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Abstract

The main purpose of this paper is to show the global stabilization and exact controlla-
bility properties of a fourth order nonlinear Schrddinger system on a periodic domain
T with internal control supported on an arbitrary sub-domain of T. More precisely, by
certain properties of propagation of compactness and regularity in Bourgain spaces,
for the solutions of the associated linear system, we show that the system is globally
exponentially stabilizable. This property together with the local exact controllability
shows that fourth order nonlinear Schrédinger is globally exactly controllable.
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1 Introduction

1.1 Presentation of the Model

Fourth-order cubic nonlinear Schrodinger (4NLS) equation or biharmonic cubic non-
linear Schrodinger equation

0+ 02u — 3%u = Alulu, (1.1

B Roberto A. Capistrano—Filho
capistranofilho@dmat.ufpe.br

Marcio Cavalcante
marcio.melo@im.ufal.br

Departamento de Matemdtica, Universidade Federal de Pernambuco (UFPE), Recife, PE
50740-545, Brazil

2 Instituto de Matematica, Universidade Federal de Alagoas (UFAL), Macei6, AL, Brazil

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-019-09640-8&domain=pdf
http://orcid.org/0000-0002-1608-1832

104 Applied Mathematics & Optimization (2021) 84:103-144

has been introduced by Karpman [19] and Karpman and Shagalov [20] to take into
account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity. Equation (1.1) arises in many
scientific fields such as quantum mechanics, nonlinear optics and plasma physics, and
has been intensively studied with fruitful references (see [3,9,19,31,32] and references
therein).

The past twenty years such 4NLS has been deeply studied from different mathe-
matical viewpoint. For example, Fibich et al. [14] worked various properties of the
equation in the sub-critical regime, with part of their analysis relying on very inter-
esting numerical developments. The well-posedness and existence of solutions for
different domains have been shown (see, for instance, [8,22,30-32,34-36]) by means
of the Fourier restriction method, energy method, forcing boundary operators, Laplace
transform, harmonic analysis, Fokas method, etc.

It is interesting to point out that there are many works related to the Eq. (1.1) not
only dealing with well-posedness theory. For example, recently Natali and Pastor [29],
considered the fourth-order dispersive cubic nonlinear Schrodinger equation on the
line with mixed dispersion. They proved the orbital stability, in the H?(R)—energy
space by constructing a suitable Lyapunov function. Considering the equation (1.1)
on the circle, Oh and Tzvetkov [35], showed that the mean-zero Gaussian measures
on Sobolev spaces H*(T), for s > %, are quasi-invariant under the flow. For instance,
there has been a significant progress over the recent years and the reader can have a
great view in [6,7] for the nonlinear Schrodinger equation.

1.2 Setting of the Problem

In this article our purpose is to study properties of stabilization and, consequently, con-

trollability for the periodic one-dimensional fourth order cubic nonlinear Schrodinger

equation:

; 2, _ a4, _ 2

i0u 4 0gu — o u = Aul“u, (x,1) € T xR, (12)
u(x,0) = up(x), xeT. '

In order to determine if the system (1.2) is controllable in large time for a control
supported in any small open subset of T, we will study the Eq. (1.2) from a control
point of view with a forcing term f = f(x, ¢) added on the equation as a control input

{ia,u+a§u—a;‘u=,\|u|2u+f, (x,1) € T x R, 03

u(x, 0) = uo(x), xeT,
where f is assumed to be supported in a given open subset w of T. Therefore, the
following classical issues related with the control theory are considered in this work:

Exact control problem Given an initial state uy and a terminal state #; in a certain
space, can one find an appropriate control input f so that the Eq. (1.3) admits a solution
u which satisfies u(-,0) =ugand u(-, T) = uy ?
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Stabilization problem Can one find a feedback control law f so that the system (1.3)
is asymptotically stable as t — 00?

1.3 Previous Results

When we consider (1.1) on a periodic domain T is not of our knowledge any result
about control theory. However, there are interesting results in a bounded domain of
R or R"*, which we will summarize on the paragraphs below for the following fourth
order linear Schrodinger equation

o+ 0tu =0. (1.4)

The first result about the exact controllability of the linearized fourth order Schrodinger
equation (1.4) on a bounded domain €2 of the R” is due to Zheng and Zhongcheng in
[40]. In this work, by means of an L?—Neumann boundary control, the authors proved
that the solution is exactly controllable in H*(2), s = —2, for an arbitrarily small time.
They used Hilbert Uniqueness Method (HUM) (see, for instance, [13,28]) combined
with the multiplier techniques to get the main result of the article. More recently, in
[39], Zheng proved another interesting problem related with the control theory. To do
this, he showed a global Carleman estimate for the fourth order Schrodinger equation
posed on a finite domain. The Carleman estimate is used to prove the Lipschitz stability
for an inverse problem consisting in retrieving a stationary potential in the fourth order
Schrodinger equation from boundary measurements.

Still on control theory Wen et al. in two works [36,37] studied well-posedness and
control theory related with the Eq. (1.4) on a bounded domain of R", for n > 2. In
[36], they proved the Neumann boundary controllability with collocated observation.
With this result in hands, the exponential stability of the closed-loop system under
proportional output feedback control holds. Recently, the authors, in [37], gave positive
answers when considered the equation with hinged boundary by either moment or
Dirichlet boundary control and collocated observation, respectively.

Lastly, to get a general outline of the control theory already done for the system (1.4),
two interesting problems were studied recently by Aksas and Rebiai [1] and Peng [16]:
Uniform stabilization and stochastic control problem, in a smooth bounded domain €2
of R” and on the interval 7 = (0, 1) of R, respectively. The first work, by introducing
suitable dissipative boundary conditions, the authors proved that the solution decays
exponentially in L?(€2) when the damping term is effective on a neighborhood of a
part of the boundary. The results are established by using multiplier techniques and
compactness/uniqueness arguments. Regarding the second work, above mentioned, the
author showed a Carleman estimate for forward and backward stochastic fourth order
Schrédinger equations which provided to prove the observability inequality, unique
continuation property and, consequently, the exact controllability for the forward and
backward stochastic system associated with (1.4).
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1.4 Notations and Main Results

Before to present our main results, let us introduce the Bourgain spaces associated to the
biharmonic Schrodinger equation. For given b, s € R and a functionu : T x R — C,
in S(T x R), defines the quantity

1
o] 2
lullx,, == ( Z /ﬂg(k)zs (t — p k) ﬁ(k,r)|2df> ,

k=—o00

where i (k, ) denotes the Fourier transform of u with respect to the space variable x

and the time variable ¢, (-) = 1+ - |2 and p (k) = —k* — k2. We denote by D"
the operator defined on D’ (T) by

k" @i (k) ifk #0,

i (0) ifk = 0. (1.5)

Dru (k) ={

The Bourgain space X, ¢ associated to the fourth order linear dispersive Schrodinger
equation on T is the completion of the Schwartz space S (T x R) under the norm
lullx, - Note that for any u € X s,

lullx,, = IW (=0) ull go &, 55 (1)) >

where {W(-)} is the free group associated to the linearized biharmonic Schodinger
equation. For a given interval I, let X, ¢ (I) be the restriction space of X to the
interval I with the norm

lullx, ;) = inf [“ﬁ”xh.s li=uonT x 1].

By simplicity, we denote X}, ; (I) by X;S when I = (0, T).

To clarify, the first issue to be proved in this article is the following one.
Given T > 0 and ug, uy € L*(T), is there a control input g € C([0, T1; L*(T)) in
order to make the solution of

{iatu—i-afu—a;‘u:)dmzu—i-g, (x,1) € T x R, 16

u(x,0) = up(x), xeT

satisfying u(-, T) = uy?

The strategy to answer the global controllability question is first to prove a local
exact controllability result and to combine it with a global stabilization of the solutions
to get the global controllability of the system (1.6). Thus, in this spirit, we first need
to prove the control property of 4NLS (1.6) near to O, that will be proved using a
perturbation argument introduced by Zuazua in [41]. More precisely, we will show
the following local controllability result:
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Theorem 1.1 Let w be any nonempty open subset of T and T > 0. There exists € > 0
such that for any ug € L2(T) with

”"‘OHLZ(T) < €,

one can find a control input g € C([0, T1; L>(T)), with supp(g) C w x (0, T) such
that the unique solution u € X;O, for1/2 < b < 21/16, of the system (1.6) satisfies
ulx,T)=0.

