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Abstract

In this paper we study the problem of optimal dividend payment strategy which max-
imizes the expected discounted sum of dividends to a multidimensional set up of n
associated insurance companies where the surplus process follows an n-dimensional
compound Poisson process. The general manager of the companies has the possibility
at any time to exercise an irreversible switch into another regime; we also take into
account an expected discounted value at ruin. This multidimensional dividend problem
is a mixed singular control/optimal problem. We prove that the optimal value function
is a viscosity solution of the associated HIB equation and that it can be characterized as
the smallest viscosity supersolution. The main contribution of the paper is to provide a
numerical method to approximate (locally uniformly) the optimal value function by an
increasing sequence of sub-optimal value functions of admissible strategies defined
in an n-dimensional grid. As a numerical example, we present the optimal time of
merger for two insurance companies.

Keywords Mixed singular/switching control problem - Multidimensional compound
Poisson process - Optimal dividends - Optimal switching -
Hamilton—Jacobi—Bellman equation - Viscosity solutions - Convergence of
numerical scheme

1 Introduction

In this paper we study the problem of the optimal dividend payment strategy which
maximizes the expected discounted sum of dividends, in a multidimensional setup
of n associated insurance companies. We assume that the surplus process follows a
multidimensional compound Poisson process. The general manager of the companies
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has the possibility to exercise an irreversible switch into another regime at any time;
we also take into account an expected discounted value at ruin, which is due at the first
time of ruin of one of the companies, and may depend on the value of the surplus of all
the companies both at and before this time of ruin. This ruin value is a generalization
to the multidimensional setting of the Gerber-Shiu penalty functions introduced in
Gerber and Shiu [16].

The problem of optimal dividend payments in the one-dimensional case was pro-
posed by de Finetti [12] and it was studied in different model setups. In the compound
Poisson risk model, this problem was studied by Gerber [15] using a limit of an asso-
ciated discrete problem, and by Azcue and Muler [5] using a dynamic programming
approach; see also an overview on this problem in Schmidli [24] and in Azcue and
Muler [6]. For the limit diffusion approximations, see for example Asmussen and
Taksar [2] and for spectrally negative Lévy risk processes see, for instance, Avram et
al. [3] and Loeffen [21].

In the one dimensional case, the final value of the portfolio at ruin is non-positive
and it is called a penalty. Let us mention for instance Dickson and Waters [13], where
the shareholders take care of the deficit at ruin; Gerber et al. [18] where the penalty is
a function depending on the deficit at ruin; Thonhauser and Albrecher [26] where they
address the optimal dividend problem with constant penalty. The optimal dividend
problem in the spectrally negative Lévy setting was solved by Loeffen and Renaud
[22] with an affine penalty function, and by Avram et al. [4] with a general penalty
function depending on the deficit at ruin.

The one dimensional dividend problem with the possibility of an irreversible switch
was addressed by Ly Vath et al. [23] in the Brownian motion setup and by Azcue and
Muler [7] in the compound Poisson setting.

The problem of dividend payment in the case of two insurances companies in
the compound Poisson risk model was studied by Czarna and Palmowski [11] for a
particular dividend strategy of reflecting two-dimensional risk process from the line,
and by Albrecher et al. [1] where they study the optimal dividend strategy for two
collaborating companies.

In this paper, the multidimensional dividend problem is a mixed singular
control/optimal problem. Its associated Hamilton—Jacobi—-Bellman equation (HJB)
involves a first-order integro-differential operator, an obstacle operator and n derivative
constraints; the integro-differential operator corresponds to the discounted infinitesi-
mal operator of the compound Poisson process, the obstacle is related to the value of
the portfolio after switching and the derivative constraints are related to the dividend
payments of the companies. We prove that the optimal value function is a viscosity
solution of the HJB equation, that it can be characterized as the smallest viscosity
supersolution and also that a convergent limit of a family of admissible strategies that
is a viscosity solution of the associated HIB equation should be the optimal value
function (verification result). These results are natural extensions of the results of [7]
to the multidimensional setting.

The way in which the optimal value function solves the HIB equation in the n-
dimensional state space suggests the optimal local control: in the closed set where
the optimal value function coincides with the obstacle (switch region), an immediate
switch should be done; in the interior of the set where the integro-differential operator
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is zero (non-action region), no dividends are paid; and in the interior of the set in
which one or more of the derivative constraints are tight (dividend payment region),
the corresponding companies pay a lump sum of dividends. However, it is not clear
what the optimal local control is in the free boundaries between the non-action region
and the dividend payment region. In the one dimensional case the “free boundaries”
are indeed “free points”, and it can be seen that the optimal local control at these
points is just to pay all the incoming premium as dividends, so the control surplus
stays there until the arrival of the next claim. This is the reason why the optimal
strategy has a band structure and these free points can be obtained by one-dimensional
optimization techniques, see [7]. It is a hard task to obtain the free boundaries in the
multidimensional setting and there is no hope of finding a closed-form solution for the
optimal value function. The main contribution of this paper is to provide a numerical
method to approximate (locally uniformly) the optimal value function by a sequence
of sub-optimal value functions of admissible strategies defined in an n-dimensional
grid. These sub-optimal value functions solve a discrete version of the HIB equation,
and the corresponding sub-optimal strategies are constructed partitioning the grid
in switch, non-action and dividend payment regions; so we also obtain numerical
approximations of the optimal switch, non-action and dividend payment regions and
the free boundaries between them.

For a convergence analysis of a numerical scheme for multidimensional singular
control problems in the diffusion setting using Markov chain approximation meth-
ods, let us mention Kushner and Martins [20] and Budhiraja and Ross [9]; see also
the book of Kushner and Dupuis [19] for an exhaustive survey. Regarding conver-
gence of numerical schemes using the viscosity solution approach, let us mention for
instance Souganidis [25] and Barles and Souganidis [8], where they propose a numer-
ical scheme for non-singular control problems in the context of the diffusion setting;
roughly speaking, they prove that the solutions of the numerical scheme converge
to a viscosity solution of the associated HIB equation and then, using a uniqueness
argument, they obtain the convergence result. In the numerical method of the present
work, there is not uniqueness of viscosity solutions in the HIB equation; nevertheless,
we construct numerically an increasing sequence of value functions of a family of
admissible strategies whose limit is a viscosity solution of the associated HIB equa-
tion; then, using the verification result mentioned above, we deduce that this limit is
the optimal value function.

As an application, we present the optimal time of merger (as change of regime at the
switch time) for two insurance companies. We show examples where the non-action
region could be non-connected even for exponential claim size distributions. For a
criteria of merger being an advantage over keeping the two stand-alone companies
under barrier strategies see Gerber and Shiu [17].

The rest of the paper is organized as follows. In Sect. 2, we introduce the model and
derive some basic properties of the optimal value function. In Sect. 3, we show that the
optimal value function is a viscosity solution of the corresponding (HIB) equation; we
also characterize it as the smallest viscosity supersolution and give a verification result.
In Sect. 4, we construct a family of admissible strategies at any point in a suitable grid.
In Sect. 5, we show that the discrete scheme convergences locally uniformly by taking
a suitable sequence of embedded grids. In Sect. 6, we present examples of the problem
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of optimal merger time. Finally, in Sect. 7, there is an Appendix with the proofs of the
technical lemmas.

We use the following notation: R’} = [0, 00)", < refers to the element-wise order
onR", 1 =(1,1,...,1) € N", (¢);— ., is the standard basis of R", [X, y] =
{zeR": x<z<yLXVYy=(1VY,.. 0y Xa VI), XAY = (X1 AV, e ooy Xn A Vn)-

2 Model

Let us consider that the surplus process of n companies, or branches of the same
company, follows an n-dimensional compound Poisson process with drift, that means
that the uncontrolled process X; € R’ can be written as

N
X, =x"+pt - ) U 2.1)
k=1
Here x° R’} is the initial surplus, p = (p1, ..., py) where p; > 0 is the premium

rate of company i, N; is a Poisson process with intensity A and the downward jumps
Ui € R’} arei.i.d. random vectors with joint multivariate distribution function /. We
also assume that E( ||Ug||) < oo and F(0) = 0. We call t; the time of arrival of the
k-th jump of the process, so N; = max{k : 7y < t}.

