = [om|?) — Ky |ul? N
in L# (RV). (1.5)
Ky * (|”m|q_2umw — Ivml‘f_zvmw) — I, * (|u|‘1_2uw)

In view of Lemma 2.4, we have
|t |72t w—1u|? " uw,  |vp]?—=0, [vu|92vw—0 in L"(RY). (1.6)

Combining (1.5)—(1.6), we find

Jim S [ 5 (Quam 1 = om D1t 1972 umw — [om |47 > vmw) dx = fn Oy lul D]l ~?uw dx.,
lim  fon [y (lum]? — [om Do 9 2vmw dx =0,
m— 00

lim fRN [’Cy, * (|um|q_2umw - |Um|q_2wmw)]|vm|q dx =0.
m—00

1.7)
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By Holder’s inequality and the Hardy—Littlewood—Sobolev inequality, we have

-2 -2
‘/N(lcu*|vm|q)|vm|q vpwdx| < C(N»M7V)||Um”?q”|vm|q Upwlly
R

< Cllvwl* 2 vpwll,. (1.8)

On the other hand, using Lemma 2.4 we infer that |v,,|~""—0 in Lfqul (RM), so

1/r
(/RN |vm|<‘f—”’|w|r) - 0.

Hence, from (1.8) we obtain

lim (K # o | D) | om |9 20w dx = 0. (1.9)
m—>00 JpN

Using (1.7) and (1.9) and passing to the limit in (1.4) as m — 00, we reach the
conclusion. O

3 Properties Involving the Functional E Restricted to A/

In this section, we provide some properties involving the functional E restricted to
the Nehari manifold V. These properties turn out to be very useful in discussing the
global existence and blow-up of solutions for initial value problem (1.1).

For A > 0, we consider the function g defined by

A0p p 224q
800 = EGu) = ull”” —/ (K 1l ] dx. 3.1
p 2q Jry

Lemma 3.1 Letu € W\{0} and 0 p < 2q. Then we have

(1) lim;_ o+ g(X) = 0and lim)_, 4, g(X) = —00.

(2) There is a unique \* = A*(u) > 0 such that g'(\*) = 0.

(3) g() is increasing on (0, A*), decreasing on (\*, +00) and attains the maximum
at A*,

@) I(u) >0for0 < x < A¥ I(Au) < 0 for A* < X < +oo and I(A*u) = 0.

Proof Foru € W\{0}, by definition of g (1) = E(Au), itis clear that the first statement

holds due to 8 p < 2¢g. Now, by differentiating g(A) we obtain

d
800 = Afp-l (uun@” — A2a=or fR O |l dx) : (3.2)

Therefore, by taking

)

1/(2g—0p)
)77 > fea=or

p=a= (/RNUCM s 1[9) ]9 dx
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the second and third statements can be shown easily. In order to show the fourth
statement, one can check that

IOw) = 1g' (V).
The proof is now complete. O

Lemma3.2 Letu € W\{0} and 6p < 2q. Then

1/(2qg—0p)
C(N,u,r)
AH

@) If 1) <0, then |lul] = (W

, then I(u) > 0.
)1/(2q—9p)

Proof By the definition of I, we have

I(u) = [|u]|®? —/ (K * lu|)ul? dx
RN
Using the Hardy-Littlewood—Sobolev inequality, we obtain

—2,
Iu) > ul®? — C(N, ju, 1) Ayl
,2 _
= el (1= COV A )P40 )

Hence the proof follows from the above inequality. O

The next lemma shows that the stationary problem related to (1.1) admits a ground
state solution.
A

Op/(2q—0p)
C(N,u,r))

Lemma 3.3 Assume that 6p < g holds. Then d > (%) (

and there exists u € N such that d = E (u).
2q
Proof Foranyu € N, from Lemma 3.2 we know that [|u||?? > ( Arg

C(N,p,r)
Then by (1.6) with I () = 0, it follows that

2q

2g —6p 2qg —0p Ay

Ew = —— ) ul?” = a
20qp 20qp C(N, u,r)

>9p/(24—9p)

0p/(2q—0p)
) > 0.

b A 6p/(2q—0p)
By the definition of d we obtain d > (gé;qpp) C(N—’I"”)) . It remains to

prove the second part of the lemma. Let {u,}, be a minimizing sequence of d, i.e,
{up}y C N and E(u,) — d as n — oo. From (1.6) we have

2qg — 6
E(uy) = (%) et 7,
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which implies that {u,}, is bounded in W. Going if necessary to a subsequence, we
assume that

up,—u weaklyin W,
u, — u strongly in L"(RY), Vv € [2, j298 (3.3)
U, — u a.e.in RN,