Let us now introduce our main results of the article. Consider a(x) € L®(T) real
valued, the stabilization system that we will consider is the following

u(x,0) =ugp(x) on T, .7

{ idu 4+ 02u — 3u+ia’u =rlulPu  onTx (0, T),
where A € R and ug € L2 (T), in L?>—level.
Note that, easily, we can check that the solution of (1.7) satisfies the mass decay

t
et G D12 0py = e G OV 172y — /0 lau(@) 32 (p dr, V220 (1.8)

Observe that for a(x) = 0 we have, by (1.8), the mass of the system is indeed con-
served. However, assuming that a(x)?> > 1 > 0 on some nonempty open set @ of T,
identity (1.8) states that we have an possibility of a exponential decay of the solutions
related of (1.7). In fact, following the ideas of Dehman and Lebeau [10], see also [12],
by using techniques of semi-classical and microlocal analysis, the result that we are
able to prove, for large data, can be read as follows:

Theorem 1.2 Let a(x) := a € L°°(T) taking real values such that a?(x) > nona
nonempty open set w C T, for some constant n > 0. Then, for every Ry > 0 there
exist C := C(Rg) > 0 and y > 0 such that inequality

ll G, Ol 20y < Ce " luoll2my, Vi >0, (1.9)

holds for every solution u of (1.7) with initial data uy € L?(T) satisfying |lug || 22T =
Ry.

Finally, the global controllability result which one can be established is the follow-
ing:

Theorem 1.3 Let 1/2 < b < 21/16 and w be any nonempty open subset of T. For any
Ry > 0, there exists T := T (Ro) > 0 such that for any uy and uy in L%(T) with

luollz2¢ry < Ro and  |luillz2cry < Ro

one can find a control input g € C([0, T1; Lz(T)), with supp(g) C w x (0, T), such
that the unique solution u € XZ,O of the system (1.6) satisfies u(x, T) = uj.

@ Springer



108 Applied Mathematics & Optimization (2021) 84:103-144

Let us describe briefly the main arguments of the proof of these theorems. Precisely,
the control result for large data (Theorem 1.3) will be a combination of a global
stabilization result (Theorem 1.2) and the local control result (Theorem 1.1), as is
usual in control theory, see e.g. [11,12,24-26].

With respect to the proof of Theorem 1.2, in general lines, the functional spaces
used here are the Bourgain spaces which are especially suited for solving dispersive
equations. Thus, the step one is to prove the following Strichartz estimate for the
operator of fourth order Schrodinger equation:

lull 4o, 71xT) = € ||M||XT5 )’
ﬁr

this allows to prove the following multilinear estimates in X hTS:

luruousllyr < Cllunllxr Nuzllyr lusllyr

160 160 6
2
2 2 2
[l = oo, = e (Il + ol ) le= vl
b—1,s %,S 16°° 165

where s > 0, b < % and T < 1 are given and C := C(s) > 0. On the step two,
H* (T) propagation of regularity and compactness (see Sect. 5 below) from the state to
the control are obtained using these properties for the linear control and a local linear
behavior. Lastly, results of propagation together with a unique continuation property
(UCP), bellow presented, guarantees the proof of Theorem 1.2.

Proposition 1.4 For every T > 0 and w any nonempty open set of T, the only solution
u € C*([0, T] x T) of the system

idu+3%u — dtu =b(x,Hu  onTx (0,T),
u=20 onwx (0,T),

where b(x,t) € C®([0, T] x T), is the trivial one
ux,t)=00nTx (0, T).

To end our introduction, we present the outline of our paper. Section 2 is to establish
estimates needed in our analysis, namely, Strichartz estimates and trilinear estimates.
Existence of solution for 4NLS with source and damping terms will be presented
in Sect. 3. In Sect. 4, we prove the local controllability result, Theorem 1.1. Next,
Sect. 5, the propagation of compactness and regularity in Bourgain space are proved
and, with this in hands, Sect. 6 is aimed to present the proof of unique continuation
property, Proposition 1.4. Section 7, is devoted to prove Theorem 1.2. Finally, we
present concluding remarks in Sect. 8.
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2 Linear Estimates

In this section, we introduce some results which are essential to establish the exact
controllability and stabilization of the nonlinear system (1.6) and (1.7), respectively.

2.1 Strichartz and Trilinear Estimates

The next estimate is a Strichartz type estimate.

Lemma 2.1 The following estimate holds

lullparsmy < € llullyr, (2.1
ﬁ,()

Proof We closely follow the argument for the L*-Strichartz estimate for the usual
(second and fourth order) Schrodinger equation presented in [33] and [34].

Given a dyadic M > 1, let uy, the restriction of # onto the modulation size (t —
p(k)) ~ M. Then, it suffices to show that there exists € > 0 such that

5
- = 5/16
lunamll 22 < 27" M upll 2 @M Clumyl2 . 22)

forany M > 1 and m € N U {0}. Indeed, assuming (2.2), by Cauchy—Schwarz
inequality, we have that

2
Nl s pmy = D D Nusuznalz,

M m=>0

- = 5/16
SO 2 M uyll 2 @MY w2,
M m=>0

12
_ 5
Sy 2 (Z MsnuMniir) (Z(z”’M)S/SuuzmMniit)
M M

m=>0

172

S luli3r
E,O
This proves (2.1).

Now we prove (2.2). By Plancherel’s identity and Holder’s inequality, the following
inequality holds

lupuzmpllp2p2 = Z/ iy (ki Tty k2, ©2)dT)
=

k=ki+ky * TTTITR 212
T

1/2
S (sup Ak, r)) lunll2 Nluzmaal2 .
k,T ’ ’
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where the function A(k, 7) is given by
Ak, T) = Z / 1o —pkpy~m o —pka)~2mmdr. (2.3)
k=ki+ko T=T71+12

Integrating in 77 holds that

A, D) <MY Lenmplo)—plia)+27 M-
k=ki+ko

Here, we have used that the Lebesgue measure of set {r] € R; 71 — p(k1) ~ M} is
comparable with M and t = 11 + o0 ~ p(k1) + p(ka) + M + 2" M.
Now, a direct calculation gives

(k — k)* + kt = 2k} — 4k k + 6k3k? — 4k k> + k*
2 (k- 2k ' 312 (ki — 2k ' Lt @4
= 1—5 + 1—5 +§

and
(k — k)2 + k% = 2k — 2kik + k>

1 \2 1, 2.5)

It follows that
4

1
+ ok

4
1 1 1
P(k—k1)+p(k1)=2<k1 _Ek) +§k2+(3k2+2) (kl —§k> 2

(2:6)

2
1\* /3 2 1 1 3
=2<<k1—2k> +<2k2+1>) +§k2+§k4—2(§k2+1> ,

which implies

3

2 2\ 2
T —plky) — ptk —k1) =-2 ((k1 - %k) + <§k2 + 1) ) +Ck, 1), 2.7)

where C(k, 7) = Lk2+Lk4 =2 (3k2 4 1)°. Thus, for fixed k and 7, 1, — p(k1) — p(k2)
~ 2" M (k1) = 1 only when

1\> /3 2\?
((Iq - Ek) + <§k2+ 1) ) = Clk, 1)+ 02" M), 2.8)
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that is, k| belongs at most four intervals of length 2/ M1/4 1t yields that,

Z Lo ptkn—pa)+2m . = 2m'm
k=ki+ka

So, from (2.3), we have
Al/z(k, T) < 2m/8M5/8 S 2731%(2mM)5/16M5/16

This finishes the proof of Lemma 2.1. O

Lemma 2.1 allow us to prove the following multilinear estimates in X g 5

Lemma2.2 Lets >0, b > 15_6 and T < 1 be given. There exists a constant C :=
C(s) > 0 such that the following trilinear estimates holds

||M1Mzﬁ3llijsSCIIMlIIXT5 ||M2||XT5 ||M3||XT5 ,
: i6°% 1—6.0 1—6,0

[ = 02|

2 2
< CQlulyr, + vl ) = vllyr,

xT 5 S s
-b 6 16 16

Moreover, there exist constants C and Cg := C(s) > 0, independent on T < 1, such
that for every s > 1, follows that

2 2
[1ulul = ClulZe Nullyr, +Colullyr, g, Nl
XZ;,_S X%_O 15—6.s 15—6,571 %.l %,0

Proof Here we will use the ideas contained in [S]. Let w = ujusus3, by duality we
have that

+00
”w”be,s = sup Z /(k)S(T — p() Pk, )k, T)dT

c <1 T
llell2 12 =1 k= —o0

~+00
= s Y[ Wt pw) i)
7,712,713

. <
HC”I,%L%—I k,kp,k3=—00

(2.9)

X ﬁz(kz, Tz)ﬁ3(k3, ‘E3)C(k, ‘L')d‘[d‘lfzdl}

where k = ki +ky —kyandt = 71 + 10 — 13.
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Assume that max{|k|, |kz|, |k3|} = |k1| and define f(k, 7) = c(k, T)(t — p(k))~"
and 0(ky, t1) = (k1)*it1(k1, T1). Then, last expression of (2.9) is bounded by

00
3 sup > / | & DG )iz ky, 1)Uz (k3. T3)|dTdT2d T
7,712,713

lell212 =1k ey k3 =—o0
<3l vuauzlpay

<3 sup If gl lalpags sl
lellp 2 <1

<3 sup |flxs [Mvlxs luzlixs Nusllxs
lell,2,2<1 16° T6° 16° 16°
KET

=3 sup lellpzpllunlix s Nuallx s Nusllxs
el 2=t ' 16 16 16
k=T

where we have used Lemma 2.1 and the fact b > %. O

2.2 Auxiliary Lemmas
This subsection is devoted to present auxiliaries results related to the Bourgain space
Xp s which are used several times in this work and play an important role on the main

results of this article.