We can describe this model in a rigorous way by defining its filtered probability
space (2, F, (Ft)s>0 » P), where

Q= [(‘L’k, Ui>1 € ([0, 00) X R’_;_)N T < Tk—H}

and F; is the o-field generated by the set {(tx, Ux) : 7 < t}. The uncontrolled
surplus process X is an F;-adapted cadlag (right continuous with left limits) stochastic
process. Each company pays dividends to the same shareholders, let L; € R’} be the
vector of cumulative amount of dividends paid out up to time # by each company;
we say that the dividend payment strategy L; is admissible if it is a non decreasing
process, cadlag, adapted with respect to the filtration (F;),~ and satisfies Ly > 0 and
L; <X;forany0 <t < L, where 7L is the time at which the process exits the set
R’ due to a jump, that is

"= inf{t : Xy, — Lo~ ¢ R (2.2)

We define the controlled surplus process as

X=X, - L,. (2.3)

It is not possible to pay any dividends once the controlled process X}‘ exits R’} so
we extend L, = L ._ for t+ > . Note that X%L = X£L7 — Uy, if tF = 1. At
time 7L, the shareholders pay a penalty U(X%L_, Uy,) (or get areward in the case that

v(X?L_, Uy,) is negative) depending on the surplus prior to ruin X?L_ and the size
Uy, of the last jump of the uncontrolled process. Denote
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B={x,0) e R xR} st.x—a ¢R}, 2.4)

the function v : B — R generalizes the concept of penalty at ruin. It is natural to
assume that the penalty function v (X, &) is non-increasing on X and non-decreasing
on o; furthermore, we assume that [E (Ju(0, U;)|) < oo. The manager of the company
also has the possibility at any time 0 < # < 7 to exercise an irreversible switch whose
value is associated to a given function f : R, — R. We assume that the function f
is either right continuous and non decreasing or continuous.

Given an initial surplus x > 0, let us denote by [l the set of all pairs 7 = (L, T)
where L is an admissible dividend payment strategy and T is a switch time. We define

= AL _
%) =By (J37 ea - dLy + Ip_gje T f(XE)

—ctl L L L 2:5)
_F, (1{?Z,L}e v (XTL, XL - XIL)>
for any w € Il and the optimal value function as
V(X) = sup, ¢, J (775 X). (2.6)

The value ¢ > 0 is a constant discount factor, and a; > 0 are the weights of the
dividends paid by the i-th company. The integral in (2.5) is defined as

t t
f e “a-dLy=a- L +f e “a-dL.
- 0

Note that we are allowing to make a lump dividend payment L+ — Lz_ at the switch
time T < 7! and also at time zero.

Remark 2.1 (on the multivariate compound Poisson process) The most important cases
of multivariate compound Poisson process we are considering in the examples corre-
spond to m independent sources of risk that are coinsured between the n insurance
companies with different proportions. More precisely, let us assume that there are m
independent (univariate) compound Poisson processes given by

N}
o)=Y u. .7)
k=1
where Ntl is a Poisson process with intensity A; and ui withk = 1,2, ... are i.i.d.

random variables with distribution F;. Assume that the total claim arrival process is
given by

N; m
> uj=Y Cla
j=1 =1
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and that the i-th company pays a proportion a;; of any claim of the /-th compound

Poisson process Cf. We denote A := (a;;) € R with Z?:l a;; = 1 and a;; > 0.

The compound Poisson process > /" ; C!(¢) has intensity » = > 7" | A;. Furthermore,
N, ,
Yui=4- (Cl(t), o cm(t)) : (2.8)
k=1

where N, = )" | N! is a compound Poisson process with intensity A = >")" | A; and
multivariate distribution

Fx)=PU<x)=) T’F, <min15i§n, 410 {x—’D :

=1 ail
Without loss of generality, we can assume that the columns a; := (a;;);=1,....n of
the matrix A are different, because if a;, = a;,, we can regard Chi(r) + CL(r) as

just one independent source of risk. For instance, in the special case in which the
n uncontrolled one-dimensional surplus processes of the companies are independent
compound Poisson processes with intensity A; and claim size distribution F; (x;) (i =
1,...,n), A would be the identity matrix and

Fx) =) aiFix)/h 2.9)

i=1

Remark 2.2 (on the penalty function v) Consider the multivariate uncontrolled Poisson
process (2.1) described in the previous remark. Suppose that the penalty (or reward)
function depends on two factors: (1) which of the m independent compound Poisson
processes (2.7) make the controlled process exit R} and (2) the deficit at this exit time.
Leta; = (aj1)i=1,....n be the [-th column of A, then we have that

m
v(x, ) = Y Ur(X — @) lja=pyay with 0} (2.10)
=1

where vy (X?L) is the penalty (or reward) when the process X}‘ exits R’} due to a jump
of C'.

Ifn = m = 1, this definition of penalty function v includes: (1) the penalty function
defined in Gerber and Shiu [16], taking v(x, @) = w(x, |[x — «|) > 0; (2) the case in
which the shareholders take care of the deficit at ruin, taking v(x, o) = o —x > 0
(Dickson and Waters [13] ); (3) the case in which the insurer earns continuously A as
long as the company is alive. This is equivalent to consider v(x, &) = A /c (Thonhauser
and Albrecher [26]).

In the multidimensional framework, the function v could be negative, and so con-
sidered as a reward. For example, in the case of two companies with independent
compound Poisson processes as in (2.9), we can consider the situation in which if one
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of the companies goes to ruin, the other survives and continues paying dividends with
its own optimal policy. In this case, A is the 2 x 2 identity matrix and

v(x, o) = — (Va2 (x;—ay <0} + VIxD Ixy—az <0}) » (2.11)

where V; is the optimal dividend payment function of the i-th company. Note that
v(X, &) is non-increasing on x and non-decreasing on .

Remark 2.3 (on the switch-value function f) The switch-value function f(x) can be
thought of as the price in which the shareholders can sell the shares when the controlled
current surplus of the n companies is x. It also can be though as the present value of
all the dividends paid in the future after a change of regime is decided by the manager
(this change of regime could have a cost); for instance, if the manager decides to merge
the n companies (that is the n companies put together all their surpluses, pay all the
claims and pay dividends until the joined surplus becomes negative). In the case of
merger,

fX) =Vyxr+x2+ ..o+ x0 — cp) Iz 4ot dxn=cn) (2.12)

where the one-dimensional function Vjs is the optimal dividend payment function
of the merger of all the companies and cjy > 0 is the merger cost. So, f is right
continuous and non decreasing. The case n = 2, A the 2 x 2 identity matrix, v as in
(2.11) and

fx1,x2) = Vi (x1 + x2 — ea) Iy +xa>cpp) (2.13)

corresponds to the problem of optimal time of merger proposed by Gerber and Shiu
[17]. The case where no switching is allowed is also included in this work, just consider
f small enough (see Remark 2.6).

In the next proposition we give sufficient conditions under which the function V is
well defined. We say that a function & : R’} — R satisfies the growth condition GC
if

h(x)/ho(x) is upper bounded in R”}, (2.14)
where
ho(x) := e 2i=1 i (2.15)

Proposition 2.4 If the functions f and S(X) = Supy.x )ep) (—V (X, @)) satisfy the
growth condition GC, then V is well defined, satisfies the growth condition GC and
V= —=E(v0,U)).
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Proof Take any initial surplus x > 0 and any admissible strategy 7 = (L, 7) € I,
since L; < X; < x + pt, we have (using integration by parts),

By (Ji T e dLi) = Bx (J§ T e dLio) + Lico)
< By (J5 T e d i+ pis) 4 = x4+ 2

So
?ATL p LG Xi
Ex / e Sa. dLS <a- (X+ _) < d1€2" i=1Dp, — dlhO(X)
_ c
ford; > 2nmax{ay,...,a,} max{pi, ..., pn}/c since
eﬁzy’:lj’i’:>l—i—i il
- 2n — Di

Consider the processes z; = X{‘ defined in (2.3) and let us call T = . We get that
Z(s) < x + ps and f satisfies (2.14) in R}, so

cxj

By (77 @) l(ear)) < doe™= P = doho(%)
for d; large enough. Similarly,
Ex (_e_CTU(Zr—» Zr— — Zt)l{rf?}) < Ex (e_CTI{rf?}S(Zr—))
< d3e> T = diho(x)

for dz large enough. Then J (7; x) (and so V (x)) satisfy the growth condition (2.14)
in R".. Finally, since t is the first time that the controlled process X! leaves R'.,
calling Uy, the jump size at T, we have z; = z,_ — Uy, > 0 — Uy, . Since —v(X, o) is
non-decreasing on x and non-increasing on &, we obtain taking the strategy with no
switching and no dividend payment, that

V(X) = By (—e T 0(ze—, Upy) = Bx (—e~T0(0, Uy,)) = —E (Ju(0, Up)]) .

]

Remark 2.5 Let us extend the definition of v to the closure of B as v(x,a) =
infg>q (x,8)eB V(X, B). Since —v(X, ) is non-decreasing on x and non-increasing
on o then

SupaZO’X—a¢R1 (_U(X7 a)) S maxi=],..‘n(_U(X7 -xiei))

and so the assumption on v of Proposition 2.4 becomes that max ;=1 (—v(X, x;€;))
satisfies the growth condition GC.
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Remark 2.6 By Proposition 2.4, taking any switch-value function f < —E (|u(0, Uy)|),
it is never optimal to switch. So, the problem of maximizing the expected cumula-
tive discounted dividend payments until 7% (without the possibility of switching) is a
particular case of the problem (2.6).

Remark 2.7 Consider fi < f>andv; > vy .Let Vy, o, and Vp, ,, be the corresponding
optimal value functions, then it is straightforward to see that Vi, ; < Vi, 4,.

