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Abstract

An existence result for a class of mean field games of controls is provided. In the
considered model, the cost functional to be minimized by each agent involves a price
depending at a given time on the controls of all agents and a congestion term. The
existence of a classical solution is demonstrated with the Leray—Schauder theorem;
the proof relies in particular on a priori bounds for the solution, which are obtained
with the help of a potential formulation of the problem.
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1 Introduction

The goal of this work is to prove the existence and uniqueness of a classical solution
to the following system of partial differential equations:

B Laurent Pfeiffer
laurent.pfeiffer @uni-graz.at

J. Frédéric Bonnans
frederic.bonnans @inria.fr

Saeed Hadikhanloo
saeed.hadikhanloo @inria.fr

Inria-Saclay and Ecole Polytechnique, Palaiseau, France

University of Graz, Graz, Austria

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-019-09592-z&domain=pdf
http://orcid.org/0000-0001-6766-378X

1432 Applied Mathematics & Optimization (2021) 83:1431-1464

(i) —ou—ocAu+ H(x,t,Vu(x,t)+ ¢(x,t)TP(t))
= flx,t,m@) (x,1) € Q,

@@i) oym —oAm +div(vm) =0 (x,1) € 0,
(i) P(t) = ¥ (1, [ra ¢ (x, Dv(x, DHm(x, 1) dx) refo. 7y, MFGO
(iv) v(x,t) = —H,(x,t,Vu(x,t) + ¢(x, )TP(t))  (x,1) € Q,

) mx,0) =mo(x), ulx,T)=gx) X e Td,

where u = u(x,t) e R,m = m(x,1) € R,v = v(x, 1) € RY, P = P(r) € RF, with
(x,1) e Q:= T4 x [0, T]. The parameters T > 0, ¢ > 0 are given and

H:(x,t,p) € 0 xRY > R, ¥: (t,z) € [0, T] x RF - Rk,
¢: (x,1) € Q — R4, fi@x.t,m) € Q0 xDi(T?) - R,
mo € D1 (T9), g:xeT¢ >R

are given data. The set D (T9) is defined as
Dl(’]I‘d):{meLoo(’]I‘dﬂsz,/ m(x) dx:l}. (1
Td

We work with Z4-periodic data and we set the state set as the d-dimensional torus
T4, that is a quotient set R4 / 74 . The Hamiltonian H is assumed to be such that
H(x,t,p) = L*(x,t,—p), for some mapping L, where L*(x,?, p) denotes the
Fenchel transform with respect to p:

H(x,t, p) == sup —(p,v) — L(x,t,v).
veRd

The mapping L is assumed to be convex in its third variable.
The function u, as a solution to the Hamilton—Jacobi—Bellman (HJB) in equation (i)
(MFGC) is the value function corresponding to the stochastic optimal control problem:

T
u(xa t) =inf E[/ L(X_Yv s, as) + <¢(Xss S)TP(S)»O[S) ds
a t
T
+ / f(Xs.5.m(s)) ds +g<XT>], 2)
t

subject to the stochastic dynamics dX; = oy ds + «/%dBS, X, = x € T?. The
feedback law v given by (iv) (MFGC) is then optimal for this stochastic optimal control
problem. Equation (ii)) (MFGC) is the Fokker—Planck equation which describes the
evolution of the distribution m (¢) of the agents, when the optimal feedback law is
employed. At last, (iii)) (MFGC) makes the quantity P (¢) endogenous.

