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Abstract
In this paper, we study the following parabolic problem of Kirchhoff type with loga-
rithmic nonlinearity:

ur + Ml Lxu = [ulPulog|ul, in x (0, 400),
ulx,t) =0, in (RY \ ) x (0, +00),
u(x,0) = up(x), in €2,

where [u]; is the Gagliardo seminorm of u, Q C RY is a bounded domain with Lip-
schitz boundary, 0 < s < 1, Lk is a nonlocal integro-differential operator defined
in (1.2), which generalizes the fractional Laplace operator (—A)®, ug is the initial
function, and M : [0, +00) — [0, +00) is continuous. Let J (1g) be the initial energy
(see (2.1) for the definition of J), d > 0 be the mountain-pass level given in (2.4), and
M € (0, d]bethe constantdefined in (2.6). Firstly, we get the conditions on global exis-
tence and finite time blow-up for J (u¢) < d.Then we study the lower and upper bounds
of blow-up time to blow-up solutions under some appropriate conditions. Secondly,
for J (uo) < M, the growth rate of the solution is got. Moreover, we give some blow-up
conditions independent of d and study the upper bound of the blow-up time. Thirdly, the
behavior of the energy functional as t — T is also discussed, where T is the blow-up
time. In addition, for J (ug) < d, we give some equivalent conditions for the solutions
blowing up in finite time or existing globally. Finally, we consider the existence of
ground state solutions and the asymptotical behavior of the general global solution.
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1 Introduction

In this paper, we study the global existence and blow-up phenomena for the following
fractional Kirchhoff-type parabolic problem with logarithmic nonlinearity:

u + M(uHLgu = [ulPuloglul, xeQ, >0,
u(x,t) =0, xe®RV\Q), t>0, (1.1)
u(x,0) =up(x), x e Q,

where

WP = / e, 1) — u(y, DPK (x — y)dxdy,
RZN

Q c R is a bounded domain with Lipschitz boundary 32, £ is a nonlocal integro-
differential operator, which is defined by

1
Lo = / 20(0) — 9(x +y) — o — KMy, Yo € CFRN).
RN
(12)

Here, K : RN \ {0} — R™ is a function with the following properties:

(k1) yK € L'(RY), with y (x) := min{|x|?, 1};

(k) there exists Ko > 0 such that K (x) > Ko|x|~¥ =2 for all x € RV \ {0}.
Furthermore, we make the following assumptions:

M) O<s<1,M(t):=a+bt? fort e Rg = [0, 4+00) (a > 0,b > 0 are two
constants), 0 € [1, 22‘/2), p € (20,2}). Here,

2N .
=l N oy if 2s < N;
s - -

00, if 2s > N.

In the past few decades, more and more attention has been devoted to the study of
Kirchhoff type problems. More specifically, Kirchhoft in 1883 proposed the following
Kirchhoff model

2 9%u .
ax2

L
ou(x)
0x

9%u Py E

Porr "\ TaL
0

05

which was as a generalization of the well-known D’ Alembert wave equation for free
vibrations of elastic strings, where the above constants have the following meanings:
L is the length of the string, £ is the area of the cross-section, E is the Young modulus
of the material, p is the mass density and Py is the initial tension.
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It is worth mentioning that the above equation received much attention after the
work of Lions [24], where a functional analysis framework was proposed for the
following higher dimension problem in presence of an external force term f:

52 a+b | |Vulx)|“dx | Au= f(x,u),
Q
where A denotes the Euclidean Laplace operator.

Recently, in [14], Han and Li studied the following initial boundary value problem
for a class of Kirchhoff type parabolic equation with a nonlinear term

u — M /|Vu|2dx Au=ulf""u, (x,1)eQx(0,T),
P (1.3)

u=0, (x,1) € 9Q x (0, T),

u(x,0) = uo(x), xeQ.

Here the diffusion coefficient M () = a + bt with the parameters a, b being positive,
Q c RY(N > 1) isabound domain with smooth boundary 02,3 < g < 2*—1, where
2* is the Sobolev conjugate of 2. By using the potential well theory and variational
methods, the authors obtained the global existence and finite time blow-up of solutions
when the initial energy was subcritical, critical and supercritical. After this work, in
[15], the authors investigated the upper and lower bounds of blow-up time to the
blow-up solutions of problem (1.3).

It is well known that many mathematical models involving fractional and nonlocal
operators are actively studied in recent years. More precisely, this type of operators
arises in a quite natural way in many applications, such as finance, physics, fluid
dynamics, population dynamics, image processing, minimal surfaces and game theory.
As for the research motivation, we would like to point out that Applebaumin [1] viewed
the fractional Laplacian operators of the form (—A)* as the infinitesimal generators
of stable radially symmetric Lévy processes. Laskin in [19] deduced the fractional
Schrodinger equation as a result of expanding the Feynman path integral, from the
Brownian-like to the Lévy-like quantum mechanical paths. In particular, we would
like to point out that (—A)* can be reduced to the classical Laplace operator —A as
s — 17, see [9] for more details. For more recent results involving the fractional
Laplacian, interested readers may refer to, for example, [2,3,9,11,18,26,36] and the
references therein.

In particular, in [32], the authors studied the following parabolic equations of Kirch-
hoff type involving the fractional Laplacian:

du + M[ul) Lxu = u|”"2u, in Q x (0, +00),
u(x,t) =0, in RV \ ) x (0, +00),
u(x,0) = ug(x), in Q.

By using the Galerkin method and differential inequality technique, the local existence
of weak solutions and the conditions on blow-up were studied.
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In recent years, logarithmic nonlinearity appears frequently in partial differential
equations which describes important physical phenomena (see [5,6,10,12,16,17,25,
29,42]) and the references therein). Especially, in the classical case, Chen and Tian
[5] studied the following semilinear pseudo-parabolic equation with logarithmic non-
linearity:

uy — Auy — Au = ulog |u| (1.4)

in a bounded domain ¢ RY (N > 1) with zero Dirichlet boundary condition. By
using the logarithmic Sobolev inequality (see [7,8,21]), they studied the existence of
global solution, blow-up at co and behavior of vacuum isolation of the solutions, and
they also compared the difference between logarithmic nonlinearity and polynomial
nonlinearity.

Inspired by the above works, in the present article we consider model (1.1). To
our best knowledge, this is the first attempt to study the properties of the solutions
for Kirchhoff-type equation with logarithmic nonlinearity. In this paper, we mainly
discuss the properties of global existence and finite time blow-up for the solutions of
problem (1.1) when the initial energy is subcritical and critical by potential well method
which was established by Payne and Sattinger [27] and the concavity method which
was established by Levine [22,23], see also [12,13,33-35,40,41,43] and references
therein for more applications of these two methods. Furthermore, we also obtain the
growth estimates of blow-up solutions. Moreover, the blow-up conditions independent
of mountain-pass level are also investigated. In particular, under some appropriate
conditions, we obtain the upper and lower bounds of blow-up time to blow-up solutions
of problem (1.1). Finally, we consider the ground state solutions for the stationary
problem. Here we say the initial energy is subcritical and critical if J(ug) < d and
J(uo) = d are satisfied respectively, where J (u¢) denotes the initial energy defined
in (2.1) and d > 0 is the mountain-pass level defined in (2.4). We remark that to
handle the logarithmic nonlinear term of problem (1.1), we use some other methods
instead of logarithmic Sobolev inequality, which is a key inequality to get the results
in [4-6,20,21,38].

Throughout this paper, we denote by (-, ) the L?(2)-inner product, i.e.

(9. 9) = /¢(X)¢(X)dx, Vp, 9 € L*(Q).
Q

We also denote the norm of LY (Q2) for 1 < y < oo by | - |,,. That is, for any
ueL”(Q),
1
Y
/|u(x)|ydx ,ifl1 <y < oo;
lully, =
Q
ess sup |u(x)], if y = oo.
xe
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Now we recall some necessary properties of fractional Sobolev spaces which will
be used later. Let X be the linear space of Lebesgue measurable function u : RN — R
whose restrictions to €2 belong to L%(Q) and such that

the map (x, y) — |u(x) — u(y)|*K(x — y) isin L'(Q, dxdy),
where Q = R?V \ (CQ x CQ) and C2 = RV \ Q. The space X is endowed with the

norm

1

2

lollx = ||w||%+//|u<x>—u<y>|21<<x—y)dxdy , (15)
Q

for all ¢ € X. We observe that bounded and Lipschitz functions belong to X, thus X
is not reduced to {0}.

The functional space Z denotes the closure of C3°(€2) in X. The scalar product
defined for any ¢, ¢ € Z as

(. V)z = //((p(X) — oMW () = (MK (x — y)dxdy, (1.6)
Q

makes Z a Hilbert space. The norm

lellz = // lp(¥) — (MK (x — y)dxdy 1.7
Q

is equivalent to the usual norm defined in (1.5). Note that in (1.5)—(1.7) the integrals
can be extended to R?V, since u = 0 a.e. in CSQ. By Lemma 6 of [28] and (k1), the
Hilbert space Z = (Z, || - || z) is continuously embedded in L"(2) for any r € [1, 2}].
Hence there exists C, > 0 such that

lull, < Crllullz forallu € Z andr € [1,27]. (1.8)

Next, we consider the eigenvalue of the operator Lx with homogeneous Dirichlet
boundary data, namely the eigenvalue of the the problem (see [32])

—Lgu = Au, in Q;
{uzo, in RV \ @, (1.9)
we denote by A1 the first eigenvalue of problem (1.9), i.e.
2
u
= 147 ¢ (0, 00). (1.10)

m )
ueZ\{0} ||u||2
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The rest of this paper is organized as follows. In Sect. 2, we state the main results
of this paper. In Sect. 3, we give some important lemmas, which will be used in the
proof of the main results. In Sect. 4, we give the proof of the main results.

2 Main Results

In this section, we will give the main results of this paper and we always assume (M)
holds. The energy functional J and the Nehari functional I are as follows:

4y b 1 1
T = Zlullz + 55 lulz - » |u|” log |uldx + FH”H? (2.1
Q

and

[w) = (J'(u), u) = alluly +blul¥ — f |u|” log |u|dx, 2.2)
Q

where (-, -) denotes the dual pairing between Z and Z'.
By (M), weknow that2 < p < 2¥.Leto :=2F— p > 0. Since log (Ju|?) < |ul®,
it follows from (1.8) that

1 1 1 ,
/|u|f’log|u|dx _ / ul? log (Jul?) dx < / P edx < - (Cas ullz)
Q ¢ Q e Q ¢
and |lul, < Cpllullz. So J and I are well-defined for u € Z.

Obviously, from (2.1) and (2.2), we have

(p—2a ., (p=20)b -5 1
T||M||z+2—||ullz +?||M||§~ (2.3)

1
Jw) = —1(u) +
P Op

Let

d = inf J(u) 2.4)
ueN

denote the mountain-pass level, where N is the Nehari manifold, which is defined by
N:={uezZ\{0}]|I(u) =0} 2.5)

By Lemma 5, we know that d satisfies

_abr2(p —2) + br¥(p — 20)

dz]rd:
20p

(2.6)
where r, is a positive constant defined in (3.6) of Lemma 4.
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Moreover, we define

Ny :={ueZ|Iu) >0}, 2.7)
N_:={ueZ|Iu) <O0}. 2.8)

Finally, the potential well W and its corresponding set V are defined by

W:={ueZ|l(u>0,Jwu) <d}u{o}, 2.9
Vi={ueZ|Iu) <0,Jw <d}. (2.10)

To state the main results succinctly, we need the following two definitions.

Definition 1 (Weak solution) A function u = u(t) € L*°(0,T; Z) is called a weak
solution of problem (1.1), if u, € L2(0, T; L*(2)) and the following equality holds

/ uigdx + (a+blul} ) f / @, 1) = u(y, )@ @) = p(K (x — y)dxdy
Q Q

(2.11)
= / lu|?2u log |u|¢pdx
Q
for all ¢ € Z. Moreover, the following inequality
1
/””r“%d": + J(u(t)) < J(uo) (2.12)
0

holds fora.e. t € (0, T).