Remark 2.8 Since the optimal dividend payment function in the one-dimensional prob-
lem has linear growth, see for instance Proposition 1.2 in [6]; the functions (2.11) and
(2.12) satisfy the conditions of Proposition 2.4.

In the next proposition, we show that V' is increasing and locally Lipschitz (so it is
absolutely continuous).

Proposition 2.9 V is increasing, locally Lipschitz in R} and satisfies for each x €
R}, h>0andl <i <n,

aih < V(X + he;) — V(x) < (e“‘“)h/l’f — 1) V(x).

Proof Given i > 0 and x € R}, consider for each ¢ > 0 an admissible strategy
7x = (L, T) € Iy suchthat J (;r; X) > V(x)—¢. Letusdefine an strategy 7 € ITxpe,
as follows: the i-th company pays immediately /4 as dividends and then follows the
strategy w € Ily. For each ¢ > 0, we get

V(x+ he)) > J(T;x+ he;) = J(7;X) +a;h = V(X) — e +a;h,

so we obtain the first inequality.
Now consider for each ¢ > 0and 1 <i < n, astrategy 7 = (L, T) € IIx4e, such
that

J(; X+ he) > V(X+he) —e.

Take now the following admissible strategy 7 = (L, ) € Ty starting with surplus
x: the i-th company pays no dividends and the other companies pay all the incoming
premium as dividends as long as XlL < X + he;; after the current surplus reaches
X + he;, follow strategy 7. Let us call 7/ the exit time of the process X}J It

T ::min{t:XF:X—i-hei],
then T = 7 + T and we get that p;t > h. So,

—cl
V() = J(@:x) = J(m;x + he)E (6 K I{r<rz}>

h

> (V(xX+ he;) — &) ¢ nPp (‘L’ < rz>

ol _ h
> (V(X+hei) —8)6 C”Mfl > f) — (V(x+hep) —e)e T,
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where 77 is the time of the first jump; so we get the second inequality. O

In order to distinguish the jumps of the controlled process due to the jumps of the
uncontrolled process from the ones due to lump dividend payments, let us define an
auxiliary process which includes the jump of the uncontrolled process occurring at
time ¢ but excludes the lump dividend payment occurring at this time as

X=X, -L_=Xx" - (X,_-X)). (2.16)

Note that X' = X» — Uy if 1 = 74 and X = X! otherwise. Also, Xl = )v(h

because no dividends are paid at the exit time L.

3 HJB Equation

In this section we show that the optimal value function V defined in (2.6) is a viscosity
solution of the corresponding Hamilton—Jacobi—Bellman (HJB) equation; moreover
we characterize the optimal value function as the smallest viscosity supersolution
with growth condition GC. We also give a verification result for V. These results are
a generalization to the multidimensional case of the ones given in Sect. 3 of [7] for
the one dimensional case.

The HIB equation of problem (2.6) can be written as

max{a — VV(x), L(V)(x), f(xX) — V(x)} =0, 3.1
where
LV)X)=pVVEX) —(c+MNVEX) +Z(V)X)—RX), (3.2)
IW)(x) := A/ W(x — a)dF(a) and R(x) := A/ v(x, a)d F (o).
(x—a)eR’, (x—a)¢R’
3.3)

As usual, the operator £ is the discounted infinitesimal generator of the uncontrolled
surplus process X, defined in (2.1); that is, for any continuously differentiable function
W : R — R, we have

£V = liy Ex (e”’W(i(,) — W),

Thus, if W is a solution of £L(W) = 0in an open setin R , then the process e~ W (X;)
is a martingale in this set.

The HJIB equation implies that £(V) < 0, the condition £(V) = 0 in an open set
in R, would suggest that (locally) the optimal dividend strategy consists of paying no
dividends as long as the current surplus is in this set. The HIB equation also implies
that V is always above f, so f can be interpreted as an obstacle in equation (3.1).
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Moreover, the condition Vy,(x) = ¢; in an open set means that (locally) the optimal
dividend strategy should be the one in which the i-th company pays immediately a
lump sum as dividends.

We prove in this section that, under the assumption

R : R’} — Ris continuous, (3.4

the value function V is a viscosity solution of the HIB equation (3.1). From now on,
we assume that this assumption holds.

Crandall and Lions [10] introduced the concept of viscosity solutions for first-
order Hamilton—Jacobi equations. It is the standard tool for studying HIB equations,
see for instance Fleming and Soner [14]. In the context of using viscosity solutions
for the problem of dividend payment optimization in the one-dimensional case, see
for instance [6].

Definition 3.1 (a) Alocally Lipschitz function u : R} — Ris a viscosity subsolution
of (3.1) at x € R} if any continuously differentiable function  defined in R}
with ¥ (x) = u(x) such that ¥ — ¥ reaches the maximum at x satisfies

max{a — Vy (x), L) (x), f(x) — ¥ (x)} = 0.

(b) A locally Lipschitz function u : R, — R is a viscosity supersolution of (3.1) at
x € R’ if any continuously differentiable function ¢ defined in R’} with ¢(x) =
u(x) such that u — ¢ reaches the minimum at x satisfies

max{a — Vo(x), L(¢)(x), f(x) —¢(x)} < 0.
(c) A locally Lipschitz function u : R} — R is a viscosity solution of (3.1) if it is

both a viscosity subsolution and a viscosity supersolution at any x € R’} .

In order to prove that V is a viscosity solution of the HIB equation we need to use
the following two lemmas. The first one states the Dynamic Programming Principle
(DPP); its proof follows from standard arguments, see for instance Lemma 1.2 of [6].
The proof of the second one is in the Appendix.

Lemma 3.2 Givenanyx € R’} and any finite stopping time T, we have that the function
V defined in (2.6) satisfies V (X) = Sup,_, 7)er, Vx,7(X), where
— L.~ p—
o700 = Ex ( R A (l{?/\?<‘EL}V(X%/\?)>
L L L
— ]Ex (I[‘L’Lf?/\?}u (XTL,7 XIL7 — XTL>) .

Lemma 3.3 Given any continuously differentiable function g : R’} — R, any admis-
sible strategy m = (L, T) € Ty and any finite stopping time T < T, consider

t

L= [dse Y, AL

0
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where ALy = Ly — Ls_ and LS is a continuous and non-decreasing process. Then
we have

(g<X%)I{r<rL} - U(XII_;’ X%* - X%)]{r:rL})eict —8(x)
T
= fo L& (X} ) e ¥ds — [§_e“a-dLs+ [ (a— Vg (X} )) -dLS
0
1

+ Z e—csf(a_vg ()V(A!‘—yALA)-ALS) dy + M(7);
Li#L;_,s<t 0

where M (t) is a martingale with zero expectation.

Proposition 3.4 The optimal value function V is a viscosity solution of the HJB equa-
tion (3.1) at any X in the interior of R'}..

Proof Let us show that V is a viscosity supersolution at any x in the interior of R’}
The inequality V > f follows from the definition (2.6) taking T = 0. Given any initial
surplus x in the interior of R, and any I € R’}, take & > 0 small enough such that
h(l — p) < x. Consider the dividend payment strategy L, = It for t < hA 71 and
L, =1(h A 11) for t > hA 71; also consider a switch time T > 7. Using Lemma 3.2
with stopping time T = h A 11, we get

hAty
V(x) = Ex <a ’ I/O e ds 4 e (I(/1Ar1<rL)V (X5A11> - I(TL=TlSh)U (X%I*’ Ul))) .

Let ¢ be a test function for supersolution of (3.1) at x as in Definition 3.1. We have,

p(x) = V(x)
> Ex (a . lfohml e_”ds)

+ Ex (eic(h/\tl) (I{h/\r1<rL}‘p (X%A‘[l) - [{tL=r1§h}U (X%l—’ Ul))) :

We can write

Ex (e—c(h/\Tl) (I{h/\T1<TL}(p (X}:Afl) — I{‘L’szlfh}v(th’ U])))
=Ex (Iih<r, ye~"p(x+ (p—D h)
+Ex (I, =iy [u, <x+p—neijeMo(x+ (p— D 1 — U)))
—Ex (I{Tlfh}I{Ul txrp-nme vE+H@E-Dr, U1)> :

Here ¢ means that at least one of the coordinates of the former vector is greater than
the corresponding one of the latter. Therefore, using that R is continuous,
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hAT)
0> (a-Dlimy_or tEx | [ e ds
0

+ limy o+ 3 (e *Tp(x+ (p— D ) — p(x))

+ limy o+ 7 Ex (Ir; <ny Lo, <x+-(p-nrje " ox + (p— D 1 — Up))

— im0+ 3 Bx (It < lu, <x+p-nmje v+ (p — D 71, Uy))
=a-l-(c+MNe@ +@E-D-Vox) +Z(p)(x) — R(x).

And so L(¢)(x) +1- (a — Ve(x)) < 0. Taking 1 = 0, we get L(¢)(x) < 0; taking
1 =le; withl — oo (1 <i < n), we obtain a — Vop(x) < 0. So V is a viscosity
supersolution at the point x.