An interpretation of the system (MFGC) is as follows. Consider a stock trading
market. A typical trader, with an initial level of stock Xy = x, controls its level
of stock (X;)se[0,7] through the purchasing rate «; with stochastic dynamic dX; =
o;dt ++/20dB;. The agent aims at minimizing the expected cost (2) where P (¢) is the
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price of the stock at time ¢. The agent is considered to be infinitesimal and has no impact
on P (t), so it assumes the price as given in its optimization problem. On the other hand,
in the equilibrium configuration, the price P(¢) (¢ € [0, T]) becomes endogenous and
indeed, is a function of the optimal behaviour of the whole population of agents as
formulated in (iii) (MFGC). The expression D(t) := de ¢(x, Hv(x, Hm(x,t) dx
can be considered as a weighted net demand formulation and the relation P = ¥ (D)
is the result of supply-demand relation which determines the price of the good at
the market. Concerning the role of the mapping ¢, one can think for example to
the case of two exchangeable goods, i.e. x € R?, with a price given by P(r) =
lI/(de (1 (x, vy (x, 1)+ Po(x, Hva(x, t))m(x, t) dx), where ¥ : R — R. The use of
a mapping ¢, which is valued in R'*? and whose values depend on the scale choosed
for the goods, is in such a situation necessary. Thus, the system (MFGC) captures
an equilibrium configuration. Similar models have been proposed in the electrical
engineering literature, see for example [2,10,11] and the references therein.

In most mean field game models, the individual players interact through their posi-
tion only, that is, via the variable m. The problem that we consider belongs to the more
general class of problems, called extended mean field games, for which the players
interact through the joint probability distribution p of states and controls. Several
existence results have been obtained for such models: in [13] for stationary mean
field games, in [15] for deterministic mean field games. In [6, Section 5], a class of
problems where p enters in the drift and the integral cost of the agents is considered.
We adopt the terminology mean field games of controls employed by the authors of
the latter reference. Let us mention that our existence proof is different from the one
of [6], which includes control bounds. In [3, Section 1], a model where the drift of
the players depends on p is analyzed. In [14], a mean field game model is considered
where at all time 7, the average control (with respect to all players) is prescribed. We
finally mention that extended mean field games have been studied with a probabilistic
approach in [1,8] and in [7, Section 4.6], and that a class of linear-quadratic extended
mean field games has been analyzed in [20].

A difficulty in the study of mean field games of controls, directly related to the
supply-demand relation mentioned above, is the fact that the control variable, at a
given time ¢, cannot be expressed in an explicit fashion as a function of m(-, t) and
u(-, t). Instead, one has to analyze the well-posedness and the stability of a fixed point
equation (see for example [6, Lemma 5.2]). In our model, if we combine (iii) and (iv)
(MFGC), we obtain the fixed point equation

v=—H,(Vu+¥(fpvm)) 3)

for the control variable v. A central idea of the present article is the following: equation
(3) is equivalent to the optimality conditions of a convex optimization problem, when
L is convex and ¥ is the gradient of a convex function @. This observation allows to
show the existence and uniqueness of a solution v (to equation (3)) and to investigate
its dependence with respect to Vu and m in a natural way. More precisely, we prove
that this dependence is locally Holder continuous.

The existence of a classical solution of (MFGC) is established with the Leray—
Schauder theorem and classical estimates for parabolic equations. A similar approach
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has been employed in [16], [17], and [18] for the analysis of a mean field game problem
proposed by Chan and Sircar [9]. In this model, each agent exploits an exhaustible
resource and fixes its price. The evolution of the capacity of a given producer depends
on the price set by the producer, but also on the average price (with respect to all
producers).

The application of the Leray—Schauder theorem relies on a priori bounds for fixed
points. These bounds are obtained in particular with a potential formulation of the
mean field game problem: we prove that all solutions to (MFGC) are also solutions to
an optimal control problem of the Fokker—Planck equation. We are not aware of any
other publication making use of such a potential formulation for a mean field game
of controls, with the exception of [17] for the Chan and Sircar model. Let us mention
that besides the derivation of a priori bounds, the potential formulation of the problem
can be very helpful for the numerical resolution of the problem and the analysis of
learning procedures (which are out of the scope of the present work).