Now we claim that

lim (o un | Dy |? dx = / (Ko ) u|? dx. 3.4)
RN RN

n—o0

By a direct computation we have

‘/ (/cu*|un|‘f>|un|qu—/ (K % lu9)lul? dx
RN RN
5/ (K [l — 0l e ¥ dix

]RN

+f (K # [ [Jun|? = Ju)?| dox.
RN

Since 2 < gr < pj, by using the Hardy-Littlewood—Sobolev inequality, we have

‘/ (K * lun| ) un|? dix —/ (K * lu| ) ul? dx
RN RN

2g—1
<2C(N, py ) llun — ullgrllnllg?

< Cilluy —ullgr — 0asn — oo.

A2 0p/(2g—6p)
Since I (u,) = 0, it follows from Lemma 3.2 that |u,||?? > (C(N—r,q”)> .

By the definition of / we have

A24 0p/(2q—0p)
__Drg < / (K L) |7 dlx.
C(N, u,r) RN

So it follows from (3.4) and the above inequality that

A2 0p/2q—06p)
0 rq </ K Yyl dx.
< (C(N’W)> < | lul)lul? dx
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This ensures that # # 0. Combining (3.3)—(3.4) and the weak lower semicontinuity
of the norm, yield

Ew) < lim E(u,) <d, 3.5)
n—>oo
and
I(w) < lim I(u,) =0.
n—oo

To finish the proof we need to show that /(#) = 0. Indeed, arguing by contradiction,
by supposing that /(u) < 0. Since u € W\ {0} it follows from Lemma 3.1 that there
exists A* € (0, 1) such that I (A*u) = 0. Hence,

11
d<EQGFu) =09 [ — — =) u)?
Op 2q

$ 1o 1 1 P ..
<N liminf [ — — — ) ||lu,||”? < liminf E(u,) =d,
n—00 Op 2q n—00

which is absurd. Hence I (1) = 0. Therefore, u € N and the conclusion follows
immediately from (3.5).

4 Local Existence

This section is devoted to the proof of Theorem (1.1). In the sequel we will use the
Galerkin method.

In what follows (., .) denotes the inner product in L2(RN) and vT = max{v, 0}.
Since W is separable and W dense in L*(RN), we have a base V = {w;,i € N}in

W, and also in L?>(R") such that (w;, w;) = & j,i,j = 1,2,.... Form € N* we
m
look for the approximate solution u,, (x, 1) = Y gin(t)w; satisfying the following
i=1
identity :
[ s -+ 170 )
RN
= / Ky * w1 D192t widx, j=1,2,...,m, 4.1
RN
and
um(0) = uom, (4.2)
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where

_ ) B .
, wj) = /ZN lu(x) —uP~7(ux) —u(y)(w;x) —w;(y)) i
R

= |x _y|N+sP dy

+/ ViulP2uw; dx.
RN

Since V = {w;, i € N}isdensein W and ug € W, there exists {nj,,i = 1,2,...,m}
such that

m
U, (0) = Zﬂimwi — uqg strongly in W. “4.3)
i=1

Then (4.1)—(4.2) is reduced to the following initial value problem for a system of
nonlinear differential equations on g, (¢) :

/ _ . .
{gjm(t)_Gj(g)s .J_lv"'sms (4.4)
gjm(o)zn]I’H$ ]=17"'3m7
where
G (8) = Nt 17O~ (uy, w;) + /RN(/CM D [ 2w dox.

By the Picard iteration method, there exists 7, > 0 depending on |7;,| such that
problem (4.4) admits a unique solution g, € C L(10, t0.m])-
Multiplying (4.1) by g, (¢) and summing over j = 1,2, ..., m, yields

1d
——||um<r>||%+||um<r>||91’=/ (K * N 1D 19 dx, Vi €0, 10m]. (4.5)
2 dt RN

By using the Hardy-Littlewood—Sobolev inequality, we obtain
2
[0 g dx < OV 5

From (1.11) we have 2 < gr < p}, by using the interpolation inequality and the
continuous embedding W < LP5 (RN), we find

—2q(1— 2 —
/[RN<KM*|u;|q>|u:1|qusAp;ﬂ( PO ) lun 13 4477,

(4.6)

where y € (0, 1) satisfies
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Since 2 < gr < 2qg < min {Gp + 4’7;;_#, %},We have
2q(1—y) <0Op,
and
Opqy

0= —
Op—2q(1—vy)

Using the Young inequality in (4.6), for any € € (0, 1) we obtain
o
AN<KM*|u;|q>|u;|qu = €@ (lun®I3) +elun®I”,  @7)

Combining (4.5) and (4.7), we get

1d 2 Op 2\%

—— ||um 5 — Um = Um 2 ) s l0,m 1.