We omit the proof that V is a viscosity subsolution in the interior of R’ . This result
follows from Lemma 3.3 and the proof is similar to the ones of Proposition 3.2 in
[7] for the unidimensional case with switching and of Proposition 3.2 in [1] for the
multidimensional case with no switching. O

Remark 3.5 In general, we cannot expect to have uniqueness of viscosity solutions of
the HIB equation (3.1). Take for instance the two dimensional case with independent
companies, the switch function f given in (2.13) and the function v defined in (2.11).
Consider the function Wi (x) := x; + x» + k forx € R2, and take ko large enough
such that,

ko

+
>¥, Vo(z) <z+ko, Vi(z) <z+ko and Vy(z) <z+cy +ko

for z > 0. Hence, we have for all k > kg that VW, (x) — 1 =0; f(x) — Wy (x) <0
and

LW (X) < p1+ p2 — (¢ + 1) Wi(x) + 2 Wi (X) Fi(x1) + 2 Wi (x) F2(x2)
FA1 (2 + )1 = Fi(x) + X1 + k)1 = F2(x2))
< pr+p2—(c+A) Wi(X) + A Wi (X) + Ao Wi (x)
=—cx1+x2+K)+p1+p
< 0.

Therefore, there are infinitely many viscosity solutions of the HJB equation (3.1).

The following lemma states that any viscosity supersolution with the appropriate
growth condition is above the value function of a family of admissible strategies. The
proof is in the Appendix.

Lemma 3.6 Fixx € R}, let u be a viscosity supersolution of (3.1) satisfying growth
condition (2.14) and take any admissible strategy m = (L, T) € Iy, then u(x) >
J(; X) (and so u(x) > V(Xx)).

There are not natural boundary conditions for the optimal value function V' (see for

instance Sect. 1.6 of [6] for a discussion about it in the one dimensional case). As a
consequence of the previous lemma, we get the following characterization result:
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Theorem 3.7 The optimal value function V can be characterized as the smallest vis-
cosity supersolution of the HJB equation (3.1) satisfying growth condition (2.14).

Also, we obtain immediately the next verification theorem.

Theorem 3.8 Consider a family of strategies (”x)xeRi where each nx € Tlx. If the
Sfunction W (x) = J (rx; X) is a viscosity supersolution of the HIB equation (3.1) in the
interior of R, then W is the optimal value function. Also, if for each k > 1 there exists
a family of strategies (n’]‘()XGRi with 71,](‘ € Iy such that W(X) := limg_, J(Jt,'f; X)
is a viscosity supersolution of the HIB equation (3.1) in the interior of R”, then W is
the optimal value function.

Remark 3.9 1t is easy to show that the function /¢ defined in (2.15) satisfies that bhg
are supersolutions of the HIB equation (3.1) for all b large enough.

4 Discrete Scheme

In this section we construct a family of admissible strategies for any point in a suitable
grid and then extend it to R’} . We will show in the next section that the value function
of these strategies converge to the optimal value function V' as the mesh size goes to
Zero.

Given any approximation parameter § > 0, we define the grid domain

G = {(mi8p1.....my8py) :m e N} .

The idea of the numerical scheme is to find, at each point of the grid G°, the best
local strategy among the ones suggested by the operators of the HIB equation (3.1);
these possible local strategies are: none of the companies pay dividends, one of the
companies pays a lump sum as dividends, or the manager of the company opts to
switch immediately. We modify these local strategies in such a way that the controlled
surplus lies in the grid after the arrival of a jump of the uncontrolled process. In order
to do that, let us introduce the functions gs : Ng — R, which relates the indices with
the corresponding points of the grid and p? : R’ — Nj which assigns to each point
points x in R’ the index of the closest point of the grid below x. More precisely,

g®(m) = (m18p1, ..., my8py) and p° (x) := max{m € N7 : ¢°(m) < x};

) _ )C_] Xn n
P = ([5171]"”’ [San <No

where [.] means the integer part in each coordinate. Note that p° is the left-inverse
function of g® and that

we can also write

(x) == g°(p"(x)) = max{y € G’ : y < xJ.
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Given any current surplus g‘3 (m) € G?, let T and U be the arrival time and the size
of the next jump of the uncontrolled process. We first define the n + 2 possible control
actions at any point of the grid G® as follows.

e Control action E¢: Pay no dividends up to the time 6 A 7. In the case that § < 7, the
uncontrolled surplus at time § is g‘3 m+1) e G%: and if § > 7, the uncontrolled
surplus at time t is

g‘s(m) +p—U.

If this vector is in R’} the companies pay immediately the minimum amount of
dividends in such a way that the controlled surplus lies in a point of the grid; this
end surplus can be written as g‘S (k), where

k= p’(g’(m) + 7p — U).
The amount paid as dividends is equal to
dm—Kk +p-U.

In the case that the surplus g’ (m) +tp—U ¢ R’} attime T < §, the process stops.
e Control actions E; with i = 1, ..., n: The i-th company pays immediately p;§
as dividends, so the controlled surplus becomes g‘S (m—e¢;) € G®. The control
action E; can only be applied for current surplus g’ (m) € G% if m; > 0.
e Control action E;: The manager opts to switch immediately and the process stops.

We denote the space of controls as

&= {ESv (Ei)izl no EO}

.....

Consider l'[‘z,a @ C I1,5(m) as the set of all the admissible strategies with initial

surplus g®(m) € G® which can be obtained by a sequence of control actions in £ at
each point of the grid. Let us describe the strategiesm = (L, T) € Hgé > Ve take, for
the first control action s1 is applied at the point g%(m) € G°, the second control action
57 is applied at the end surplus in G® resulting from the control action 57, and so on.
If the length of the sequence s is k < 0o, then s; should be either Eg or Eg. In the last
case, the end surplus resulting from the final control action s; is outside R’} due to the
arrival of a jump.

Take m* e N§ in such a way that g% (m¥) is the point of G in which the control
action s is applied; let 7 be the time at which the control action s is chosen; let Ay be
the time elapsed for the control action s; and let y* € G° U (Rﬁ)c be the end surplus
resulting from the control action sy.

Remark 4.1 Let us describe in a precise way the values of (m*, Ay, i, yk) kel

@ Springer



1628 Applied Mathematics & Optimization (2021) 83:1613-1649

o In the case that s; = E;, thenk < k, Ay = 0, fry1 = t, m*T! = m¥

yk — gS(mk+l)‘
e In the case that 5, = E;, then

—¢; and

k=k,txr=7,Ar, =0 and y*=g’m").

o In the case that sy = Eo, take ji := min{j : 7; > #} (so 7}, is the arrival time of
the first jump after #;); there are three possibilities:

(a) If T, > 1 + 6, then
k<k, Ax=368, fa1=n+8 mt=ml+1 andy* =4’ (mk“) )

(b) If 7, <t +8and g(m) + (tj, — ) p — U;j € R%, then
k < ]2, Ap =7Tj — ke, Ikl = Tjp, mFt!
= p*(¢"(m) + (zj, — 1) p — Uj) and y* = ¢* (m"+1).
(© Iftj <fr+dandy* = g°(m) + (vj, — &) p— U; ¢ R, then

k=k A=t —n and n+ A =1 =15

Defining ALy as the amount of dividends paid by the control action s, we have

Pi5ei if Sk = E,‘
AL =1 ¢ — (Ck)a if s = Eo, tj, € (%, tx + 8] and ¢ GRQ’_
0 otherwise,

where ji is defined in the previous remark and

¢ =g mb) + (¢, —n)p — U;.

8

Therefore, if the strategy 7 = (L, T) € I'Ig(3 (m)

strategy is

then the cumulative dividend payment

L= ) Al

k<k,n <t

and the switch time T is the time at which the control action E; is chosen. By con-

struction, if 7 € H‘Sga @) then Xk e G® forall k < k , also the set of times

{lk:kflz}g{ti—i-jcS:i,jeNoandjS%};
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here tp = 0. For the strategy (L, T) to be admissible, we need to assume the following
condition: If the arrival times and sizes of the claims of two elements in €2 coincide up
to time 7, then the corresponding sequences of control actions s = (sr),_; ; must
coincide for all k£ such that 7, < ¢.

The following lemma states that the sequences ();> do not have an accumulation
point, the proof is in the Appendix.

Lemma4.2 Givenrn € H‘Sgs(m), limy_ oo tx = 00 a.s. within the subset {l; = o0} C Q.

We define the G2-optimal function v® as the supremum of the value functions of
admissible strategies which are a combination of the control actions in &, that is

vVm)= sup J(r:; g’ (m)). 4.1)

mell’;
g% (m)

Remark 4.3 We will show in Proposition 4.5 that the supremum in (4.1) is indeed a

maximum, so there exists an optimal strategy in the class Hga )’

4.1 Characterization of the g‘? -Optimal Function

In this subsection, we show that the G° -optimal function v NS — R is a solution of
a discrete version of the HJB equation (3.1). We also see that v° can be characterized
as the smallest supersolution of this discrete HIB equation. Moreover, we prove that
there exists an optimal admissible strategy for the problem (4.1). This strategy, called
the G%-optimal strategy, is stationary in the sense that the control actions depends only
on the point of the grid at which the current surplus lies.