The article is structured as follows. We list in Sect. 2 the assumptions employed
all along. The main result (Theorem 1) is stated in Sect. 3. We provide in Sect. 4 a
first incomplete potential formulation of the problem, incomplete in so far as the term
f(m) is not integrated. We also introduce some auxiliary mappings, which allow to
express P and v as functions of m and u. We give some regularity properties for these
mappings in Sect. 5. In Sect. 6 we establish some a priori bounds for solutions to the
coupled system. We prove our main result in Sect. 7. In Sec. 8, we give a full potential
formulation of the problem, prove the uniqueness of the solution to (MFGC) and prove
that (u, P, f(m)) is the solution to an optimal control problem of the HIB equation,
under an additional monotonicity condition on f. Some parabolic estimates, used all
along the article, are provided and proved in the appendix.

2 Assumptions on Data

Let us introduce the main notation used in the article. Recall that D; (T¢) was defined
in (1). For all m € D;(T¢), for all measurable functions v: T¢ — R< such that
[w()|2m(-) is integrable, the following inequality holds true,
2 2
[ veome axf < [ 1o P ax. @)
Td Td

by the Cauchy—Schwarz inequality.

The gradient of the data functions with respect to some variable is denoted with
an index, for example, H, denotes the gradient of H with respect to p. The same
notation is used for the Hessian matrix. The gradient of u with respect to x is denoted
by Vu. Let us mention that very often, the variables x and ¢ are omitted, to alleviate
the calculations. We also denote by f ¢vm the integral de ¢vm dx when used as a
second argument of ¥. For a given normed space X, the ball of center 0 and radius R
is denoted B(X, R).

Along the article, we use the following Holder spaces: C*(Q), C¥te(T9), and
2 142/2((), defined as usual with @ € (0, 1). Sobolev spaces are denoted by
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WP the order of derivation k being possibly non-integral (see their definition in
[19, section I1.2]). We fix now a real number p such that

p>d+2.
We will also make use of the following Banach space:

WP (Q) = LP(0, T; WP (T%) n WP (Q).

2.1 Convexity Assumptions

We collect below the required assumptions on the data. As announced in the intro-
duction, H is related to the convex conjugate of a mapping L: Q x RY — R as
follows:

H(x,t,p)=L"(x,t,—p) = sup —(p,v) — L(x,t,v). 5)

veRd

The mapping L is assumed to be strongly convex in its third variable, uniformly in x
and ¢, that is, we assume that L is differentiable with respect to v and that there exists
C > 0 such that

1

2
> —|vy — v/, Al
_Clz 1 (A1)

(Ly(x,t,v2) — Ly(x,t,v1), v2 — vp)

for all (x,t) € Q and for all v; and v, € R?. This ensures that H takes finite values
and that H is continuously differentiable with respect to p, as can be easily checked.
Moreover, the supremum in (5) is reached for a unique v, which is then given by
v=—H,(x,t,p),ie.

H(x,t,p) +L(x,t,v) +(p,v) =0 v=—Hyx,t, p), (6)

for all (x,t, p,v) € O x RY x R4,
We also assume that ¥ has a potential, that is, there exists a mapping @ : [0, T'] X
RF — R, differentiable in its second argument, such that

W(t,z) = D,(t,2), Y(t,2) €0, T] x RE )

2.2 Regularity Assumptions

We assume that L, is differentiable with respect to x and v and that ¢ is differentiable
with respect to x. All along the article, we make use of the following assumptions.
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2.3 Growth Assumptions

There exists C > 0 such that for all (x,¢) € Q,y € T¢, v € R?, 7 € R¥, and
m € Dy(T%),

o L(x,t,v) <C]*+C (A2)
o [L(y.t,v) — L(x,t,v)| < Cly — x|(1 + [v]) (A3)
o |W(,2)|=Clz|+C (A4)
o |f(x,t,m)| <C. (A5)