Definition 2 (Maximal existence time) Let u = u(t) be a weak solution of problem
(1.1). We define the maximal existence time 7" of u as follows:

(1) Ifuexistsforall) <t < oo, then T = o0;
(2) If there exists a 7y € (0, 00) such that u exists for 0 < ¢ < 1y, but doesn’t exist at
t = tg,then T = 19.

Based on the above preparations, the main results of this paper are as follows. The
first result is about global existence.

Theorem 1 Let (My) hold, uy € Z. Assume that J(ug) < d and I(ug) > O.
Then problem (1.1) admits a global weak solution u(t) € L°°(0,00;Z) with
u; € L*(0,00; L*(R)) and u(t) € W for 0 < t < oo. Furthermore, the weak
solution is unique if it is bounded. Moreover, for any ¢ € (0, 2% — p], if J(uo) < d(e),
then

luollze=C, ifo =1,

lul} < F(e) := ap\ ,
? (Cc0 = Dr+1uol3™) ™1, o e (1.3).
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where
_ 20
_(p=200bre)
20p -
p+e—20

Cl™ (20pT(ug)\
£ (p—20)b

d(e) :

)

> 0.

Ce:=200 | b—

Here A1, r(¢) and C, are defined in (1.10), (3.2) and (3.3) respectively.

Remark 1 We show that d(e) < d. In fact, for any u € N. By (2) of Lemma 3, we get
llullz > r(e). Then it follows from from (2.3) that

1 (p—a, >, (p=200b 5 1 »
Jw) = —1w) + ———uly + ————ulF + —lull
p 2p ‘ 20p 20 pr
(p—20)b (p —20)br¥ (¢)
> ¥ > L —d(e).
260p 260p

Then by the definition of d in (2.4), we get d(¢) < d.

By using Theorem 1, we get the following corollary:

Corollary 1 Let (My) hold, uy € Z. Assume that J(ug) < d and I(ug) > O.
Then problem (1.1) admits a gloial weak solution u(t) € L%°(0,00;Z) with
u; € L*(0, 00; L2(2)) and u(t) € W for 0 <t < oo.

As the other side of the above theorem, we have the following blow-up result.

Theorem 2 Let (M) hold, ug € Z. If J(ug) < d, I(ug) < 0, and u = u(t) is a
corresponding solution of problem (1.1), then u(t) blows up at some finite time T in
the sense of

t
lim /||u||§dr = 0.
t—>T~
0
Moreover,
1. if J(ug) < d, then

4(p = Dluol3
= p(d — J(up))(p —2)%

2. if20 < p <20 4+2—46/2}, thenforany ¢ € (0, 20 +2—40/2% — p),itholds

1

T >
2C(¢ - 1)||u0||2(§ )

@ Springer



Applied Mathematics & Optimization (2021) 83:1651-1707 1659

and
—~ _ 1
lullz > (2C(© — (T —1)) D,
where
0
.= POy + ) > 1 (see Remark 2),
20— (1—pB)(p+e)
260
R crte 20-(T=p)(p+e)
C= =B (pte) :
b2
Here,
. e pve
C = sup —45 p € (0, 00) (see Remak 2) (2.13)
ueZ\{0} |lully " llully
and
225 —p—e)

=——————€(0,1) (see Remak 2). (2.14)
(p+e)(2f—-2)

Remark 2 1In this remark, we show that 8 € (0, 1), C is well-defined and ¢ > 1.

1. Since 6 € [1,2%/2), & € (0,20 +2 —460/2F — p) and 2} > 2, we get

40 2 2\ 2
p—l—s<29+2——=2<l——)9+2<2<1——)—s+2=2*,
2 2r 25 ) 2 s

s

(2.15)

whichimplies 8 > 0. Onthe other hand, by p+¢ > 2, weobtain2-2} < 2¥(p+-¢),
ie,2-2f —2p—2¢ <2i(p+e)—2p—2e=(p+e)2 —2), thus, we get
B €(,1).

2. Since 2 < p + & < 2¥, we get there exists a positive constant such that
1—
lullpse < Cllullyy ” ull,
which, together with (1.8), implies

1- 1-
lullpse < CCp P Nl Pllullf.

Then C is well-defined. Here 8 satisfies

p+e 2%

i.e., (2.14) holds.
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3. Now, we prove ¢ > 1. In fact, from the definitions of ¢ and 8, by a direct compu-
tation, we have

20025 — p —¢)

= : (2.16)
2002 —2) = 2¥(p+e—2)

¢

Since ¢ < 20 +2 —46/2F — p, we get

46
25 (p+e—2) <2F <29 - 2—*) =20(2F —2),

S

which, together with (2.15) and (2.16), implies

(>16202—p—e)>2002; —2)—2i(p+e—2)
&2 (p+e—2)>2002 —2)—2012f —p—¢e)=20(p+¢—2).
Thenby p+¢ >2and 6 < 2}/2, we get ¢ > 1.

The next theorem shows lower bound of the growth rate for the solution got in
above gleorem under more specific assumptions on J(ug) and I(ug) (note that, by
2.6), M < d).

Theorem 3 Let (M) hold, uy € Z satisfy 1(ug) < 0 and J(ug) < M. Then for any
y € [0, 2/2;"], there exists a t, € (0,T) such that the weak solution u = u(t) of
problem (1.1) satisfies

2 ry Py _q _2
||u||2 = Cy(t 2 —12 ty)Z—m/

forallt € [t,,T), where

2

¢, =[(1-5) e Fanau|.

and
t
o 2
G(t) .—/||u||2dt.
0

Remark 3 Since p < 2f and y € [0, 2/2;‘], we have py < 2. Then the constant C,
is well-defined and 1 < 2/(2 — py) < oo.

In view of the above results, one can see they all depend on the mountain-pass
level d. Next, we give some blow-up results independent of d but related to A1, where
A1 > 0 is the first eigenvalue of problem (1.9).
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Theorem 4 Let (M) hold and u = u(t) be a weak solution to problem (1.1). If

B (p —20)b2]

20
, 2.17
0p lluolly (2.17)

J (up)

then u(t) blows up at some finite time T in the sense of

t
lim /||u||§dr = o0.
t—T~
0

Moreover, we have

8(p — DO luol3
r = 0 20 :
(p =22 [(p — 200628 uo 3% — 2p0.J (uo)]

Furthermore, u(t) grows exponentially with L*-norm for all t € [0, T), that is,
2p 2p
lull3 = (nuon% - 71(uo>) e+ =0T (o),

_26 bk@ 20-2
where A = (p ) 91”“0”2 )

The next theorem is about the asymptotic behavior of J(u(¢)) as t — T, where
u(t) is the blow-up solution got from the above theorems.

Theorem 5 Let u(t) be the blow-up solution of problem (1.1) with I (ug) < 0, J (ug) <
d or (2.17) holds, and assume T is the maximum existence time of u(t), then

lim J(u(t)) = —oo. (2.18)
t—>T

Next, we derive some sufficient and necessary conditions for the solutions blowing
up in finite time.

Theorem 6 Let u(t) be a solution of problem (1.1) and T € (0, +00] be the maximal
existence time of u(t). Then

1. ifug € Z\ {0} and J(up) < d, we have following conclusions:

(1) I(ug) <0< T < 400 & there exists a ty € [0, T) such that J (u(tg)) < 0y
2) I(wp) >0 T =400 << J(u(t)) >0forallt €[0,T);

2. ifug € Z\ {N U{0}} and J (ug) = d, we have following conclusions:

3) I(ug) <0& T < 400 & there exists a ty € [0, T) such that J (u(ty)) < 0
@ I >0 T =400 Ju(t)) >0forallt €[0,T),

where N is defined in (2.5).
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The next problem we will consider is can the mountain-pass level d defined in (2.4)
be achieved by some u € N? To this end, we consider the steady-state corresponding
to problem (1.1), i.e., the following boundary value problem:

(2.19)

M) Lxu = ulPuloglul, x €,
u=0, xe(RN\Q).

A function u € Z is called a weak solution of problem (2.19), if the following
equality

(a-+ bi?) [ [ w0~ um @) = 0K = dxdy
Q
=/|u|p_2ulog|u|¢dx
Q

holds for all ¢ € Z. Then we introduce the set

I' = {weak solutions of problem (2.19)}
={ueZzZ:J () =0inZ'} (2.20)
={uezZ:{J(,¢)=0, Vo € Z},

where J is defined in (2.1), Z’ is the dual space of Z, and (-, -) is the dual product
between Z’ and Z. We have the following two theorems:

Theorem 7 Assume (M) hold. Let N be the set defined in (2.5), then there exists a
Sfunction vy € N such that
(1) J(vo) = infyen J(u) =d;
(2) v is a ground-state solution of problem (2.19), i.e., vo € I" \ {0} and J(vg) =
inf,er\joy J ().
By Theorem 1, we know that the global solution converges to 0 as t — oo when
ug satisfies some special conditions, how about the general global solutions? For this
question, we have the following results:

Theorem 8 Assume (M) hold. Let u = u(t) be a global solution to problem (1.1).
Then there exists a u* € T' and an increasing sequence {1}, with ty — o0 as
k — oo such that

lim |lu(t) —u*|lz = 0.
k—o00

3 Preliminaries
In this section, we give some lemmas, which will be needed in our proofs. Throughout

this section, we denote by u = u(¢) the solution to problem (1.1) with initial value u,
whose maximal existence time is 7.
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Let (M) hold. For any ¢ satisfying
0<e=<2f—p, (3.1)

we define

be e
r(e) = (W) > 0, 3.2)
Ci

where C, is the optimal embedding constant of Z <> LP*¢(Q) (see (1.8)), i.e.

1 . llullz
— = inf . (3.3)
Ci  uez\(0} [|ull pre

The following lemma is used to derive the upper bound of the blow-up time.

Lemma 1 [22,23] Suppose that 0 < T < oo and suppose a nonnegative function
F(1) € C2[0, T) satisfies

F'()F (@) — (14 y)(F'(1))* =0
for some constant y > 0. If F(0) > 0, F'(0) > 0, then

_ _FO
~yFO)

<

and F(t) > ccast — T.

Lemma 2 [28] For any bounded sequence {vj}iil in Z and any m € [1,25), there

existsav € L™ (RN ), withv = 0 a.e. in RN \2, such that up to a subsequence, still

denoted by {vj}j?';l,

vj — v strongly in L () as j — oo.

Lemma 3 Assume (M) hold. Let u € Z \ {0}. Then for any ¢ satisfying (3.1) we have

(1) if0 < lullz < r(e), then I(u) > 0;
(2) ifI(u) <0, then |lullz > r(e),

where r(¢) is defined in (3.2).

Proof Since u € Z \ {0}, we get |u(x)| > 0 for a.e. x € Q. By a simple computation,
we know (for any ¢ > 0)

| (x)|*

log |u(x)| < fora.e. x € Q.
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Then by the above inequality and the definition of 7/ («), we have

I(w) = allul% + bllul¥ — / |u|” log |u|dx

bl ||§i§
> blul¥ -

For any ¢ satisfying (3.1), it follows from (3.3) that

pt+e p+£ ” ||p+e
b

||M ”p-‘,—g =

then by (3.4) we get

p+s

I(u) > bllul¥ — el

Cp+£ »
260 * +e—
= llullz b—Tllullﬁ .

(DIfO0 < |Jjullz < r(e), then it follows from (3.2) that

pte 2
* +e—
b— THM”I; >0,

so by (3.5) we obtain 7 (u) > 0.
(2) If I(u) <0, according to (3.5), we get

p+5 »
lu) 577 <0,

which implies

lullz > r(e).

Lemma4 Assume (M1) hold. With the notations in Lemma 3,

re:= sup r(e)
£€(0,2—pl

exists and
0<re<r*<oo,
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where
rfi= sup o(s) (3.8)
£€(0,2¥—p]
and
be W%ZF) :
o(e) = (KP+€) || P(rFe=20) | 3.9

Here, |2| is the measure of 2, k is the optimal embedding constant of Z — LP(S2),
ie.,

1 llullz
Kk uez\0) Jlull,

(3.10)

Proof Obviously ry, if it exists, is positive. So in order to prove the lemma. We only
need to prove r(g) < o(e), r* exists and r* < oo.

