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Abstract

We consider a two player, zero sum differential game with a cost of Bolza type,
subject to a state constraint. It is shown that, under a suitable hypothesis concerning
existence of inward pointing velocity vectors for the minimizing player at the boundary
of the constraint set, the lower value of the game is Lipschitz continuous and is the
unique viscosity solution (appropriately defined) of the lower Hamilton-Jacobi-Isaacs
equation. If the inward pointing hypothesis is satisfied by the maximizing player’s
velocity set, then the upper game is Lipschitz continuous and is the unique solution
of the upper Hamilton-Jacobi-Isaacs equation. Under the classical Isaacs condition,
the upper and lower Hamilton-Jacobi-Isaacs equation coincide. In this case, even if
the inward pointing hypothesis is satisfied w.r.t. both players, the value of the game
might fail to exist; however imposing stronger constraint qualifications (involving the
existence of inward pointing vectors associated with saddle points for the Hamiltonian)
the game value does exist and is the unique solution to this Hamilton-Jacobi-Isaacs
equation. The novelty of our work resides in the fact that we permit the two players’
controls to be completely coupled within the dynamic constraint, state constraint and
the cost functional, in contrast to earlier work, in which the players’ controls are
decoupled w.r.t. the dynamics and state constraint, and interaction between them only
occurs through the cost function. Furthermore, the inward pointing hypotheses that
we impose are of a verifiable nature and less restrictive than those earlier employed.

Keywords Differential games - State constraints - Hamilton-Jacobi-Isaacs - Viscosity
solutions

1 Introduction
We shall consider a two-player differential game with state-constraints. The dynamic

constraint for the game, which relate the state trajectory x (.) to the control actions u(.)
and v(.) of each of the two players, takes the form:
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x(t) = f(x(t), ut),v()), fora.e.r €[y, T]

u(t)y e U forae. t e[ty T]

v(t) eV forae. telt,T] (1)
x(tg) = xp € A

x(t)e A forall te€ln,T].

Here, T > 0,19 € [0, T], f : R" x R™ x R™ — R" is a given function, A C R",
U Cc R™ and V C R™ are given closed sets. For any left end-point xo € A, any initial
time #g € [0, T'] and any choice of measurable controls (u(.), v(.)) : [to, T] > U x V,
we denote by x[fg, xo; u(.), v(.)](.) the solution of system (1) (which always exists
and is unique under our assumptions).

For arbitrary initial data (¢9, xo) € [0, T] x A, we associate with controls (u(.) and
v(.)), chosen by each of the two players, the following cost functional:

T

J(to, xo; u(.), v()) = / L(t, x(0), u(r), v(t)) dt + g(x(T)), )

fo

in which x (¢) = x[tg, xo; u(.), v()](®). The function L : R x R” x R™! x R"2 — R
is called Lagrangian (or running cost) and g : R” — R is the final cost.

The aim of the first player is to choose #(.) to minimize the cost function and that
of the second player to choose v(.) to maximize it. These objectives are, of course, in
conflict. The precise nature of ‘control’ (non-anticipative or open loop) employed by
the players will be made precise below.

We shall assume that the data for system (1) and the cost (2) satisfy the following
four hypotheses, which we shall refer to as ‘standing hypotheses’:

(H1): U c R™ and V C R™2 are closed sets; f(x, .,.) is B™! x B™2 measurable
for each x; L(z, x, ., .) is B™! x B2 measurable for each (¢, x);
(here, B™i is the collection of Borel sets of R")

(H2): there exists M > 0 such that
|f(x,u,v)] < M1+ |x|)and |L(t, x,u,v)| < M(1+ |x|), forall (¢, x) €
[0, T]xR", ueU, veV,;

(H3): forevery R > 0, there exist ks > 0, kg > 0 and k; > 0O such that
|f(x,u,v) — f(x' u,v)| < kylx —x'|, forallr € [0,T], x,x" € RB,
ueUandv eV,
|L(t,x,u,v) — L, x",u,v)] < kp (|t —1t|+|x —x']),
forallt,t’ €[0,T], x,x’ € RB,u €¢ U andv € V;
1g(x) — g(x")| < kglx — x'|, for all x, x" € RB;
(here, B is the closed unit ball in Euclidean space, and RB is the closed ball of
radius R)

(H4): A is a set with non-empty interior having representation:

A={xeR": hx) <0}, 3)

for a given function i(.) : R” — R of class cHt (i.e.hisa C! function with
locally Lipschitz gradient) such that Vi(x) # O whenever i (x) = 0.
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We shall also find it necessary, at different stages of our investigations, to invoke one
or other of the following hypotheses

(CQL1): forevery R > 0 there exists n > 0 such that

sup inf Vh(x) - f(x,u,v) <—n, x€dANRB;

veV Ue

(CQ2): for every R > 0 there exists n > 0 such that

sup inf Vh(x) - f(x,u,v) <—n, x€dANRB,

uel V€V

We shall refer to (CQ1) and (CQ2) as inward pointing conditions for player 1 and
player 2, respectively. We shall also invoke a strengthening of the standing hypotheses,
namely:

(H5): U c R™ and V C R™2 are compact sets; f(x, .,.) is continuous for each x;
L(t, x, ., .) is continuous for each (7, x).

Given a subinterval [fg, Tp] C [0, T'] we shall write

Ultg, To] := {u() : [ty, To] — U measurable} ;
Vit, Tol := {v(.) : [to, To] — V measurable} .

If, in addition we are given a point xo € A, we shall consider the sets of admissible
(also referred to as feasible) controls, for the left end-point xop on the subinterval
[t0, To] C [0, T], which are defined as follows:

AD([10, Tol, x0)

= {(), v() € U, Tol x VIto, Tol : x[to, xo; u(.), v()1() € A, Vt € 1o, Tol} ;
U([to, Tol, xo)

= {u(.) eU[ty, To] : Fv() s.t. (u(.),v(.)) € AD([to, Tol, x0)};
V([to, Tol, x0)

= {v(.) € V[ty, To] : Ju() s.t. (u(.),v(.)) € AD([ty, To], x0)} .

We shall often consider the case in which Ty = T. In this case we will employ a
simplified notation in which 7o = T is not explicitly written:

U(to, x0) :=U([t0, T], x0) and V(19 x0) := V([t0, T], xo0) .
We shall see that, under assumptions (H1)-(H4), if in addition (CQ1) (respectively
(CQ2)) is satisfied, then, for all xo € A and 79 € [0, T], we have (cf. Proposition 3.4
below):

V(to, x0) = V[to, T1 and U([ty, T], x0) = 0
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(respectively
U0, x0) = U170, T] and  V([19, T, x0) # ¥) .

We consider the upper value V¥ and the lower value VP (see the Definitions (4) and
(5) below), whose definition involves the notion of nonanticipative strategies (in the
Varayia—Roxin—Elliot—Kalton sense). More precisely, fix an initial datum (¢p, xo) €
[to, T] x A. We recall that a map o : V(f9, x9) — U(ty, xp) is a non-anticipative
strategy for the first player at the point xg if, for any = € [0, T — o], for all controls
v1(.) and va(.) belonging to V(#g, xo), which coincide a.e. on [79, #9 + T], at(v1)(.)
and o (v2)(.) coincide a.e. on [fy, o + T]. Analogously we can define non-anticipative
strategies B for the second player. Taking the time interval of reference [#g, Tp] C
[0, T'], we shall use the following notation for the admissible strategies of, respectively,
player 1 and player 2

Sv ([t0, Tol, x0) := {« : V([to, Tol, x0) — U([to, Tol, xo) s.t. «(.) is nonanticipative
and x[ty, xo; a(v), v](t) € A forallt € [ty, To] and for all v € V([tg, To], x0) }

and

Sy ([to, Tol, x0) := {B : U([t0, Tol, x0) = V([t0, Tol, xo) s.t. B(.) is nonanticipative
and x[ry, xo; u, B(u)](t) € A forall ¢ € [ty, To] and for all u € U([ty, To], x0) }-

When Ty = T, to simplify notation we write Sy (7o, xo) and Sy (f9, xo) the sets of
admissible nonanticipative strategies for the first and second player, respectively.
The lower value V" is then defined by:

Vb(to, Xp) 1= inf sup J(to, xp; ax(v)(), v(.)) . 4)

a €S8y (10,%0) y(.)eV (19, x0)

The upper value function is written as follows:

VEi(ty, x0) :=  sup inf  J(to, x0; u(.), B)()) . Q)
BeSy (fg,x0) 4 (VEUt0,x0)

Our goal in this paper is to prove, under hypotheses (H1)-(H5) (referred to as the
‘standing assumptions’) and also hypothesis (CQ1), that the lower value function is a
Lipschitz continuous function that is characterized as the unique uniformly continuous
viscosity solution of an appropriate Hamilton-Jacobi-Isaacs (HJI) equation. Analogous
properties of the upper value function are established, when (CQ2) replaces (CQ1).
We establish also that, under the standing hypotheses, when the Isaacs condition and
both (CQ1) and (CQ?2), strengthened to include (CQ3) (or (CQ4)) below, are satisfied,
the value functions coincide, i.e. the game has a value.

The zero sum differential games literature has, since its inception [16], heavily
focused on conditions under which the game has a value. But the lower game is
of independent importance, because of its relevance to robust controller design for
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bounded disturbances. This is a well-established field of control engineering design
which, it is argued, is better suited to applications involving low frequency, persistent
disturbances than those based on stochastic models. One well-developed approach
for ‘bounded disturbances’ robust design, based on ‘worst case disturbance’ analysis
of the effects of the disturbance, involves solving a lower game, in which the con-
troller and disturbance in the controller design problem are interpreted as the first
and second control in the lower game, respectively; the lower cost function provides
an assessment of the quality of a chosen robust controller design strategy, regarding
disturbance suppression and other objectives [4]. By including a state constraint set
in the formulation of the lower game, we can take account of the presence of a ‘safe
region’ of the state space. Here, the requirement that the chosen feedback control
maintains the state in the safe region, regardless of the disturbance, is built into the
design specifications.