2.4 Holder Continuity Assumptions

e For all R > 0, there exists o € (0, 1) such that

L € C*(Bp),

Ly € C*(Bg,RY),
Ly € Ca(BRa RdXd),
Lyy € CQ(BRa RdXd)a

¥ e C*(B,,RY),
¢ € C*(Q, RF*d), (A6)
Dx¢ e Ca(Q,RkXdXd),

where Bk = O x B(RY, R) and B/, = [0, T] x B(R*, R).
e There exists & € (0, 1) and C > 0 such that

| f(x2, 12, m2) — f(x1, 11, my)|

(A7)
< C(lx2 = x1l+ |2 — 11|* + [Ima — m ||‘zoo(1-d)),
for all (x1, 71) and (x2, 2) € Q and for all m; and m, € D;(T9).
o There exists o € (0, 1) such that mg € C>T%(T¢), g € C**(TY). (A8)

Let us mention here that the variables C > 0 and « € (0, 1) used all along the
article are generic constants. The value of C may increase from an inequality to the
next one and the value of the exponent & may decrease.

Some lower bounds for L and for @ can be easily deduced from the convexity
assumptions. By assumption (A6), L(x, ¢, 0) and L,(x, #, 0) are bounded. It follows
then from the strong convexity assumption (A1) that there exists a constant C > 0
such that

1
E|v|2—C§L(x,t,u), for all (x,7,v) € O x R?. 8)
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Without loss of generality, we can assume that @ (¢, 0) = 0, for all 7 € [0, T]. Since
@ is convex, we have that & (¢, z) > (¥ (¢, 0), z), forall z € R¥. We deduce then from
assumption (A4) that

@(1,7) > —Clz|, forall z € R¥, )

where C is independent of ¢ and z.

Some regularity properties for the Hamiltonian can be deduced from the convexity
assumption (A1) and the Holder continuity of L and its derivatives (assumption (A6)).
They are collected in the following lemma.

Lemma 1 The Hamiltonian H is differentiable with respect to p and H), is differen-
tiable with respect to x and p. Moreover; for all R > 0, there exists a € (0, 1) such that
H € C%(Bg), Hy, € C*(Bg,R?), H,, € C*(Bg, R"*?), and Hp,, € C*(Bg, R?*?)

Proof Foragiven (x,, p) € Q xR, thereexists aunique v := v(x, ¢, p) maximizing
the function v € R? — —(p, v) — L(x, t, v), which is strongly concave by (Al). It
is then easy to deduce from (8) and the boundedness of L(x, ¢, 0) that there exists
a constant C, independent of (x, t, p), such that |v(x,?, p)| < C(|p| + 1). For all
(x,t,p) € O x R4, we have

p+ Ly(x,t,v(x,t, p)) =0. (10)

Since L, is continuously differentiable with respect to x and v, we obtain with the
inverse mapping theorem that v(x, ¢, p) is continuously differentiable with respect to x
and p.Let R > Oandlet (x1, t1, p1) and (x2, 12, p2) € Q X Br.Letv; = v(x;, t;, pi)
fori = 1, 2. We have |v;| < C, where C does not depend on x;, t;, and p; (but depends
on R). Moreover, we have

(P2 — p1,v2 — V1) + (Ly(x2, 12, v2) — Ly(x1, 1, v2), v2 — V1)
+ (Ly(x1, 11, v2) — Ly(x1, 11, v1), v2 —v1) = 0.

We deduce from (A1), Young’s inequality, and (A6) that there exists C > 0 and
a € (0, 1), both independent of x;, #;, and p; such that

1
Elvz — 12 < [{p2 — p1,v2 — v1)| 4+ [(Ly(x2, 12, v2) — Ly(x1, 11, v2), v2 — v1)]|

A

1 C
< £|P2 —pilP+elv—u >+ ?(Ixz —xi1|* + 10 —nl%),

for all ¢ > 0. Taking ¢ = 1/2C, we deduce that the mapping (x,?, p) € Br —
v(x, t, p) is Holder continuous. Since L is Holder continuous on bounded sets, we

obtain that the Hamiltonian H(x,t, p) = —(p,v(x,t, p)) — L(x,t,v(x,t, p)) is
Holder continuous on Bg.
One can easily check that H,(x,t, p) = —v(x,t, p), which proves that H, is