Firstly, we prove r(¢) < o(¢). Foranyu € Z,since (M) holdsand ¢ € (0, 2} — p],
we have u € LP () N LPT¢(Q). By Holder’s inequality we have

P
e
e
/|u|f’dxs Q|7 /|u|f’+8dx ,
Q Q

which, together with (3.3) and (3.10), implies

1l

= m
Cs  uez\0) lullpse

g e 12

(3.11)
ueZ\(0} |lullp

1 ¢
= Q|7
K

Then it follows from (3.2) that

be Gl
I"(S) = (W) < 0(8), (312)

*

where o (¢) is defined in (3.9).
Secondly, we prove r* exists and r* < oo. Since ¢ € (0,2f — p] and o (¢) is
continuous on [0, 2} — p], we have r* exists and

r*=sup o(e) < max ]a(s)<oo.

£€(0,25—p] e€l0.25—p

Based on the above two lemmas, we have the following corollary:
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Corollary 2 Assume (My) hold. Let u € Z \ {0}.

(1) if0 < |lullz < ry then I(u) > 0;
(2) iflI(u) <0, then lullz > rs,

where ry is defined in (3.6) of Lemma 4.
Proof We only need to prove (1) since (2) is the direct result of (1). We fix u € Z \ {0}
such that 0 < |ju||z < rs. Then by the definition of r, in (3.6), there exists a &g

satisfying (3.1) such that |u||z < r(ep), where r(-) is defined in (3.2). Then by (1) of
Lemma 3, I(u) > 0. O

Lemma5 Assume (M) hold. Then we have

abr2(p —2) 4+ br¥ (p — 26)

d >
- 20p

(3.13)

where d is defined in (2.4) and r is defined in (3.6) of Lemma 4.

Proof For all u € N, we have u € Z \ {0} and I(u) = 0. Thus by (2) of Corollary 2,
we know |lu||z > r,, and then from (2.3) we get

1 (p—a, , (p=20b o 1
Jw) = —1I - = - = —
() » () + 5 llullz + 20p llullZ +p2|Iu||p
(p—2)a (p —20)b
> uly + ———ul¥
2p 20p
-2 —20)b
> (p )arf (P ) rfg
2p 20p
_afr2(p —2) + br2 (p — 20)
N 20p '
which gives (3.13). O

Lemma 6 Assume (My) hold. Let u € Z satisfy I(u) < 0. Then there exists a \* €
(0, 1) such that I (\*u) = 0.

Proof We divide the proof into two cases.
Case 1: a = 0. Let

d() = Ap_20/|u|plog [Auldx, € (0, 00).
Q
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Then for any A > 0, by the definition of 7 («), we have

1) = b2 u| % — / |Au|? log |Au|dx
Q

=22 [ bl —AP—29f|u|Plog|xu|dx 3.14)
Q
=22 (bl — ).
Since I (u) < 0, by (3.14) and (2) of Corollary 2 we get
¢(1) > bllul¥ > br¥ > 0. (3.15)

On the other hand, by the definition of ¢ (), we have

d(L) = AP~ / |u” log [uldx + AP~ log Allullb,
Q

which, together with p > 26, implies
lim ¢(1) =0.
A—>0F

So by (3.15), we get that there exists a A* € (0, 1) such that ¢ (L*) = b||u||229 and
then I (A*u) = 0.
Case 2: a > 0. Let

d() = ,\P—Z/ |u|? log [Auldx — b2 2 |u| %, A € (0, 0).
Q

Then for any A > 0, by the definition of 7 («), we have

1) = arP|ull? + bA% |u) ¥ — f |Au|? log |Au|dx

Q
=22 | allul? +br¥ 2 u)¥ - ,\P—2f |u|? log |Au|dx (3.16)
Q
=32 (allul} = ).
Since I (u) < 0, by (3.16) and (2) of Corollary 2 we get
¢(1) > allul} > ar} > 0. (3.17)
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On the other hand, by the definition of ¢ (), we have

P = A”‘Qb/’hﬂplog|u|dx<+-Ap_210gknu”§ — b2 u) ¥,
Q

which, together with p > 26 > 2, implies
lim ¢(1) =0.
A—>0F

So by (3.17), we get that there exists a A* € (0, 1) such that ¢ (1*) = a||u||22 and
then 7(A*u) = 0. O

Lemma 7 Assume (My) hold. Let u € Z satisfy I (u) < 0. Then
Iu)y<p(Jw) —4d). (3.18)

Proof First from Lemma 6 we know that there exists a A* € (0, 1) such that I (A*u) =
0. Set

g = pJ(Au) — I(Au), A > 0.
By a direct computation, we obtain

a)*(p —2)
2

A% (p —20)

2
llullz + %

AP
g = M@+7wm

Then from (2) of Corollary 2, we get

g’ (W) = ar(p = Dlully + 622~ (p = 20)lullZ + 17~ lul)
> b2 (p —20)|ull¥
> o221 (p —20)r
> 0,

which implies that g (1) is strictly increasing for & > 0, hence accordingto0 < A* < 1
we get g(1) > g(A™), namely

pJw) — 1) > pJ(W'u) — I(A*u) = pJ (A*u) = pd,

where the last inequality we have used the A*u € N and d = infyen J(¢), which
gives (3.18) immediately. O

Lemma 8 Let (M) hold and u = u(t) be the corresponding solution to problem (1.1).
Then for all t € [0, T) we have

1duw— I(u) (3.19)
2dluz— u). .
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Proof Let ¢ = u(t) in (2.11) of Definition 1, we get

/utudx+(a+b||u||2;‘2) lull% =/|u|"log|u|dx,
Q Q

i.e.

1d
Eanun% = —alul — bllul¥ —|—/|u|plog|u|dx.
Q

Thus, we have

3 gz = —1@w).

O

Lemma9 If J(ug) < d, then the sets N_ and Ny are both invariant for u(t), i.e., if
ug € N_ (resp. ug € Ny ), then u(t) € N_ (resp. u(t) € Ny)forallt € [0, T).

Proof We only proof the invariance of N_ since the proof of the invariance of N is
similar.

Firstly, we consider the case J(up) < d. If the conclusion is not true, it follows
J(u(t)) < J(up) < dfort € [0, T) (see the energy inequality (2.12)) that there exists
atg € (0, T) such that

o I(u(tp)) =0and I(u(t)) < Ofort € [0, tp).

From (2) of Corollary 2 we have |lu]lz > ry > 0 for r € [0, ty), then by the
continuity of ||u||z with respect to 7, we get ||u(t)|lz > r« > 0, hence u(ty) € N.
Then it follows from the definition of d in (2.4) that J (u#(fy)) > d, a contradiction.

Secondly, we consider the case J(u#p) = d. If the conclusion is not true, then by
I(ug) < 0, there must be a t; € (0, T) such that 7(u(¢1)) = 0 and I (u(¢)) < O for
t € [0, #1). On the one hand, we get from (2) of Corollary 2 that ||u||z > r, > O for
t € [0, 1), which implies that u#(¢;) # 0. Then we have u(#;) € N and then it follows
from the definition of d in (2.4) that

J(u(n)) = d. (3.20)

On the other hand, from (u;, u) = —I(u(t)) > 0 (see Lemma 8) for ¢ € [0, ¢1) and

1
u(t)|se = 0 we deduce u; # 0 and then f [f7 ||%d1: > 0. So by (2.12) we obtain
0

1
J(u(tr)) < J(uo) — f llul13d7 < d,
0

which conflicts with (3.20). O
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4 Proof of the Theorems

Proof of Theorem 1 We divide the proof into three steps.
Step 1: Existence of a global weak solution Let w;, j = 1,2, ... be the eigenfunc-
tions of the operator £ subject to the Dirichlet boundary condition (see [32]):

—Eij =ljwj, x €L,

wj =0, x e RN\ Q,
we also normalize w; such that [|w; |2 = 1. Then {a)j};'.o | is a basis of Z.
First we construct the following approximate solutions u,, (¢) of problem (1.1):

U =Y gimDw;(x), m=1,2... 4.1)
=1

which satisfy

/um,w.jdx + (a + bl ||ZZ"—2) //(um(x)
Q Q

—um (M) (wj(x) —w;(¥)K(x — y)dxdy 4.2)

= [ um”2up, log |u|w;dx,

Q
(um (0, Cl)j) = Ejm,

for j =1,2, ..., m,where (-, -) means the inner product of LZ(Q) and &, are given
constants such that

un(0) =Y Ejmw;(x) — ug in Z (4.3)
j=1

as m — oo. Existence of such &, follows from up € Z, and {a)j}j:1 is a basis
of Z. The standard theory of ODEs, e.g. Peano’s theorem, yields that there exists a
T > 0 depending only on &;,,, j = 1,2,...,m, such thatin g;,, € Cl[O, T] and
gjm(0) = &jm. Thus u,, € C' ([0, TT; 2).

We now try to get a priori estimates for the approximate solution u,, (f). Multiplying
the first equation of (4.2) by g}m (t), summing for j from 1 to m and integrating with
respect to time from O to #, we can obtain

1
/ ltme 54T + Tt (1)) = J U (0)), 0<t<T.
0

Due to (4.3) and g, (0) = &;,,,, one has (note that we have assumed that J (uo) < d
and I (ug) > 0)
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liﬁmOO J(n (0) = J(ug) <d
and
mli_r)noo I(u,;,(0)) = I(ug) > 0.

Therefore, for sufficiently large m, we have
/ ltme 13T + J () = Jum(0)) <d, 0<t<T, 4.4)

and
I (u,(0)) > 0,

which implies that u,,(0) € W for sufficiently large m [see the definition of W in
(2.9)].

Next, we prove u,, (t) € W for sufficiently large m and any ¢ € [0, T]. Indeed, if it
is false, there exists a sufficiently large m and a 79 € (0, T] such that u,,(tp) € oW,
which implies that u,, (t9) € Z\ {0} and J (i, (t9)) = d or I (u,,(t9)) = 0. From (4.4),
J (um(t9)) = d is not true. So u,, (fp) € N, then by the definition of d in (2.4), we
have J (u,, (tp)) > d, which also contradicts (4.4). Hence, u,, (1) € W for sufficiently
large m and any ¢ € [0, T'].

By (4.4), I(un,(t)) > 0 for sufficiently large m (since u,,(t) € W for sufficiently
large m) and the fact that (see the definition of J and [ in (2.1) and (2.2), respectively)

1 (p—2a.  » (p=200b_ o, 1
J(up (1)) = ;I(Mm(f)) + Tﬂumﬂz + W”umnz + ?Ilumllﬁ,
we obtain
) (p—20)b 1
/numn dr+ L2, 4 Fapy el s lanl < d.

holds for sufficiently large m and any ¢ € [0, 7], which yields

/||umr||%dr <d, Vte[0,T], 4.5)
20 pd
20
k) Vte O’T ’ 46
lanl? < =255 [0, 7] 4.6)
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and
lumllhy < p*d, ¥t €[0,T]. 4.7
So T = oo. Then u,,(t) € W for all ¢ € [0, co) and all the above inequalities hold

fort € [0, 00).
On the other hand, by a direct calculation, we know

P
/ it (1P 21t (1) log lum (]| dx
Q
A%T
= / |um(t)|p_l 10g|“m(t)| ! d-x (48)
{xeQ:|um (@)|<1}
AET
+ |t ()|~ Tog Jum ()] dx.
{xeQ:|upm (t)|>1}
Since
- -1 -1 1
inf P ' logt = 17 " logt . —
1e(0,1) r—e—1/(p—1) (p— De
we have

2 1 =
|um(t)|1’—llog|um(t)|"’ " dx < ((p——l)e) |€2], Vt € [0, 00).