A link between the lower value function and viscosity solutions to a HJI equation,
with potential application to robust control design, is established in this paper, only
when the constraint qualification (CQ1) is satisfied. (CQ1) requires that there exist
control values driving the state into the interior of the state constrained region, that
the disturbances are ‘matched’ to the control action, and that the control actuator is
designed to have sufficient power to dominate the anticipated bounded disturbances.
Robust control design methodologies based on such assumptions are standard in the
robust control literature, see, e.g. [13].

Aspects of the state-constrained zero sum differential games in this paper that deal
with the existence of a value are less relevant to practical control engineering. This
is because existence of a value is established only under the assumption that (CQ1),
(CQ2) and (CQ3) (or (CQ4)) are satisfied. This is a highly restrictive hypothesis,
since (CQ1) and (CQ2), which require that, simultaneously, the control dominates the
disturbance and the disturbance dominates the control, are in some sense in conflict.
Fortunately, as we have argued, it is only the lower game that is relevant to robust
controller design.

Our treatment of state-constrained zero-sum differential games differs from earlier
work by Koike [17] on this subject, in three respects. First, we replace the implicit
uniform controllability hypotheses in Koike by directly verifiable constraint qualifi-
cations (CQ1) or (CQ2). Second, we show that the lower and upper associated value
functions are unique viscosity solutions of HJI equations for the upper and lower
games respectively, in a simple sense that avoids redefinition of the Hamiltonians on
the boundary of the state constraint set, as well consideration of lower and upper enve-
lope solutions, employed in [17]. Third, we provide conditions under which the game
has a value.

The paper is organized as follows. We state our main results in Sect. 2. Section 3 is
devoted to nonanticipative constructions of feasible controls and strategies. In Sect. 4
we establish the Lipschitz regularity of the upper and lower values, characterizing
them as constrained viscosity solutions of an Hamilton—Jacobi-Isaacs equation. We
provide a comparison result in Sect. 5.
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2 Main Results

In this section we state our main results, which characterize the lower value, the upper
value, and the value functions as generalized solutions in the viscosity sense to the
following HIJI equation:

{—8tW(t,x)+H<t,x,3xW(t,x)> —0 on[0.T)x A ©

W(T, x) = g(x) on A,
in which the function H : R x R"” x R" — R is the Hamiltonian associated with
either the lower or upper game.
Take the (un-max-minimized) Hamiltonian function for the differential game asso-
ciated with (1)—(2) to be:
H(t, x, p,u,v) :=—f(x,u,v)-p—L({, x,u,v).

The lower Hamiltonian and the upper Hamiltonian are defined respectively to be

H'(t, x, p) := inf sup H(t, x, p,u,v) , 7
VeV yeU
and
Ht(t, x, p) :=sup inf H(t, x, p,u,v) . ®)
uelU V€

Clearly we have H* < H".
We adopt the following definition of viscosity supersolution and subsolution for
state constrained problems, namely.

Definition 2.1 (i) [Viscosity supersolution] A continuous function W : [0, T'] X
A — R is a viscosity supersolution on D C [0,T) x A of the Hamilton-
Jacobi-Isaacs equation (6) if for any test function ¢ : R x R* — R of class C!
such that W — ¢ has a local minimum (relative to [0, T'] x A) at (tp, x9) € D, then

—03;¢(to, x0) + H (to, x0, dx¢(f0, x0)) > 0.
(ii) [Viscosity subsolution] A continuous function W : [0, T]x A — Ris a viscosity

subsolutionon D C [0, T) x A of (6) if forall ¢ : R x R" — R of class C' such
that W — ¢ has a local maximum (relative to [0, T'] x A) at (fo, xo) € D, then

—0,¢(to, x0) + H (to, x0, 0x¢(fy, X0)) =< 0.

We say that a continuous function W is a viscosity solution on D C [0, T) x A of
(6) if it is simultaneously a supersolution and a subsolution of (6) on D C [0, T') x A.

Theorem 2.2 Assume that conditions (H1)—(H4) are satisfied.
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() Suppose, in addition, that (CQ1) is verified. Then, the lower value function V°
is locally Lipschitz continuous.

(1) Suppose, in addition, that (CQ1) and (HS5) are verified. Then VPisa viscosity
supersolution on [0, T) x A and a viscosity subsolution on [0, T) x int A of
equation (6) in which H = H b,

(iii) Suppose, in addition, that (CQ1) and (H5) are verified, and A is compact. Then
V" is the unique function which is simultaneously a supersolution on [0, T) x A
and a subsolution on [0, T) x intA of (6), with H = H, in the class of uniformly
continuous functions.

Observe that V’ is a constrained viscosity solution of (6) in the sense of [21] (cf. [2]).

Theorem 2.3 Assume that (H1)-(H4) are satisfied.

() Suppose, in addition, that (CQ2) is verified. Then, the lower value function V*
is locally Lipschitz continuous.

(1) Suppose, in addition, that (CQ2) and (HS) are verified. Then Viisa viscosity
supersolution on [0, T) x int A and a viscosity subsolution on [0, T) x A of
equation (6) in which H = H".

(iii) Suppose, in addition, that (CQ2) and (H5) are verified, and A is compact. Then
V% is the unique function which is simultaneously a viscosity supersolution on
[0, T) x int A and a viscosity subsolution on [0, T) x A of equation (6), with
H = H*, in the class of uniformly continuous functions.

The proofs of these theorems, which are given in later sections of the paper, are built
up in several stages. To be more precise, properties (i) and (ii) of Theorems 2.2 and
2.3 follow respectively from Proposition 4.2 and Theorem 4.3 below. The comparison
Theorem 5.1 establishes part (iii) of Theorems 2.2 and 2.3.

We highlight the fact that, for the proof of the Lipschitz regularity of the two value
functions, assumption (HS) is not required. It is invoked only when we seek to interpret
the values as viscosity subsolutions or supersolutions of (6).

We introduce additional constraint qualifications to derive further properties of the
game values.

(CQ3): For every xg € dA and for every pg € R" there exist ug € U and vg € V
such that

(1) H(to, X0, po, uo, vo) = infyey sup,cy H(to, X0, po, u, v) and
(ii) Vh(xo) - f(x0,u0,v0) <O.

(CQ4): For every xog € dA and for every pg € R” there exist ug € U and vg € V
such that

(i) H(to, x0, po, o, vo) = sup,cy infyey H(to, xo0, po, u, v) and
(ii) Vh(xo) - f(x0,u0,v0) <O.

Observe that the two conditions (CQ3) and (CQ4) coincide when the Isaacs condition,
namely
H’(t,x, p) = H*(t,x,p), ¥ (t,x,p)€[0,T)x AxR", ©)

is satisfied.
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Theorem 2.4 Assume that (H1)—(HS5), (CQ1) and (CQ2) hold true. Suppose moreover
that the Isaacs condition (9) and (CQ3) (or equivalently (CQ4)) are satisfied. Then,
the game has a value namely: V* = V° and V := V¥ = V"’ is a viscosity solution on
[0, T)x A of (6) with H = H’ = HE. If. inaddition, A is compact, then'V is the unique
the unique continuous viscosity solution on [0, T) x A of (6) with H = H' = H%.

This theorem is a direct consequence of Corollary 4.6 and Theorem 5.1.

Remark 2.5 (i) The assertions of Theorems 2.2 and 2.3 remain valid if we replace
the Hamiltonians H” and H® with the Hamiltonians H_ and H., respectively,
where:

H_(t,x,p):=inf sup H(t,x,p,u,v), and
veV et (x,v)

Hy(t,x,p):=sup inf H(t,x,p,u,v).
uel VeV (x,u)

Here, U(x,v) = {u € U| f(x,u,v) € Tq4(x)} and V(x,u) = {v €
V| f(x,u,v) € Ta(x)}, in which T4 (x) denotes the Clarke tangent cone to
the set A at x. Notice that H_ and H_ are in general discontinuous, therefore, in
this case, the notion of viscosity solution requires consideration of the (upper and
lower) semicontinuous envelopes of the Hamiltonians H_ and H., indicated by
the upper and lower ‘x’ notation (cf. [2,17]). But using the fact that, under our
hypotheses, we have

H_(t,x,p)=H’(t,x, p),
Hi(t,x,p) = Ht, x, p) forall (¢, x, p) € [0, T] x intA x R",

and

H_*(t,x, p) = H'(t,x, p),
Hi (t,x,p)= H(t, x, p) forall (r,x, p) €[0,T] x A x R",

we can easily reduce the analysis to the case when we consider the reference lower
and upper Hamiltonians H” and H®. We also observe that, if all the assumptions
of Theorem 2.4 are satisfied (included the Isaacs condition (9), precisely with
H" and H*), then the value V := V¥ = V" is still the unique bounded uniformly
continuous viscosity solution on [0, T') x A of (6) with H = H_ and, also, with

H=H,.
(ii) Similar results were earlier proved in [5], but only in the case of separated dynam-
ics.