Sl @13 + (1 = )lun 17 = @) (lun®13) . Vi € [0, 10,0]
Taking ¢ = %, yields

d a
Tl O3 =261 (lun@13)" . ¥t € 10,10, “8)

Since o > 1, according to (4.8), we obtain

1

lun @13 = (€37 =26 = D) ™ 4.9)
1—«
onlyift < T* = MO%W’ where C2 = sup,, fRN ufn(x, 0)dx € (0, +00). It follows

that
1
lm @113 <2777 C, Vi < min {10, T*/2} . (4.10)

Now, we claim that (4.10) holds forall¢ € [0, T*/2].Indeed,if 7% /2 < tg ,,, then there
1

is nothing to prove. Otherwise, if fo , < T /2, then ||u(t0,m)||% < 2v=-1(C,. Thus, we

can replace o, in (4.2) by u,, (x, fo ) and extend the solution to the interval [0, 7% /2]

by repeating the above process. Thus, we obtain

1
—1

lum (I3 <27TCa, Vi €[0,T] (T =T*/2). @.11)

Now, multiplying the j equations in (4.1) by g}m (t) and summing over j from 1 to
m, afterward, integrating over (0, ¢) yields

t
/ lims ()15 ds + E(un (1)) = E(uom), 1 €0, T]. (4.12)
0
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From (4.3) and the continuity of the functional £ on W, we have
|E(uom)| < ¢, ¥Ym e N*. (4.13)

Remembering that

1 1
E(un(t) = 5||um<r>n9p ~ 3 /RN Ky (uh1 D |4 dx.

Thus, combining (4.7), (4.11), (4.12) and (4.13) we get
! 1
/ ltms ()13 ds + (— - 8) lum @7 < c, Vtel0,T].
0 Op

. _ 1
Taking ¢ = 205> We conclude that

t
f lttms ()13 ds < ¢1, Vi €0, T, (4.14)
0

and
lwm O < c2, V1 €[0,T]. (4.15)

Then, by (4.14) and (4.15), there exist # and a subsequence of {u,, },, still denoted by
{t;}m such that, as m — oo

Ak 1 o0 5
{um u in L0, T; W)), (4.16)

Ume—uty in L2(0, T; L2(RV)),
Then it follows from Aubin-Lions compactness theorem, see [39, Corollary 4] that
um — u in C([0, T, LY (RY)), Vv e [2, p}). (4.17)
This implies
um(x,1) = u(x, 1) ae.in RV, vt > 0. (4.18)
Now, by using [40, proposition 1.3] we prove that {||u,,(r)||?®~V},, is relatively

compact in L'(0, T). Indeed, by (4.15) we have |lu,,(1)[|??~" < ¢, for all m and

t. This implies that fOT llum POV dt < eT for all m. On the other hand, for any
& > 0, there exits § = £ such that for any measurable subset A with |A| < &, there
holds

/ lum OOV dt < Al < e.
A
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Consequently, {||u,, (#)]|? ©=Dy,, is relatively compact in LY(0, T). Therefore, there
exist B(t) € L'(0,T) and a subsequence of {||u,,(1)||?®~1},,, still denoted by
{{lm ()]|P®=D},,, such that
lum OIPCD — B(1), ae.tel[0,T]. (4.19)
From (4.16) and [41, Lemma 3.1.7], we infer that
um(0) — u(0) weakly in L>(RV). (4.20)

On the other hand, from (4.3) we have u,, (0) — ug strongly in W. Thus, this combined
with (4.20) yields

u(0) = ug. 4.21)

In the next step, we show that the equality (1) in Definition 1.1 holds.
First, we claim that

wh — ut in C([0,T], L"(RY)), Yvel2,ph). (4.22)

m

To this end, for any v € [2, p¥) we have

/ luf —ut|Vdx = /
RN RN

<[ |t —ul|’ dx — 0asm — oo.
N

v

(| = Jul (=) |©

2 2

Therefore, the claim holds. Combining (3.4) with (4.22), yields
/ Ky * @)D W) dx — / Ky * @@ dx, asm — oo.
RN RV
(4.23)

On the other hand, by (4.22) and Lemma 2.6 we get

/ Ky * (u;)qfl)(ux)qflwdx
RN

— / Ky x @D H@hH wdx, asm — oo, Yw e L'I(RY).
RN

(4.24)