{x e un (0)|<1}
4.9)

Moreover, since logt < it“ for all u, T € (0, 00), we can choose a positive

constant p such that % € [1, 2¥], then we get from (4.6) that for m sufficiently
large,

P
p—1

dx

i7" Tog 1 1)

{xe;lum@®)|>1}
P

P —
<prr / "um(t)v’ﬂ*—l " dx

{xeQ:|uy (1)|>1}

r pptp—1)

pirer / lum (D) P~ dx

{xe2 um @)[>1}
pp+p—1) p pp+p—1) pp+p—1)

£ —1 £ —1 —1
spl=r ||Mm||p(pi#71) <uTrCy’ lml, !
p—1
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pptp—1)

20(p—1)
) , YVt €0, 00), (4.10)

£ plpticl) 20 pd
<HIrCu (p —20)b

p(ptp—1)
where C,. is the optimal embedding constant of Z < L r-T ().

Then it follows from (4.8), (4.9) and (4.10) that, for m large enough and ¢ € [0, c0),

P
p—1
dx

[ [ 1720 108 0
Q (4.11)

) p(p+u—1)

c 1 = q v Cil’(l’; i) 20 pd 200p—1)
< = —- -P . .
sCo=\Gone) IO (p —20)b

Therefore, by (4.5), (4.6) and (4.11), there is a function u = u(t) € L°*°(0, oo; Z)
with u; € L2(0, oo; L2(Q)), x = x (1) € L? (O, 00; L%(Q)> and a subsequence of

{um oo, (still denoted by {u;,}5°_,) such that for each T > 0,as m — oo,

Uumi—u; weakly in L2(0, T; L*(Q)), (4.12)
u,—u weakly star in L°°(0, T:27), (4.13)
um—u weakly in L0, T; Z), (4.14)

it 7=t 108 litn | x (1) weakly star in L (0, T; L7 (@), (4.15)
lttma | P~ 10€ |1t |— x (1) Weakly in L (o, T, Lo (sz)) . (4.16)
Since Z «— L?(2) compactly, by [39] we know that
{u:uel?0,T;Z),u € L*0,T; L*(Q))} < L*0, T; L”(Q))
compactly. So, in view of (4.12) and (4.14), we can assume
um — u strongly in L2(0, T; LP(Q)), (4.17)

which implies u,, — wu ae. in € x (0, f), and then i, |P~2u,, log [uy| —
lu|P~%ulog u| a.e.in Q x (0, T). Therefore, it follows from [39] that

x (@) = |ulP"2ulog |ul. (4.18)
To show that the limit function u(¢) obtained above is a weak solution to problem

(1.1), we fix a positive integer k and choose a function v € cl(o, 7]; Z) of the
following form

k
v="> 1j(w;x), (4.19)

J=1

@ Springer



1674 Applied Mathematics & Optimization (2021) 83:1651-1707

where {/; (t)}’;:1 are arbitrary given C'! functions. Taking m > k in the first equation
of (4.2), multiplying the first equation of (4.2) by /;(7), summing for j from 1 to k,
and integrating with respect to ¢ from 0 to 7', we obtain

/ / wpvdxdi+ / (a+bllum|22) / / (U (F) — 1t (7)) (V)
Q

0

~

—v()K (x — y)dxdydt (4.20)

T
://|um|P72um log |um |vdxdst.
0 Q

Letting m — oo in (4.20) and recalling (4.12), (4.14), (4.16) and (4.18) yield

7
//u,vdxdt+/(a+b||u||29 2 //(u(x)
0 Q

—u(y)(w(x) —v(y)K(x — y)dxdydt 4.21)
T
= / / |u|p*2ulog lu|vdxdt.
0 Q

Since the functions of the form in (4.19) are dense in L?(0, Tz ), (4.21) also holds
forall v e L%(0, T Z). By arbitrariness of T > 0, we know that

/ urpdx + (@ + blulZ=?) / / () — (G E) — SONK (x — )dxdy
Q

Q

= f |u|”~2u log |u|¢dx,

holds for a.e. r € (0, 00) and any ¢ € Z.

In view of (4.12) and (4.14), we get u,, (0)—u(0) weakly in L?(€2). Then by (4.1),
(4.3) and g, (0) = &, we get u(0) = up € Z.

In view of Definition 1 and the above discussions, to show the limit function u(¢)
got above is indeed a global weak solution to problem (1.1), we only need to prove
(2.12) holds for a.e. 0 < t < o0. In fact, for a.e. 0 < t < 00, we choose T > t. Then
it follows from (4.17) that u,, (t) — u(t) strongly in L?(£2). So by (4.11) and (4.16),
we have

/|um|f’log|um|dx—f|u|plog|u|dx
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< /(um — W)ty |t |P 2 10g [t |dx
Q

+ fu (11”2t Yog | — P2 log ) dix
Q
p=1
<€, =l | [ 1 (7Pt ] = lul? o)
Q
— 0, (4.22)

asm — oQ.
From the convergence of (4.12), (4.14), (4.17), the definition of J in (2.1), (4.1),
(4.3), (4.4), (4.22) and g, (0) = &, we obtain

t
a b 1
Enun% + %nun%ﬂ + ;nuu,’i +f lluz 3dt
0
< L liminf [y |2 + - iminf [y |2 + — liminf (]2
— 2 m—o0 miz 20 m—o0 milz p2 m— 00 mip

t
+ lim inf/ llttme I5dT
m—0Q
0

t

A a 2 b 20 1 2

< lgglgof §||“m||z + %”“m”z + ?Ilumllﬁ + [ lumllzde
0

'
e 1
= liminf | J(u,,) + —f |t |P log |t |dx +/ ||umr||%dt
m—00 p
Q 0

1
= lim J(um(O))+—/|um|plog|um|dx
m—0oQ p
Q

1
= J(uo) + —/Iul"lOgluldx,
p
Q

which implies (2.12) holds for a.e. t € (0, 00). So the limit function u(¢) got above is
a global weak solution to problem (1.1). Furthermore, by using ug € W and (2.12),
one can getu(t) € W for0 <t < oo and the proof is same as the proof of u,, () € W.

Step 2: Uniqueness of bounded global weak solution To show the uniqueness of
bounded global weak solution, we assume that u, v € L*(0, co; L*°(R2)) are two
global weak solutions to problem (1.1). Then for any ¢ € Z, we have
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(r, ¢) + alu, §)z + bllullX ™ (u, ¢)z = (lul”2ulog |ul, $),
and
(v, #) +a(v, )z + bl X (v, )z = (lv]P vlog v], §).

Subtracting the above two inequalities, taking ¢ = u — v € Z, we obtain

/¢,¢dx+a||¢||z+b||u||29 2u, d)z — blvI¥ (v, ¢)7

(4.23)
— / (|u|"—2u log |u| — [v]P~2v log |v|) ddx.

Q

llull?

+|lv
Moreover, by using (u, v)z < A , we have

allplZ + blluly (. ¢)z — blvly (v, ¢)z
> bllully (. u—v)z —bllvlly (v, u —v)z
= bllully " u, u)z — bllully > u, v)z — bIvIF " u, v)z + blv|F (v, v)z
= bllulF — bllully "> (u, v)z — blvly (., v)z + blv|F

lull2 + (vl lull2 + (vl
> bllul¥ — bllu|Z 2 f—bn v||F 2 fﬂallvll%"

20-2 20-2
bllu || bllv ||

——Z—(ull% — WI%) + —Z2—(vlI% — lul%)

= —<||u||z — I (ul 2 ||v||2z“> > 0.

(4.24)

Then combining (4.23) and (4.24) we have

[ osax < [ (ur2utoglul - 117 2utog o) gax
Q

Q

1

d p—2 2
- d—(lwl a)log|a)|) dv | p*dx
a4 w =D u+(1—9)v

< D" [(p— D)log D+ 1] 14113,
where
D = max {|[ul Lo 0,00: L2 () 101 £0¢(0,00; 2 (22)) } -
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Then we have

d _
Enasu% <2D”%[(p— Dlog D+ 1] [I$l3. >0,
(013 = 0,

which implies ||¢||§ = 0fort > 0. Thus ¢(t)(x) = 0 a.e. in 2 x (0, c0) and the
uniqueness of bounded global weak solution follows.

Step 3: Decay estimates Since d(¢) < d (see (2.4)), by step 1 we know problem
(1.1) admits a global solution u € L*°(0, co; Z) with u; € L?(0, 00; L*(£2)) and
u(t) € Wior0 <t < oo. So by the definition of W in (2.9), we have I (u) > 0. Then
it follows from (2.3) and (2.12) that

1 (p—2)a (p —20)b 1

Juo) 2 I ) = 1) + L2+ L2y + =l
2p 20p (4.25)

(p 2(9)19 '

which, together with (3.3), implies

1
20pJ 2
M) _ (426)

||”||p+s < Cillullz < Cy <( 200

In view of (3.3) and (4.26), we obtain

pte p+e—26
pte — ” ||p+g ” ||p+g

20 +e—260
< C2 ) 2T ¥

- orve (20PI (o) ” 2
- \(p-20)b

el

(4.27)

By Lemma 8, we have

d
Enun%:—zl(u):—z allully + bllully —/|u|f’log|u|dx . (4.28)
Q

Then for J (ug) < d(e), it follows from (1.10), (4.27) and log |u| < é|u|‘9 (for any
e > 0) that

d
Enuu% < —2b|ul¥ +2/ |u|” log |u|dx
p+e

2
< —2b|ul% + gnun”“
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< —2b|ull¥ +

£—20
2Cf+'S 20 pJ (ug) P »
T ol %

+e—26
CcPYe (20pT o)\ "7
—20ull¥ | b—— ( )

(p —20)b
£—260
Ccr (200 B
< 28 u)? | b — = pJ o) , (4.29)
e \(p—20)b
which implies
X luolBe=Ce, ifo =1,
ul|5 < F(e) := — % (4.30)
lz (CcO0—vr+1uol3™) 7T ifo e (1.3).
where
£—260
Pt 120p] B
Co=220|b— = pJ o) > 0.
e \(p—20)b
O

Proof of Corollary 1 1f uyp = 0, then problem (1.1) admits a global solution u(z) = 0,
and the proof is complete. So in the following, we assume uo € Z \ {0} and the proof
is divided into three cases.

Case 1: I(ug) > 0 and J(ug) < d. The conclusion follows from Theorem 1.

Case 2: I(up) = 0 and J(ug) < d. This case does not happen because in this case
ug € N, then it follows from the definition of d in (2.4) that J (ug) > d.

Case 3: I(ug) > 0and J(ug) =d.Leth,, = 1 — % and m = 2,3, .... Consider
the following approximate problem:

ur + MU Lxu = |ulP2uloglul, in S x (0, 00),
u(x,t) =0, in (RY \ Q) x (0, 00), 4.31)
u(x,0) = ugm (x) := Apyug, in .

Since ug € Z \ {0}, Am € (0,1) and I(ug) > O (ie. aluol + blluoly >

[ lug|? log |ug|dx), then we have
Q

I (uom) = ar2 luoll% + br2||uo || % —Aﬁi/mowmgmowx
Q

—Ab log A, / lug|Pdx
Q
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> arl uoll% + ba2 uoll ¥ — AL, / |uo|? log |ug|dx
Q

_ -2
=22 | alluollZ + br20 2 |uol|¥ — 25 /|uo|plog|u0|dx .(4.32)

m

Q

Next, we will discuss the sign of I(up,,) on two aspects: f luo|? log lugldx < 0
Q
and [ |uo|” log |ugldx > 0.
Q

(1) When [ [ug|? log Jugldx < 0, from (4.32) we get
Q

Iaom) = 33, (alluol + b3 2 luol¥’) > 0. (4.33)

(2) When [ |ug|? log |ugldx > 0, from (4.32) we get
Q

_ _ -2
Iuom) > 223, | ar2 2 Nuoll% + br20 2 uol % — 1 /|uo|f’log|uo|dx
Q

% (4.34)
=22 [ aluol% + blluoly — a5y~ /Iuolplog|uo|dx
Q

> 0.