Lemma23 Ler —1 < b < 1,5 € Rand ¢ € C®(T). Then, for any u € Xp,
¢ (x)u € Xp s—3)p|- Similarly, the multiplication by ¢ maps Xst into Xst—3|b\'

Proof We first consider the case of b = 0 and b = 1. The other cases of b will be
derived later by interpolation and duality.
For b =0,

Xos = L* (R; H* (T))
and the result is obvious. For b = 1, we have u € X s if and only if
uelLl?(R; H (T)) and idu + 82u — du € L? (R; H* (T)),

with the norm

2

2 2 . 2 4
e, = 102y + 70000 + 020 — 0 e

Thus,
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o G ul,, o = Noul e prary + 1100 + 020w = 500 | 2 gy o2y
= € (101 2 5oy + 9 (G001 + 020 = 30) |2 g3y
2
+ |[. 85 — 87] u||L2(R;HS’3(T))

2 : 2 412 2
S C (”u”LZ(R;HVS(T)) + ||18,u + 8Xu - aquLz(]R;H‘Y"t('ﬂ‘)) + ”u”LZ(]R;H‘Y('JT)))

2
<Clul},. -

Here, we have used the fact
0. 02— 0}] =4 (030) o + 12 (030) 02 — 20,00, + 40,00} + (330 — 030

is a differential operator of order 3.
To conclude, we prove that the X, ¢ spaces are in interpolation. Using Fourier trans-
form, X,; may be viewed as the weighted L?> space L?

(RT x Zi, (k) (v + k* + k2)2b A ® 8), where A is the Lebesgue measure on R and

3 is the discrete measure on Z. Then, we use the complex interpolation theorem of
Stein-Weiss for weighted L” spaces (see [4, p. 114]): For 8 € (0, 1)

/ 20
(X0, X1,57) gy ~ L* (R x 2, ()20t ) e a) N Xo5(1-0)+5-

Since the multiplication by ¢ maps Xo ; into Xo s and X  into X s—3, we conclude
that for b € [0, 1], it maps X}, s = (X(),X, Xl,s)[b] into (X()’S, XI’S*3)[b] = Xp.5—3b>
which yields the 3b loss of regularity as announced.

Then, by duality, this also implies that for b € [0, 1], the multiplication by ¢ (x)
maps X_p —s+3p into X_p _s. As the number s may take arbitrary values in R, we
also have the result for b € [—1, 0] with a loss of —3b = 3 |b|. Finally, to get the same
result for the restriction spaces X;S, consider

P u, ifxeT,
10, other cases,
thus
lpullyy = leiillx,, , < Cllly,, -
Taking the infimum on all the #, the result is achieved. O

Finally, to close this section, more four auxiliaries lemmas are enunciated. We
follow [15], where the reader can also find the proofs, thus will be omitted it.

Lemma 2.4 Let % <b<1l,s eRandT > 0 be given. Then, there exists a constant
C > 0 such that:
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(1) Forany ¢ € H® (T),
IW O ¢llyr. < Clldlls;

(i) Forany f € X,JT_LS,

1
H/ Wt —r1) f(r)dr
0

<C .
o SCWI,
5

Lemma2.5 Letb € [0, 1]andu € X;S, then the function

f:0,7T)—> R

te llully

is continuous. Moreover, if b > % there exists C .= C(b) > 0 such that
tlif(r)l+ F (@) = ClluO) || as®)- (2.10)

Lemma2.6 Let b € [0, 1]. If Uj_,(ax, by) is a finite covering of (0, 1), then there
exists a constant C > 0 depending only of the covering such that for every u € Xp s,
we have

n
lellx, 00,11 < C Y Matll X a1
k=1
Lemma2.7 Lets € R.
(i) Forany b € R, we have that

a2 a4
I (e = N x, <l Ol oy o]l s cmy.-

(i) Let ¢ € C3°(R) and b, b’ satisfying 0 < b < % <band b+ b < 1. We have
the following inequality

H‘” G) / A ar
0

forT < 1.

1—-b—b'
=CT I1F 1 x
Xbp,s

=5’

3 Well-Posedness for 4NLS

In this section, we are interested in the existence of solution for 4NLS with source and
damping terms. More precisely, the following result can be proved:
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Theorem3.1 Let T > 0, s > 0, A € Rand% <b < %. Let a € C°(T) and
/NS Cgo(R) taking real values. For every g € L*([-T,T): HS(T)) and ug € H*(T),
there exists a unique solution u € XZ, ¢ of the Cauchy problem

i+ 02u — dtu +ip>(a*(x)u = MulPu+g, (x,1) e T xR, 31
uo(x) = uo(x), xeT. '

Furthermore, the flow map

F: H'(T) x L*([-T, T]; H(T)) > X}

(no, &) = u
is Lipschitz on every bounded subset. The same result is valid for a € L*°(T).

Proof Tnitially, we notice that g € X b forb’ > 0. Let us restrict yourself to positive
times. The solution on [—7, 0] can be obtained similarly.
Define the integral operator by

t
AQ)(r) = e Oy — l/ e~ (0w 2u — i (1)au + g)dr’. (3.2)
0

We are interested in applying the fixed point argument on the space X T . To do this,
let € C°(R) such that ¥ () = 1 for r € [—1, 1]. By Lemmas 27 and 2.2, for
0<d < % < band b+ b’ <1, we have that

IA@Iyr < Clluollzsery + CT' = alulPu — ig?Oa + gllyr
8 —b",s
< Cllugllgs(ry + CT'7b~° <||(p2a2u||xg +llaPullr +lglyr ) (3.3)
1—b—b’ 2 1—b—b’
< Clluollgs(ry + CT ey (1 + ||u||X;0> +CT lglixr, -
In the same way, we get that

14 = AWl = CT A+l + Il lle— vl . G4

These estimates imply that if T is chosen small enough A is a contraction on a suitable
ball of X hT 5

Now, we prove the uniqueness in the class X ZS for the integral equation (3.2). Set

t
w(t) = e~ 1=y / e~ == (0 |u2u — ig*(t)a + g)dr’.  (3.5)
0
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By using (2.2) we have that |u|>u € xT,, ., for any b’ satisfying —% <b < %

Moreover, we have that
L ir—9 2 2 2
X / e P00 (i 0%u 4+ MulPu + g) (1) | dt

0

= 100 (—iaPpPu + dulPu+ 9)(T), (3.6)

in the distributional sense. This implies that w solves the following equation
iatw—i—a)%w—ajw%—iaz(ozu =A|u|2u+g. 3.7

It follows that v(r) = e~ @~ — w) is solution of dv = 0 and v(r) = 0,
respectively. Thus, v = 0 and u is solution of the integral equation.

Let us prove the propagation of regularity. Firstly, note that for ug € H*(T), with
s > 0, we have an existence of time T for the solution u of the integral equation in X bTo
and another solution & on time T in X st‘ By uniqueness in X ZO booth solutions u and
u are the same on [0, f”]. Admitting T < T, we get that the blow up of [|u () || g5 (T), as
t — T, while [u|| 2y remains bounded on this interval. By using local existence in
L?(T) and Lemma 2.6 we see that ||« ||Xf~ is finite. Thus, estimate (3.3) on [T —¢, T1,

b,0

with € small enough such that

1
) <5

1—b—b' 2
Ce 1+ ”“”xh,o[i—e,i] 3

ensures

lully, (7ey < CUUCT = llas +liglx_,,)-

Therefore, u € bes, contradicting the blow up of [|u(?)|| gs(T) near T.

The second step is to use L (T) energy estimates to obtain global existence in L (T)
and consequently, by using the above argument, in H*(T). Multiplying (3.1) by u ,
taking imaginary part, integrating by parts and using Cauchy—Schwarz inequality, we
get

t
@172y < N0l 7 20, +C fo (1723, d7 + Cligl 21 1:220T))- B-8)
By using Gronwall inequality, we have that
@17 20g) < Cluol 72y + gl 21,7 22m))e"-

So, the L2(T)-norm remains bounded and the solution  is global in time.
Lastly, we prove the continuity of flow. Let & solution of (3.1) with &g and g, instead
up and g. A slight modification of (3.4) yields that
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s

e = allyr, < Clluo —dioll o) + Cllg = &llx_yy, +CT' ™7 (A + lulyy
ey Ml = vllxy -
Then, for T small enough depending on the size of ug, g, g and g, follows that
llu — ﬁIIXbTJ < Cllug — iiollgs(my + Cllg — §||ij/ys-

Thus, the map data to solution is Lipschitz continuous on bounded sets for arbitrary
T and, consequently, the proof is complete. O

The next two propositions are to give estimates that connect the solution u of the
4NLS (3.1) with the damping term and source term.