Now, let us consider the linear operator L : W — W’ defined by

(L) v) = / |u(x) = u()IP > ux) — M'(y))(v(X) —v(y) dxdy.
R2N lx — y[NFsp
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From here on we set p’ = ”le is the Holder conjugate of p. In view of (4.15) we
derive

litm (X, 1) — tm (3, DIP 72 (x, 1) — i (y, 1))
N+sp
x—yl #

is bounded in L' (R2N), vz € [0, T},

and

|t (X, 1) — (¥, 1P 72 (x, 1) — U (¥, 1))
N-f—/sp
lx —yl »
lu(x, 1) —u(y, P2 (x, t) — u(y, 1))
e a
N+,sp
lx —yl 7

.e.in ]R2N, Vvt > 0.

Invoking Lemma (2.4), we deduce

|t (X, 1) — U (¥, 1P 72 W (x, 1) — U (, 1))

N+/Sp
lx —y| »
) —u(y, OP 2 ux, 1) —uly, t o
N lu(x, 1) —u(y, )] I(VLi(:c ) —u(y, 1) weakly in L7 (R2V). (4.25)
lx =y 7~
Thus, for any v € W we have
v(x) —v(y) 2N
— 5y € LPRTY),
lx =yl 7
which implies, as m — oo
(L(ty, (1)), v) = (L(u(t)),v), Yve W, Vre[0,T]. (4.26)

—1 f

Similarly, as {VPT () |tm|P 2t} is bounded in L? (RN) and

2=l 2 2=l 2 N

Ve O)|upml? “um — VP )ulP "u ae inRY, r>0,

we obtain

—1 —1 ’

VT )t 2um — VT OulP 2 weakly in LP' (RV),
For any w € W, we have
1
Vriw e LP(RV).
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Hence, as m — o0
/ V() [t |P 2 upmw dx —>f VO ulP2uwdx, Ywe W. (4.27)
RN RN

Combining (4.26) with (4.19) and using the Lebesgue dominated convergence theo-
rem, yields

T T
/ it (1P DAL (1)), v) dt — / BUNL(u(t)), v)dt, YveW.
0 0
(4.28)

Integrating (4.1) with respect to ¢, we obtain
T T
/ / umtwjdxdt—i—/ IIMmIIP(Q_I)(um,wj)dt
0 JRN 0
T
=/0 /RN(/CM*|u;|‘1)|u;|‘r2u;w,-dxdt, j=12,...,m. (429)

In view of (4.17), (4.24) and (4.28), for j fixed, we can pass to the limit in (4.29) to

get
T T
/ / u,wjdxdt+/ B@)(u, w;)dt
0 RN 0

T
=/ / Ky * w1 D 1920w dxde, j=1,2,...,m. (4.30)
0 RN

Since V = {w;, i € N} is dense in W, we infer from (4.30) that

T T
f / upv dxdt +/ B(t)(u, v) dt
0 RN 0

T
=/ / Ky * @D @ wdxdt, Yo e W, (4.31)
0 RN
which implies
/ u;(Hvdx + () (u(t), v)
RN
:f Ky x @ @)Dt (@) 'vdx, ae te[0,T], YveW. (4.32)
]RN

If B(¢) = 0. Then by (4.19), we deduce that the equality (1) in the Definition 1.1
clearly holds.
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Assume B(t) > 0 for all + € [0, T]. Taking # = v in (4.31) and using [33,
proposition 2.1], we get

T T
lu(T)|I5 — ||u0||%+/0 B u@®)|” dt Z/o /RN(’CM*(W)q)(u*)q dxdt.
(4.33)

On the other hand, multiplying both sides of equations in (4.1) by g j, (), and summing
with respect to i, afterward integrating over (0, T') yields

T
it (TYI3 — lltom |13 + fo et 1~ DP Gt ) dt
T
= / / (K * (u)D) () dxdt. (4.34)
0 RN
Combining (4.33) with (4.34), and using (4.17) we obtain

T
lim / Nt 1€ g, ) dt
m-— O

T
===l + [ [ 06ty dxar

T
/o B u@®)|” dt
T
= lim | |unl?O7 (. u) dr.
m—0Q 0
Thus, we deduce that
T
lim / Nt IIPC 0w, iy — u) dt = 0. (4.35)
m—00 O
Hence, there exists a subsequence, still denoted by {u,,} such that for a.e. t € [0, T']
tim (i O (0, 1 (0) = u(0)) ) = 0.
m—00
By (4.19), as m — oo we know that
lum 1P > B(t) > 0, ae.te(0,T), (4.36)
which implies