On the other hand, by a simply computation, we obtain

d J (Ait)
_ u
dr, ="

=axm||u||%+bxff‘1||u||2z9—A,’Zf‘f|u|Plog|u|dx—Az“logxm[mwx
Q Q

1
= — ax31||u||22+bxff||u||2;—Aﬁ/|u|Plog|u|dx—x,i logkm/|u|pdx
m
Q Q

_ AL [ Gontt). (4.35)

m

Then by (4.33), (4.34) and (4.35), we have

d 1 1
mf()»muo) = EI(AmMO) = EI(uOm) > 0,
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which implies that J (A,,u0) is strictly increasing with respect to 1,,. So we can get
J(uom) = J (Amuo) < J(uo) =d.

From Theorem 1, it follows that for each m = 2,3, ..., problem (4.31) admits
a global weak solution u,, () € L*(0, co; Z) with u,,, € L2(0, o0; LZ(Q)), which
satisfies u,, (t) € W for 0 <t < oo and

f mibdx + (@ + bllun| % 2) f / @t (x) =t (7)) (B (x)
Q Q

—¢(Y)K(x — y)dxdy

_ f e | Pt 108 [t |,
Q

holds for any ¢ € Z and a.e. t > 0. Moreover,
t
/ e 13T + J (@ (1)) = J (o) < d. (4.36)
0

From (4.36) and the fact that

(p—20)b

Clumll +
miz 20p

(p—2)
2

! 20 | p
J(up (1)) = ;I(Mm(t)) + lumll7” + P”um”ps

we obtain

(p —20)b

1
26 p
20p lumllZ +_p2”um||p <d.

t
(p ~2)a
el + L+
0

Then the remainder of the proof is similar to that in the proof of Theorem 1. O

Proof of Theorem 2 We divide the proof into three steps.

Step 1: Blow-up in finite time

We divide the proof into two cases.

Case 1: J(ug) < d.Letu = u(t),t € [0, T) be a weak solution of problem (1.1)
with J(ug) < d and I(ug) < 0, where T is the maximal existence time. Then from
Lemma 9, we have u(¢r) € V. Next let us prove that u(¢) blows up in finite time.
Arguing by contradiction, we suppose that 7 = 400 and define

t
M) :=/||u||§dz, t €[0,T).
0
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Then we have

M'(t) = ul3, (4.37)
and
M (1) = 2@u(t), u; (1)) = —21(u(r)). (4.38)
By (2.3) and (2.12), one has
Da —20)b 1
f||ur||2dr+ L 2222 zp) 4+ L2000 Ly W+ ] < o)

hence
(p —20)b
—20u()) > 2p/ luz2dt + (p — Dallul) + L= u %
2 )4
2l = 297 wo),

so by (1.8) and the above inequality, we have

(p - 29)

t
M"(1) = =21) = 2p / luel3de + F=—=ul ¥ — 2pJ (o)
(4.39)
2006, 20
=20 s +T”“”2 ~2pJ (o).
In addition, from
t 1 t d 1
[ awde =3 [ Spuidar = 5 (i} - o)
0 0
we obtain
¢ 2
1
[ ewar | =5 (1 = 200lBe13 + ol
J (4.40)

= 2 (07 ~ 2uol3M @) + ol

IS |
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Hence, by (4.39), (4.40) and the Schwartz’s inequality we deduce that

MM (1) — g(M/mf
2

t t t
> 2p/ ||uf||%drf lul3dz —2p /(uf, wdr | + §||uo||§
0 0 0 (4.41)
(p—20)b
+ 13" M (1) = plluoliz M’ (1) — 2pJ (uo) M (1)
2
(p —260)b
> ”QTW’U))(’MM — plluol3M' (1) — 2pJ ()M (7).
2

Moreover, since M”(t) = —2I(u(t)) > 0 (note that u(¢) € V fort € [0, T)), so
we have M'(t) > M’'(0) = ||u0||% > 0. Then by (4.41) we obtain

—20)b 20-2
MM (t) — g(M’(t))z . @ Q)C!g“)”z M@OM' (1) = plluol3M' (1)
2
—2pJ ()M (1). (4.42)

From Lemma 7 one has
—21(u(t)) > 2p(d — J(u(1))), 0 <1 < oo.
By (2.12) and (4.38) we have
M (t) = =21 (u(1))
> 2p(d — J(u(1)))

> 2p(d — J(uo))
=C; >0, 0<t<o0.

(4.43)

Then we can obtain
M'(1) = Cit + M'(0) = Cit + [lugl3 > Cir, 0 <1 < oo,

C C
M) > Tltz L M(©0) = 7%2, 0<1< oo

Therefore,

lim M(t) = o0, lim M'(¢t) = oco.
—00 —00
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Hence there exists a #yp > 0 such that

(p — 20)bllug|3’ >
20C%

(p — 20)bllugll5’ >
20357

2
M(t) > pllugllz, 1o <t < o0,

M'(t) > 2pJ(up), 1o <t < 00,

which combined with (4.42) give the inequality

MM (1) — §<M/(r)>2
(p — 20)blluoll5” >
2037

(p — 20)bllugl3~>
20C3°

>

M) — p||uo||%) M'(1)

M (t) — 2p](u())> M) >0, tg<t < o0.

Then we get from Lemma 1 that the maximal existence time 77 of M (¢) satisfying
T; < oo and

lim M(t) = o0,
t—T

which contradicts T = oo.

Case 2: J(ug) = d Since I(u(t)) < 0 forr > 0 (see Lemma 9), it follows that
(up,u) =—I(u(@) >0, t=>0.

Hence we can get ||u; I|% > 0 for ¢ > 0. Thus by (2.12), there exists a 1 > 0 such
that

5]
Ju(t)) < T (o) — / e l2dt < d.
0

If we take #; as the initial time, then similar to the Case 1 in the proof of this section,
we can obtain the finite time blow up result. The proof of Step 1 is complete.

Step 2: Upper bound estimate of the blow-up time

Letu = u(t) beasolution of problem (1.1) withinitial value ug satisfying I (zg) < 0
and J(ug) < d. By Step 1, the maximal existence time 7 < +oo. Let

1
2 2

t t
B(e) = / Wl2de | L v = / luel2dz | . Ve elo, 7).
0 0
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By (2.12), Lemmas 8 and 9, we have

(R1) J(u(t)) +v*(t) < J(ug), Vt € [0, T);
(R2) Lul3 = —21u)), vt € [0,T);
(R3) u(t) e N_,ie., I(u(t)) <0,vVt €[0, 7).

Consider the following functional:
F(t) == p>(0) + (T — Dluoll3 + Bt + @)%, VvVt €10, T), (4.44)

where « and § are two positive constants to be determined later. Then by (R2) and
(R3), we have

F'(t) = llull3 — luoll + 28 + )

>28(t+a)>0, tel0,T), (445)
which implies
F(t) > F(0) = Tlluoll; + B’ > 0, 1€[0,7) (4.46)
and (by (R1), (R2) and Lemma 7)
F'(t) = =21 (u(t)) + 2B > 2p(d — J (u(1))) + 28 4.47)

> 2p(d — J(uo)) +2pv2(t) + 28, t€0,7).
By Schwartz’s inequality, we have

t

t
1 d
E/Enun%dr =/(u,ur>dr
0

0

t
s/nunznutuzdr < (), 1el0,7),
0

which, together with the definition of F(¢), implies

(FoO) = @ = luol3) () + )
= (20 + B + ) () + B)
= 2 (OVE(@) + Bl () + Bt + )P () + A +a)?
> W OVA() + 2BVt + o) + (1 + a)?
= (u()v(0) + Bt + ))?

t
> I/du I3dt + Bt + @) tel0,7)
= ) druzf o , . .
0
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Then it follows from (4.45) and the above inequality that
‘ 2

’ 2 1 d 2
F'(t)) =4 —/—||u|| ds + Bt + )
(F®) 20 dr 7 (4.48)

< 4F (1) (vz(t) n ;3) , tel0,T).
Combining (4.46), (4.47) and (4.48), we get
FOF' ()= 2 (F/®)°
> F(0) [2p(@ = Jwo)) +2pv2(1) + 28 — 2pv2(1) - 2pp]
— F()[2p(d — J(up)) — 2(p — DB, 1€[0,T),
which is nonnegative if we take 8 small enough such that

_ pld—Jw)

0<p< (4.49)
p—1

Then it follows from Lemma 1 that

FO) 1 lluoll3
=T ro - r=2 <a + B T) ) (4.50)

By taking « large enough such that

2

o ol 4.51)
(p—2)p
we get from (4.50) that

2

T < pe . (4.52)
(p —2)Ba — luolly
The above analysis shows that (p := af})

T < inf ,a), 4.53
= flp, ) (4.53)

where

2
Mﬂ{az (p=Dp_|
) p(d — J(uo))
_ p
(p—2)p — lluoll3”

D= 1{(p,a):p>

flo,a):
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It is easily to find that f(p, «) is increasing with «. Then

T < inf f(,o M)

g3 " p(d — J(uo))

P>
. (p — 1p?
= inf 3

. nuguzg p(d — J(uo)) ((p —2)p — lluoll3)
_ (p — Dp?

p(d =T wo)) ((p = 2)p — lluoll3) | =202

4(p = Dlluol3

p(d — Juo))(p —2)*

Step 3: Lower bound estimate of the blow-up time

From Step 1 we know that the weak solution u(#) = u(x, t) of problem (1.1) blows
up at finite time 7. Now, we estimate the lower bound of 7" and blow-up rate. To this
end, we define a function

_ 1 2
f@) = Ellullz,
then we have
f(T) = oo. (4.54)

According to Lemma 8, we have

1d
Mnun% = —I(w) = —alul} — blul¥ +/|u|"log|u|dx. (4.55)
Q

Moreover, by Lemma 9, we know I(u) < 0. Thus, by (2.13) and the inequality
log lu(x)| < @ (for any ¢ > 0), we deduce

. (l—ﬁ)2(p+8> ﬂ(p2+s)
pte _ FEp+ 2 2
el s < €7+ (jul’y) - (I13)
~ 0
_ Ccrte ) » % 5 w
=~ \Llulz “(lluliy
b 20
5p+a 5 " (lfﬁ%épﬂ) 5 ﬂ(p2+s)
< e (allulll + bl (I3
b 20
(=p)pse)
crte » 5 ﬂ(p2+a>
< —wamm | [ 1l toglulax - (3
b 260 o
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6’p+g A=p)(p+e) B(p+e)

< —mer (52) - (u3) T (4.56)
be) 2
. 2.2%-2p-—2.
ShmceO <e< 29+2—%—p,29 <p< 29+2—‘% and g = W+_5 € (0, 1),
we nave
(1—-B)p+e)
~— P
26
Thus, by (4.56), we can get
~ TR popte)
cre T i
lullpie < (W) (||u||§) R 4.57)
Moreover, by remark 2, we know
¢ = BO(p + ¢)
20 —(1—=B)(p+e)
Then combining (4.55) and (4.57) we have
7/ = —alut = b1t + [ 1l tog uid
Q
1
< f |u” log |uldx < gllulliii (4.58)
Q

—~ ¢ ~
<C(Im3) =2°C rm,

20
Cpte 20—(1-p)(p+e)

where C = (—(l—ﬂ)(m—s)
eb 20

We can prove by contradiction that for any ¢ € [0, T'), f(¢) > 0. If not, there exists
a t; > 0 such that ||u(t1)||% = 0, which contradicts (4.57). Then by (4.58) we have

/@ < 2¢C.

(4.59)
(f(@0)*
Integrating the above inequality from O to 7, we have
(fO)' ™8 = (f))' ¢ <2°C¢ = Dy, (4.60)

letting + — T in (4.60) and using (4.54) we can conclude that

_ GO moly
2CE -1 20€ 1)
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Similarly, integrating the inequality (4.59) from ¢ to T, by (4.54) we have

1
1—

f@0) > (25C@ — 1T —0)T7
then by the definition of f(#) we can see that
lully > (26 — (T — 1) ™0 .