(iii) Observe that, if the standing hypotheses are merely supplemented by the Isaacs
condition and (CQ1)-(CQ2), from Corollary 4.5 and Theorem 5.1 we can only
conclude that V# < V? on [0, T] x A . To obtain the existence of the value for
the game we need to impose also (CQ3) (or (CQ4)). While (CQ3) and (CQ4) are
very strong, the value of the game may not exist, if they are not imposed. This is
illustrated by Example 1 below.
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Example 1 Consider the following two-player differential game with state-constraints:

x(t) =u(t) +v(), fora.e. t € [tg, 1]
u(t)y e U .= {-3,+1} forae. t € [r, 1]
v(t) e V.= {-2,+2} fora.e. t € [tp, 1]

x(tg) =xp € A
x(t)e A:={xeR : x <0} forall 7€t T].

For arbitrary initial data (¢9, xo) € [0, 1] x A, and controls (x(.) and v(.)), we consider
the following cost functional:

1
J (10, x0: (), v()) = / (—u(t) + v(t)) dr .
fo

Observe that, for this example, the Isaacs condition and the two constraint qualifica-
tions (CQ1) and (CQ?2) are satisfied, but (CQ3) (and (CQ4)) is violated. We claim that
we have the strict inequality:

v°(0,0) > VF(0,0) .
Proof of the claim Notice that

UO,0) ={w() e L® : w(t) € {-3,+1}a.e.},
V(0,0) ={w(.) € L*® : w() € {—2,+2}a.e.}.

Consider the lower game. Take any € > 0. Then, there exists a non-anticipative strategy

a € Sy(0,0) such that x[0, 0; x(v), v](t) € Aforallt € [0, 1] and v(.) € V(0, 0),
and

1
V’(0,0) >  sup /(—a(v)(t)—l—v(t))dt—e.
v(.)eV(0,0) JO

We also know that, for any v(.) € V(0,0), u(.) = «(v)(.) must satisfy the state

constraint and hence
1 1
/ u(t) dt < —/ v(t) dt .
0 0

It follows that

1
sup  J(0,0;a(v)(.),v()) > sup (2 X / v(t) dt) =4.
v(.)€V(0.0) v(.)€V(0.0) 0
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Since € > 0 is arbitrary, we deduce that
V’(0,0) > 4.

Consider now the upper game. Take any € > 0. Then, there exists a non-anticipative
strategy B € Sy (0, 0) such that x[0, 0; u, B(u)](¢) € Aforallt € [0, 1] and u(.) €
U0, 0), and

1
VE0,0) < inf /(—u(t)—i—ﬂ(u)(t))dt—i—e.
u()el(0,0) Jo

For any u(.) € U4(0, 0), v(.) = B(u)(.) must satisfy

1 1
/ v(t) dt < —/ u(t) dt .
0 0

It follows that

1
inf  J(0,0; u(.), Bu)(.)) < inf <—2 X / u(t) dt) = -2,
u(.)eld(0,0) u(.)el(0,0) 0

Since € > 0 is arbitrary, we obtain that
VE0,0) < -2,
confirming the claim. O

Remark 2.6 Koike [17] also provides viscosity solution characterizations of the upper
and lower values. To be specific, [17] establishes that they are unique viscosity solu-
tions, up to the boundary of the state constraint, of the upper and lower HJI equation,
defined in terms of the upper and lower semicontinuous envelopes of the Hamiltonians
H_ and H,, under a controllability condition. (Some information about the relation
of our definitions of viscosity solutions and those of Koike are provided by Remark
2.5.) Direct comparisons with Theorems 2.2 and 2.3 are not possible: examples can
be given in which (CQ1) and (CQ?2) are satisfied but Koike’s controllability condi-
tion is not satisfied, and vice versa. Our hypotheses have the advantage however that
they are expressed in terms of the defining sets and functions of the dynamic game
formulation, and are more amenable to direct verification than Koike’s hypotheses,
because of their implicit nature. We mention that, in Example 1, (CQ1) and (CQ2)
and also Koike’s controllability hypotheses are satisfied. Example 1 therefore illus-
trates that, also in Koike’s framework, the value of the dynamic game may fail to
exist.
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3 State Constrained Control Systems: Nonanticipative Constructions
of Feasible Controls

Consider the state-constrained control system, described as follows:

(1) = f(t,x@),u@)) ae. te[0,T] (10)
ut) € Ut)
x(t) € A forall t €[0,T], (11

in which f(., ) R xR" x R" — R” is a given function, and l7(.) ‘R~R"isa
given multifunction.

We shall refer to a couple (x(.), u(.)), comprising a measurable function u(.) :
I — R™ and an absolutely continuous function x(.) : I — R" which satisfy x(¢) =
f(t, x(t),u(t)) and u(t) € ﬁ(t) a.e., as a process (on the subinterval I C [0, T]).
The function x(.) is called a state trajectory and the function u(.) is called a control
function. If x (.) satisfies the state constraint (11), the process is ‘feasible’.

We shall assume that the control system data satisfy the following hypotheses, in
which rg is some positive real number. There exist constants p > 0,7 > Oand M > 0,
and k¢ (.) € L'([0, T1, R) such that:

(H1): f(.,x,.)is LxB™ measurable for each x, where L is the collection of Lebesgue
measurable sets of R and B™ the collection of Borel sets of R™; the set-valued
map U (.) has Borel-measurable graph.

(H2): |f(t,x,u)] < M(1+ |x|) forall (r,x) € [0,T] xR", u € U) .

(H3Y: |f(t,x,u)— f(t,x'",u)| < ks(t)]x—x'| forallte[0,T], x,x" €M (1+
ro)Bandu € U(z).

(CQ): (Inward pointing condition)

inf Vh(x)- f(t,x,u) < —n,
uel(t)

for all (¢, x) € [0, T] x eMT (1 4 ro)B for which —p < h(x) < 0.

Employing the L°°-metric on the set of trajectories, and the (Ekeland) metric:

di(ur(.),uz(.)) = meas {t € I : ui(t) # uz(1)},

on the set of controls, we derive linear estimates w.r.t. the left-end points of a
reference process and its approximating process. Such estimates, often referred as
nonanticipative Filippov-type theorems (cf. [6,7]), ensure that it is possible to con-
struct approximating feasible controls (and trajectories) in a nonanticipative way, and,
therefore, build up suitable nonanticipative strategies.

Here, we restrict attention to the case in which the boundary of A is smooth,
illustrating how the approach suggested in [8] can be extended to obtain Filippov’s
type theorems. The basic idea is to modify the control on a suitable measurable set
whose measure is bounded above by a number which depends linearly on the distance
of two distinct left-end points. Imposing stronger inward pointing conditions (as in
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[9] and [15]), we can construct controls with similar properties for state constraints
sets that are merely assumed to be closed.

Theorem 3.1 [Nonanticipative Filippov’s Theorem] Fix ro > 0. Assume that hypothe-
ses (HI)—(H3)', (H4) and (CQ) are satisfied. Then there exists a constant K > 0
(whose magnitude depends only on the parameter ro and the data of assump-
tions (HI)'-(H3), (H4) and (CQ)) with the following property: given any (t, y|) €
[0, T] x (((ro + DeMT — HBN A) and feasible process (x1(.), u1(.)) on [t, T] such
that x1(t) = y1, forany y, € AN ((ro + DeM™ — 1)B, and any d > 0 such that
d > |y» — y1l, there exists a feasible process (x3(.), u2(.)) on [t, T'] with x2(t) = y2
such that the construction of uz(.) is nonanticipative, and

x2(t) €int A, forallt € (t,T], (12)
dir,ry(u1(), u2()) < Kd, (13)
lx1() —x2O Loy < Kd. (14)

We start by proving a local version of the theorem in the form of the following lemma.

Lemma3.2 Fixrg > 0. Assume that (H1)—(H3), (H4) and (CQ) are satisfied. Then,
there exist constants 5o > 0, Ko > 0 and K1 > 1 (depending only on the parameter
ro and the data provided by assumptions (HI)'-(H3), (H4) and (CQ)) satisfying the
following property: take any T € [0, T, v,y € AN ((ro + 1eM™ — DB, anyd > 0
such that d > |y — y'|, and any feasible process (x(.), u(.)) on [t, T] with x(t) = y.
Then, there exists a process (x'(.), u'(.)) on [t, T] such that x'(t) = ¥/,

x'(t) eint A forall t € (r,(t +8) AT],
the construction of u'(.) is nonanticipative, and

die. (), W'() < Kod,
1) =¥ Ollzsery = K1 (Iy =31+ dieri @ ') -

Proof Fixanyrg > 0,7 € [0,T],andy,y € AN ((ro+ 1)eM™ —1)B, and any d > 0
such that d > |y — y/|. The number Ry := ¢MT (1 + rg) is an upper bound on the
magnitude of all state trajectories x(.) on [z, T'] such that x (1) € ((ro+ 1)eM? — 1)B,
and, from (H2)', M (1 + Ry) is an upper bound for the corresponding velocities x(.).
Write kj, and k), the Lipschitz constants for 2(.) and Vh(.) respectively, on RoB.
Denote by w(.) a modulus of continuity for the function r — fot k r(s)ds

Assumptions (H1)'—(H3)', (H4) and (CQ) guarantee also the existence of pg > 0
and § > 0 with the following property: for any t € [0, 7] and any process (x(.), u(.))
on [z, (t +8) A T] with x(t) € AN ((rp + 1)eM? — 1)B, one of the following two
cases occurs: either
Case 1 h(x(t)) < —pp; if we have this initial condition, then x(z) € A forallz €
[t,(t +8) AT]

or
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Case2: —pg < h(x(t)) < 0;inthis case there exists acontrolu(.) : [z, (t+8AT] —
R™ such that iz(¢) € U(z) a.e. and

Vh(x(1)) - f(t,x(1),@(t)) < —n a.e.[t,(t +8) AT].