Proposition 3.2 Forevery T > 0, n > 0 and s > 0, there exists C(T, n, s) such that
for every u € XbT’S solution of (3.1) with |uollmsr) + gl L2077 e (Ty) < 1 the
following estimate holds

HMHXZS < C(T,n,s)(luoll zs() + ||g||L2([(),T];HS(11‘)))-

Proof Initially, assume 7 < 1. Using (3.3) we have that
1—b—b' 2
lullyr, = € (nuonmm - ”g”xf,,/,x) + CsT P (1 - ”“”xz,o) :
Choose T such that C,T'~0~%" < % the following inequality holds

1-b-b' 2
lullyr, < € (nuonmm + ”g”xz,/_s) FCT T ullyg Ty - 39)

By using estimate (3.9), for s = 0, and choosing T satisfying

1

Tl < (3.10)

2 9
2Co <||M0||HA'(T) +llglyn )
-0

we obtain

||M||Xglb <C <||M0||L2(1r) + ”g”Xilb/o) < C (lluoll z2ery + I8l 2y 1y +ey:22¢T)) -
3.11)

On the other hand, estimate (3.8) implies

lu@)ll 20py < Cnell < Cne® < C), (3.12)
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where we have used that T < 1. Then, thanks to (3.11) and (3.12), there exists a
constant € = €(n) such that

lu(Ty +9)llxs , < CUluTDl2ry + N8O 2¢(ry, 11 +e):22¢Ty))s  (B13)

b0 —

and follows that the estimate (3.11) is valid for some large interval [0, T'], with T < 1,
for any constant C depending of 1.

Now, we back to the case s > 0. For T satisfying C; Tsl_b_b, < %, by using (2.9)
and (3.9), we obtain

CT " ullfr, = CT70 Cnn’.

Thus, follows that for an appropriate T < €(n, s) the last expression can be controlled
by 1/2, therefore, the following inequality is also true

”u”XsTh < C (luoll sy + ”g”LZ((O,T);HS(T))) .

Again, piecing solutions together, we get the same result for large 7 < 1 with C
depending only of 1 and s. Finally, the assumption 7' < 1 is removed similarly with
a final constant C (s, n, T). O

Proposition 3.3 Forevery T > 0andn > 0, there exists a constant C(T , n) such that
forall s > 1, we can find C(T, n, s) such that u € XbTJ solution of (3.1) with

luollascry + 18l 20,71, 15 (Ty) = 10
satisfies

”u”Xst < C(T, mluollms Ty + ||g||L2([0,T];HS(T)))

+ CT.n.9) (lullyr lullr Nl + el ).

Proof Initially, we assume 7 < 1. By using Lemma 2.7 we have a constant C, inde-
pendent of s, such that

||M||X[{S <C (||M0||HS(’11‘) + ||g||L2([o,T];HS('J1‘)))

1-b-b' 2 2 2
+CriT? (ua ¢ ul 2 qo. 7o my) + Muelull )

for b, b’ satisfying0 <b' < % <b,b+b < 1.
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[24, Lemma A.1] and Lemma 2.2 give us constants C and C which leads to the
following inequality

lullyr < C(luollascr + 81220, 77: 55 (Ty))
b,s
+ T (Cllully + Collullyy ) (3.14)

1—b—b' 2
+ T Cluly Tl + Collullg gy Tl yr ).
From Proposition 3.2, we have that
||M”XZO =CnT) (||140||L2('11‘) + ”g”Lz([O‘T];HS(’]I‘))) < C(n, T)n. (3.15)

Here, for T < 1 in the last inequality, we get C(n) := C(n, 1).
By putting (3.15) into (3.14), for small enough T (depending only 1), we get

”u”Xst < C(luollgs(m) + ||g||L2([o,T];HS(11‘)))

+ C) gy Ml Tl + lullxy -

Then, the conclusion of lemma follows by a bootstrap argument. O

4 Local Controllability

This section is devoted to prove the local controllability near of the null trajectory of
the 4NLS (1.6) by a perturbation argument near the one done by Zuazua in [41]. Then,
we will use the fixed point theorem of Picard to deduce our result from the linear
control.

First of all, we know (see, for instance, [39,40]) that any nonempty set w satisfies
an observability inequality in L?(T) for arbitrary small time 7 > 0. This means that:

For any a(x) € C*(T) and ¢(t) € C5°(0, T') real valued such that a = 1 on @
and ¢ = 1 on [T /3,2T /3], there exists C > 0 such that

2

dt, 4.1

T
2 it(92—9%)
1901125, < € /0 Jatgme | |

for every Wy € L*(T).

Exact controllability property for a control system is equivalent to the observability of
its adjoint system by using the Hilbert Uniqueness Method introduced by Lions [28].
Thus, observability inequality (4.1) implies the exact controllability in L?(T) := L?
for the linear equation associated to (1.6).

To be precise, let us follow [12, Sect. 5] to construct an isomorphism of control

R:L> - L?
oy - ROg = Yy
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such that if @ is solution of the adjoint system

4.2)

i+ 320 —3ld =0, (x,1)eTxR,
®(x,0) = do(x), xeT

and W solution of

iV 4+ 320 — 30 = a?(0)p’ ()P, (x,1) € T xR,
Ux,T)=V¥rx) =0, x €T,

we get that W(x,0) = Wy (x). First, notice that application R has the following
property:

Lemma 4.1 Forevery s > 0, R is an isomorphism of H*(T).

Proof To get the result we need to prove that R maps H*(T) into itself and R®g €
H*(T) implies &9 € H*(T), thatis, D*®g € L?, where D* is defined by (1.5). Is not
difficult to see that R maps H*(T) into itself. Thus, we check the following:

Claim: R®y € H*(T) implies &9 € H*(T).

The claim is equivalent to show that D* ®( € L?, D* is defined by (1.5). Remember
that,

T
Rog =i [ e 2
0
Since R~ is continuous from L2 into itself we get, using [24, Lemma A.1], that

T
|D°®ol|,, < C|RD*Dg|,. <C H/ e_”(a)%_ai)gazaze”(af_aj)D‘Y<I>0dt
0

L2

! —it(32—0%) 2 2 it(32—0%)
<C DS/ o105 X(pael(-* ) Podt
0

L2

T'aza“z 2 it(92—a?
+C / e 10042 DYl 00 oot
0

L2
= ClR®ollgs(T) + CsC 1Poll gs-1 (1) -

Thus, the result for s € [0, 1] is proved. The result for s > 1 can be guaranteed by
iteration. Finally, previous computation, for s > 1, give us

[Rw | < C@wn T Il + Cla, s, T) o lgicry - 43)
Therefore, the claim is proved and, consequently, the lemma is verified. O
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4.1 Proof of Theorem 1.1

Picka(x) € C§°(w) and ¥ (¢) € C3°(0, T) different from zero, such that, observability
inequality (4.1) holds. We look for the function g of the form ¢?(r)a®(x)®, where ®
is solution of (4.2) as in linear control problem.

We are interested in choosing an appropriate ®¢ such that we can recover the
controllability properties of the system (1.6). Consider the following two systems

i9,®+ 320 —3td =0, (x,1)eTxR,
O (x,0) = Do(x), xeT

and

i+ 02u — 3*u = Aul®u + a’>p®®, (x,1) e T x R,
ulx,T) =0, x eT.

We also define the operator £ as follows

L: L*(T) — L*(T)

“4.4)
Dy > LDy = ug = u(0).

The goal is then to show that £ is onto on a small neighborhood of the origin of H*(T),
for s > 0. Split u as u = v + ¥, with W solution of

4.5)

iV 4+ 92W — 34w = a’(0)p* ()P, (x,1) € T xR,
V(x,T)=0, x eT.

It corresponds to the linear control, and thus, W (0) = R®(. Moreover, observe that v
is solution of the system

{ia,v+3§v—3§v=)»|u|2u, (x,t) e T x R, 4.6)

v(x,T) =0, x eT.

Therefore, u, v and W belong to X;O and u(0) = v(0) + W (0), which we can write
L as follows

LDy =KDy + RPg,
where K®g = v(0). Observe that LPg = ug, or equivalently, &g = —RIKDy +
Riluo.

Define the operator

B:L*— L?
Dy — BDy =R KDy + R up.
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We want to prove that 5 has a fixed point. To do it, let us firstly define the following
set

[s]—-1
F = BLZ(T)(()’ 77) N ( m BH’(']]')(O’ RZ))) N BHS(T)(Ov RS)’

i=1

for n small enough and for some large R;. We may assume 7" < 1 and fix it, moreover,
we will denote C and Cy; = C(s) any constant depending of a, ¢, b,b’, T and s,
respectively.