Hm |lup O = lu@)||? ae.re[0,T].
m— 00
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Obviously, lim [/, ()[|PC~D = |lu(r)||P®~D a.e.t € [0, T]. Therefore, we obtain
m—0Q

B = [u@[PC~V ae. 1[0, T1. 4.37)

Inserting (4.37) in (4.32), yields

/ u (v dx + lu@®IPC w(@), v)
RN

:f Ky x @™ @)@t () 'vdx, ae.tel0,T], YveW. (4.38)
RN

It remains to show that inequality (1.12) holds. From (3.5), (4.16), (4.24), (4.19) and
Uugm — uo in W, we infer

t t
/ lus ()13 ds + E(u()) < lim inf ( / ||umx<s)||%ds+E<um<r)>)
0 m—0o0 O

= lim E(uom) = Euo).
m-—0Q0

Corollary 4.1 Ifug(x) > 0 a.e. in RN, Then the function u(x,t) > 0 a.e. in RY and
foranyt € [0, T].

Proof Let u be a weak solution to initial value problem (1.1). Clearly
u~ =max{—u,0} € L=, T; W).

Taking v = —u™ in (4.38), we obtain

— / ur(Ou™ (1) dx + lu®PCu(e), —u= (1))
RN

= —/N(ICM * W O)YDH W @) 'u (1) dx, (4.39)
R

Observe that for a.e. x, y € RN,

| (x) — u P2 () — u()(—u" (x) +u" ()
= lu(x) —u(IP 2™ (x) —u~ (»)*
+Hu(x) — uIP 2t ™ (x0) + [ux) — u)P2u” (Dt (x)
> u”(x) —u” (I,

and
—V () )P 2u)u™ (x) = V) u )P 2@ (x))* > V) lu™|P.
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Furthermore, from the definition of u and u—, we get
/ Ky x @ @)Dt @) u=(r)dx = 0.
RN

Combining these facts with (4.39), yields

1d

_ - 2 - po
= /RN(” ) dx + =) <0,

which implies
/ (u_(t))zdxff (uy)?dx, ¥t e[0,T].
RN RN

Since ug(x) > 0 a.e. in RY we get u~(r) = 0 a.e. in RV and for any r € [0, T].
Hence, u(x,t) > 0 a.e. in RY and for any tr € [0, T]. |

5 Global Existence and Asymptotic Behavior

This section is concerned with the proof of the existence of global weak solutions
to initial value problem (1.1). Moreover, we show the asymptotic behavior of these
solutions as ¢+ — +o0. In doing so, we introduce the potential well set

W={ueW :Eu)<d, I(u) >0}U{0}. 5.1

Similarly to the previous section, we will employ the Galerkin method.

Proof (Theorem 1.2) In what follows we only need to consider the case where ugy €
WA\{0}. Otherwise if we assume uy = 0, then initial value problem (1.1) admits a
global solution # = 0 and there is nothing to prove. From (4.12) remembering that

t
/o ltms ()13 ds + E (1)) = E(uom), 1 € [0, Tp), (5.2)

where Ty, is the maximal existence time of solution u,, to initial value problem (4.1)-
(4.2). Since we are assuming that ug € W\ {0}, that is

E(uo) <d and I(ug) > 0.
It is follows from (4.3) that
E(uoyn) <d and I(ugy) > 0, 5.3)
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for m large enough. This combined with (5.2), yields

t
/ ||ums(s)||§ds + Eun) <d, tel0,Ty). 54
0

for m large enough. Next we prove u,, € W for sufficiently large m and T,, = +o00.
Assume that u,, (1) ¢ ¥V and let ¢y be the smallest time for which u,, (tp) ¢ V. By the
continuity of u,, (t) we obtain that u,, (x, t) € W, i.e.

E(un(t9)) =d. (5.5)
or
um(to) 70 and I (up(i9)) = 0. (5.6)

Obviously, the case (5.5) could not occur due to (5.4), while if (5.6) holds, then by
definition of d in (1.7) we infer that E (u,,(#p)) > d. This is also impossible, since it
contradicts (5.4).