]

Proof of Theorem 3 Letu = u(t) be the weak solution of problem (1.1) with I (1) < 0
and J(up) < M. Then according to Lemma 9 we have /(1) < O forallz € [0, T').
Let

t
G(1) := / lul3dz, t€[0,T),
0

then
G'(1) = ||ull}
and
G'(t) = -2I(u) > 0. 4.61)

Then by (2.3), (2.6), (2.12), (4.61) and Corollary 2, we get

(p —20)b 2
G"(0) = =2pJ @) + (p = Dalully + ===l + =l
t
(p —20)b
= —2pf<uo>+2p/ lucli3dz + (p = 2allulZ + =———llull¥
0
! 4.62
=~ _2pJ 2, (P=20)b 5 2 (62
> =2pJ (o) + (p = Dary + ————r" +2p [ llull3dz
0

t
=2p(M — J(up)) +2P/ luc |3d.
0
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Since
t 2 t 2
/(u, updrt | = % / %Hu”%dr
0 0
1 / / 2
=G0 =G'0)
1
= Z[(G/(r))2 —2G'(1G'(0) + (G'(0))?],
so we have
t 2
(G'(1)* =4 / (, uz)dt |+ 2lluol3G (1) — lluoll3. (4.63)
0

Combining (4.62) and (4.63), and using the Schwartz inequality, we get

GG (1) — g(G’m)2

t t t
z2p/||uf||%dr/||u||§dr—2p /(u,uf)dr
0 0 0

~ P
+2p(M — J@o))G (1) = plluol36'(@) + 7 luoll3

2

> 2p(M — J(u0))G(1) — plluol3G' (1)
> —pllugl3G’(1).

Then for any y € [O, 2%] we have

p(1—y)

GG (1) — %(Gm)2 > T(G/(r))2 —pluol3G'(1).  (4.64)

Moreover, by Theorem 2, we know that u(¢) blows up at some finite time, so we
have

lim G'(r) = lim |ju| = +oo.
t—T— t—>T~

Thenitfollows from (4.64) that there existsat,, € (0, T) suchthatforallt € [z, T)
G(1)G" (1) — %(G’(t))z > 0. (4.65)
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Since

(Gl—%(t))/ - (1 - %) %6 o),

it follows from (4.65) that forall ¢ € [z, T),

py

("% w) = (1-2)o %0 [cos o -6 w?] >

2

Thenby 2 — py =2 — 32 > 0and G(r,)) > 0, we have

Gt =G @)=

t 2—py

- G‘*%(IY)JF/(G“%(T))'dr

ty

v

G (1) + (1 — 1) (G“%(r)) ]
t=t,

=[c"" %+ (1

2
14 —_pr ’ -
_ %) (t — )G~ % (1,)G (ty)]2 2

= [(1= ) =6 F 6]

2
=Cy(t —1t,)¥rr,
where

c,=|(1- %) G—%(ty)c/(ry)]ﬁ .

Since G (t) > O for all ¢ € [0, T), thus we have

t

/G’(r)dr <tG'(1),

0

ie. (forallf € [0, T)),

tlull3 > G().
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Combining with (4.66) and the above inequality, we can deduce that for any 0 <
y < #andt e[, T),

2
Cy(t — 1) rr vy py
lul3 > % =Cy(t? —12

m}

Proof of Theorem 4 To complete this proof, we use some ideas from [30,31] and we
divide the proof into three steps.

Step 1: Blow-up in finite time

First, it follows from the definition of (2.3) and the assumption that

(p—2)a 5 (p—20)b 2 1 »
I(uo) = pJ o) — ——F——lluollz — ——F7—lluollz — —lluoll
) z 20 z » p
(p —20)br¢
= pJ (o) — " uolly’

Actually, we may claim that 7 (u(¢)) < O for all # € [0, T'). Otherwise, there exists
atg € (0, T) such that I (u(tp)) = 0 and I (u(t)) < O forall ¢ € [0, tp). By Lemma 8
we know that ||u ||% is strictly increasing with respect to ¢ for ¢ € [0, fg), and therefore

(p— 29)[7)»1 2w (P— O)b)\l
- = . 4.67
J(uo) < 0p luolly” < 20p llu(to) 13 (4.67)
On the other hand, by (2.3) and (2.12), we can get
(p —20)br (p —20)b
2—|| u(to)|13’ Tuuuo)né" < J(u(t)) < J(uo).

which contradicts (4.67), so we obtain I (u(¢)) < Oforallt € [0, T).
Next, we are going to prove the blow-up of the solution u(¢) by contradiction. Fix

~ _ 2 2
a T = G- Dlwly Do IQ)(“;?”;)?” s - 29)1”\] luoll3’ — 2pJ(ug) > 0, then we

suppose that u(¢) exists globally on [0, T and let

, Where o =

6= [ lulBdr + T = Dol + ot + 2.t 10.7)
where o, € are two positive constants which will be specified later.
Then, for any ¢ € [0, T], by a simply computation, we obtain
G(0) = Tlugl} +0€> >0,

G'(t) = |lull? — lluol3 +20(t + €) > 20(t +¢€) > 0,
G'(0) =20€ > 0,
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and

(p —20)b 2
G"0) = =21u(0) +20 = (p = Dalully + === ullF + el

—2pJ(u(t)) + 20
—20)b
P02y

>

7 —2pJu()) + 20

t
(p —20)brY
> llull3’ = 2pJ (o) +2p/ luclzd +20
0

_ - 20)bA{

t
> 9 luoll3? —2pJ (uo) +2p / luzI3dT
0

+20 >0,

thus, we can get G(t) > G(0) > O forall ¢ € [0, T].

Let
. ! . 1
() = (/O ||u||%dr) , () = (/0 ||uf||%dr) :

By using Holder’s inequality, we have

t t
1 2
/||u||%dr+o<r+e>2 /nurn%dwo - [;wn%— IIMOII%)+G(I+6)}
0 0

— ¢ 2
[0 +oc+?|[v2@)+0] - %/%l|u||%dt+a(t+e)

L 0

- 2
> [120) + o+ 2] [0 + 0] - f||u||z||ut||zdr+o<t+e>

L0
> [12() + o+ | V@) + 0| = [nove) + ot + O

= [Voum]’ =200 +ouw) + [Vo +ev®]’
= [Vou® — Vo +evn]* = 0.
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Then we obtain

1 2
—(G'(1)* = —4 (5<||u||% — lluol3) + o (t + e))
t t
=4 /||u||§dr+o(z+e>2 /Ilutllgdr—i—o
1 2 2 z
—4( S U3 = lluoll3) + (¢t +€)

(G(t)—(T—t)lluollz /Ilurll dt +o

> —4G(t) /||ur||%dr +o

The above calculations show that

GG - L (@)

=G (6" —2p /nurn dt+o
—20)bA
= G(1) ((”o#nuon%@ —2pJ () = 2(p — 1>a> :

We choose o' = 7 1),thenltfollowsthatG(t)G”(t) L(¢ (t)) > 0. Therefore,

by Lemma 1 it is seen that

260 2
< © Mol 5, € 4 tim Ge) = +oo.
(P—2G0) oep—2) " p—2 1%

4(p—Dluol3+1
) [
Hence, u(¢) will blow-up at some finite time 7.

Next, we choose € = , then we have T < T, which is a contraction.

Step 2: Upper bound estimate of the blow-up time
Forany 77 € (0, T), let

F(1) :=f||u||§dr+(T—t)||uo||§+o(r+e)2, t €0, Ty,

where o, € are two positive constants which will be specified later.
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Then similar to Step 1 we can get

(p —20)

1 P / 2 b)‘? 20
FOF'(1) — ) (F'()) = F@®) 5 luolls” —2pJ (uo) —2(p — D)o | .

We choose o small enough, such that

Q
o € <0, m] s (4.68)

then it follows that F(t)F"(t) — § (F ’(t))2 > 0. Therefore, by Lemma 1 we obtain

2F(0 3
= © Il py € vr e,
(p—2F'(0) oe(p—2) p—2
Hence, letting 71 — T, we have
luoll3 ¢
T . 4.69
= oer-2 +p_2 (4.69)
Let € be large enough such that
2
e[ Mwolz L ). (4.70)
(p—20o

then by (4.69), we can get

0'62

T < 5
oe(p —2) — lluoll;

In view of (4.68) and (4.70), we define

o . 0 o3
A= {(o,e).o € <0, —Z(p—l):|’€ € ((p—2)a’+oo>}

2 _ 2
=1(0,€):0 € luolly U ce M’ too )t
(p—2e€ 2(p—1 (p —2)o

then

0'62

T < inf 2"
(.0)eh oe(p —2) — |luollz
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Let ¢ = o€ and

Ge€
s(p—2) — luoll3’

fle, ¢) =

Since f (e, ¢) is decreasing with ¢ and we obtain

e )
< in €, ———
ee(z(”_”"”o”%,+00) 2(p—1)

(p—2)e
. 0€?

- s 2) = 2(p — Dluol2

ee<2(’](;ﬂ;‘;”2,+oo) o0e(p —2) —2(p — Dlluoll;
B _7) _ 2| a(p-Dlugl

o0e(p —2) —2(p — Dlluoll; e=—Tr—pt
_8(p = Dlluol3

(r—2%

Hence, by the definition of o and the above inequality, we have

8(p — DO luol3
r = 2 0 20 .
(p =22 [(p — 20025 |lug|13° — 2p0J (uo)]

Step 3: Growth estimates

First, similar to Step 1, we can get I (1) < O forallz € [0, T), so by Lemma 8, we
know that ||u ||% is strictly increasing with respect to ¢. Then by Lemma 8 and (2.3) we
know

Lz 200 J (o)
—_ u 2 — uo
di (p —20)b2] luo 3”2

= —2I(u) = —2pJ () + (p — alul; +

(P =200 2 , 2
gl + el

According to (2.12), we know J (u(t)) < J(up) forallt € [0, T'). So we can deduce
from (1.10) and the above equality that

Ny 2p9 J(uo)
—_— u 2~ — MO
dt (p — 20)b2Y uoll3? >

0
(p —20)b2]
0
(p — 20)b2] |lug |32
0

v

—2pJ (uo) + [

v

—2pJ (uo) + llull3
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~ (p =200 ol 2p6
- ”M”z 9 20—-2 ‘I(MO) b
0 (p = 20)bA luoll

which implies

2p 2p
lull3 > (nuon% -~ XJ(uw) M4 - wo),

—20 b}LH 20-2
where A = %. O

Proof of Theorem 5 Let u(t) be the blow-up solution with 7(ug) < 0, J(ug) < d or
(2.17) holds, and assume T is the maximal existence time, then by Theorem 2 and
Theorem 4 we know

lim |Jull> = +oo0. 4.71)
t—T

Moreover, by Lemma 9 and Step 1 of Theorem 4, we can get /(1) < 0 for all
t € [0,7), so by Lemma 8, we can infer that ||u||% is strictly increasing for all
te[0,7).

By Holder’s inequality, we obtain

2 1
luzllzdr = — llurll2dz

By [37, page 75, Proposition 3.3], we know

t

t
/ lucll2dT = /”rd": = |lu@®) —uoll2 = llullz — lluoll2.
0 0 2

Since ||u||% is strictly increasing on [0, T'), we know |lu|l> — ||ugll> > O, then the
above inequalities imply
!
2 1 2
lucllzdT = ;(Ilullz — lluoll2)”.
0
So it follows from (2.12) that

t
J@®) < J () — / e 12d
0

1
< J (o) = ~(lull2 = lluoll2)?.
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Lett — T in the above inequality and using (4.71), we get

}LH} J(u(t)) = —o0.

Proof of Theorem 6 We divide the proof into two cases.

Case 1: ugp € Z\ {0} and J(up) < d.

First, we claim that 7 (u#g) # 0. Indeed, since ug # 0, if 1(ug) = 0, then by the
definition of d, we get J (1) > d, which contradicts J (u#g) < d.