By using Lemma 4.1, we have that R is an isomorphism of H*(T), thus

1B®oll 751y < Cs (1Kol s (ry + ol s ) - 4.7

By the last inequality, we should estimate || ®q|| gs (m = llvoll s (T)- Then, we will
apply for equation (4.6) the same X l{ , estimates which we used in Theorem 3.1, more
precisely, Lemmas 2.7 and 2.2. Thus, we get

. =cC |u|2u’XT
—b s —b s (48)

l@llgsery < Cllvllgr, < TPl u

2
< Cs llu ullyr .
< Gyl Nullyy,
By the local linear behavior of u, that is, by using Proposition 3.2, we obtain
lullxr, < C %ol 2 »

for

H(p2a2d> < C 1ol 2gm < Cn < 1.

L2([0,T;L2(T) —

Finally, applying (4.7) and (4.8), with s = 0, this ensures that
1Bl 2m) = € (1901 agz, + ol 20r)) -

Then, by the last inequality, choosing 7 small enough and |lugll 21y < % we have
that

I1B®oll2T) <7

and, therefore, B reproduces the ball B, in LZ(T).
To prove the result on a small neighborhood of the origin H*(T), we will divide
the proof in two steps.
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Step 15 € (0, 1]
For s < 1, we came back to (4.8) with the following new estimates in X bT’S

10 Ollsry = Con* lullyy
and
18Dy < Cs (¥ s+ luollzeny) -

Thus, using Proposition 3.2 for

242

o < Cl®oll 2 < Cn < 1,

L2([0,T];L%(T)) —

we have
2
lullyg, < Cs 19ol}y (49)
and
1820l =) < Cs (7 1@0ll =y + ol a=cxy ) -

Then, by these two inequalities, for Csn> < 1/2, B reproduces any ball in H*(T) of
the radius greater than 2C [lug || s (r). Therefore, we conclude that B reproduces the

ballin F,if n < Cs., luoll gs(ry < C(n) and R > C(|luo|l gs(t))- Furthermore, since
these estimates are uniform in s € (0, 1], the bound on 7 is also uniform.

Step2s > 1

We will start choosing R; by induction as follows: Chosen R; as the previous
case so that B reproduces By (T) (0, Ry). It is important, in this point, to make some
assumptions of smallness on 1 which on will be independent of i and s. Firstly, using
the estimate (4.3) we get

”Bq)()”Hi('JI‘) =C ||IC¢’O||HI'(11') + Ci ||]C¢0||Hi71(11‘) + Ci ||MO||HI'(11') .
Analogously, for s € (0, 1], we have that
1Kol gri-1¢ry < Cie1n® @0l gi-1¢py < Cim1n*Ri—1.

Using multilinear estimate, Lemma 2.2, the following holds

10Ol zecry = C ol = € lulu|

T
X—b’.i

2
< .
< Clluliy Mullyy, +Cilulr, ullyy, Nully -
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Right now, we would like to bound the term with maximum derivative. For this, we
use Proposition 3.3 and [24, Corollary A.2] to obtain

2.2
lullr ez < C | o]

qorpaicry TC g TGl lully el
< C @0l i)+ Ci 1Pl i1 my + Ci llullyr

+Cillullyy iy lullyr, -
By (4.9), we can also bound the lower derivative, which yields

10Ol zicry = Cn* lullyr + CiRiiRin

< Cn? 1901, oy + C*(CiRi—1 + CiRi—1 R1n) + C;Ri_1 R1n.

(T)

Finally, we ensures that

1B®ollg7i ¢y < Cn* 1ol iy + C G, m, R, Rias ol i ry)-
Choosing an < 1/2 independent of s and R; = C(i, n, R1, R;i—1, IIuOIIHi(T)), then
B reproduces Byi (1) (0, R;). The same argument is still valid for s > 1 and Step 2 is
thus proved.

To finalize, B is contracting for L>(T)—norm. Indeed, consider the following sys-
tems

10 (u — 1) + 0%(u — i) — 3% — it) = M(|uu — i) + a>p*(® — @), (x,1) € T xR,
(u—u)x,T)=0, xeT
(4.10)

and

i9(v—70)+32(v—1) — (v — ) = A(ul>u — |@|*d), (x,1) €T xR,
w—v)x,T) =0, x eT.

Lemma 2.2 ensures that

HBCD() — B&)()‘

2 S 1w =0)OllL2ry = Cll(w =Dy

/ ~ ~
<CT" 2= luPu — i) a

T

b0 4.11)
<C <||u||§;0 + IIitIIi;O) llu —allyr

< Cn* lu—llyr -
To bound ||u — || x7, in the lastinequality (4.11), we use the equation (4.10) to deduce
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- 2 20w 1=b—b' |2 2~
lu uHXbT.o(T)SCH(p a(® q))HLZ([o,T];LZ(T))+CT Hlul u = lul ”H fb,.o
= 2 2 -
<cloo -0, +c (nunX;O + “““x;0> =l
o — b H 2w =il yr -
<o - 0|, + O I~y
Taking 1 small enough (independent on s) it yields
u— i <CH® —é‘ : 4.12
I ||x,{0(1r) < 0 Ol 2 (4.12)

To finish, combining (4.12) into (4.11) follows that

HB@Q — B&DO

<Cp? Hfbo— dg

L2(T) LX(T)

Therefore, B is a contraction of a closed set F of L2(T), for n small enough (indepen-
dent on s). In addition, B has a fixed point which, by construction, belongs to H*(T).
This completes the proof of Theorem 1.1. O

5 Propagation of Compactness and Regularity in Bourgain Spaces

We present, in this section, some properties of propagation in Bourgain spaces for
the linear differential operator L = id, 4+ 8> — 9% associated with the fourth order
Schrodinger equation. We will adapt the results due Dehman et al. [12, Propositions
13 and 15], in the case of X, s spaces, of the Schrodinger operator. These results
of propagation are the key to prove the global stabilization. The main ingredient is
basically pseudo-differential analysis. Let us begin with a result of propagation of
compactness which will ensure strong convergence in appropriate spaces for the study
of the global stabilization.

Proposition 5.1 (Propagation of compactness) Let T > 0 and 0 < b’ < b < 1 be
given. Suppose that u, € X;O and f, € be _343p Satisfying

01ty + 021y — 3%y = fo,

forn =1,2,3,.... Assume that there exists a constant C > 0 such that
luallyr <C 5.1
5.0
and
— — . .
[l ”Xzb,—3+3b + ”f"HXZb,—SHb + [luy ”Xzb/,—1+3b’ 0,asn +00 (5.2)
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In addition, assume that for some nonempty open set  C T
u, — 0 strongly in L? (0, T; L? (w)) .
Then
u, — 0 strongly in leuc ([O, T1; L? (T)) .
Proof Pick ¢ € C*°(T) and ¢y € C° (0, T) real valued and set
B=¢((x)D>and A = ¥ (1) B,
where D73 is defined by (1.5). Then
A" =9 0D ).

For ¢ > 0, we denote A, = Ae% = Y (t) Be for the regularization of A. By a
classical way, we can write

tpe =i (=0 (1) Bettn, uy) + (Aeun, (aﬁ - aj) un)
- <[A€, 82 — ajj] e, u,,) — i (' (1) Bettn, ).
On the other hand, we have
on.e = (fa. A:M")LZ(TX(O,T)) = (Aettn, fu)L2(rx 0.1y - (:3)

By using Holder inequality and Lemma 2.3, we get that

(o AZ00) 2oy | = Wnllxr

< : u .
= ”fn”XZb.—3+3b I n”X;0

| AZun] r
b—3+3p 11 €TIX, 5 g

Therefore, from (5.1) and (5.2), follows that

lim sup ‘(ﬁl,A:un)Lz(Tx(o’T))‘=O. (5.4)

=0 0<e<1

Similar computations yields that

lim  sup |(Actn, fi)r2rx0.1y] =0

>0 )ce<]

(W' (t) Bettn, un) =0 B
elln, Up LX(Tx(0,T))| — °*

lim sup
=00 ) <e<1
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Thus, thanks to (5.3)—(5.5), the following holds

and, therefore,

lim sup
>0 0<e<l

A ,32—34] , )
([ € Ox 7 Ox | Uns Un L2(Tx(0,T))
particularly,

. 2 _ g4
e

As Dx_3 := D3 commutes with 8)]5, fork =1, 2, 3, we have that

A0y — 0| = |V (1) B, %_ax
(4.8 o] = [ 0 5.8 3]

= [y wew 3024

=4y ) (93¢) 0D + 129 () (939) 37D + 4y (1) (4r9) 93D

5
—20 () Oxp) 0D =y () (930 — ole) D3 =Y
i=1

Note that, using (5.1) and (5.2), we control /s by

(W ® (3’% B 8;‘) D uy. un)LZ(’]I'x(O,T))
Indeed,
(w ) (af - aﬁ) D u,, un) <cC Hw ) (af - a;‘) 03, D u,

L2(Tx(0,T)) —

= c|@ppu,

u
tho I nllX;O

<cC HD‘%H

lluy ”XT
Zb.3b 5,0

<Clu u .
= I n”thfo}b Il nl‘Xle

Arguing as made in (5.4), we infer that

(w (t) (af - a;‘) D 3u,, u,,) > 0,as n — +oo.