We define the continuous function 8(.) : Ry — R as follows:
() 1= 2M(1 + Ry) (ki M(1+ Ro)s + knwo(8)) b & & (15)

Since B(.) is monotone increasing and 8(0) = 0, we can choose 8y := &(rp) € (0, 5
such that 8(8p) < n. We also select Ko := K (r9) > 0 such that

T ~
khé‘r/() kp(s) ds
K _ 16
07 =BG (16)

Now we fix any t € [0, T] and a feasible process (x(.), u(.)) on [z, T] such that
x(t) = y. Write 7 := (1 + 80) A T to simplify notation. We shall construct a second
process (x'(.), u’(.)) on [z, T] such that x'(t) = ¥/,

xX'(t)eintA Vit e(r, 7]
and

die,11(u(),u'()) < Kod,
1) =X Ollery = Ki(1y =1+ dir ), w'() )

Consider the (non necessarily feasible) process (x(.), u(.)) with left-end point x(t) =
y’. We shall assume that case 2) occurs for, otherwise, (x'(.), u’(.)) = (x(.), u(.))
has already the desired properties. Notice that from the Gronwall inequality (cf. for
instance [22, Lemma 2.4.4]) we obtain:

T~. o g
X () = ROl < elo B ds 1y 3| v e [7, T]. (17)

For all ¢ € [z, T] we denote by .A(¢) the measurable set
d .
At = {s €7, 1] : d—h(X(S)) >0 } (18)
S

where C%h()? (s)) is the total derivative of the map s — h(x(s)). Consider now the
process (x'(.), u’(.)) on [z, T] such that x'(t) = y" and

u()if telo,T], 4h(E() >0 and meas{A(r)} < Kod

u(t) otherwise , (19)

u'(t) = {

where the control i (1) € U (1) satisfies the following inward pointing property (recall
that we are in case 2):
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VhE(@)) - f(t,%@), 4(t)) < —n a.e.t €[1,T].

Observe that the construction above is nonanticipative, in the sense that if two controls
u1(.) and uy(.) are such that u1(.) = u»(.) a.e. on some time interval [z, T*] C [7, T'],
then the corresponding controls u (.) and u}(.), defined by (19), satisfy the property
uy () =uh() ae on[r, T].

Set

o = sup{t € [z, T] : meas{A(t)} < Kod}.
Notice that
dir, 1) (), u' () = dir 71 (), u'() < meas{A(G)} < Kod ,
and, owing to Gronwall’s Inequality, we also have

ey 2 fT 12,(s) ds _ /
[1x°C) = XDllzeee,ny < 2M (1 + Rop) e/ dir,z1(u(), u ()
< 2M(1 + Ro) o B 4 meas ([r, 1 AGTNA®D)Y, Vielr,T]. (20)

Then, from (17) and (20), taking K := (1 +2M (1 + Rp)) efoT kr @) s we also derive
10 =X Olleeen = Ki(ly =1+ den@O.u'()) Ve ele,T].

It remains to prove that the process (x'(.), u’(.)) is feasible on [z, 7], and more precisely
x'(t) €int A, forall t € (z, T].
Clearly, for each ¢ € [t, T], we obtain

4 ~
h(x'(1) = h(x' (7)) +/ Vh(x'(5)) - f(s,x"(s), u'(s))ds

t
= h(x/(r))+/ Vh(£(5)) - f(s,x'(s), u'(s))ds

T

+kp M1+ Ro) [t — 7| [1x"() = RO)llzoo(e,n)

t
< h(X’(t))+/ Vh(E()) - fs, (s), u'(5)) ds

T

+ (KM + Ro)lt = 7l + Kyl = 7)) [0 = 2Ol - QD)

We claim that 4 (x(#)) < 0 for all t € (r, T]. We consider the following two possible
cases:

Case (i)t € [1, 0]. We have

t
/ Vh(Z(s) - f(s,%(s),u'(s)) ds < / Vh(E(s)) - f(s,%(s), u(s)) ds
T [T, t1\A@)
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+ / VhG(s)) - f(s, 2(s), (1)) ds
[z,t1NA(1)
< 0 — 1 meas {A()}.

As a consequence from the definition of 8 () and inequalities (20) and (21), it follows
that

h(x'(1)) < —(n — B(80)) meas {A()} < 0. (22)

Case (ii) r € [0, T]. In this case, since (X (7)) = h(x'(7)) we have that

t t
/ Vh(Z(s)) - f(s,%(s), u'(s) ds = / Vh(Z(s)) - f(s, %(s), u(s)) ds

T T

! ~
+/ Vh(E(5)) - [f (s, X(s), u'(5)) = f (s, %(s), u(s)]ds
< h(E(1) — h((7)) — nmeas {A@)} = h(Z (1) — h(x'(r)) — n Kod .

From this estimate, (16) and inequalities (17), (20) and (21), we derive that

h(x"(1)) < knllx() = XOllze,y — (1= B o)) Kod

< [kpeh ©© 8 (n — B(80)) Kold
<0.

This confirms our claim and the proof of the lemma is now complete. O

Proof of Theorem 3.1 Assume that (H1)'—~(H3)', (H4) and (CQ) are satisfied, and fix
ro > 0. Then consider the constants §o > 0, Ko > 0 and K| > 1 provided by Lemma
3.2. Choose the integer Ny in such a manner that it is the first index value i for which
T + (i89) > T. Observe that Ny satisfies Ng < T /§p + 1, and does not depend on
the choice of reference time t, or the choice of the left-end points y; and y;, or the
process (x1(.), u1(.)).

We recursively apply Lemma 3.2 to the reference process (x(.),u(.)) =
(x1(.), u1(.)) on [z, T], to obtain a finite sequence of processes (xlf(.), u; ()onlt, T],
i =1,..., No, where the ith process is an extension of the (i — 1)th process, which is
feasible on [z, (t +i8p) A T] (more precisely x{(t) € int A for all (z, (t +i8p) A T]),
and the ith control u’(.) is constructed in a nonanticipative way. We shall finally
take (x2(.), u2(.)) = (x}vo(.), u}\,o(.)). This process, then, is such that x;(t) = y»,
x2(¢) € int A for all # € (r, T'], and satisfies all the required properties established in
the statement of the proposition.

Writing 7o = 7, t; = T + (i80), y = x(70) = y1, ¥’ = x}(10) = y2, we have, for
i=1,..., Ny

di; (), u;(.)) < Kodi—
lx() = x;OllLo@ 1) < Kl(lX(fi—l) — x{(ti—D)| + dpz_, 71 (), Mﬁ(-))) ,
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where di_1 = |x(ti—1) — x/(zi—1)|, fori = 1,...,No,anddy = d (= |y — Y']).
Therefore, fori =1, ..., Ny, we obtain

diy 1), u}() < KoKi™'(1+Kp)'~ld (23)

and . .
1x() = x/Ollzom .1y < Ki7' (14 Koo)' ~'d. (24)

As a consequence we derive, from (23),

No
die,T1(u(.), M§v0(~)) < Zd[r,-,l,T](u(-L u; (1)
i=1
No . -
<Y Kok{"'(1+ Koy 'd
i=1

<K (1 + KM d,
and, from (24),

() = Xy, Ol e,y < max |x() =X/l
=1,..., 0

<K (1+KpMd.

Thus, taking K := K IN 0 (1 4+ K)o, all the assertions of the Theorem 3.1 are con-
firmed. O

Assume that we are given initial data and a control function (non necessarily feasible).
A modification of the proof of Theorem 3.1 provides a nonanticipative construction
of a feasible control for the reference initial data which satisfy some specific inward
pointing properties, paying the (sometimes) ‘affordable price’ of neglecting the dis-
tance estimates between the employed controls. In particular we obtain that for any
initial data, the set of feasible processes is non-empty.

Proposition 3.3 Fixanyrg > 0. Assume that (HI1)—(H3)', (H4) and (CQ) are satisfied.
Take any initial time ty € [0, T] and any xo € AN M0 @rg + 1) — D)B. Consider a
measurable function u(.) defined on [ty, T] with u(t) € U (t) a.e.. We can construct
a feasible process (x(.), u(.)) on [ty, T] such that x(ty) = xo, X(¢t) € int A for all
t € (to, T, and the map u(.) — Yy, x, () := u(.) is nonanticipative.

Proof Consider the process (x(.), u(.)) on [fy, T] such that x(#y) = x¢. The construc-
tion of a feasible process (x(.), u(.)) can be provided following the lines of the proof
of Lemma 3.2 and Theorem 3.1, in which we do not fix an upper bound to the measure
of the set in which we modify the reference control u(.). More precisely, starting from
(x(.), u(.)), we can construct a selection u(.) as in case 2) of the proof of Lemma
3.2. Let Mp > 0 un upper bound for the velocities of all trajectories having xo as

left end-point. Take 8y € (0, min{ Zk}:OMo; Mék,/ﬁ?/?chkao }) such that B(8g) < n. Here,
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kj, and kj, the Lipschitz constants for A(.) and VA(.) respectively, on eMT (1 4 rp)B,
p and n are the positive constants provided by (CQ), and B(.) is the positive func-
tion defined in (15) (cf. the proof of Lemma 3.2). It is not restrictive to assume that
—p/2 < h(xg) < 0. Then, we consider the process (x(.), u(.)) on [fg, T] such that
x(tp) = x¢ and

(1) if t€[to, T] and Lh(x(1)) > —n
u(t) otherwise ,

u(t) = {

where the control function u(.) € U (.) is chosen to satisfy the inward pointing condi-
tion:

Vh(x(t)) - f(t,x(@),i(r)) < —n a.e.t€ [t T].