(1) If I(up) < O, then together with J(ug) < d and Theorem 2, we know the
solution blows up in finite time, so we get T < +o00. Next we claim that if 7 < +o0,
then we have I(ug) < 0. Indeed, if 7(up) > 0, then together with J(ug) < d and
Theorem 1, we get T = +o00, which contradicts T < +o00. Since I (1) # 0, so the
claim is true. Moreover, if /(1) < 0, then according to J(ug) < d and Theorem 5,
we can get there must exist a fp € [0, T') such that J(u(#9)) < 0. Hence, in order to
complete this proof, we now only need to show

there exists a 7o € [0, T') such that J (u(f)) < 0 = I(up) < 0.

Since there exists a #p € [0, T') such that J(u(tp)) < 0, so by (2.3), we have
I(u(ty)) < O, then taking #y as the initial time, by Theorem 2, we see the solution
blows up in finite time, so by Theorem 1 we know that 7(x#p) > 0 cannot happen.
Since I (ug) # 0, so there must be 7 (ug) < 0.

2)If I(up) > 0, together with J(ug) < d and Theorem 1, we get T = 4-00. Next,
we claim that if 7 = +o00, then we have I (ug) > 0. Indeed, if I(up) < 0, then by
(1), we have T < +o0, which is a contradiction. Since 7 (ug) # 0, so the claim is
true. Moreover, if 1 (ug) > 0, then according to J (1) < d and Lemma 9, we know
I(u(t)) > 0 for all # € [0, +00). Thus, by (2.3) we deduce that J(u(¢)) > O for all
t € [0, +00). So we only need to prove

J(u(t)) >O0forallt € [0,T) = I(ug) > 0.

Since I(ug) # 0, if I(ug) < 0, then together with J(u#p) < d and Theorem 5,
we have lim;,_,7 J(u(t)) = —oo. By the continuity of J(u(z)) with respect to ¢, we
know there exists a fy such that J(u(ty)) < 0, which contradicts J(u(¢)) > 0 for all
t € [0, T') and our proof is complete.

Case 2: ugp € Z\ {N U {0}} and J (ug) = d.

First, since ug € Z \ {N U {0}}, so we have I (ug) # 0.

(3) If I(up) < O, then together with J(up) = d and Theorem 2, we know the
solution blows up in finite time, so we get T < +00. Next we claim that if 7 < +o0,
then we have I(ug) < 0. Indeed, if 7(ug) > 0, then together with J(ug) = d and
Corollary 1, we get T = +o00, which contradicts T < +o0. Since I (ug) # 0, so the
claim is true. Moreover, if 1(ug) < 0, then according to J(uo) = d and Theorem 3,
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we can get there must exist a fo € [0, T') such that J(u(f9)) < 0. Hence, in order to
complete this proof, we now only need to show

there exists a ty € [0, T') such that J (u(f9)) < 0 = I(ug) < 0.

Since there exists a o € [0, T) such that J(u(tp)) < 0, so by (2.3), we have
I(u(tp)) < 0, then taking 7o as the initial time, by Theorem 2, we see the solution
blows up in finite time, so by Corollary 1 we know that /(xp) > O cannot happen.
Since I (ug) # 0, so there must be I (ug) < 0.

(4)If I(ug) > 0, together with J (1) = d and Corollary 1, we get T = +00. Next,
we claim that if 7 = 400, then we have I (ug) > 0. Indeed, if /(xp) < O, then by
(3), we have T < +o0, which is a contradiction. Since I (ug) # 0, so the claim is
true. Moreover, if 1 (up) > 0, then according to J(1g) = d and Lemma 9, we know
I(u(t)) > O forall ¢t € [0, +00). Thus, by (2.3) we deduce that J(u(¢)) > O for all
t € [0, +00). So we only need to prove

Ju()) >O0forallt € [0,T) = I(up) > 0.

Since I(ug) # 0, if I(ug) < 0, then together with J(uog) = d and Theorem 5,

we have lim;_. 7 J(u(t)) = —oo. By the continuity of J(u(¢)) with respect to ¢, we
know there exists a #y such that J(u(ty)) < 0, which contradicts J (u(t)) > 0 for all
t € [0, T) and our proof is complete. O
Proof of Theorem 7 (1) By the definition of d in (2.4), N in (2.5) and (2.3), we get
. . (p—2)a 2 (p —20)b 20 1 P
d:;ggj(u) :Jlelzfv [2—IIMIIZ+WIIMIIZ +?Ilu||p .
Then a minimizing sequence {u;}7>; C N exists such that
. Tp=a, o (p=200b oy 1
Jlim J ) = lim [Tnuknz + gy Ml sl | = d.

4.72)

Since p € (20, 27), (4.72) ensures that {u;}72 ; is bounded in Z, i.e., there exists a
constant ¥ independent of k such that

lukllz =0, k=1,2,..., (4.73)

which, together with Z is reflexive, implies there exists a subsequence of {u}2 , still
denoted by {ux};2 |, and a vy such that

ur—vo weaklyin Z ask — oo. 4.74)
Moreover, by Lemma 2, we have

ur — vy strongly in L? () as k — oo. 4.75)
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Since (4.73) holds, similar to the proof (4.11), there exists a positive constant C
independent of k such that

/ gl 21z log ug || 7T < Cy. (4.76)
Q

In view of (4.75) and (4.76), similar to get (4.18), there exists a subsequence of
{ur}pe,, still denoted by {uy}72 | such that

k)P~ 2ux 1og |ug|— ol P 2vo log [vo| weakly in L7771 () as k — co. (4.77)

Similar to the proof of (4.22), by (4.75) and (4.77), we have, as k — 00,

fluklploglukldx—/Ivolploglvoldx
Q Q
< 73/ Cyllux = woll
) [ o0 (1172 Yo e = ool 2 g o)

Q
— 0.

(4.78)

Since {ur};2, € N, by the definition of N in (2.5), we get

2 26
allurllz + bllukllz =/Iuk|”10gluk|dx,
Q

which, together with || - || z is weakly lower semi-continuous, (4.74) and (4.78), implies
allvollZ + bllvolY < liminf(alucll; + blluxl)
k—o00

= lim /|uk|plog|uk|dx
k=00 2 (4.79)

=/|v0|p10g|v0|dX-
Q

Next, we claim that 7 (vg) = allv()||2Z + b||v0||220 - f |vo|? log |vgldx = 0. Indeed,
Q
if the claim is not true, then by (4.79), we get a||vg ||2Z +bllvg ||220 < f |vo|? log |vg|dx.
Q

Obviously, we have vy # 0. Then by Lemma 6, there exists a A* € (0, 1) such that
A*vg € N.
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By (4.72), the first inequality of (4.79) and (4.75), we get

| p=2a 5 (p=20)b o 1 P
0= tim | LB+ L ]

.. p—20 . . 26 .. .
liminf a||u||% + lim inf b + — lim inf b
iminf allug minf bl | -+ 5 timinf e

(p-a_ o, (p=200b L, 1,
THUOHZ"'W”UOHZ +?”00”p-

v

Then by I (A*vg) = 0, A* € (0, 1), we obtain

(P—=2)a 4 o (P=200b .09 g AP
* _ * p
J(r Uo)—T)» HUOHZ—FWA* llvoll7 +?””°”P
(p—2)a »  (p—=20)b 20 1 )
< THUOHZ + W””OHZ + ?”UOHp
<d.

However, since A*vg € N, it follows from the definition of d in (2.4) that J (A*vg) >
d, a contradiction. So the claim holds and we get from (4.79) that

Jim uellz = flvollz,
which, together with Z is uniformly convex and (4.74), implies
ur — vo strongly in Z as k — oo.
Then by (2.3) and (4.72), we get

(p—2)a (p—20)b 20 1 P
2 20p lvollz + 2 lvolly

. (p—2)a 2 (p—20)b 20 |
=1 A - = — b
Jim |: lurllz + p lurllz” + 2 Nkl p

J(vo) = lvoll%, +

2p 26
=d,
which implies vg # 0. Then by I(vg) = 0, we get v9 € N and d = J(vg) =
inf,en J(u).
(2) Finally, we prove vg is a ground-state solution of problem (2.19). That is,

vo € T\ {0} and

= inf .
J (vo) uellp\{O} J(u), (4.80)

where I is defined in (2.20).
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In fact, by conclusion (1) and the definition of N in (2.5) we know that
voeN={ueZ\{0):(J w,u)=1I1u)=0)
and

J(vo) =d = in}fv J(u). (4.81)

Therefore, vg # 0, and by the theory of Lagrange multipliers, there exists a constant
u € R such that

J (vg) — ul’(vg) = 0. (4.82)
Then
(1" (vo), vo) = (J'(v0), vo) = I(vg) = 0. (4.83)

On the other hand, for any u € Z, we can deduce

d
(I'(vo), u) = d—rl(vo + Tu)
=0

d
== [a||vo +tul? + bllvo + tul¥

—/ lvo + Tu|? log |vg + Tuldx
=0
Q

= 2a(vo, u)z + 20b||vol| ¥ (vo, u)z

—/[Plvolp_zvouloglvol-FIvol”_zvou] dx,
Q

which implies

(I'(v9), vo) = 2allvoll% + 26bvo % —/[Plvolploglvol+|v0|p]dx-
Q

Since 7(vp) = 0, we get from (2.2) that allvg[|% + bllvollZ = [ lvol” log |vo|dx.

Q
Then it follows from the above equality, vy # 0, and p € (26, 2¥) that
(I'(v0), vo) = 2allvollZ, +20blvollZ — aplivolly — bpllvellZ — llvolly <O,

which, together with (4.83), implies ;& = 0. Then we get from (4.82) that J'(vg) = 0,
so vg € '\ {0}. Furthermore, by (4.81) and I" \ {0} C N, we get (4.80). O
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Proof of Theorem 8 Let u = u(t) be a global solution of problem (1.1). Without loss
of generality, we may assume that

0<J(t)) < J(ugy), tel0,00). (4.84)
Indeed, the second inequality follows from (2.12). Now we prove the first inequality
by contradiction argument. If there is a 79 € [0, co) such that J(u(tp)) < O, then by
(2.3) we have I (u(tp)) < 0, so it follows from Theorem 2 that u(¢) blows up in finite
time, which contradicts the assumption that u(¢) is global.
Since J(u(t)) € [0, J(up)], so there must exist a subsequence {tm};’f:l and a
constant ¢ € [0, J(up)] such that

Iim J(u(t,)) =c.
tyn—> 00

By (2.12), we have
Im
/ luclI3dT + J (u(tm)) < J (uo)-
0
Letting t,, — oo in the above inequality, we get
00
f lucll3dT < J (o) — ¢ < J (o),
0

which implies there is an increasing sequence {#;};°, with #x — oo as k — oo
satisfying

lim [lu; (t)]l2 = 0. (4.85)
k— 00

By the definition of J in (2.1) and (2.11), for any € Z, we have

d
(J'(u®), ¥) = 77 W@+ 1Y)

=0

=a<u,w>z+b||u||2;‘2<u,w>z—/|u|”—2uwlog|u|dx
Q

= —/u,gbdx,

Q

which, together with (4.85), implies

1" @)z = H‘//S|l|lp 1 (I (), )
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< sup Ju@)ll20¥ll2
lliz<1

1
< —= sup lu () l201¥ iz
VAL ylz<1

IA

1
N/ llues (22
=0 (4.86)

as k — oo, where A is the first eigenvalue of problem (1.9).
By (2.2) and (4.86), there exists a positive constant o such that

1 1
=) = = |(J" (ut)), u(t))]
P p

IA

1
» I (@) Nl 2 lu (@) || 2

A

ollulz.

Then it follows from (2.1), (2.2), (4.84) and p € (20, 2}) that

1
J(uo) +ollu()llz = J(u(t)) — —I(M(tk))

_(p=2a (p —20)b
2 A I 20,

(p 20)b
20p

1
lu(e)ly + ?”M(tk)ng

(@I

which implies there exists a positive constant L independent of k such that
lu@)llz <L, k=1,2,... (4.87)

Indeed, if ||u ()| z is unbounded, then there must be a 7 such that ||u ()] z — oo,
which, together with 6 € [1, %) and p > 26, implies

N (p—20)b .
J(uo) + o lu(@)llz — ~————llu@)|¥ <o,
20p

a contradiction.