(5.6)

< ||u u .
< n”XZb.iaﬂb l n||X£0

u
Xzbo Il n”xlo
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Note that for the terms /;, i = 1,2 and 4 in (5.6), the loss of regularity is too large if
we use the estimate with the same b. Using the index b’ instead of b, we have

(Iiun, un) p2(rx 0.1y = 4 (W (1) (3;§0) 3D uy, Mn)

= C |y o (9%9) 0D u,

L2(Tx(0,T))

u T
o Ml

< C 9
- ||Mn||x]{a0 ||Mn||th’,—2+3h’ 5.7
2 213 .
(Bun, un) 12(rx0,1y) = 12 (W () (E)x(p) 0D, u")ﬁarx(o,T))
2 23

<C qu (t) (axgo) 0Dty il
b’ 1-3b

<

< C |luy ”XZ/,O Ilues, ||Xib/.71+3b,

and
-3
(lauy, un)LZ('ﬂ‘x(O,T)) =-2 (w (1) (0x) 0x D up, un)LZ('ﬂ‘X(O,T))

<c Hw () 3x) 0D un| . llunllyr (5.8)
o —b/ —243D/
b',2-3b

<C .

< Cluy ”XbT’.o llutn, ||Xib’,72+3b’

Observe that
T T
Xy 143 = Xy oq3m (5.9)

where < denotes a compact embedding. Thus, from (5.1), (5.2) and (5.9), we have
that (5.7)—(5.8) tends to 0 as n — +o0.

To conclude the proof we need to analyze the third term of (5.6), that is, /3. Remark
that —d 3 D3 is the orthogonal projection on the subspace of functions with & (0) = 0.
Furthermore,

X[o> X§o > XL, o for0<b <b <1,
thus, using the Rellich Theorem, we see that
il (0,1) —> 0(0,1) =0in XJ g = L* (0, T) strongly,
and hence

(¥ (0 (0xp) it (0, 1) s tn) 127 0.7y — O-
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We have proved that, for any ¢ € C*° (T) and ¥ € C§° ((0, T)),

(v © @up) 03Dy )

L2(Tx(0,T))

Observe that ¢ € C* (T) can be written in the form 9, ¢ for some function ¢ €
C®° (T) if and only if fop (x)dx = 0. So, for any x € Ci° (w) and any x¢ € T,
¢ (x) = x (x) — x (x — xp) can be written as ¢ = ¢ for some ¢ € C* (T). Since
u, is strongly convergent to 0 in L? (0,7; L? (w)),

nli)ngo (W (1) xun, MH)LZ('JTX(O,T)) =0.
Then, for any x¢ € T,

nlggo (@ (1) x (- = x0) Un, Un) 2(Tx(0,T)) = O-

Finally, we closed the proof constructing a partition of unity on T with some functions
of the form y; ( — x(’)), with x; € C§° (w) and x; € T. O

To close this section, we prove the gain of regularity of the linear fourth order
Schrodinger equation.

Proposition 5.2 (Propagation of regularity) Letr T > 0,0 <b < land f € be’r be
given. Let u € X;r be a solution of

idu 4 02u — dtu = f.

If there exists a nonempty w C T such that u € leoc ([O, Tl H*° (a))) for some p
with

. [3 1
O0<p §m1n{5(1 —b), 5}
then
we L, (10, T, H* (T)).
Proof We first regularize u, = exp (182) u := ©,u and f, := O, f, with
”Mn”X;r < Cand ”f"”XZb.r <C,

for some constant C > OQandn=1,2,....
Lets =7+ p, ¢ € C®°(T) and ¢ € C° (0, T) taking real values. Set Bu =
D*3¢ (x) and A = v (t) B, where D2 is defined by (1.5). If L = i, + 92 — 32,
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we write

(Lun, A*u”)LZ(TX(O,T)) - (Aun’ Lun)Lz(Tx(O,T))

_ 2 4 . /
= ([4. 07 - 0] wn. “">Lzarx(o,n> — i (¥ () Butn. tn) 2001
and deduce that

|(Auy, LMn)L2(1rx(o,T))| = |(Aun, fn)LZ(TX(O,T))|
= ”Aun”X;_r ”fn”xzbr

<Clu
= lluty, ||XIZ:r+2p ”fn ”Xzbm s

—3+43b

since r + 2p — 3 + 3b < r. The same estimates for the other terms imply that

<C

A,82—84] : )
'([ x 7 Ox o Un L2(Tx(0,T))

Note that

(4,02 = 8] = 4v 0 D> (a39)  + 129 1) D7 (320) 82 + 49 1) D> () 33

— 20 (1) D7 (0.9) b, — ¥ (1) ¥ (020 — By
5
= Z Il'.
i=I
Also, observe that
2s —34+2=2r+2p—1<2r
and

2s =34+ 1=2r4+2p—-2 <2r.

(5.10)

(5.11)

(5.12)

Now, we will bound the terms of (5.10). As (5.11) and (5.12) are verified, taking

<mind > _p ]
min{=(1—=5), -1},
p= 2 2
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we have that

”un“LZ(O,T;H’(T))

25—3 3
|ttt un) 2ex 0.7y | = € HI//D ' (8x(p) Oxttn L2(0,T; H~"(T))

2
< Cllual? c,

O.7:H7 (1) =
‘(lzun, Mn)LZ('er((),T))’ =C HWDZS_3 (0x¢9) afun

u CHr
L2(0.T;H~"(T)) henliz o7 cmy

2
< C lunll? c

0,7 H" (T)) =
(5.13)

and

25s—3 2 4
|Usttn, un) 20,7y | = ‘(1// (1) D7 <3X</> - 3,((/7) Up, Mn)Lz(Tx(O,T))

< Ht/f (tyD*7? (8f<ﬂ - 8§¢) Uy

2
< Cllual,

u CHT
T M lrerm m

o.r:rmy = ©
for any n > 1. Similarly of /; estimate we can get

4] < C.

Finally, we will control /3. For any x € C{° (w), we have that

25—3.,2q3
(I// (1) D= x axu"’M")LZ(Tx(O,T))
= (v 0 D, x D) + (v O [ D7 x| x03un, D)
= (v 0 D03, D xun) + (¥ ) D503, [x. D*Jun)

+ (v [ x| 0k, Do) =+ b+ s (5.14)

In this moment, we need control the right hand side of (5.14). First, note that we infer
from the assumptions that

xu e L}, (0,T; H* (T))
and
xuel?, (0, T H 3 (T)) .
Then,as s =r 4+ p <r + 1, we have
Xitn = Onxu +[x. Onlu € Ly, (0. T; H* (T)),
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due [24, Lemma A.3]. Applying the same argument to Xagun, follows that
‘1}‘ <cC. (5.15)

Moreover, from [24, Lemma A.1] and the fact u € L? 0, T; H" (T)), iz can be
bounded in the following way

f‘: ( ) D3 d3u,. [x. D* )
2 v x05tn. [ 1 D* Jun L2(Tx(0.T))

= (v 0 D7 a3, [x, D un)

L2(Tx(0,T))

_ : 5.16)
= (¥ 0 DD 03us, [, D) (
(w( ) Xd3un, [x, D] un o)
< lv @& D" xdju, |D? [x, D*Jun HL2(11‘><(0,T))
L2(Tx(0,T))
=C ||Mn||L2(0,T;Hr(T)) ||Mn||L2(o,T;Hp+s—1(T)) =C.
Lastly, by similar computations, we ensure that
‘1}’ <cC. (5.17)

Consequently,

<C

‘(w (1) D7 1203, )

L2(Tx(0,T))

for any n > 1. Then, writing d,¢ = X2 (x) — X2 (x — xq), from (5.14), (5.15), (5.16)
and (5.17) yields,

<C,

1) D352 (- — x0) 3, )
‘(W) Xm0 B )

for all n > 1. To conclude the proof, is necessary to use a partition of unity as in the
proof of Proposition 5.2, to obtain

<C

'(w (1) D*383u, u)

L2(Tx(0,T))
that is
T 2
f v | D> i k.0l ar | <.
0 k=£0

@ Springer



Applied Mathematics & Optimization (2021) 84:103-144 133

or equivalently,

2
fluell

12 qo.r:m5(m) = C

Thus, the proof is complete. O

6 Unique Continuation Property
We present, in this section, the unique continuation property (UCP) for 4NLS. How-

ever, before to enunciate the UCP, let us prove an auxiliary lemma which is a
consequence of Proposition 5.2.