Observe that the construction of #(.) is nonanticipative and, for all ¢ € [z, (fo + o) A
Ty,

diz.n((.), u(.)) = meas {.Z(t) = {s € [ty, 1] : %h(x(t)) > —n}} .
Gronwall’s inequality yields
160 = FOllosen < 2M(1+ Ro) elo B0 45 @i u(y, ()
—2M (1 + Ro) el &r® 45 meast T(1)) .
The same analysis leading to inequalities (21) and (22) now gives:
h(x()) < 0 forallt e (to, (to + o) AT].
The recursive argument appearing in the proof of Theorem 3.1 may be used, once

again, to extend the process (x(.), i(.)), preserving non-anticipativity. The proof of
the proposition is complete. O

3.1 Construction of Nonanticipative Maps and Strategies
Consider system (1), and fix an initial time 79 € [0, T'] and a control v(.) € V[ty, T].

Observe that assumptions (H1)—(H3) and (CQ1) guarantee that conditions (H1)'—(H3)’
and (CQ) are satisfied by the function

Fxu) = O, u, 500)) . (25)
The same property is valid when we fix a control i(.) € Ultop, T] and consider the
function (¢, x, v) — f(x, u(t), v). A consequence of Proposition 3.3 is the following

proposition.
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Proposition 3.4 Assume that (HI)-(H4) are satisfied. Take any (ty, xo) € [0, T] x A.
(i) Ifin addition (CQ1) is satisfied, then

V(to, x0) = Vlto, T1, U([to, T],x0) #¥ and Sy(to, x0) # V.

In particular, there exists a nonanticipative strategy I'y, x, € Sy (to, x0) such
that for any v(.) € V(tg, xo) we have x(t) € int A for all t € (ty, T], where
x(t) = x[to, x0; Try.xo (V) (), v()]@), for t € [to, T].

(i) Ifin addition (CQ2) is satisfied, then

U(to, x0) =U[to, T1, V(to,T],x0) #9 and Sy (to, x0) # 9.

In particular, there exists a nonanticipative strategy l:to,x() e Sy (to, xo) such
that for any u(.) € Z/l(fo, xo) we have x(t) € int A for allt € (t9, T], where
x(t) := x[to, x0; u(.), Ly xo W) ()1(@), for t € [to, T].

Proof We show only (i), since (ii) can be proved in a similar way. Fix & € Uz, T1].
Take any v(.) € V[#y, T]. Then we can consider

f,x,u) = f(x,u,v()

and apply Proposition 3.3 to obtain a feasible control y;, v, (1) (.) € U([to, T1, x0). We
define

Fto,xo () = Yio.x0 (ﬁ)() . (26)
It immediately follows that V(¢y, xg) = Vlto, T1, U([ty, T1, x0) # ¥ and x(¢) €
int A for all t € (fo, T'], where x(.) := x[to, x0; I'zy,xo (v)(.), v(.)](.). It remains to
show that I';) , is nonanticipative. Take vi(.), v2(.) € V[ty, T]. If v1(.) = va(.)
a.e.on [y, to + 1], for some 7 € [0, T — #y]. Write fl(t, x,u) = f(x,u,v1(t)) and
fz(t, x,u) = f(x,u,vy(t)).Let yt(l)’ o and yt(z)’ o be the nonanticipative maps provided
by Proposition 3.3 and associated respectively with f] and fz Since ﬂ (t,x,u) =
f~2(t, X, u) a.e. on [y, ty + 7], it immediately follows that

Viooo @) (1) = 2 (@)(1), forae. t €[ty, 10+ 7]
and therefore
Tioxo W1 (1) = Tiyry (02)(1), forace. t € 1,10 + 71,

confirming that I'y, », € Su (t, X0)- O

In Sect. 1 we have introduced the notion of nonanticipative strategies Sy and Sy for
the two players controlling in system (1). We shall make use also of an extension to
this concept, introducing a notion of nonanticipative maps between sets of admissible
controls, not necessarily employed by different players, and having possibly differ-
ent initial times. Take a pair of initial data points (1, x1), (¥2, x2) € [0, T] x A. If
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conditions (H1)-(H4) and (CQ1) are satisfied, from Proposition 3.4, we know that
U(t1, x1) = D and U(t, x2) #= . Amap y : U(t, x1) — U(tz, x) is called nonan-
ticipative if for any T € [0, T — 1], given u, u’ € U(t1, x1) such that u(.) = u’(.) a.e.
on [z, ] + 7], then also y (u)(.) = y (u')(.) a.e. on [z, (f2 + T) A T]. An equivalent
notion is valid for maps y’ : V(11, x1) — V(f2, x2).

We draw attention to an immediate consequence of Theorem 3.1, Propositions 3.3
and 3.4 summarized as the following corollary.

Corollary 3.5 Fix any ro > 0. Assume that (H1)—(H4) and (CQ1) are satisfied. Then
there exists a constant K > 0 such that for any initial time to € [0, T], for any
X1, X2 € A NroB, and for any v(.) € V[ty, T, we can find a nonanticipative map
yu : U(tg, x1) —> U(to, x2) with the following property: for any ui(.) € U(ty, x1)
we have

dirg, 711 (), Yo () < K |x1 — x2], 27
lx1 () — x2(llLoery, 7y < Klx1 — x2| . (28)

where x1(.) and x>(.) are the trajectories associated with the admissible controls
(u1(),v()) € AD(o, x1) and (u2(.) = yy(u1)(), v(.)) € AD(ty, x2) for system
(1).

Remark 3.6 Corollary 3.5 has an obvious symmetric counterpart in which we can take
any x1, x; € ANroB and any u(.) € U[tg, T], obtaining a nonanticipative map
Yu 2 V(to, x1) —> V(t9, x2) and estimates as (27) and (28).

4 Properties of the Lower and Upper Value Functions

Proposition 4.1 (Dynamic Programming Principle) Assume (HI)-(H4). For any
(to, x0) € [0, T] x A and for all o € (0, T — ty] we have the following properties:
(1) if in addition (CQ1) is satisfied, then

to+o
V°(t, x0) = inf sup {/ L(t, x[to, x0; a(v), v](t),
I

aeSy ([0.10+01.%0) yeV(19, x0) o

a()(®), v(®) dt + V° (1o + o, x[to + 0, x0: a(v), v](to + cr))}.
(29)
(i) if in addition (CQ2) is satisfied, then
fo+o
Vit x0) = sup inf [/ L(t, x[to, xo; u, B(u)](t),
BeSy ([to.10+01,x0) #€U 0, %0) )

u(t), Bm)(t)) dt + Vn(to + o, x[ty + o, x0; u, Bu)](to + a))},
(30)
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The proof of Proposition 4.1 is based on standard arguments and there is no substantial
difference from the case without state constraints (cf. [2,11,14,17,19]).

Proposition 4.2 (Lipschitz continuity) Suppose that assumptions (HI)-(H4) and
(CQI) (respectively (CQ2)) are satisfied. Then, the lower value function VP ( respec-
tively the upper value function V*?) is locally Lipschitz continuous on [0, T] x A.

Proof We prove the local Lipschitz regularity just for V°, since the case for V¥ can be
treated in a similar way.

Fixany ro > 0.Let (g, x0), (1, x1) € [0, T1x (ANroB). Write Ry := e T (1+r),
Th:={T+t1 —top) ATand T := (T +t» —t1) A T. For any given ¢ > 0, invoking
the definition of V°, there exists a nonanticipative strategy o1 € Sy (¢1, x1), such that

VP, x)+e > sup J(t1,x1,01(v), ) .

B veV(t,x1)

We claim that there exist a constant K > 0, which depends only on the data of the
problem, a nonanticipative map ¢ : V(t2, x2) — V(t1, x1) and a nonanticipative
strategy ap € Sy (t2, x2) such that, for all v(.) € V(f2, x2) = V[z2, T], we have:

din 1y (@1(@ () (), 2(W)(. =11 + 1)) = K|x1 —x2f, €1y

and
lx1() —x2(. —t1 + )l Lo,y =< Klx1 —x2f, (32)

in which x (¢) := x[11, x1; a1 (¢ (v)), ¢ (vV)](2) and x2(¢) := x[2, x2; a2 (v), V] ().
We start defining the nonanticipative map ¢ : V(t2, x2) — V(f1, x1). We observe
that only one of the following two cases might occur: either 77 < T or 71 = T.
If T\ < T (i.e. T» = T), then we fix a measurable function v € V[T}, T'] and, for
all v(.) € V(tr, xp) = V[tp, T1, we set

__Jve—-t1+1) on [1n,T1],
) = {ﬁ(t) on (T, T].

(33)
On the other hand, if 77 = T, then, for all v(.) € V(f2, x2) = VI[tr, T], we write
¢)() ==v( =11+ 0)|iy,1-
Observe that the map V(t3, x2) — AD(t1, x1) defined by
v = (a1(@(v)), ¢(v))

is nonanticipative and can be modified giving a nonanticipative map V(t2, xo) —
AD(t, x1) as follows:

v— (1(9(v), V),
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in which, if T} < T, then

ar(@)() =a1(@W)(. —t2 + 1)1 -
Otherwise, if 71 = T (i.e. T, < T), then we set

ai(@)(t —n+1t) on [r, 1],

ar(p)(r) = {FTz,xz(Tz)(U)(’) on (T, T],

(34)

in which x3(17) := x[tp, x2; a1 (¢ (v)), v](T2) and I'r, y,(7») is the nonanticipative
map defined in (26) (for a fixed measurable function &z € U[T», T]).

Given any v € V(t2, x) we consider the nonanticipative map y, : U(fp, x2) —
U(t2, x1) provided by Corollary 3.5. It follows that the map V(t2, x2) — AD(2, x2)
defined by

v = (n(@1(@(v))), v)

is non anticipative and, setting a2 (v) := y, (&1 (¢ (v))) we obtain a strategy satisfying
all the requirements of the claim, and, in particular, estimates (31) and (32).