Holder continuous on Bpg. Finally, differentiating relation (10) with respect to x and
p, we obtain that
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Dyv(x,t, p) = — Lyy(x, £, v(x, 1, p)) ' Lyx(x, 1, v(x, 1, p))
Dpu(x,t, p) = — Lyy(x, 1, v(x, 1, p)) "

We deduce then with assumption (A6) that Dyv(x, t, p) and D,v(x, ¢, p) (and thus
Hp, and Hp),) are Holder continuous on Bg, as was to be proved. O

An example of coupling term  We finish this section with an example of a mapping
f satisfying the regularity assumptions (A5) and (A7). Let ¢ € L®(R?) be a given
Lipschitz continuous mapping, with modulus Cj. Let us set C2 = [|¢| oo (ra)- Let
K: Q x[—C>, C2] — R be a measurable mapping satisfying the following assump-
tions:

1. The mapping x € T¢ > K (x,0, 0) lies in Ll(Td).
2. There exist a mapping C3 € LY(T?) and « € (0, 1) such that for a.e. x € T¢, for
all 11 and 1, € [0, T'] and for all w{ and wy € [—C3, C2],
|K (x, 12, wp) — K(x, 11, wi)| < C3x) (112 — 11]% + [wa — wy[*).

Let us set ¢(x) := @(—x). We identify m € L (T¢) with its extension by 0 over R?
so that the convolution product below is well-defined:

mx@(x) = /Rd m(x —y)e(y)dy, x € T, (11

We keep in mind that m # ¢ is a function over T¢. Then
lm % @l oocray < I@llocnay = C2. forallm € Dy(TY). (12)
In a similar way we can define
Jr(x,t,m) = (K( t,m @) * @) (x), 13)

and we have that

I fx G, 2, m)ll pooeray < 1K G 1, m % @)l p1epay 19l oo (T
< (K0, 021 eray + 1C3ll L1 epay (T + @l oo ray) @ oo ey - (14
The specific structure of fx is actually motivated by the fact that under an additional

monotonicity assumption, fx derives from a potential (as proved in [4, Example 1.1]).
For the moment, we have the following regularity result.

Lemma 2 The above mapping fx satisfies assumptions (A5) and (A7).

Proof Assumption (A5) follows from (14). We next prove (A7). Let (x1, ) and
(x2, 1) € Q,letmy and my € Dy (T¢). Then

| fx (x2, 12, m2) — fx (x1, 12, m2)|
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< [|K(, 2, ma * ()| poo(aylp(x2 — ) — @(x1 — ) || poo(T0)
< CiClxa — x1].

Also,

| fk (x1, 12, m2) — fk(x1, 11, m1)|
< KCG 2, myx @) — KCytr,my % () | 1 eray 1@l oo (e
= C2||C3||L1(1rd)(|f2 —1|* + [(ma —my) * (p”ioo('ﬂ‘d))'

Finally, we have ||(m2 — m1) * ¢|l poo(pay < lm2 — millpoo(payll@ |l oo (e and thus,
assumption (A7) follows. O

3 Main Result and General Approach

Theorem 1 There exists « € (0,1) such that (MFGC) has a classical solution
(u,m, v, P), with

m e CZ+D(,1+0(/2(Q)’

ue CZ+D(,1+0(/2(Q)’

P € CY0, T; RY),

v eC*(Q,RY), Dy eC¥(Q,RI).

15)

The result is obtained with the Leray—Schauder theorem, recalled below.

Theorem 2 (Leray—Schauder) Let X be a Banach space and let T : X x [0, 1] - X
be a continuous and compact mapping. Let xo € X. Assume that T (x, 0) = xq for all
x € X and assume there exists C > 0 such that ||x||x < C forall (x,7) € X x [0, 1]
such that T (x, t) = x. Then, there exists x € X such that T (x, 1) = x.