In conclusion u,,(t) € W for all ¢t € [0, T;,) and sufficiently large m, so that

E(um(t)) <d and [I(up,(t)) > 0. Vtel0,T,). 5.7

This combined with (1.6), for m large enough we get

2qg — 0 1 2q — 6
d > Etn(®) = 2L, )17 + —Itn (@) > 2L u,, ()7 (5.8)
2q0p 2q 2q6p
which gives
240p \ 7
P
lum @) < ( —L)" | Vi e 10, Tp). (5.9)
2g —0p
Furthermore, from (5.4) we observe that
t
/ ltms ()5 ds < d, Vt € [0, Tp). (5.10)
0

In view of (5.9), we infer that 7,,, = +o00. Consequently, by (5.9)—(5.10), there exist
u and a subsequence of {u,, },,, still denoted by {u,,},, such that, as m — oo

{um:ku in L*°(0, +o0; W)), (5.11)

U=, in L*(0, +o00; L*(RY)),
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Hence, in a similar manner to the previous section, applying (5.11) we conclude that
initial value problem (1.1) admits a global positive solution, that is

/ u (v dx + lu@ 1”97 (), v)
RN

=/ Ky * ul Oud~ (yvdx, ae.te(0,+00), Yve W. (5.12)
RN

Thus, this completes the proof of Theorem (1.2). O
We give now the proof of Corollary 1.3.
Proof (Corollary 1.3) We divided the proof into two cases :

Case 1. E(ug) < d and I(ug) =0 In view of Remark 2 this case can not occurs.
Case 2. E(ug) =d and I(ug) >0 Forn =2,3,...welete, =1 — rll, Ugy = €,U0
and consider the following problem

= ur + [l POV A)5u 4+ Vo) ulP~2u] = (K  [ul®)|u]9™2u in RN x (0, +00),

u(x, 0) = uo, (x), in RV,
(5.13)
According to the definition of / we have
I(uon) = € lluo|*? — € /R Ky x uui dx
— 1) + 06" =) [ d
In view of I(ug) > 0and 0 < ¢, < 1 it follows that
I(ugp) > 0 (5.14)

Moreover according to the definition of £ we know

d 1
7 E(equo) = —1(ugn) > 0
€, €,

Hence, this shows that €, — E(€,uq) is strictly increasing on (0, 1), from where
it follows that

E(uo,) = E(equp) < E(ug) =d. (5.15)
On the other hand, it is easy to see that
ug, —> ug in W, asn — oo. (5.16)
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Combining (5.14)—(5.16) and by a similar way to the proof of Theorem 1.2, we
obtain the existence of a global solution u,, for initial value problem (5.13) satisfies

that
2q0p ﬁ
lupnD] < | =———— , YVt €0, T,), (5.17)
2q —0p
and
t
f luns ()3 ds < d, ¥t el0,Ty), (5.18)
0

for every n > 2. Therefore the reminder of the proof is quite similar to the proof
of Theorem 1.1.

]

Now we turn our attention to the asymptotic behavior of global solutions as ¢t — +00.
To this aim, we need to recall the following Lemma which due to Martinez [42].

Lemma5.1 Let f : R™ — R™ be a nonincreasing function and o is a nonnegative
constant such that

+00 1
/ f*os)ds < — f70) f(r), Vt=>0.
t w

then we have

(1) f(t) < f(O)e'=*, forallt > 0, whenever o = 0.
1/o
2) f@) < f(0) ( Lto ) / , forall t > 0, whenever o > 0.

14wot

Moreover, we recall the fractional Gagliardo-Nirenberg interpolation inequality that
can be found in [43] : if Q is a standard domain (i.e. RY, a half-space or it is bounded
with Lipschitz boundary) then

1—
Iollwer@) < CHVysm g Iyt gy 1€ O.1),

1 n l—ng
T=ns1+(1—n)s, —=—+ ) (5.19)
P Dl D2

as long as it fails that : 55 is an integer > 1 and po = l and s1 — s < 1 — ﬁ.

Proof (Theorem 1.4) Multiplying (4.1) by g, and summing over j = 1,2,...,m
gives

1d 2 _
“3dr o w, (1) dx = I(up(1)). (5.20)

@ Springer



S724 Applied Mathematics & Optimization (2021) 84 (Suppl 1):5695-5732

In view of the proof of Lemma 3.2, we know that
1 (@) = un @17 (1= COV, e DA N @127 ), Ve = 0.

On the other hand, from (1.17) for m large enough

op

_ 2q 2-0p
E(uom)<<2q 9”)( Arg ) . (5.21)

2g0p C(N,u,r)

Combining (5.2) with (5.8) yields

L
P

2g6 2
(ﬂwom)) > lum(®)Il. ¥t >0,

29 —0p
which implies that

2q—0p

246 7
a7p E(u()m)) "1, v=o.