We now introduce some operators related to the control actions in &, these operators
will be involved in the discrete version of the HIB equation. Given any family of
admissible strategies 7 = (77 g5 (m))meNg With 775 () € 1'[2 5(my> W€ define the value
function w : Nj — R of 7 as

B(m) = J (Tgs () ¢ ().

Let us consider the admissible strategies with initial surplus g®(m) € G° which
consists of applying first one of the control actions in &£, and afterwards applying the
strategy in the family 7 corresponding to the end surplus (if it is possible); the value
functions of these strategies are given by

To()(m) := w(m + 1)e~ M8 4 T9(F)(m) — f(f e~ MR (g% (m) + tp)dt ,
(4.2)
T;(w)(m) := W(m — ¢;) 4 8a; p; and Ty ()(m) := f(g’(m)), (4.3)
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depending on which control action in £ is chosen. Here,
Z° (w)(m)

s [ m)+ep
= [ ( [ ke @y (8 (g(m) + 1p — o)) dF(oz)) dt
0 0

5 [ g% (myrp s
+ [ [ retira. (g‘s(m)—i-tp—oc—(g‘s(m) +1p—a) ) dF (@) ) dr.
0 0

4.4)

We can consider Ty, T; and T as operators in the set of functions {w :Np — R}; we
also define the operator T as

T = max{To, (T)iz1..n» Ts). 4.5)

The following lemma is technical and the proof is in the Appendix.

Lemma 4.4 The operators To, T;, T; and T are non-decreasing and T satisfies,

supmeNg |T (w1)(m) — T (w2)(m)| < SqueNg |lwi(m) — wy(m)] .

Moreover, To(w), Ti(w) and T;(w) can be written as a linear combination of the
values of w(m) with m € Nj plus a constant.

We define the discrete HJB equation as

(T (w) — w) (m) = max{To(w) — w, (T;(w) —w)i—; ., Ts(w) —wim) =0
(4.6)

for m € Nij. Analogously to Definition 3.1, we say that a function w : Nj — Riis a
supersolution of (4.6) if T (w) —w < 0, and a function w : Nj — R is a subsolution
of (4.6)if T(w) —w > 0.

The following results are the discrete versions of Propositions 3.4, Lemma 3.6,
Theorems 3.7 and 3.8. The discrete version of the growth condition (2.14) is given by

—c Z’.I_ mis . n
w(m)e 2n ~—~i=1"° is upper bounded in N. “4.7)

Proposition 4.5 The function v° : Ny — Riiswell defined and it is a solution of (4.6).
Moreover; given an initial surplus g° (mg) € G°, there exists a G®-optimal strategy

) 8
T s mg) € Hgﬁ(mo) such that

v (mo) = J (7] 3 8° (M0))

This G%-optimal strategy is stationary in the following sense: the control action sy in
the sequence s = (sr),_, _j depends only on the current surplus g° (mk) e gl

,,,,,
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Proof By definitions (2.6) and (4.1), we have

f(g8m)) < v¥(m) < V(g¥m)),

so v® is well defined.

Let us prove that v o= T(v‘s). Take a sequence (p;);>1 of families of strategies

— l ; ! 8
DI = (]Tg‘s(m)>meNg with Tosmy € I'Igé(m) such that

W) — J (nl : ‘S(m)) <1
g (m)’ 8 =

for all m € N§j. Define w; : Njj — R as w;(m) = J(rréa(m); g%(m)), by Lemma 4.4,
we have that

T (%) (m) = Jim 7 () (m) < v’ (m).

On the other hand, since né 5(my €40 be obtained by a sequence of control actions

$ = (Sk),_; jand atany point g% (m) of the grid all the value functions of strategies

.....

35(m) are below va(m), we have by definition of T given in (4.5), that w;(m) <

T (v®)(m). So taking the limit as / — 0o, we obtain that
v’ (m) < 7(°)(m).

Finally, since v® = T (v%), we can define for any m € N, a control action S(m) € &£
in the following way:

o If 7, (v*)(m) = v°(m), take S(m) = E;.

o If Tp(v?)(m) = v®(m), take S(m) = Ey.

e and if 7;(v®)(m) = v®(m) for some i = 1, ..., n, take S(m) = E;.

B

g% (mp)
defined inductively as follows: s; = S(mg); assuming that s1, s2, . .., sx—1 are defined

and the process does not stop at step k — 1, we define s = S (mg) where g° (mé) €
G? is the end surplus of s;_. m]

Given an initial surplus g°(mg) € G?, the G%-optimal strategy 7155 (mg) € I1 is

Analogously to Remark 3.5, we cannot expect in general to have uniqueness of
viscosity solutions of the discrete HIB equation (4.6). For instance, in the two dimen-
sional case with independent companies, the switch function f given in (2.13) and the
function v defined in (2.11), we have that

n
w(m) =Y "pim;s +k

i=1

is a solution of (4.6) for k large enough. The following lemma is the discrete version
of Lemma 3.6, the proof is in the Appendix.
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8
% (m)
(4.6) with growth condition (4.7), we have that J (r; g‘S (m)) < w(m).

Lemma4.6 Givenanynm = (L, T) € Il and any supersolution w : Nj — R of

From Lemma 4.6, we obtain the following theorems.

Theorem 4.7 The G®-optimal value function v® : Ni — R can be characterized as
the smallest supersolution of the discrete HIB equation (4.6) with growth condition
4.7).

Theorem 4.8 [f the function w : Nij — R with growth condition (4.7) is a supersolu-
tion of (4.6), and also satisfies that for any m € N2, w(m) is either J (r; g% (m)) with

§ : .50 : § _ .8
T E l'[ga(m) or limy_,  J (775 g°(m)) with m; € Hgﬁ(m) foranyl > 1, then w = v°.

4.2 Construction of the G%-Optimal Strategy and the G®-Optimal Function

In this subsection we construct recursively the G?-optimal strategy and the correspond-
ing G%-optimal function.

Since T defined in (4.5) is not a contraction operator, v
numerically as a fixed point; so we construct value functions vl‘s of strategies in I1

8 can not be obtained

8

g% (m)

which can be calculated explicitly by (4.2), (4.3) and (4.5) such that vf V vWasl — oo.
Let us define iteratively the families of strategies 7; = (né s (m))meNg foreachl > 1

in the following way:
. . . ~ 1 " 1 ‘S
(1.) We start.W1tI.1 thej fam1l¥ of strategies 1] = (ng5 (m))mENQ where s my € Hga (m)
consists of switching immediately; the value of this strategy is

vi(m) == f (¢’ (m)).

. . . ~ _ [ . l P
(2) Given the family of strategies 7; = (T[ga (m))meNg with 7o ) € I1 e

w
g% (m)’
define the family 77,41 = (né;"(in ))meNg as follows: We choose for any m € Njj, the

I+1 8
best strategy Tosamy € I'Ig(; (m)

actions in £ and then continues with the corresponding strategy in the family 77;. The
value of this new strategy is given by

among the ones which initially follows one of control

vl (m) := T(v))(m) = T'(v})(m) form e NJ. (4.8)

Remark 4.9 vl‘s can be thought as the maximum of the value function of strategies

s
T E Hgé(m)

[ and s; = Ej in the case that k = [.

where the length k of the corresponding sequence s is upper bounded by

In the next proposition we use Theorem 4.8 to see that the limit of vl‘S is indeed v°.

Proposition 4.10 We have that v}, | > v} for | > 1 and that lim;_, o, v = v’.
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Proof Take m € N7, it is straightforward to see by (4.8) that vg (m) > v‘lS (m); on the
other hand, the operator T is non-decreasing, so we obtain that vl5 = vl‘S forl > 1.
Then, there exists wo : Njj — R such that

wo(m) := lim v} (m) < V(g m)).

Note that all the functions vla are subsolutions (4.6 ) and that wy is a solution of (4.6)
because T (wg) = wop. Since wy satisfies the growth condition (4.7), wo coincides with
the value function v® by Theorem 4.8. O

4.3 Definition of the Value Function V2

In this subsection we define, using the G%-optimal functions and strategies, a family
of admissible strategies for any point in R’} and the corresponding value function Ve,

Definition 4.11 We use the Q‘S-optimal function v? : NS — R to define a function
Vé.G% - Ras

V9(g’(m)) := v’ (m)

for m € Njj. Note that V4(g%(m)) is the value of the G®-optimal admissible strategy

s
€ Hgs(m).

)
g am)
We construct now a family of strategies 7° = (”X)xeRfL , where myx € Iy, such
that the corresponding value function V3(x) = J(my; X) extends to R’ the function
defined in Definition 4.11. Take the strategy 7y € Iy which pays immediately x — (x)°
as dividends and then follows the G-optimal strategy nfx) s € H?x) s- We obtain that

V3R — Ris given by

Vix) = Vi(x)%) +a- (x — (x)%). (4.9)

5 Convergence of the Discrete Scheme

In this section we show the locally uniformly convergence of the discrete scheme
defined in the previous section by taking a suitable sequence of embedded grids.