A proof of the theorem can be found in [12, Theorem 11.6], for x9 = 0. The
extension to a general value of x( can be easily obtained with a translation argument that
we do not detail. The application of the Leray—Schauder theorem and the construction
of 7 will be detailed in Sect. 7. Let us mention that the set of fixed points of 7 (-, ),
for T € [0, 1], will coincide with the set of solutions of the following parametrization
of (MFGC):

(i) —du—ocAu+tH(Nu+¢TP(t)) =1f(m()) (x,t) € O,

(it) om — o Am + tdiv(mv) =0 (x,1) € Q,

(iii) P(t) =¥ (t, [ra ¢ (x, Dv(x, Hm(x, 1) dx) tel0,T], (MFGC,)
(v) v(x,t) = —Hp(x,t,Vulx,t) +¢(x,)TP(t)) (x,1) €0,

(v) m(x,0) =mo(x), ulx,T)=r1g(x) x eT9,
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Of course, (MFGC;) corresponds to (MFGC) for = 1. Let us introduce the spaces
X and X', used for the formulation of the fixed-point equation:

X = (Wz’l’p(Q))z, X =X x LOO(Q,R‘J) x L0, T; Rk)_

The HJB equation (i) and the Fokker—Planck equation (ii) are classically understood in
the viscosity and weak sense, respectively. However, due to the choice of the solution
spaces, we may interpret these equations as equalities in L”(Q): in particular, if
ue W2hP(Q)and P € L0, T; R¥), we have that Vu € L>®(Q; R?) (by Lemma
12), and thus H(Vu 4+ ¢TP(t)) € L°°(Q). A first and important step of our analysis
is the construction of auxiliary mappings allowing to express v and P as functions of
m and u. These mappings cannot be obtained in a straightforward way, since in (iii),
P depends on v and in (iv), v depends on P.

Lemma3 Let v € [0, 1], let (m,v) € W2LP(Q) x L®(Q,R?) be a weak solution
to the Fokker—Planck equation 0;m — o Am + tdiv(vm) = 0, m(-, 0) = mqo(-). Then
m > 0and forallt € [0, T), [3am(x,t) dx = 1.

Proof Multiply (MFGC,)(ii) by w(x,f) := min(0,m(x,?)). Use Vu(x,t) =

1n(x, <0y Vm(x, t), so that integrating (by parts) over Q; := T x (0, t), since v
is essentially bounded, we get that

1
5/ ,u(x,t)2 dx +U// |V/L(x,s)|2 dx ds = t// (v, Vu)m dx ds
Td t t
:I// (v,V,u),udxdst// |,u|2dxds+o/f |Vu|2dxds,
t t t

so that after cancellation of the contribution of Vu, we obtain, applying Gronwall’s
lemma to a(t) := de n(x, t)z, that a(t) = O for all + which means that m is non-
negative. Moreover, for all ¢ € [0, T,

/ m(x,t)dx = / m(x,0) dx + // o Am — tdiv(vm) dx ds.
Td Td t

Integrating by parts the double integral we see that it is equal to 0, and we conclude
by noting that [7y m(x,0) dx = [ra mo(x) dx = 1. ]

4 Potential Formulation

In this section, we first establish a potential formulation of the mean field game problem
(MFGC,), that is to say, we prove that for (u;, m¢, v;, P;) € X’ satisfying (MFGCy,),
(my, vy) is a solution to an optimal control problem. We prove then that for all 7,
v (-, t) is the unique solution of some optimization problem, which will enable us to
construct the announced auxiliary mappings.
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Let us introduce the cost functional B: W21-7(Q) x L®(Q, R?) x L®(Q) — R,
defined by

B(m, v; f):/f (L(x,t,v(x, 1) + f(x, 0)m(x, 1) dx dt
0

T
+/ <D(t, / ¢(x, Hv(x, t)ym(x,t) dx) dt +/ gx)m(x,T)dx. (16)
0 Td Td

We have the following result.

Lemma4 Forallt € [0, 1] and (ur, m¢, ve, Py) € X' satisfying (MFGC ), the pair
(my, vy) is the solution to the following optimization problem:

min B(m. v: fr), or: om — o Am + tdiv(vm) = 0, a7
me W2hr(Q) m(x,0) = mo(x),

v e L®(Q,RY)

where fr(x,t) = f(x,t,m¢(1)).