Using again the definition of V", employing the strategy ap € Sy (f2, x2) con-
structed above, we have

Vi, x) < sup  J(t2, x2,aa(v), V) .
veV(tr,x7)

And, therefore, there exists a feasible control vy € V(#3, x2) = V[t2, T] such that
V(t2, x2) < J(t2, X2, U, a2 (B2), 2) + & .

Write X1 (1) := x[t1, x1;5 o1 (¢(v2)), @ (02)](r) and x2(1) := x[12, x2; 22 (V2), V2](7).
Owing to the inequalities above, bearing in mind estimates (31)—(32), the Lipschitz
continuity properties of L and g (see condition (H3)) and the upper bound M (1 + Ry)
for both the velocity of trajectories emanating from A N 9B and for the Lagrangian
L along these trajectories (see (H2)), some routine analysis yields

VP (12, x2) — V(t1,x1) < J(t2, x2, 02(2), 12)
—=J(t1, x1, a1 (@ (v2)), ¢ (v2)) + 2¢

T
5/ L(1, x2(1), a2 (02) (1), v2(2)) dt
19}
T
—/ L(t, x1(1), a1 (¢ (02))(1), ¢ (02) (1)) dt + g(x1(T)) — g(2(T)) + 2¢
4

T
< / |L(t, x1(1), a1 (¢ (02)) (1), P (v2) (1))
1

—Lit+tn—t,00t+n—1),a@)t+n—1),0nl+n-—1n)|dt
+M( + Ro)lty — 2| + kg K|x1 — x2| + kg M(1 + Ro)|t; — 12| + 2¢
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T
< / [L(t, %1(1), a1(¢(02)) (), ¢ (v2)(7))
3]
—L(t, x1(2), 02 (02)(t + 12 — 11), $(V2)(1))| dt
T
+/ [L(t, X1(2), a2(V2)(t + 12 — 11), § (V2) (1))
1

— L+t —t,X00t+n—t), @)t +0—1t),020+n—1))dt
+koK|x1 — x2| + M(1 + Ro)(1 + ko)lty — 2] + 2¢

T
< / kp(ty — 2l + 1x1() —x2(. — 1 + ) lLoory, 1)) dt + kg K |x1 — x2]
15l

+M (1 + Ro)dj, 11 (@1 (¢ (¥2)) (), 2 (02) (. — 11 + 12))
+ M1+ Ro)(1 +kg)|ty — 12| + 26

S Tkp(ti — 2] + K|x1 — x2]) + kg K|x1 — x2|
+M(1 4 Ro)[(1 + kolt1 — 2] + Klxy — x2]] + 2¢ .

Exchanging the roles of (#1, x1) and (#2, x2) in the above inequalities, and letting ¢ |, 0
we finally obtain that

IV (11, x1) — V2 (12, x2)| < K°(It1 — 12| + |x1 — x2])

for some constant K > 0 (which depends only on ry and the data of the differential
game), confirming the proposition statement. O

4.1 Solutions of Hamilton-Jacobi-Isaacs equations

Theorem 4.3 Assume that conditions (H1)—(H5) are satisfied.

() If in addition (CQ1I) is satisfied, then the lower value function V® is a viscosity
supersolution on [0, T) x A and a viscosity subsolution on [0, T) x int A of
equation (6) in which H = H’;

(i) If in addition (CQ2) is satisfied, then the upper value function V¥ is a viscosity
supersolution on [0, T) x int A and a viscosity subsolution on [0,T) x A of
equation (6) in which H = HF.

Proof We start observing that the continuity of H” and H* follows immediately from
Berge Maximum Theorem (cf. [1, Theorem 1.4.16]). We shall prove below part (i).
Part (ii) is proved by applying part (i) to characterize —V?(, x) as the lower value
function of a modified game, in which the original cost J(., ., .,.) is replaced by
—J(., ., .,.), and using the fact that a subgradient of —V'* is expressible as — (&g, &)
in which (£, &) is a supergradient of V# and vice-versa. Here, sub- and supergradients
are understood in the sense of gradients of minorizing or majorizing C' test functions,
as in Definition 2.1.
Step 1 V" is a viscosity supersolution on [0, T) x A of equation (6) with H = H".
Take any (f9,x0) € [0,7) x Aand let ¢ : R x R” — R be a C' function
such that V” — ¢ has a local minimum at (fy, xo) (relative to [0, T'] x A). It is not
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restrictive to assume that V" (9, xo) = ¢(fo, xo) and so there exists rg € (0, 1) such
that V°(r,x) > ¢(t, x), for all (z, x) € ((to, x0) + roB) N ([0, T x A). Suppose in
contradiction that, for some 6 > 0, we have

H’ (to, x0, 3x¢ (10, X0)) — d9(to, x0) < —6 , (35)
and so

inf sup H(tg, xo, dx (10, X0), u, v) — d¢(lg, x0) < —0 .
veV ,eu

Take vy € V such that

sup H(to, x0, dx@(fo, x0), u, vo) — 8¢ (ty, X0) < —6 ,
uelU

and, by continuity of the functions involved in the expression above, we obtain, fol-
lowing a reduction in the size of r¢p > 0 if required,

0
sup H(t, x, 0xp(t, x), u, vo) — 0;(t, x) < 5 (36)

uelU

for all (f, x) € ((to, x0) + rOIB%) N ([0, T] x A). Define the control v(.) = vg. From
Proposition 3.4 we know that the control v € V(t, x). Since an upper bound can be
established for the speed of all trajectories emanating from ((7, x0)+B)N ([0, T]x A),
from (36) we deduce that there exists og € (0, T — fg) such that for every strategy
o € Sy (t, xo) and for every s € [0, op], we have

0
H(s, x(5), Bxp(s, x(5)), () (5), D(5)) — Bigp(s, x(5)) < =,

where x(s) := x[fg, x0; «(V), v](s). It follows that, for every strategy o € Sy (9, x0)
and for every o € [0, op], we obtain

ty+o Oo
[ [ 56, 06260 a@0). 560 = G, 560 ] ds < = @7
0]

where X (s) := x[tg, xo; @ (), V](s).
On the other hand, invoking the Dynamic Programming Principle (Proposition 4.1),
writing x (s) := x[fo, xo; ¢ (v), v](s), we deduce:

fo+o
0= inf sup {/ L(s,x(s),x(v)(s), v(s)) ds
I

aeSy ([10,20+01.%0) yeV(ty, x0) 0

+V?(to + 0, x(to + 0)) — V' (10, xo)}
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v

th+o
inf sup {/ L(s,x(s),x()(s),v(s)) ds
1

aeSy ([10,00+01.%0) yeV(19,x0) 0

+(to + 0, x(t0 + 0)) — plto, XO)}

fo+o
sup {/ [L(S,x(s),a(v)(s),v(s))
1

in
aeSy ([10,00+01.X0) yeV(19,x0) 0

+0xp(s, x(8)) - f(s,x(5), a(v)(s), v(s)) + (s, X(S))] dS}

to+o
inf sup {— / ' (M5, 2(9). Do, 2(6). €6, ()
1

aeSy ([10,00+01.X0) yeV(1y,x0) 0

— (s, ¥(s) | ds}

v

t+o
inf {— / [H(s, X(s), 0x (s, X(5)), a(V)(s), v(s))
t

aeSy ([10,10+0],x0)

— 01 (s, )Z(s))] ds} .

This relation together with (37) provides a contradiction.
Step 2 V" is a viscosity subsolution on [0, T) x int A of equation (6) with H = H".
Take any (9, xo) € [0, T) x int A and let ¢ : R x R* — R be a C! function such
that V° — ¢ has a local maximum at (79, xo) (relative to [0, 7] x A). Again it is not
restrictive to assume that V° (19, xg) = ¢(to, xo) and so there exists rg € (0, 1) such
that ((to, x0) + rOIB) N ([O, T] x A) C [0, T] x int A, and V°(¢, x) < ¢(t, x) for
all (1, x) € ((t0, x0) + roB) N ([0, T] x A). Suppose in contradiction that, for some
6 > 0, we have
H (19, x0, dx9 (10, X0)) — 3 (to, X0) > 6 (38)

that is

inf sup H (o, x0, 9x¢ (0, X0), u, v) — d;¢(to, X0) > 6 .
UEVMGU

We also have that the multifunction

[Zaas G(U) = aIgmaX{H(t()’ X0, ax(/’(th xo)’ u, U) - 8t§0(t07 xO) | ue U}

takes values (non-empty) compact subsets of U and is upper-semi-continuous (owing
to Berge’s Theorem). Then, classical results on set-valued maps (cf. [1, Prop. 8.2.1])
imply that G(.) is Borel-measurable and, therefore, there exists a Borel-measurable
selection u(v) € G(v) (cf. [1, Thm. 8.1.3] for a measurable selection theorem). Con-
sider any control v € V(#g, xo). The map (defined on [7g, T'])

t — u(v(t)) 1is measurable on [frg, T]
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and takes values in U. Observe also, from the construction above, that
H(to, x0, 0x@(t0, x0), u(v(t)), v(t)) — 0 p(to, x0) > 0 .