Then by similar arguments as to get (4.74) and (4.75), there exists an increasing
subsequence of the sequence {#;}; ,, still denoted by {#};° |, and au™ € Z such that
uy = u(ty) satisfies

uy—u* weakly in Z as k — oo, (4.88)
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and
ux — u* strongly in L?(2) as k — oo. (4.89)
By the definition of J in (2.1) and (1.7) we obtain

(" (ur), wge — u™)

= iJ(uk + t(up — u™))

dt =0
d |a 2 b 26
=7 |:§||uk Tk =)z + gl + Tk —ulz L

- = /m+r(uk—u*>|f’log|uk+r<uk—u*>|dx (4.90)

1
——5 g+ T (g — u*>||z}
p =0

= (@t Bl ) =)z = [ Jual? P = % og .

Similarly, we have

(J' "), ug — u*y = (@ +bllu*| 22w, u —u*)z

—/ ||~ 2u* (u — u*) log |u*|dx. 4.91)
So, we can get
(J up) — ' W), g — u*y = allug — u|% + b{llug |22y
— 1 7w — )z + p (4.92)

> Copllux — u*l1¥ + o,

where Cy p, is a positive constant independent of k and

o= / ¥ 1P~ u* (ug — w*) log |u*| — [ugl” 2ur (e — u*) log |ug|dx.
Q

According to (4.87), then similar to the proof of (4.11), we have
il P~ og luelll e < C. (4.93)
where Cp is a positive constant independent of k.
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Therefore, by Holder’s inequality, (4.89) and (4.93), we have

—1 —1
o1 = (W17~ tog 1l _s, + uel”~" tog il e, ) Nk = ™l

= (117" tog lu” g, + Cr) llug = ™l “.94)

p—1
— 0

as k — oo. By (4.88), (4.89) and (4.91), we get
(J' W™, up —u*) = 0 (4.95)
as k — oo. By (4.86) and (4.87), we have

(I (e ux — u™)| < 1T @ollz (luellz + llu*llz)
< (L + DI )l z (4.96)

— 0

as k — oo.
Then it follows from (4.92), (4.94), (4.95) and (4.96) that

Copllug — u* 1% < (J () — J' (u*), ux —u*) — p

-0
as k — oo. Then we get
J' W) = lim J'(uy)
k—o00

in Z’, which, together with (4.86), implies J'(u*) =0, i.e., u* € T. O

References

1. Applebaum, D.: Lévy processes-from probability to finance and quantum groups. Notices Am. Math.
Soc. 51(11), 1336-1347 (2004)

2. Bisci, G.M., Radulescu, V.D., Servadei, R.: Variational Methods for Nonlocal Fractional Problems,
Volume 162 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cam-
bridge (2016)

3. Bucur, C., Valdinoci, E.: Nonlocal diffusion and applications, vol. 20 of Lecture Notes of the Unione
Matematica Italiana. Springer, [Cham]; Unione Matematica Italiana, Bologna (2016)

4. Cao, Y., Liu, C.: Initial boundary value problem for a mixed pseudo-parabolic p-Laplacian type equa-
tion with logarithmic nonlinearity. Electron. J. Differ. Equ., pages Paper No. 116, 19 (2018)

5. Chen, H., Tian, S.: Initial boundary value problem for a class of semilinear pseudo-parabolic equations
with logarithmic nonlinearity. J. Differ. Equ. 258(12), 4424-4442 (2015)

6. Chen, H., Luo, P, Liu, G.: Global solution and blow-up of a semilinear heat equation with logarithmic
nonlinearity. J. Math. Anal. Appl. 422(1), 84-98 (2015)

7. Del Pino, M., Dolbeault, J.: Nonlinear diffusions and optimal constants in Sobolev type inequalities:
asymptotic behaviour of equations involving the p-Laplacian. C. R. Math. Acad. Sci. Paris 334(5),
365-370 (2002)

@ Springer



1706 Applied Mathematics & Optimization (2021) 83:1651-1707

8. Del Pino, M., Dolbeault, J., Gentil, I.: Nonlinear diffusions, hypercontractivity and the optimal L”-
Euclidean logarithmic Sobolev inequality. J. Math. Anal. Appl. 293(2), 375-388 (2004)

9. Di Nezza, E., Palatucci, G., Valdinoci, E.: Hitchhiker’s guide to the fractional Sobolev spaces. Bull.
Sci. Math. 136(5), 521-573 (2012)

10. Ding, H., Zhou, J.: Global existence and blow-up for a mixed pseudo-parabolic p-Laplacian type
equation with logarithmic nonlinearity. J. Math. Anal. Appl. 478(2), 393-420 (2019)

11. Dipierro, S., Medina, M., Valdinoci, E.: Fractional elliptic problems with critical growth in the whole
of R”", vol. 15 of Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) [Lecture Notes. Scuola
Normale Superiore di Pisa (New Series)]. Edizioni della Normale, Pisa (2017)

12. Dong,Z., Zhou, J.: Global existence and finite time blow-up for a class of thin-film equation. Z. Angew.
Math. Phys. 68(4), 89 (2017)

13. Feng, M., Zhou, J.: Global existence and blow-up of solutions to a nonlocal parabolic equation with
singular potential. J. Math. Anal. Appl. 464(2), 1213-1242 (2018)

14. Han, Y., Li, Q.: Threshold results for the existence of global and blow-up solutions to Kirchhoff
equations with arbitrary initial energy. Comput. Math. Appl. 75(9), 3283-3297 (2018)

15. Han, Y., Gao, W., Sun, Z., Li, H.: Upper and lower bounds of blow-up time to a parabolic type Kirchhoff
equation with arbitrary initial energy. Comput. Math. Appl. 76(10), 2477-2483 (2018)

16. Ji, C., Szulkin, A.: A logarithmic Schrodinger equation with asymptotic conditions on the potential. J.
Math. Anal. Appl. 437(1), 241-254 (2016)

17. 1i, S., Yin, J., Cao, Y.: Instability of positive periodic solutions for semilinear pseudo-parabolic equa-
tions with logarithmic nonlinearity. J. Differ. Equ. 261(10), 5446-5464 (2016)

18. Jiang, R., Zhou, J.: Blow-up and global existence of solutions to a parabolic equation associated with
the fraction p-Laplacian. Commun. Pure Appl. Anal. 18(3), 1205-1226 (2019)

19. Laskin, N.: Fractional Schrodinger equation. Phys. Rev. E (3) 66(5), 056108 (2002)

20. Le, C.N., Le, X.T.: Global solution and blow-up for a class of p-Laplacian evolution equations with
logarithmic nonlinearity. Acta Appl. Math. 151, 149-169 (2017)

21. Le, C.N., Le, X.T.: Global solution and blow-up for a class of pseudo p-Laplacian evolution equations
with logarithmic nonlinearity. Comput. Math. Appl. 73(9), 2076-2091 (2017)

22. Levine, H.A.: Instability and nonexistence of global solutions to nonlinear wave equations of the form
Pus; = —Au + F(u). Trans. Am. Math. Soc. 192, 1-21 (1974)

23. Levine, H.A.: Some additional remarks on the nonexistence of global solutions to nonlinear wave
equations. SIAM J. Math. Anal. 5, 138-146 (1974)

24. Lions,J.-L.: On some questions in boundary value problems of mathematical physics. In: Contemporary
Developments in Continuum Mechanics and Partial Differential Equations (Proceedings of Interna-
tional Symposium, Institute of Mathematics, Universidade Federal Rio de Janeiro, Rio de Janeiro,
1977), vol. 30 of North-Holland Math. Stud., pp. 284-346. North-Holland, Amsterdam, New York
(1978)

25. Liu, H., Liu, Z., Xiao, Q.: Ground state solution for a fourth-order nonlinear elliptic problem with
logarithmic nonlinearity. Appl. Math. Lett. 79, 176-181 (2018)

26. Pan, N., Zhang, B., Cao, J.: Degenerate Kirchhoff-type diffusion problems involving the fractional
p-Laplacian. Nonlinear Anal. Real World Appl. 37, 56-70 (2017)

27. Payne, L.E., Sattinger, D.H.: Saddle points and instability of nonlinear hyperbolic equations. Israel J.
Math. 22(3-4), 273-303 (1975)

28. Servadei, R., Valdinoci, E.: Mountain pass solutions for non-local elliptic operators. J. Math. Anal.
Appl. 389(2), 887-898 (2012)

29. Squassina, M., Szulkin, A.: Multiple solutions to logarithmic Schrodinger equations with periodic
potential. Calc. Var. Partial Differ. Equ. 54(1), 585-597 (2015)

30. Sun, F., Liu, L., Wu, Y.H.: Finite time blow-up for a class of parabolic or pseudo-parabolic equations.
Comput. Math. Appl. 75(10), 3685-3701 (2018)

31. Sun, F, Liu, L., Wu, Y.H.: Finite time blow-up for a thin-film equation with initial data at arbitrary
energy level. J. Math. Anal. Appl. 458(1), 9-20 (2018)

32. Xiang, M.Q., Radulescu, V.D., Zhang, B.: Nonlocal Kirchhoff diffusion problems: local existence and
blow-up of solutions. Nonlinearity 31(7), 3228-3250 (2018)

33. Xu, G., Zhou, J.: Global existence and blow-up for a fourth order parabolic equation involving the
Hessian. NoDEA Nonlinear Differ. Equ. Appl 24(4), 41 (2017)

@ Springer



Applied Mathematics & Optimization (2021) 83:1651-1707 1707

34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

Xu, G.Y., Zhou, J.: Global existence and blow-up of solutions to a singular non-Newton polytropic
filtration equation with critical and supercritical initial energy. Commun. Pure Appl. Anal. 17(5),
1805-1820 (2018)

Xu, G.Y., Zhou, J.: Global existence and finite time blow-up of the solution for a thin-film equation
with high initial energ. J. Math. Anal. Appl. 458(1), 521-535 (2018)

Yang, Y., Tian, X., Zhang, M., Shen, J.: Blowup of solutions to degenerate Kirchhoff-type diffusion
problems involving the fractional p-Laplacian. Electron. J. Differ. Equ. 2018(155), 1-22 (2018)
Zeidler, E.: Nonlinear functional analysis and its applications. I. Springer, New York (1986)

Zhang, H., Liu, G., Hu, Q.Y.: Exponential decay of energy for a logarithmic wave equation. J. Partial
Differ. Equ. 28(3), 269-277 (2015)

Zheng, S.: Nonlinear evolution equations, vol. 133 of Chapman & Hall/CRC Monographs and Surveys
in Pure and Applied Mathematics. Chapman & Hall/CRC, Boca Raton (2004)

Zhou, I.: L%-norm blow-up of solutions to a fourth order parabolic PDE involving the Hessian. J.
Differ. Equ. 265(9), 4632-4641 (2018)

Zhou, J.: Global asymptotical behavior and some new blow-up conditions of solutions to a thin-film
equation. J. Math. Anal. Appl. 464(2), 1290-1312 (2018)

Zhou, J.: Ground state solution for a fourth-order elliptic equation with logarithmic nonlinearity mod-
eling epitaxial growth. Comput. Math. Appl. 78(6), 1878-1886 (2019)

Zhou, J.: Global asymptotical behavior of solutions to a class of fourth order parabolic equation
modeling epitaxial growth. Nonlinear Anal. Real World Appl. 48, 54-70 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Affiliations

Hang Ding’ - Jun Zhou'

B Jun Zhou

jzhouwm@163.com

Hang Ding

1048750740@qq.com

School of Mathematics and Statistics, Southwest University, Chongqing 400715,
People’s Republic of China

@ Springer


http://orcid.org/0000-0003-0674-9154

	Global Existence and Blow-Up for a Parabolic Problem of Kirchhoff Type with Logarithmic Nonlinearity
	Abstract
	1 Introduction
	2 Main Results
	3 Preliminaries
	4 Proof of the Theorems
	References