Remark 1 Let us emphasize that the above optimal control problem is only an incom-
plete potential formulation, since the term f; still depends on m .

Proof (Lemma4)Letus consider the case where T € (0, 1]. Let (m, v) € W12 (Q) x
L%(Q, R?) be a feasible pair, i.e., it satisfies the constraint in (17). For all (x, ) € Q,
we have v; = —H,(Vu; + ¢T P;). Therefore, by (5) and (6), we have that

L(v) > —HNVur +¢TPr) — <VMT +¢T Py, U),
L(ve) = —H(Vur +¢TPr) — <V“r +¢TPr, Ur>,

for all (x, ) € Q. Moreover, by Lemma 3, m > 0 and m,; > 0. Therefore,

L(v)ym — L(v;)m,
> —H(Vur +¢TP)(m —me) — (Vur +¢TPrvm —veme). (18)

Using (i) (MFGC;), we obtain

L(v)ym — L(v;)m,

1 ~
z —(=Ohur — o Aur =T fo)m —me) — (Vir +¢TPrvm — vemy).
After integration with respect to x, we obtain that for all ¢,

/fuwm—ummo+ﬁw—mam
T
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T

— (P, f¢(vm — UgMy)).

1
> —/ (—0iu; — o Au)(m —my) dx —/ (Vuy, vm —vemy) dx
Td Td

We obtain with the convexity of @ and (iii) (MFGC;) that

D ([Ppmv) — @([pveme) = (W ([Ppmevr), [d(vm — vemy))
= (Prsf¢(mv_mrvr)>~ (19)

Using the previous calculations to bound B (m, v; f,) — B(mz, ve; ff) from below,
we observe that the term (P, f ¢ (m — m,vy)) cancels out and obtain

B(m,v; fy) — B(my, ves fr)

1
> // ;(—B,u, —o0Au)(m —m¢) — (Vuy,mv — mpv) dx dr
0

+ /Td gx)(m(x, T) —me(x,T)) dx.

Integrating by parts and using (ii) (MFGC;), we finally obtain that

Blm. v J,) — Bmy, ves f2) = %/ 12 (0, ) (m (0, x) — m (0, x)) dx = 0,
T

as was to be proved. We do not detail the proof for the case t = 0, which is actually
simpler. Indeed, for T = 0, the solution to the Fokker—Planck equation is independent
of v and thus m = m in the above calculations. O

We have proved that the pair (m, v;) is the solution to an optimal control problem.
Therefore, for all 7, v, (-, ) minimizes the Hamiltonian associated with problem (17).
Let us introduce some notation, in order to exploit this property. For m € Dy (T?),
we denote by L,2n (T?, R?) the Hilbert space of measurable mappings v: T¢ — R?
such that [ [v|*m < oo, equipped with the scalar product Ja(v1, v2)m. An element
of Li (T?) is an equivalent class of functions equal m-almost everywhere. Note that
L®(T9) ¢ L2(T%).

Fort €[0,T], m € Dl(']I‘d), and w € L°°(’]I‘d, Rd), we consider the mapping

R= Li(Td, RY) > J(vit,m, w) = CD(t, [pvm) —i—/ (L(v) +(w, v))m dx.
Td

Combining inequalities (18) and (19) (with m = m), we directly obtain that for all
t €[0,T], forallv e L2 (T4, RY) withm = m. (-, 1),

J(vit,me(t), Vur (1)) = J (v (0); 1, me (1), Vue (1)).
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The following lemma will enable us to express Pr(f) and v, (-, ) as functions of
m.(-,t) and u, (-, t). The key idea is, roughly speaking, to prove the existence and
uniqueness of a minimizer to J(-; ¢, m, w).