Write x(.) := x[ty, x0; u(v), v](.). From the regularity of ¢ and of the functions
involved in the definition of H, and since there exists an upper bound for the speed of
all trajectories starting from xg, we can find o¢ € (0, (T — f9) A r9/2) such that

x(s) € xo + %OIB% cint A, foralls € [1g, tg + opl,

and

0
H(s, x(s), 09, (s, x(s)), u(v(s)), v(s))— g, (s, x(s)) > ok forall s € [tg, top+00p].
(39
Define now the map « : V(ty, x0) — U(ty, xo) as follows

u(v(t)) vt e[ty to + 0p)

SO TR Ft o s

where I'y)150.x € Su(ty + 00, x) is the strategy defined as in (26) (we can always
fix a measurable function i € U[tg + oo, T'] to construct 'y 44 x, for all x € A).
Clearly @ € Sy(ty, x0), and also @ € Sy ([to, to + o], xo) for all ¢ € [0, og]. Now,
for a given control v € V(fy, xg), we still use notation x(.) := x[fg, xo; @(v), v](.) for
the (admissible) trajectory which now involves the strategy-control pair (&, v). From
(39) we immediately deduce that

H(s, x(s5), 9y (s, X(s)), @ (v)(s), v(s))

%
—0¢,(s, x(s)) = > forall s € [to, 10 + 00].

Therefore, for all o € [0, op], integrating on [7g, fo + o], we obtain that

fh+o bo
it [ [0, s 560, @61, 060~ Bipts. 560 | ds =
veV(tg,x0) to 2
(40)

But, the Dynamic Programming Principle Proposition 4.1 (writing x(s) := x[fo, x0;
a(v), v](s)) yields:

to+o
0= inf sup {/ L(s, x(s), a(v)(s), v(s)) ds
to

aeSy ([to,00+01.%0) yeV(19,x0)

+ Vb(to + 0, x(tg +0)) — V® (10, XO)}

to+o
< inf sup {/ L(s, x(s), a(v)(s), v(s)) ds
0]

aeSy ([to,10+01.%0) yeV (19, x0)
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+9¢(t0 + 0. x(t1g + 0)) — @0, Xo)}

fo+o
= nf sup {— | [ex6 806,260, aw)o). v
0]

aeSy ([10.00+01.X0) yeV (19, x0)

— 0r (s, x(s))] ds

t+o -
< sup {—/ H(s, x(s), 0xp(s, X(s)), &(v)(s), v(s))
veV(tg,x0) t -
— 3,05, )E(s))] ds
We have arrived at a contradiction to (40) and the proof is complete. O

Proposition 4.4 Assume that conditions (HI1)-(H5) are satisfied.

() If in addition (CQ1) and (CQ3) are satisfied, then the lower value function V" is
simultaneously a viscosity supersolution and a viscosity subsolution on [0, T) x A
of equation (6) in which H = H’;

(i) If in addition (CQ2) and (CQ4) are satisfied, then the upper value function V* is
simultaneously a viscosity supersolution and a viscosity subsolution on [0, T) x A
of equation (6) in which H = HE.

Proof Again we provide just the proof of (i) since (ii) can be derived arguing in a
similar way. The fact that V" is a viscosity supersolution on [0, T) x A of equation
(6) with H = H" has been already established in Theorem 4.3. So we have to prove
that V" is a viscosity subsolution on [0, T') x A of equation (6) with H = H".

Take any (t9, x0) € [0,7) x Aandletp : R x R" — R be a C! function such
that VP — ¢ has a local maximum at (¢p, xg) (relative to [0, T] x A). We can restrict
attention to the case when xg € dA, since otherwise, if xg € int A, then the analysis
is like in step 2 of the proof of Theorem 4.3. And it is not restrictive to assume that
VP (to, x0) = @(to, xo) and that there exists ro € (0, 1) such that V°(z, x) < ¢(t, x)
forall (1, x) € ((to, x0) +roB) N ([0, T1x A). Suppose in contradiction that, for some
6 > 0, we have

0 < H'(to, x0. dx¢(to, x0)) — 3¢ (to, X0)
= lnf Sup H(t()a X0, ax‘/’(m’ .X()), u, U) - al(p(t()a xO) .
veV eu

Invoking (CQ3) wecanfindug € U, vg € V and g > O such that, eventually reducing
the size of the radius rg, from the continuity of H, d;¢ and 9, ¢, we obtain

0
H(t, x, 9y (2, x), ug, vo) — 0 (t, x) > 3 (41)

and
Vh(x) - f(x,up, v0) < —no , (42)
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for all (1, x) € ((to,x0) + roB) N ([0, T] x A). We also know that we can find
o9 € (0, (T — ty) A ro/2) such that all trajectories x(.)s starting from xq satisfy the
inclusion x(s) € xo + ’70153 for all s € [t, ty + op]. Fix the control i(.) = ug and
consider the admissible strategy for player one a9 € Sy (fo, xo) defined as in (26) of
the proof of Proposition 3.4 taking i (.) = ug as reference control:

a0 () := Ty, (W () = Vig.xo (0 = 10) ().

Observe that «g € Sy (fo + 00, xo) and, from (42) and the construction of y;, », (4 =
ugp), for the (constant) control v(.) = vy € V(fy, x9) we obtain ag(v = vg)(s) = ug
for a.e. s € [tg, to + o0].

Therefore, invoking once again the Dynamic Programming Principle Proposi-
tion 4.1 and using inequality (41) (writing x(.) := x[ty, xo; ¢ (v), v](.), x(.) =
x[to, x0; ag(v), v](.) and Xo(.) := x[tg, x0; ag(v = vg), ¥ = vo](.) to make the nota-
tion simpler), for all o € [0, og] we arrive at the following sequence of inequalities:

fo+o
0< inf sup {— / ’ [H(s,x(s), dx (s, x(5)), a(v)(s), v(s))
f

a €Sy ([10,10+01.%0) yeV(19, x0) 0

— drp(s, x(s))] ds

IA

t+o -
sup {—/ H(S,)Z(S),ax(p(sy i(S)),OlO(U)(S)a U(S))
P L

veV(tg,xo)

- 8;(p(s,)?(s))] ds

IA

t+o
{— [ [ 50660, 81065, 5060 00000 ). w0) s o) ds}
t

IA

——0 <0.
2

This is a contradiction and the proof is complete. O

Immediate consequences of Theorem 4.3 and Proposition 4.4 are the following corol-
laries.

Corollary 4.5 Assume that (H1)—(HS5), (CQ1) and (CQ2) hold true. Suppose moreover
that the Isaacs condition

Hb(t,x, p) = Hn(t,x, p), VY, x,p)e[0,T) x AxR"

is satisfied. Then,

(1) the lower value function VPisa viscosity supersolution on [0,T) x A and a
viscosity subsolution on [0, T')) x int A of equation (6) also with H = H*

(ii) the upper value function V* is a viscosity supersolution on [0, T) x int A and a
viscosity subsolution on [0, T) x A of equation (6) also with H = H".
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Corollary 4.6 Assume that (HI)—(H5) and (CQ1)—(CQ2) hold true. Suppose moreover
that the Isaacs condition

Hb(t,x, p) = Hn(t,x, p), Y(t,x,p)e[0,T) x AxR"

and (CQ3) (or equivalently (CQ4)) are satisfied. Then,

(i) the lower value function V" is a viscosity solution on [0, T) x A of equation (6)
also with H = H*

(ii) the upper value function V* is a viscosity solution on [0, T) x A of equation (6)
also with H = H".

5 Comparison and Uniqueness Results

Theorem 5.1 Assume that conditions (HI)—(HS) are satisfied and that A is compact.

(1) Suppose in addition that (CQI) is satisfied and consider equation (6) in which
we take H = H°. Take two continuous functions Wi, Wo : [0, T] x A — R
satisfying the following properties

(@ Wi(T,.)=WaT,.) (=g()) on A;
(b) Wy(t, x) is a viscosity subsolution on [0, T) x int A of equation (6);
(c) Wa(t, x) is a viscosity supersolution on [0, T) x A of equation (6).

Then we obtain:
Wi(t,x) < Walt,x), VY, x)el0,T]xA.

(i1) Suppose in addition that (CQ2) is satisfied and consider equation (6) in which
we take H = HF. Take two continuous functions Wy, W : [0, T] x A — R
satisfying the properties (a)-(c) of (i) above. Then we obtain:

Wit,x) < Walt,x), V(,x)el0,T]xA.

Proof We shall prove only part (i) of Theorem 5.1, in which we take the Hamiltonian

to be H = H". The proof of part (ii) is similar.

Step 1 Suppose, in contradiction, that sup, ,)cr0.71x4 W1(#, x) — Wa(z, x) > 0. Then,

there would exist a point (So, Xo) € [0, T) x A such that:

Wi(s0, X0) — Wa(S0, X0) > 0 . 43)

We now follow an approach based on a Kruzkov type transform. Let M € R be a

lower bound for both W; and W>. We can choose the constant M in such a manner

that M < 0 and

L(s,x,u,v)— M >1, foralueU, veV, 44)
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foralls € [0, T],and x € A. Take a positive constant ¢ such thatc > 1 — M T. Define
the functions

- 1
Wit, x) = t10g<Wi(T—t,x)+M(T—t)—M+c), i=12,

and the Hamiltonian H® : R!Tn+1+14+7 _ R.

H® (t, x,w, pt, px) = 1nf supH(t X, W, Pty Px, U, V),
Vaueu

where

'F{(l,x, w, pt, P, u, V) =0 +8)pr — (L +1)f(x,u,v) - px
L(T —t,x,u,v) —
o (I +Dw

Write 7y := T —35o(> 0). Observe that, passing to functions VT/,- ’s (which are continuous
on [0, T] x A), from (43) and the compactness of A there would exist a number o > 0
and a point (7, x) € (0, T] x A such that:

o= Wi, %) — Wai,X) = max  (Wi(t,x) — Wa(t, x))
(t,x)e[0,T]1xA
> Wi (i, %) — Wa(io, %) > 0. (45)

We restrict attention to the case when ‘x € dA’, since dealing with the case ‘x € int A’
is similar, but simE]er (cf. LZ,14]).
We claim that W; and W satisfy the conditions for being a viscosity subsolution
on (0, T') x int A, and a viscosity supersolution on (0, 7'] x A, respectively, of
W, x) + ﬁb(t,x, W, x), W, x), axW(t,x)) =0 nO.T)xA o
W0, x) =gkx) onA,

where g(x) := log(g(x) — M + ¢).