Lemma 6.1 Letu € XbT,O be a solution of
i+ 0%u — 3%u + 1 uPu=0 onTx (0, 7). 6.1)

Here b > % and we assume that u € C* (w x (0, T)), where w C T nonempty set.
Then,

ueC®(Tx(,7)).

Proof Note that A |u |2 ue Xzb - by Lemma 2.2. Thus, from Proposition 5.2, we get
3=
u € Ly, ([0, T]; H'T2072(T)),

Choose ty such that u (ty) € H1+%(1_b) (T). We can then solve (6.1) in X;1+3(1 b
b j -

with the initial data u (fp). By uniqueness of solution in X bTO’ we conclude that u €

xr . An iterated application of Proposition 5.2 give us
b,143(1-b)

uel?(0,T; H (T)), VreR,

and, hence u € C*° (Tx (0, T)). O

The UCP is presented as follows:

Proposition 6.2 (Unique continuation property) For every T > 0 and w any nonempty
open set of T, the only solution u € C*°([0, T] x T) of the system

idu+ 32u — 3%u = b(x,hu onTx (0,T),
u=>0 onwx (0,T),

where b(x,t) € C®°([0, T] x T), is the trivial one

ux,t)=00nTx (0, T).
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Proof Proposition 6.2 is a direct consequence of the Carleman estimate for the operator
P=i0+ 83 — 8;‘, proved by Zheng [39, Theorem 1.1] (see also [17, Corollary 6.1]),
together with Lemma 6.1. O

Corollary 6.3 Let w be any nonempty open set of T and u € XT 0 solution of
20

i0u 4 02u — 3%u = Aul>u onTx (0,T),
u=20 onwx(0,T),

thenu (x,t) =00nTx (0, T).

Proof By using Lemma 6.1, we infer that u € C* (Tx (0, T')) . An application of
Proposition 6.2 give us u = 0, as desired. O

Remark 1 Proposition 6.2 assures us that for u € XbTo solution of

idu+32u—3*u=0 onTx (0,T),
u=0 onw x (0,T),

we also have u (x, 1) =0on Tx (0, T).

7 Stabilization: Global Result
This section is to establish the main result of this article. The propagation results and

unique continuation property will play a key role for this study. Thus, we are concerned
with stability properties of the following system

{ia,u—l-a%u—i)?u—l—iazu=A|u|2u onTx (0,7), .1

u(x,0) =ug (x) onT,
where A € R and ug € L? (T), in L2-level.

7.1 Proof of Theorem 1.2

Theorem 1.2 is a consequence of the following observability inequality:
Let T > 0 and Ry > 0 be given. There exists a constant y > 0 such that for any
uo € L?* (T) satisfying ||ug I z2¢T) < Ro, the corresponding solution u of (7.1) satisfies

T
Mﬂ@mSVA a2 d. (7.2)

In fact, if (7.2) holds, the energy estimate give us

t
wum@m=wummm—/mm@mmm,Wza
0

@ Springer



Applied Mathematics & Optimization (2021) 84:103-144 135

The last equality ensures that

e G T G2y < 4=y~ ol -
Thus,
e ComTY o gy < (1 =y~ luol g2 -
which yields
lu Dl < Ce™ ! luoll 2y, Vi > 0.
Finally, we obtain a constant y independent of Ry by noticing that for ¢+ >

¢ (luollz2¢r)). the L? norm of u(-, ) is smaller than 1, so that we can take the y
corresponding to Ry = 1, proving the result. O

7.2 Proof of the Observability Inequality

If (7.2) does not occurs, there exists a sequence {u,},cy = u, solution of (7.1)
satisfying

llun (O)llz2(ry = Ro

and

T 5 1 2
\/(\) ”a“n ”LZ(T) dt < ; ”uO,n ||L2(T) s (73)

where ug , = u, (0). Since y, = |u0,n ”LZ(T) < Ry, one can choose a subsequence

of ¥, = {Vul},ens still denote by y,,, such that,
lim y, =y.
n—oo

Thus, we will analyze two cases for y: y > 0 or y = 0. In both cases we will get a
contradiction.

Case one lim,,_. oy, =y > 0:
Observe that u,, is bounded in L* (0, T'; L? (T)) and, therefore, in X bT o forb > %
Then, as X ZO is a separable Hilbert space, we can extract a subsequence such that

Up,—u in XZO,

for some u € XZO. By compact embedding, as we have b < 1 and —b < 0, we can
(also) extract a subsequence such that we have strong convergence in X b — 145 NOW,
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we prove that the weak limit u is a solution of (7.1). Since |un|? uy, is bounded in

X Zh, o» for b > 15—6, there is a subsequence u,, still denote by u,,, such that

. 5
unl?up—f in X', ., for b > —
. b',0

16

and
) o 5
lun|*up — f in XZ,,, . for T b<1.

Moreover, from (7.3) follows that

T T
/o “aun||%2(T)dt—>/0 IIaulliz(T)dt:O,

which implies that u (x, ) = 0 on w x (0, T). Therefore, letting n — oo, we obtain
from (7.1) that

i8,u+8§u—8;‘u=f onTx (0,T),
u(x,t)=0 onw x (0, 7).

We affirm that
f= —ia%u + A |u|2 u.

In fact, let w, = u, —u and f,, = —ia%u, + A Iunl2 u, — f.Remark that from (7.3),

fOT law, 172y dt —> 0.
Thus,
fo—0 in XTI, .
It also implies
1, — 0in L2 (o, T: 12 (a)))
and
wy, — 01in L? (0, T; L? (a))) .
Applying Proposition 5.1, we get

wy —> 0in L2, ([0, T); L (’]I‘)) .

@ Springer



Applied Mathematics & Optimization (2021) 84:103-144 137

Then, we can pick one 7y € [0, T] such that w, (#y) tends to O strongly in LZ(T).
Let v the solution of

{i8,v+8§v—8§v+ia2v=A|v|2v onTx (0, 7), (7.4)

v (to) = u(fp).

We claim that # = v. Indeed, by Theorem 3.1 we have that the map data-to-solution

of (7.1) is locally Lipschitz continuous. Since u,, (to) — v(tg) in L*(T) and ia%u, —

ia*u in L*([0, T1; L*(T)), we get u,, — v in XO »» thus 4 = v and u is a solution

of (7.4). Unique continuation property, Corollary 6.3, 1mphes u = 0. It follows that
lun(O)ll2¢ry — O, which leads a contradiction of our hypothesis y > 0.

Case two lim, oo v, =y = O:
Consider v, = 'J‘/—", Vn > 1. Thus, v, satisfies

. 2 4 . 2 2 2
10,V 4 0y v — 0, Uy +ia” v, = Ay, [Unl” va,

/(; ”avn ”LZ(T) dt < ; (75)
and
llvn )l 2z) = 1. (7.6)

Observe that v, := {v,},cn is bounded in L™ (0, T: L% (T)) N X;O. Thus, we can
extract a subsequence, still denoted by vj,, such that

v,—vin XhT_O.

Furthermore, by Duhamel formula and multilinear estimates (2.2), we obtain
1—b—b' 2 3
lonllxz, = CllonO)liz2ery + €T (IIUnIIX;0 + v, ”U””XZ,O> ,

for0 <b <3 <bandb+b <1
If we take CT 100" < 1 /2, independent of v,, we get

2 3
lonllyr, = €+ Cyy ||vn||X£0-

Lemma 2.5 states that || v, || X7, is continuous in 7. Since it is bounded near t = 0 and
¥n — 0, we obtain by a class1ca1 bootstrap argument (see, e.g, [2, Lemma 2.2]) that

v, is bounded on X/ b.0- Using Lemma 2.6, we can conclude that it is bounded in xT b0
even for large 7. Thus,

2 2 . T
Vi lvnl“ vy — 0 in X—b’,O
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and so
ynz |v,,|2 v, = 0 in Xzb,—1+b-
Then, we can extract a subsequence such that
v,—v in X }5 0
and
v, —> v in XZH—h,—b'
Therefore, the weak limit v satisfies

v+ 92v — v +ia*v =0 onTx (0,T),
v(x,t) =0 onw x (0,T),

which implies that v (x, ¢) is the trivial solution, that is, v (x, #) = 0, thanks to Remark
1 of Proposition 6.2.
Argument of contradiction (7.5) yields that

) : 2 .72

iav, — 0 in L“(0,T; L~(T)), (7.7)
and so

iazvn —_—> 0 il’l XZI‘Fb,*b'

An application of Proposition 5.1, as in the case one y > 0, ensures that

vy —> 0in L, ([o, T1: L2 (T)) . (1.8)

From the energy estimate for 7y € (0, T'), we get

fo

low O g, = v (), + f lav 22, .
0

Passing the limit on the last equality, by using (7.7) and (7.8), we have that
lvn ()| 2¢ry — O, which contradicts (7.6). Therefore, the proof is complete. O

8 Concluding Remarks

Let us consider the following system

8.1

idu+ 0%u — edtu = AulPu, (x,1) e M xR,
u(x,0) = up(x), x € M.
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When e = 0and M = T, system (8.1) is the well-know nonlinear Schrodinger system
(NLS) posed on a periodic domain, that can be considered with Dirichlet or Neumann
boundary conditions.