In the next technical lemma, we show that the functions v? satisfy a §-locally
Lipschitz condition and a relation between v>® and v® which gives a monotonicity
condition on the embedded grids; the proof is in the Appendix.

Lemma 5.1 The functions v® defined in (4.1) satisfy:
(1) v’ (m + e7) — v*(m) = a; p;8 and v’ (M + 1) — v (m) < v° (M) —1);

) Higs m C ngga ) © Mags m) and so v (m) < v*(2m).
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Let us take §; := §/ 2k for k > 0. In the remainder of the section we will prove
that V% 7 V locally uniformly as k goes to infinity. Consider the dense set in R,
G = Us=0 G%. Note that G% c G%+1 so by Lemma 5.1-(2),

V% < Y0k <V
then we can define the function V : R} — Ras
V(x) := limgs oo V*(x). (5.1

Remark 5.2 We will prove that V is the optimal value function. In order to do that, we
will show that V is a viscosity supersolution of (3.1). It is straightforward to see that
V(x) is a limit of value functions of admissible strategies in Iy for all x € R’ so the
result will follow from Theorem 3.8. Since there is no uniqueness of solution of the
HIB equation, it is essential to show that this function is a limit of value functions of
admissible strategies.

In the next lemma, we find a bound on the variation of V% and we show that V is
locally Lipschitz in R’ and so it is absolutely continuous; the proof is in the Appendix.

Lemma 5.3 We have for each'y > x in R’} that

2 PICE Ol |
Vo) — Vi@ < [ — @)%, ;V‘Sk ((x v y)%) ( 5 ) +25a - p,
and also
a-(y—x) <V -V < V(Y)@ Iy —xlly,
where p :=min;—i, __, pi.

In the next two propositions we address the convergence of V% to V and we prove
that V coincides with V.

Proposition 5.4 For any § > 0, V% 7V locally uniformly as k goes to infinity.

Proof Consider a compact set K in R”, x! € K and ¢ > 0. Let us take an upper

bound z € R’} of K. We show first that there exists ko large enough and n > 0 small
enough such that if ||x —x! ”1 < nandk > ki, then

Vx) - Vix) <e. (5.2)
Indeed, by pointwise convergence at x', there exists k1 such that

Vix' — v <e/3fork > k. (5.3)
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By Lemma 5.3, there exists 1 such that if Hx —x! ||1 < n1, then
)V(x) — V(xl)‘ < /3. (5.4)
Also, from Lemma 5.3, there exists 1, and k» such that if Hx —x! Hl < 11, then
Voo - Vi) < ¢ (0 0—p" ()| V@2e ™ /p+ 28 p < /3
(5.5
for k > ky. Therefore, taking n := ny A o, for k > ko := ki V k>, we obtain (5.2)

from (5.3), (5.4) and (5.5).
Finally, we conclude the result taking a finite covering of the compact set K. O

Proposition 5.5 The function V defined in (5.1) is the optimal value function V.

Proof By Remark 5.2, it is enough to prove that V is a viscosity supersolution of (3.1)
in the interior of R’} . Take x in the interior of R’} and a differentiable test function
¢ : R’ — R for viscosity supersolution of (3.1) at x?, that is

V(x) > ¢(x) and V(x%) = p(x"). (5.6)

Since G is adense setin R”, we obtain by the continuity assumptions on the function f
givenin Sect. 2and (5.1) that f < VinR”,so f(x°)—¢(x") < 0. By Proposition 5.3,

V() -V >a-(y—x)

for all y > x, so it holds that a — Vg (x") < 0. In order to prove that £(¢)(x?) < 0,
consider now for n > 0 small enough,

0100 = 90 =1 (x=x") -(x = x).
Given k > 0, the set G% N [0, x0 + 1] is finite, so we can define
a := mings, o 0,1 {V*(X) — 9 (®)}. (5.7)
Since V% < V, we have from (5.6), that a,'z < 0. Taking
0 < by = maxgs g x041) (V- Vo),

by Proposition 5.4, by — 0 as k — oo. For all x € G% N[0, x° + 1] we get from
(5.6),

VOX) — 0y (x) = V¥ = V) + V&) — o) + 7 (x = x°) -(x = x?)

; —br +1 (x — XO) (x —x%).
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Then, the minimum argument in (5.7) is attained at xk € G5 such that

(xk — XO> ~(xk —-x%) < bir/n.

k

Then, we have x* — x° and a,:’ — 0 as k goes to infinity. So

VO (x) > @p(x) + a] forx € G N[0, x° + 1] and V* (x*) = ¢, (x") + a].

5 x : 5 (| 2 x
net ([2h] [ ]) - ([ ] [2]) <o

we obtain

Since

0> e (M (VSI‘ xk + Skp))
2 (g (6 10— ) 4P @)
— fk e IRk + p)dr — VO (xb)

> ¢ (T (g, (X + 5ip) — g, (xD))

— (o) + a)) (1 — e~ (HP%)
+ o helethr (/050[5,(% (@n(p™ (x* +1p — &) +a) dF <a)) dt
S he™ (oo (a : (xk +ip—a—(x+rp— u)8k>) dF (a))dt
- f(fk e~ IR (xK 4 rp)dr.

Dividing by 8y, taking k to infinity and using the continuity of R, we get L(¢,) x% <o.
Finally, since Vg, (x%) = Vop(x°) and @y /" @asn N\ 0, we obtain that L(p)(x%) <0
and the result follows. O

From Propositions 5.4 and 5.5, we conclude the main result of the paper.

Theorem 5.6 Forany § > 0, the functions V% 7V =V locally uniformly as k goes
to infinity.

6 Optimal Merger Time

Let us assume that the uncontrolled bivariate surplus X, of two insurance companies
with the same shareholders follows the process (2.1). Both branches pay dividends up
to the time of their respective ruin tli with i = 1, 2, but the shareholders have the
possibility of merging the two branches at any time T prior to T = L1 A 2 (as
defined in (2.2)); at this time the branches put together all their surplus, pay the claims
of both branches and pay dividends until the joined surplus becomes negative, see e.g.
Gerber and Shiu [17]. The aim is to find both the dividend payment policy and the
merging time which maximize the expected sum of all the discounted dividends paid
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to the shareholders. This problem corresponds to (2.6) wheren =2,a = (1, 1), A is
the 2 x 2 identity matrix, the function v is defined as in (2.11) and the the switch-value
function f is defined as in (2.13). In the numerical examples, we consider

A A
F(x1,x2) = Play < x1,00 <x) = Tla — ey 4 72(1 — o0

with d; = 3 and d» = 3.5. Note that the above formula for F corresponds to the case
in which the surplus processes of the two branches are independent, as we pointed out
in (2.9); so the function

A A
R(x1. x2) = 71 Va(xp)e ™41 4 72 Vi(xp)e v

is continuous in Ri. The parameters of the merger company (that is a one dimension
problem) are Ayy = A1 4+ A2, py = p1 + p2 and Fy(x) = F(x, x).

In the first example, we consider A = 2.4, Ao =2, A = A1+ X2, p1 = 1.08, p» =
0.674,¢ = 0.11,8 = 1/60 and ¢ = 0. In Fig. 1, we show the G®-optimal strategy:
the merger region is in black, the non-action region in white, the dividend payment
region for the first company in dark grey and the dividend payment region for the second
company in light grey. Note that the non-action region has two connected components;
in the one on the top, the optimal strategy is to withhold dividend payments in order
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to reach the merger region, and in the white rectangle on the bottom the optimal
strategy corresponds to the non-action region of the stand-alone problem (in which
the companies never merge). This figure suggests that, as § — 0, the optimal local
control in the boundary between the non-action rectangle and the dividend payment
region for the second company region (light grey), should be that the second company
pay the incoming premium as dividends while the first company pays no dividends, so
the bivariate control surplus stays on the top boundary x, = 0.33 of the rectangle and
moves rightward at constant speed p; to the point (1.42, 0.33), which corresponds to
the right-top corner of the rectangle (until the arrival of the next claim). Analogously,
the optimal strategy in the right boundary x| = 1.42 of the non action rectangle should
be that the first company pay the incoming premium as dividends while the second
company pay no dividends, in this case the bivariate control surplus stays on the right
boundary of the rectangle and moves upward at constant speed p» to the righ-top
corner (until the arrival of the next claim). At this corner, both companies pay their
incoming premium as dividends and the surplus process remains constant (until the
arrival of the next claim). It is more difficult to guess the optimal local control (as
8 — 0) in the boundary between the upper connected component of the non-action
region and the dividend payment region for the second company region (light grey).
Our conjecture, assuming some regularity on this boundary, is the following: In the
upper part of this boundary (up to the furthest point to the right), the second company
should pay dividends with some rate in such a way that the bivariate control surplus
stays in this part of the boundary (moving downwards), and in the lower part of this
boundary, the second company should pay a lump sum in such a way that the bivariant
surplus reaches the line x, = 0.33.