Ltm(@) = lum @17 [ 1= CV. 11 ) A (m

(5.22)

Integrating (5.20) over (¢, T'), we infer from the continuous embedding W L2(RN)
and (5.22) that

T
1
/ ||Mm(l)||gp dt < —|lum ()13 (5.23)
t Xm
29—6p
_ —2q ( 246p op .
where y,, = (1 — C(N. 1t. /A, <2q_9pE(u0m)> . Using (5.9) and by a

similar argument to that used in proving (4.17) we have
um — u in C([0, T], LY (RY)), Vv e [2, p}). (5.24)
On the other hand, we infer from E (u¢,,) — E (1) as m — oo that

2q—0p
2q0p o

% E(ug) as m — 00. (5.25)
2q —0p

Jm = | 1= C(N. 11, 1) Ay (

Combining (5.24) with (5.25) and passing to the limit in (5.23) as m goes to infinity,
we conclude

T 0 1
/ 1L dr < Sju@Z Vi =0, (5.26)
t X
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2g—6p
where x = |1 —C(N, u, r)A;rzq (%E(u()m)> o ) Letting T — +00 in
(5.26) and using Lemma 5.1, we infer that
1
luo)llz < or T vi=0 (5.27)
R =T -n) 0 T T '

Now, we can apply (5.19) with s; = 5,50 = 0,7 = *==, p» = p1 = p, to find

@) lyemeon ey < ClON g, I @OIE < @ 1L ™. (5.28)

From (5.9) and (4.16), it follows that

. 2g6p \r
luO| <liminf lun@O < | 7—F2—) , Vi >0. (5.29)
m— 0o Zq — Qp

Since 2 < p < p}, then by using the classical interpolation inequality and the
continuous embedding W < LPs (RY) we obtain

lu@llp < Nu@I5 1@, < A @15 w7, (5.30)

where 8 € (0, 1) satisfies that

1-8

1_B,
2 Py

p
By (5.27), (5.28), (5.29) and (5.30), we deduce

) sy < ClUONye g IO 157"

< u(o)|rra—ma=p ( Op ) -
= 1+ x@p— )t
n+d-=n1-4) Bl—n)
< AB-Da-n (299D " op o
A 2q —0p 1+ x@Op— 1t ’
for all + > 0. This completes the proof. O

6 Blow-up Phenomena

In this section we prove that the local weak solutions of initial value problem (1.1)
blow up in finite time. Moreover, we give an estimate for the lower and upper bounds
of the blow-up time.

In order to find an upper bound estimate for the blow-up time we need the following
lemma, which is found in [44, Lemma 2.2].
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Lemma 6.1 Suppose that a positive, twice differentiable function  satisfies the
inequality

Y OY () — (1 + W' (1)* =0

where ¢ > 0. If y(0) > 0, ¥'(0) > O, then y(t) — +ooast — t. and t, < ;10/[(/(()()))'

Proof (Theorem 1.5) Hereafter, T = Tpax is the maximal existence time of solutions
to (1.1). Note that due to (1.20) we have ug # 0 and

1

2q 2q—0p

29 A

luoll > [ e . 5.1)
OpC(N, ,r)

Indeed, by the Hardy-Littlewood—Sobolev inequality

1
2
A

C(N, w, r)lluoll,

1 60 1 2q
5lluoll P < ZC(N’MJ’)”“OHW <

which implies (5.2) holds. Moreover, from (1.12) and the condition that E(ug) < 0
we have E(u(t)) < Oforall ¢ € [0, T). Thus in a similar way to (5.1) we infer that

2q

1
20 A 2=0p
lu@)|| > (W) Viel0.T). (5.2)

Upper bound Define

T

1 t
1) = 5/0 lu(s)|2 ds + luol3 + Bo +1)% O <1 <T.

—t
2
where 8, 0 > 0 are to be determined. In view of the regularity of the

weak local solutions stated in Definition 1.1 and [33, Proposition 1.2]
we have

1"(t) = / ur(tu(t)dx +2p.
RN
Taking u = v as a test function in Definition 1.1 yields
1"(t) = —|lu())|?? +/ Ky ud (t))ul () dx + 2.
RN

According to the definition of the energy functional

1 0 1

Ew®) = —lu®”" =~ | (Kuxu?@®)ul(t)dx,
Op 29 Jgr¥
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we have