Indeed, assume that (¢y, xg) € (0, T|x Aisa local minimizer for W2 Y where ¥ is
aCl! functlon It is not restrictive to suppose that (Wz — ¥ )(t, x0) = 0 and, so, locally
we have W2 > 1. Consider the C! test function (s, x) = eUFT =9 (T=s.x) _ prg 4
M — c. From the monotonicity of the exponential function, we obtain that (7 — 7o, xo)
is a local minimizer for (¢, x) — (W2 —¢)(¢, x). Consequently, since W5 is a viscosity
supersolution of (6), we have

H’(T — 19, x0, 3:¢(T — 19, x0)) — & (T — 19, x0) > 0,
which yields

lnf Sup H(T t()’ X0, ax‘p(T - tO» XO)’ u, U) - aS‘p(T - tOv x()) 2 0 . (47)

veV ey
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On the other hand, from the definition of ¢, we also have:

ds(T — 19, x0) = —e TV [(1 1 10)3, (10, x0) + ¥ (10, x0)] — M ;
A (T — 1o, x) = eITOV 030D (1 410y 5.9 (19, x0) -

Substituting these quantities in (47), we obtain

0 = Ytto, x0) + inf sup | (1 +10)3,¥ (0, x0)
v

uel
L(T —ty, xg, u,v) — M
(14 10) £ (0,10, v) - 03 (10, x0) — ot |

= Y (1o, x0) + H' (1o, x0, ¥ (t0, x0), 9 (t0, X0), dx ¥ (£o, x0)) -

which yields that | V~V2 is a viscosity supersolution of (46) on (0, T'] x A.
The fact that W is a viscosity subsolution on (0, 7)) x int A of (46) can be shown
by similar techniques. So we omit its proof.

Step 2 This step consists in selecting suitable test functions. Define & := —Vh(X) (e
int T4 (x)). From the characterization of the interior of the Clarke tangent cone of A
at x, T4(x), (cf. [20]), we can find constants § € (0, 1) and € (0, 1) such that

z+(0,3](§+n[B%) C intA, forallze (x+2B)NA.

Write w(.) : Ry — Ry for a modulus of continuity for functions W;’s. Notice that
w(.) can be considered bounded from above by a constant C > 0, since the W;’s are
bounded on [0, T] x A.

For any n € N fixed, we define the continuous (bounded from above) function ¢,
depending on the variables s, ¢t € [0, T], x, y € A:

2

1 2
s—14 —

NG
—ly —x* |t —1*. (48)

Gn(s,1,x,y) == Wi(s,x) — Wa(t, y) —n?

roy- o

Let (sn, t, Xn, Yn) € [0, T1> x A%bea point of maximum for ¢,, which exists since
A is compact:

On(Sns tys Xn, Yn) = max On(s, t,x,y).
(s,t,x,y)e[O,T]zxA2

have 1 1.
On(Sns tns Xn, Yn) = P lT——,lT,)_C—i-—%',)E . (49)
ﬁ n

We claim that

lim x, = lim y, =% and lim s, = lim #, =7.
n—oo n—oo n—oo n—oo
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Indeed, from (48) and (49), for each n > max{%; (%)2} we obtain

~ ~ ~ [ 1 1- ~
0 < Wilsn, xn) — Waltn, yn)) — |:W1 (t - =X+ —é) - Wz(t,i)}
ﬁ n
2

2
2 2 -2 712
—n —nols, =t + —|yn — X" = |ta — 217

_ 1
X — Vy — — _

n— Yn n & «/ﬁ
és a consequence, since from (45) the term ( Wl (S, Xn) — VNVZ(sn, Xxn)) — ( VT/l (t,x)—
Wy (, %)) < 0, and making use of the modulus of continuity w(.) (which is bounded
by C), we deduce that

1.2 1 ? : _
n|xn—yn— —&| 40 sp—ta+ —=| +lyn— X +|ta — 1
n Jn
1 &
Sw(l(sn_tn,xn_)’n)|)+w ﬁ,;
<2C. (50)
It follows that
lé - 1 <\/2C
Xp — Vp — —E&|, |sp — —| < ,
n yn n n n ﬁ n

|yn — X|, |tn —1] < ~2C,
1 -
o =yl < — (V2C +181) .

1 (V2C
I$n — tn _ﬁ<7+1) .

Extracting a subsequence, we obtain in the limit

lim x, = lim y, =% and lim s, = lim t, =1,
n—oo n— 00 n—oo n—oo

for some (7, ¥) € [0, T] x A. Using again (50), and observing that

. AN
Jlim_ [a)u(sn—rn,xn—yn>|>+w(‘<ﬁ,;>‘)} =0, (51

we deduce that (7, ¥) = (7, ).
Step 3 Take n € N large enough such that

@ Springer



796 Applied Mathematics & Optimization (2019) 80:765-799

and, for all n > n, we have:

& (|(sn = tns Xn — y)) + @ Lﬁ < min 2-52~E (52)
n nsXn — Yn ﬁ’n = n-, Tl

Considering (50) with this choice of 7, we see that, for all n > #,

O<ty, O<s,<T, y,e x+B)NA,
1. _ .
Xn Gyn+;[§+n153] C yn +8[E +nB] CintA .
As a consequence (s, x;) € (0, T) x int A, and (¢, y,) € (0, T] x A.

Fix n € N with n > n. We define the test functions v¥1, ¥, : [0, T] x R* — R as
follows:

Yi(s, x) = WZ(tnayn)+n2 x_))n__g +I’l2 s —ty + —
n ﬁ
Hlyn — X+ [t — 717,
and
- 1- 2 2
Yo(t,y) = Wilsp, xn) —n® |x, —y — —&| —n?|s, — 1+ —
n Jn

Hy =i+ -1,
Observe that the point (s,, x,) is a local maximizer for the function Wl — 1 (on

[0, T]x A). Since W1 is a viscosity subsolution of (46) on (0, 7)) xint A, itimmediately
follows that

W] (Sn, Xn) + ﬁb (Sm Xn, Wl (Sns Xn), 051 (Sps X)), Ox W1 (S, xn)) <0. (53)

Simil~ar1y, since (t,, y,) is a local minimizer for the function VT/Q —Yoon [0, T] x A,
and W> is a viscosity supersolution of (46) on (0, T] x A, we also have

0= Waltn, yu) + 7 (10, 30, Watn, 30, 00902t 3, 03920, y0)) - (54)

Taking into account inequalities (53) and (54), for all n > n we obtain:

Wl (Sns Xpn) — W2(lns Yn) < ﬁb(ﬁu Yn, W2(tn» Yn), 0t 2 (tys yn), ayl//2(tnv yn))

_ﬁb<sna Xn, ‘/Nvl(sm Xn), OsV1(Su, Xn), Ox Y1 (Sn, xn)) .

Letting n — +o00, taking into account the regularity properties of all the functions
involved (W; and v; fori = 1,2 and H"), it follows that
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0 <o =W x) — Wi, %)
< (0.5 Wal@, ©), 00200, ), 0,920, 5))
—Hb(f,x, Wi (7, 3), 891 (7, X), dx V1 (t',i)) ) (55)

Therefore, considering the expressions for the derivatives of v and v, bearing in
mind the limit behaviour of the sequences (s,, x,,) and (¢,,, y,) (cf. also (50) and (51)),
using the definition of the Hamiltonian H", the inequality (55) above, for suitable
u € Uandv € V, implies

L(T—1,%,a,0)—M LT -1, —-M
e(I+DWa (i, %) eU+D W (1.5
W .%) _ Wi

O<o < -—

= (L(T —1,%,i,0) — M) KA AT

From (44) it follows that
@D _ G o

But this contradicts (45).
We conclude that Wi (z, x) — Wa(t, x) <0 forall (¢, x) € [0, T] x A, confirming
the assertions of the theorem. O

Observe that in step 2 of the proof of Theorem 5.1 we can replace the continuous
function ¢, defined in (48) by the function ¢, (still depending on the variables s, t €
[0, T], x,y € A), in which we have exchanged x and y in the term n2|y —x— }lf |2:

2
—n?

2

- ~ ~ 1- 1
Gu(s, 1, x,y) i= Wi(s,x) — Wa(t,y) —n® |y —x — —& s—t+—
n Jn

—ly =i =l =i

Itis then easy to check that this minor modification produces a sequence {(s,,, t,, Xn, Yn)}
in [0, T]2 x A2 such that, this time, we have yn € int A for each n large enough. This
suits very well with the fact that (¢, y,) is a local minimizer for the function W, — 1/72
(where v, is a function obtained by a suitable modification of v/), and now Wy isa
viscosity supersolution of (46) (on (0, T'] x int A). Then, arguing as in the proof of
Theorem 5.1, we obtain the following proposition.

Proposition 5.2 Assume that conditions (HI1)-(HS5) are satisfied and that A is compact.
Then all the assertions of Theorem 5.1 remain valid when we replace (b) and (c) by
(b) and (c) below:

(b)Y Wi (¢, x) is a viscosity subsolution on [0, T) x A of equation (6);
(c) Walt, x) is a viscosity supersolution on [0, T) x int A of equation (6).
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