In the second example, we consider A; = 2.44, Ao = 222, A = A1 + A2, p1 =
1.100, p» = 0.825, ¢ = 0.1, 6 = 1/50 and ¢y = 0.364. In Fig. 2, we show the
G’-optimal strategy; the regions are described with the same colors as before. This
figure suggests that, as § — 0, the optimal local control in the boundary between the
non-action region (white) and the dividend payment region for the second company
(light grey region), would be -assuming some regularity on the boundary- that the
second company pay dividends with some rate in such a way that, in the absence
of a claim, the bivariate control surplus stays in the boundary. This control surplus
would move downward (because the second company is paying more dividends than
the incoming premium rate) and rightward (because the first company is receiving
the incoming premium rate and not paying dividends). Eventually, in the absence of
claims, the bivariate surplus reaches the point (1.61, 1.06) at which the light grey, the
dark grey and the white regions meet. At this point, both companies should pay the
incoming premiums as dividends and the bivariate surplus process remains constant
until the arrival of the next claim. Similarly, the optimal local control in the boundary
between the non-action region (white) and the dividend payment region for the first
company (dark grey region), would be -assuming some regularity on the boundary-that
the first company pay dividends with some rate in such a way that, in the absence of a
claim, the bivariate control surplus stays in the boundary. This control surplus would
move leftward (because the first company is paying more dividends than the incoming
premium rate) and upward (because the second company is receiving the incoming
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premium rate and not paying dividends). Eventually, in the absence of claims, the
bivariate surplus reaches the point (1.61, 1.06).

7 Appendix

This section contains the proofs of all the lemmas.

Proof of Lemma 3.3 Let us extend the function g to R" as g(x) = 0 for x ¢ R’} and
the function v to R” x R’jr as v(x, @) = 0 for (R" x R".) /B, where B is defined
in (2.4). Using the expressions (2.1 ) and the change of variables formula for finite
variation processes, and calling z; = X and z; = X , We can write

g(z)e ™" — g(x)
= fo P-Vg(zs_)e “ds —c [ g(z;—)e ds
—fo e (Ve@)dL) + Y (g) —g@E)e™™ (7.1

Ly#Ls—, s<t

+ Z (g(is) —g(zy))e .

Zy#25, S<T
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Note that z; € R’} for s < 7 except in the case that T = L. Since z, = 7, — AL,

—/O OV )dLS + Y (8(z) —g(@)) e ™

Ls#Ls—,s<t

T 1
= _f e_CXVg(Zsf)'dLg - Z e (/ (Vg (zs — y ALy) -ALy) d)/)
0 0

Ly#Ls—,s<t

T T
- _/ e a. dLy +f ¢~ (a — Vg(z,_)) -dLS
— 0

1
+ Y e*“‘/ (a— Vg (7 — yALy)) -ALgdy. (7.2)
Ly#L,_,s<t 0

Since

M= Y () —gz)e
Z(s—)#Zs— s <t
t

—)\/e_” / (g(zs— — o) — g(z5—)) dF(a)ds (7.3)
0 R
and

t

M,(t) = Z —v(Zg_, 2(s—) — Zs)e < + A / e / v(zs—, a)d F(o)ds

Z(s—)#25_ ,5<t 0 R
(7.4)
are martingales with zero expectation, we have from (7.1) and (7.2)
(g(ZT)I{'[<fL} - U(Z‘L’79 Zr_ — ZT)I{-[:-[L})e_CT - g(x)
= (8(27) — V(Zr—, Zr— — Z7))e™ " — g(X)
= f()r L(g)(zs—)e “ds — f()r_ e “a-dL;
+J5 e (@ = Vg(z,))-dLS
+ Y e [) (a— Vg (& — yALy) -ALy) dy + M(1);
Ly#Ls_,s<t
where M (1) = M (t) + M (t). O

In order to prove Lemma 3.6, we will use a technical lemma in which we construct
a sequence of smooth functions that approximate a (possible non-smooth) viscosity
supersolution. This is done in order to apply Lemma 3.3 to an approximate smooth
function instead of the viscosity supersolution; we have to do that because the amount
of time the controlled process spends at non-differentiable points of the viscosity
supersolution could have positive Lebesgue measure. We omit the proof of this lemma
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because it is similar to the one-dimensional version given in Lemma 4.1 of [6]; the
result is obtained by standard convolution arguments using that the function R is
continuous.

Lemma 7.1 Fixx° in the interior of R'} and let u be a supersolution of (3.1) satisfying
the growth condition (2.14). We can find a sequence of functions u, : R} — R such
that:
(a) uy, is continuously differentiable and u,, > u > f.
(b) uyy, satisfies the growth condition (2.14).
©) p-Viy < (¢ + A Uy + A lu(0)] + AE (Ju(0, Up|) in R} and a — Vu,, < 0.
(d) wy, % uniformly on compact sets in R’ and Vu,, converges to Vi a.e. in R'}..
(e) There exists a sequence cy, with mli_r)noo cm = 0 such that

SUPxe[0,x0] L(tm) (X) < cp-

Proof of Lemma 3.6 Consider the processesz; = XIJ definedin (2.3), letuscallt = 7%

and take T = T A 1. Let us consider the functions #,, defined in Lemma 7.1 in Rﬁ .
Using Lemma 3.3 for T A ¢, we get from Lemma 7.1 (a) and (c) that
U (2)e™ " Iy <7) + e~ f(2) [ nz=r,<r) — € TV (Zoms Zr— — 21) Lppt=r) — U (X)

< Um(z)e " Iy <7y + € Tl (20) [y pi=r.7<1) — € TV (Zr—, Zo— — Z1) L nT=r) — U (X)
< o L@ @Y ds — [17T e VadLg + Mt A D),

(7.5)

where M (t) is a zero-expectation martingale. Since L; is non-decreasing we get, using
the monotone convergence theorem, that

Jim Ex (f7 ™% Ly + ™7 f @) lntmr.re) = €TV @y 2em — 2) ini=r))

= J(m; x).
From Lemma 7.1(c), we have

— €+ V) un(X) + un(0)AF (x) — AE (jv(0, Up)
< L(>Um)(X) = At (X) + 2 [u(0)] + AE (jv(0, UD)) — Rx).  (7.6)

By Lemma 7.1(b), (c) and the inequality z; < X + ps, there exists dp large enough
such that

c n  Xjtp;s ¢
i (25) <l (X +Ps) < doe™ == = doho(x)et* (7.7)
and
—v(zs—, @) < S(z,) < doho(X)e?* for (z,— — ) ¢ R}, (7.8)
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where g and S are defined in (2.15) and Proposition 2.4 respectively. Therefore, from
(7.6), we obtain that there exists d; large enough such that,

e |LGn) (25-)| < dre” 2. (7.9)
And using the bounded convergence theorem,
IAT T
lim Ey (/ L(ﬁm)(zs_)e_”ds> = Ex (/ E(ﬁm)(zs_)e_”ds> . (7.10)
—00 0 0

From (7.5) and (7.10), we get

lim Bx (i (z)e ™" Iy <)) — im (x) < Ex ( / ' ﬁ(ﬁmxzs_)e”ds) — J(m: %),
—00 0

(7.11)
By (7.7),
lim Ey (Em(z,)e_”l{,<;}) =0. (7.12)
1—>00
Let us prove now that
T
lim sup Eg (/ ﬁ(ﬂm)(zs_)e”ds) <0. (7.13)
m—00 0
Given any ¢ > 0, from (7.9), we can find T large enough such that
7 2dy [ ¢
Ex ( / |£<ﬁm)(zs_>|e”ds) < (i) <2 (7.14)
TAT ¢ 2

Fors < T,we getz,_ € [0, x+ pT ], then from Lemma 7.1(e) we can find m large
enough such that for any m > my

T T c
/ L) (2s-)e”“ds < Cm/ e “ds < = =
0 0 c

| ™

and so we have (7.13). Thus, from (7.11) and using (7.12) and (7.13), we obtain
u(x) = limy,; o0 Uy, (X) > J(1; X). (7.15)
O

Proof of Lemma 4.2 Suppose that k = oo, calling
ki:=m14+ (- Dn+1,
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there are at least i; > [ control actions Eg in (sl, Ky T sk,). Let us consider the
non-decreasing sequence (j;); defined as

Jri=max{j:7; <y},
we have that t, > 7, + (i; — ji)d. If lim;_ o i; — ji = 00, then
limy s 00 1, > limy— 00 T, + (i — j1)8 > limy 00 (ip — j1)§ = 00;
if not, lim;_, o j; = 00 and so
limy o0ty > limyoo T + (@ — j1)d = limy 0 T

and since lim; . 7, = lim; o0 T; = 00 a.s., we have the result. O

Proof of Lemma 4.4 1t is straightforward that Ty, T;, Ty and T are non-decreasing and
that

SUPmeny [T (w1)(m) — T (w2)(M)| < supyeny (w1 (m) — wa(m)|.
Also, given a function w : Ng — R it is immediate to see that 7; (w) and Ty (w)

can be written as a linear combination of the values of w(m) plus a constant. Let us
prove now that