0
I"(t) = —0pE(u()) + (1 — _p) / Ky xul (1) )u () dx + 2.
2q RN
Since 2qg > 0 p, then the last equality implies
1"(t) = =L+ DEu()) + 28,
where A = 6p — 1 > 0. In view of (1.12), we have
t
1"(t)y = (A + 1)/ lus(@)1* ds — (x + D E(uo) + 2. (5.3)
0
Since
’ 1 2 1 2
I'(t) = = u-(s)dxds — = updx +2p(0 +1)
2 RN 2 RN
t
= / / us(s)u(s)dxds +2B(c +t).
0 JRN

It is follows that,

t t
oP <2 / iy ()12 ds / lu(s) |3 ds + 88%(o + 1)
0 0

t
< (4 fo lus ()15 ds + 8ﬂ) I(t). (5.4)
Combining the above estimates, we find that for v > 0
A+1
roro - T luror

t
> 1) [((A #0 =04 D) [ @B ds = 6+ DEwo) - 2&]
0
= 101~ 0+ DE@wo) = 2631 2 0,

provided B € (o, ;fgf_(‘;g)]. Since 0 € (2, N/(N — sp)) and p > 2
it follows that 6 p > 4. Invoking Lemma 6.1, yields

lim I(t) = 400, (5.5)
t—>T-
and
__ MO 2Tlwol3+2p0Y) _ lwol; .. o
T @Op=HIO)  2B0@p-4)  polp—4  Op-—4
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This inequality can be rewritten as

lluoll3 o
T|1- < . (5.6)
Bo(Op —4) Op—4
for any B € (O, _z%’f_(Lig)] and 0 > 0. Now if we choose o €
2
( 7 1‘5‘2[24), +oo) we infer that
luoll3

< — <
oplp—4)

This combined with (5.6) yields

Fo_ O _ lluoll3 _ po’ 5.7
T Op-4H\ polp-4 po@p —4) —luoly”

In what follows for the sake of simplicity we put k = _2%’ PE*(I;(;) Let
us consider the following set

Y=1(B.0): Be0.«] o€ m’ﬂm
BOp—4)
= :(,3,6). o€ (K(Qp_4),+oo>, ﬁe<a(0p_4)"c]

In view of (5.7), we have

) po?
T < inf 5
(B.0)ex Ba(@p —4) — lluoll;

Set

TO
t(O0p —4) — lluol3

glo, 1) =

where T = fo. Through straightforward computation one can show
that g (o, 7) is decreasing in 7. Thus, it follows that

ko2
T < inzf @ D ”2 (5.8)
llug | ok(@p —4) — llug
e(K(ggj),+oo) p 2
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Minimizing the right hand side of (5.8) one has

Aluol?
< —K(Gll) 0_”2)2. (5.9)
Now by substituting the value of x in (5.9) we get
8lluoll5(0p — 1
B —9))|E0(|'|420()(gp - 21)2' 410
According to the definition of I and (5.5), we have
lim Jlu(o)]l3 = +oo. (5.11)

Lower bound Now we turn to prove the second part. Taking u = v as a test function
in Definition 1.1 we get

d
—f u’(t)dx = =2||lu()||?? + 2/ (K # ud (t)ud (t) dx.
dt RN RN
Using the Hardy-Littlewood—Sobolev inequality we deduce
d 2
d_/ w (@) dx < =2[u@®)|?? +2C(N, ju. ) [lu(®)llre.-
t JrN
Since 2 < rq < p}, it follows from the interpolation inequality that
d 2 2g(1—
d—/ (1) dx < =2[u@[° +2C(N. . ) lu@ I @240,
t RN s
where y € (0, 1) satisfies
1

Y
qr_2+

I—y
pr

Now, by using a similar argument that in the proof of Theorem 1.1,
for any ¢ > 0 we have

% |0 dx < 2] + Ce) (le®13)” + a1’ (5.12)

where

o — Opqy
Op—2q(1—vy)
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and

292172 2g(1—y)0p

Cle) =& Frat=n A Jr=300,
s

Put
g<r>=f W21 dx = Ju ()|
RN

Then (5.12) can be rewritten as

dfl(tt)_ < =2[u@®[? + C(e)g* ) + ellu®)|”.

Taking ¢ = 2 we arrive at inequality

dg(1) o
i < Cg"().

Integrating this inequality from O to ¢ yields

Thus, it turns out that

1
l—a -«
—_ t —_— 0) <t,
ci-w® Otea-p®t ©=
which together with lim g(#) = lim ||u(t)||% =4ocand ¢ > 1
t—>T~ t—>T~

give

-«
e ¢ “O=T. (5.13)

62,2 _ 200-9)0p

where g(0) = |lugll3 > 0 and C = 2~ -2 Apfp_zq“_y). Hence
from (5.10) and (5.13) we reach the conclusion.

O
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