The focus of our discussion in this paper are the global properties of the control
for the fourth order nonlinear Schrodinger (4NLS) equation on periodic domain, that
is, considering € = 1 and M = T in (8.1). The main results of this work ensure that
system (8.1) is globally exponentially stabilizable and globally exactly controllable in
the space H*(T), for any s > 0.

Remarks The following remarks are now in order.

1. If ugp € H*(T), with s > 0, one can impose that g € C([0, T]; H*(T)) on
Theorem 1.1. Analogously, if ug, u; € H*(T), with s > 0, one can impose that
g € C([0,T]; H*(T)) on Theorem 1.3.

2. We should point out that time 7" used to guide the system from the initial state u
for the terminal state u1, on Theorem 1.3, depend on the amplitude of u( and u1,
that is,

luoll2ery < Ro and  luill2(r) < Ro-

In general, the larger amplitude Ry, the longer time 7 is needed to conduct the
control. That is why we call such controllability as large time controllability.

3. The global results, as described in Theorems 1.2 and 1.3, are truly nonlinear and
their proofs demand new tools in addition to the Bourgain spaces and Bourgain
smoothing properties. The needed tools turns out to be propagation properties of
compactness and regularity for the fourth order Schrodinger equation.

4. Theses results of propagation are in concordance with the results of controllabil-
ity and stabilization in the literature, more precisely, they are inspired by those
established first in [12] for the wave equation, after that [24] for the Schrédinger
equation, [26] for the Benjamin—Ono equation, [25] for the KdV equation and
[38] for the Kawahara equation. Thus, the results presented in this article give us a
complete picture of the study of controllability and stabilization to more classical
nonlinear dispersive equations, posed on a periodic domain T, by using certain
propagation properties given by Bourgain spaces, closing the last gap that was
missing when discussing nonlinear dispersive equations of order between 2 and 5.

8.1 Controllability Results for NLS and 4NLS

The results showed in this work can be compared with those already known for the
NLS. One of the first results to the system (8.1), considering € = 0 and M a compact
Riemannian manifold of dimension 2 without boundary, is due Dehman et al. in [12].

In [12], the authors consider the stabilization and exact controllability problem for
NLS, more precisely, to prove the control properties, the authors were able to prove
the propagation of regularity in M. However, these properties are shown considering
w be an open subset of M and the following two assumptions:

(A) w geometrically controls M; i.e. there exists Ty > 0, such that every geodesic of
M traveling with speed 1 and issued at r = 0, enters the set w inatime t < Tp .
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(B) For every T > 0, the only solution lying in the space C[0, T'], H>(M)) of the
system

i0u 4+ A2u+ by (x, Hu + ba(x, D, (x,1) € M x (0, T),
u=0, (x,t) ewx (0,T),

where by (¢, x) and by (¢, x) € L*° (0, T, LP(M)) for some p > 0 large enough,
is the trivial one u = 0.

The global controllability result can be read as follows:

Theorem 8.1 (Dehman et al. [12]) Assume that the open set w satisfies conditions (A)
and (B). Then for every Ro > 0, there exists T > 0 such that for every data ug and
vo in H' (M), satisfying

luoll gicar) < Ro and |lvoll g1 aqy < Ro,

there exists a control g € C ([O, T1, H! (/\/l)) , with support in [0, T] X w, such that
the system
i;u+ Au— P’ (|u|2> u=73
u(0) = ug

whered = gif0 <t < T,0ift > T, and P is a polynomial function with real
coefficients, satisfies u(-, T) = vy.

Considering the NLS on a periodic domain T, recently, Laurent [24] applied the
method introduced by Dehman e al. to prove that the nonlinear Schrodinger equation is
globally internal controllable when posed on periodic Dirichlet or Neumann boundary
conditions. The main result is the following.

Theorem 8.2 (Laurent [24]) Let b € (1/2,5/8). For any nonempty open set ® C T
and Ry > 0, there exista T > 0 and a constant C > 0 such that for every uy and u
in L*(T) with

luoll,2 < Ry and  luill;2 < Ro

there exists a control g € C([0, T1; L2(T)) with supp(g) C w x (0, T), such that the
unique solution u € XI{O of the system

idu+0%u = rulPu+g, (x,1)eT xR,
u(x,0) = ugpx), xeT

satisfies u(x, T) = uj.

The result described above is consequence of the following result.
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Theorem 8.3 (Laurent [24]) Assume that a(x)? > n > 0 on some nonempty open set.
Then, for every Ry > 0, there exist C > 0 and y > 0 such that inequality

lu@lg2 < Ce " lugll2, ¢ >0,
holds for every solution u of system

idu+ %u+ia*u = Mul>u, (x,t) €T xR,
u(x,0) = up(x), xeT

with initial datauq such that ||ug|l;2 < Ro

Now, let us provide a comparison between the results presented for the NLS and
for 4NLS. Taking € = 1 and M = T in (8.1), Theorems 1.2 and 1.3 give us good
global properties of stabilization and controllability to 4NLS, however there are some
important issues to be considered.

Concerning the independence of C, y and the time of control 7 on the bound Ry,
our work does not give any answer, therefore are an open problem. Nevertheless, if
we want g in H®(T), the time of controllability only depends on the size of the data
in L2(T), as in the case of NLS.

About the time of controllability, the approach used here does not give any infor-
mation about the minimal time to drive the initial data ug to a final data u. This is
in strong contrast with the linear case where exact controllability occurs in arbitrary
small time and the conditions are only geometric for the open set w, in concordance
with the results for the NLS (see Theorem 8.2).

We should be note that the results presented in this work are more complex than
those that have been shown in Theorems 8.2 and 8.3. Taking into account the results
of [12] on a compact surface, in our work, we adapted the propositions related with
propagation (Propositions 5.1 and 5.2) for the linear system associated to 4NLS, with
the following main difference between the results proved in [24]: The central points
to prove the propagation results of the Schrodinger operator (L = i9; + 83) and fourth
order Schrodinger operator (L = id; + 8% — 8;‘) are the analysis of the terms given by

Qpe =1 (_I/// (t) Beuy, un)

+ (Aeun, (33 - a;‘) u,,)

- ([Aé’ oF — 3?] Un, un) —i (Y (t) Ben, un) (8.2)
and

(L”n’ A*u")Lz('H‘x(O,T)) = (Aun, Lun) 121 (0,1y)

— 2 4 . /
= ([4. 07 - 0] wn. un)Lz(Tx(O,T)) — i (' () Buw.un) 2oy - (83)
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Observe that the operator L instead of L in the equalities (8.2) and (8.3) demand more
attention. In fact, the bracket defined by

[A, 92 — a;‘] — 4y (1) D¥3 <8)?(p> 3, + 129 (1) D>73 (afgo) 92
+ 49 (1) D73 (3,9) 83
=2y (1) D27 0ug) b — ¥ (0 ¥ (320 — dy)

is more complex than the usual Schrédinger operator, we need to bound the terms
of the bracket in appropriate norms. This analysis is crucial to get the propagation
results and, consequently, to show the global controllability and stabilization problem
mentioned at the beginning of the introduction.

It is important to realize that Proposition 5.1 applied for the fourth order
Schrodinger operator allows a source term f,, bounded in a lower order Sobolev norm
L%(0, T; H=3(T)) while u, is bounded in L>(0, T; L*>(T)) instead of f, bounded in
L%(0, T; H~'(T)) while u,, is bounded in L2(0, T'; L?(T)) for the Schrédinger oper-
ator (see [24, Theorem 4.1]). This fact can be extremely useful in a nonlinear context,
where the source term comes from the nonlinearity.

To finish our discussion, we would like to mention a fact related with the assumption
(A), i.e., Geometric Control Condition. The exact controllability is known to be true
when geometric control condition is realized for NLS, see for instance, Lebeau [27],
but also for any open set w of T", see Jaffard [18] and Komornik and Loreti [21].
Additionally, the exact controllability holds also for general manifolds considering
the assumption (A), see for instance, Laurent [23]. We conjecture that these results
can also be extended for the fourth order nonlinear Schrodinger system. In addition,
due the regularity of the solutions to the 4NLS we expect more manifolds, in higher
dimensions, for which the controllability and stabilization are established (with or
without geometric control condition). These results are being prepared and will be
present in a forthcoming paper.
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