Tow)(m) = e~ “Pum+ 1)+ > atk, mwk) + ax(m),

0<k<m

Lemma 7.2 where
)

ai(k,m) = Ix<m—_1) [ he " “TPI(F (g% (m — k) +tp) — F(g° (m — k — 1) + tp))dt
0

)

Hikzmxgm-1) [ e FH(F (g’ (m — k)
0

+tp) — F(OV (¢° (m — k) + 1p)))dr

and
8 ¢’ m—Kk)+rp
a(m) = f (Ae_(”"\)’ S/ a-(gdm—k) +1p— oc)dF(oc)) dt
0<k<m—10 g8 (m—k—1)+1p
b ¢ (m—K)+1p
+ Y [ reterpr S/ a-(g®m—Kk)+1p—a)dF(a) |dt
k<m kg£m-10 0v (g% (m—k)+1p)

§
— [e MR (g5 (m) + tp)dt.
0
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Givenm € Nj,a € R, and 0 < # < § such that 0 < g‘s(m)—i—tp—a, let us define
k:=p’(¢’(m) + 1p — o),

and sok < m.
Ifk<m-—1,

g (k) < g’(m) +1p—a < ¢’ (k+1) < g"(m)
that implies
0<g®m—k—1)+mp<a<g®@m-Kk)+rp.
Ifk <mwithk ¢ m — 1,
g'(k) < g’(m) +1p—a < g’ (k+1) A (g"m) +rp)
and so
(8 m—-k—1) +1p) V0 <a<g’(m—k)+1rp.
Then, we can write

7% (w)(m)

_ 8 o (et [ & (m=K)+ip )
_ M;m R e ( JEimtotp dF (@) dr

_ S (m—K
N fy e ([P a (g m — k) + 1p — o) dF (@) ) dr
0<k<m-1

84 —(c+ny & m—Kk)+rp
Y wk) [P ’(f(ga(m_k_l)+tp)v0dF(a))dt

kfm,k;{m—l
8y —(c4mt (8 m—K)+ip s
X foke (f(g‘s(m—k—l)ﬂp)voa (¢’ (m—Kk)+1p—a) dF (o)) dt.
k<m ksfm-1
Therefore, from (4.2), we have the result. O

Proof of Lemma 4.6 The proof of this lemma is a discrete version of the one of Lemma
3.6. Assume that 1 = (L, 7T) € Hgé(m)' For any w = (t;,U;);>1, consider the
_____ ; with s; € € corresponding to 7 and m*, y* and times 7 and
Ay as defined in Section 4. Let (k7);> be the indices of the sequence s = (s¢),_;

.....

where sy is either E or Eo. If the sequence stops atk = Kk, < 00, we define
k] = ki, for I >y, Yags; = Ty + AKIO for j > 1;

and if k = oo we put [y = co. Consider the case in which the process goes to ruin at
Kk, that is y*! ¢ R’} ; then the surplus prior to the ruin is y*/ + U and the penalty paid
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at ruin is v(y* 4+ U, U), where U is the last jump of the uncontrolled process. So we
define, for [ > 1,

H() = w(m1+x,)1w =k [y erry — vy + U, U5, =gy [y grr ) + 'S (M) L5, =E, -

If we put H(0) = w(m), ko = 0 and 79 = 0, we have using (7;(w) — w);—; <0,

.....

l
e H () —wim) = 3 (¢ H () — e M HG =)
Jj=1
l

= X i (¢ HG) =M HG =)
j:
= . lI{Kj+l9é’(j]< e (Zk L) l(w(mk+l) —w(mk))>)
! (7.16)
—cte. . —cte
+ 2 figa (71 H() = ™" w(m))

1 Kjfl n
Zl{xj+1¢xj}< Y e e (Z( aipifS)I{sFEf}))

k= 1+Kj 1

! . —
+ 3 Hgparrey (e“’“-f+1H<j)—e N (m))
j:

—_

and since Top(w) —w < O and Ty (w) —w <0, if k41 # «j,

E (e H(j) = e "rwme)| 7))
=E (" H() — e T wmt) I, —kg)| F,)
+ 1, = ge ™ (f(g°(m)) — w(m*))
<E (6_“'(”‘ Lis,, =E0}(w(ml+"f)1{ykj err) — V(Y + U, U)I{ijggRi})‘ ftxj)
—Cly .

—e “YwmY) s, —k)

= "M Iy, k) (To(w) (M) — w(m*))

(7.17)

A f [ ae e (2500 —a — () - o) ) dF @
0 aecl0,z;(1)]

—M I, :Eo}f [ ae i (2500 —a () - o) ) dF @,
0 acl0,z;(1)]

where z; (1) = g‘S (m*/) + tp. From (7.16) and (7.17), and calling the initial surplus

x = g%(m) € G® we have,

[—o0

TATL
lim sup Ey (e_”'(t+1 H() — w(m)) < —Ex </ e “a. dLs) .
Then,

w(m) > J(m; g‘s(m)) 4+ lim sup Ex (I{lflo}e_c’lﬂlw(m1+K’)]{yK,eRn+}) .

[—o0
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Since

S m'") < g% (m + p°(t14.,P))

and w satisfies the growth condition (4.7), there exists d large enough such that

lim sup (Exl{gfzo}e_“””l w(m1+"’)l{yw €R1}>
[—00

<d lim Ey (I{klo}e—cm,q ecSm.l/(Zn)e%tHK[)) —0:
=00 -

so we have the result. O

8
£°(m)
T ob(mte;) € H‘Sg 5(mter) by applying first the control action E; and then the G®-optimal

Proofof Lemma 5.1 (1) Take the G°-optimal strategy n;; m €1 and define

strategy n;; m)’ The value function of this strategy is given by

a; pid + v’ (m),

s0 we obtain the the first inequality of this proposition. Now, take the G®-optimal

s s = s :
strategy T me1) € Hg5(m+1) and define @ ) € Hgﬁ(m) by applying first the

control action Eq and then the G®-optimal strategy 7153 D)’ Hence, we obtain the

g (m
second inequality from
v’ (m+ 1) e < Tp(o’) m) < T(%) (m) = v° (m).

(2) In order to avoid any confusion, in the remainder of the proof we put a superindex
8 to the control actions in G°. Note first that given any surplus in R”, the strategy of
paying dividends in such a way that the surplus goes to the nearest smaller point in G
corresponds to go first to the nearest smaller point in G® and then to apply (possibly) a
combination of control actions Ef’ s. Consider 79,45 () € Hzﬁs ) given by the random

sequence § = (sg),_; ¢ with

.....

i€ E¥ = {Ef“, (e). ,Eé“}.

i=1,...,n

P
2¢% (m)

, E?; if s = E_%‘S, we replace it by Ef; and if

We can see that 7545 () also belongs to I1 rewriting the sequence as follows: If

8

i

Sk = El_za’ we replace it by the pair E
Sk = E%‘S, we replaces it

e cither by Eg, Eg if the next jump in the uncontrolled process arrives at time 7 >
28;

e or by EJ, EJ, and a possible combination of EY’s, if it arrives at time 7 € (8,281,
so the surplus goes to the nearest smaller point in G*;
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e or by Eg, and a possible combination of Ef/ s, if it arrives at time 7 < §, so again
the surplus goes to the nearest smaller point in G2
So we have the result.

Proof of Lemma 5.3 Let us first prove that

|V (y) — V& (x)|

¢ _ 7.18
< 2V (v ) (S50 [ - ] +25ap,

for any x and y in R’} . Let us assume first that y > x. We have from Lemma 5.1,

VO (g% (m 4 €;)) — V% (g% (m))
< V(g% (m + 1)) — V% (g% (m)) < V% (g% (m))(e % — 1).

Let us call my = p%(y) and my = p% (x). Then,

Vik(y) — VO (x) < VO (g% (my)) — VO (g% (my)) +a- (y — g’ (my))

< (L) i)y, ) g
- pi

< (< v [ (i )], + -

Let us consider now x and y in R, consider mg = p%* (x A'y),

|V (y) — Vo (x)|
Vik(y) — V(X AY) + V(X)) — V*(x AY)
Loy y) (S50 (g (my —mo) |, + [ (me —mo) ) +25ca-p

e(ctM8 1

2y (x v ) (CEEL) [ (my —my) |, + 2500 p

IATA

IA

Therefore we have (7.18).
By definitions (4.9) and (5.1), and since T; (v‘s") < v,

V(y) = V(x) = V(y) — V¥(y) +a- g% (p*(y) — p*(x)) B
+a-(y — g% (p%(y) — pP (%) +x) + V¥ (x) — V(x);

taking the limit as k£ goes to infinity, we obtain the first inequality of the Lipschitz
inequality.
We can write, from (7.18),

V(y) = V(x) = V(y) — V*(y) + vsk (y) — V¥*(x) + V¥ (x) — V(x)
= V) = VEm + 3V (S5 8% (oH ) - o)
+28a-p+ vﬁk (x) — V(x);
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taking the limit as k goes to infinity, we obtain the second inequality of the Lipschitz
inequality. O
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