Lemma5 For all t € [0,T], for all m € D](']Td), for all R > 0, and for
all w € L®(T4 RY) such that ||w| oo (pa gay
(v, P) € L®(T4,R?) x R*, such that

< R, there exists a unique pair

v(x) = —Hp(x,t,wx) +¢(x,0)TP), forae x € T,

P =w(, [¢pum). 20)
The pair (v, P) is then denoted (v(t, m, w), P(t, m, w)). Moreover, we have
V(. m, w) | opa gty < € and [P(t,m, w)| < C, @1
where the constant C is independent of t, m, and w (but depends on R).
Proof 1If the pair (v, P) satifies (20), then
v=—H,(w+¢T¥([pvm)) ae.onT. (22)

One can easily check that for proving the existence and uniqueness of a pair (v, P) sat-
isfying (20), it is sufficient to prove the existence and uniqueness of v € L>(T¢, R?)
satisfying (22). For future reference, let us observe that by (6), relation (22) is equiv-
alent to

T (x, W (t, fqbvm) + Ly(x,t,v(x)) + w(x) =0, forae.x € T<. (23)

Step 1 existence and uniqueness of a minimizer of J(-; ¢, m, w).
In view of (Al), v —~ de L(v)m dx is strongly convex over L,zn (T?, R?). Since the
sum of a Ls.c. convex function and of a l.s.c. strongly convex function is l.s.c. and
strongly convex, so is the function J (-; ¢, m, w). Thus, it possesses a unique minimizer
v in L2, (T, R?). We obtain

CUBIT (g gty = € = J @5 t,m,w)) < J (O 8,m,w) = C, (24)
so that ||D||i2 (T4 RY) < C, with C independent of 7, m, and w, but depending on R,

as all constants C used in the proof.

Step 2 existence of v(¢, m, w) and a priori bound.
One can check that the mapping év € LT, RY) +— J(© + 8v; £, m, w) is differ-
entiable. Since v is optimal, the derivative of the above mapping is null at v = 0 and
thus

[T, W (. [o V(I (x") dx') + Ly (x, 1, 5(x)) + w(x)]m(x) = 0,
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for a.e. x € T9. Using then the equivalence of (22) and (23), we obtain that
m(x) > 0= 0(x) = —Hp(x, 1, wx) + ¢T(x, D¥ (t, [ (x', HV(x)m(x") dx")),
for a.e. x € T¢. Consider now the measurable function v defined by

v(x) = —Hp(x, 1, w@x) + T (x, DO (1, [p (', v )m(x") dx'),

fora.e. x € T¢. The two functions v and & may not be equal for a.e. x if m(x) = Oona
subset of T of non-zero measure. Still they are equal in L2 (T¢, R?), which ensures in
particular that (¢ (x, ND(x")m(x") dx" = [¢(x', r)v(x")m(x") dx’ and finally that v
satisfies (22) and lies in L>° (Td, R%),asa consequence of the continuity of H), (proved
in Lemma 1). We also have that || 17||leﬂ (rd Ry = |Vl L2,(Td,RY) = C,by (24). Using the
Cauchy—Schwarz inequality and assumption (A6), we obtain that | [¢pvm| < C. We
obtain then with assumption (A4) that for P = ¥/ ( f ¢vm), we have | P| < C. Using
assumption (A6) and the continuity of H), we finally obtain that ||v]| co(pad gdy < C.
Thus the bound (21) is satisfied.
Step 3 uniqueness of v(¢, m, w).

Let v and vp € L%°(T?, RY) satisfy (22). Then D J (v;; t, m, w) = 0, proving that v,
and v, are minimizers of J(-; ¢, m, w) and thus are equal in L,zn (’]I‘d, Rd). Therefore
Jo(, Dvi(x)m(x") dx’ = [¢(x', )va(x")m(x") dx’ and finally that v; = vy, by
(22). O

5 Regularity Results for the Auxiliary Mappings

We provide in this section some regularity results for the mappings v and P. We begin
by proving that P(-, -, -) is locally Holder continuous. For this purpose, we perform a
stability analysis of the optimality condition (23).

Lemma6 Let t; and 1 € [0, T], let wy and wy € L®(T?, RY), let m| and m» €
D1(T9). Let R > 0 be such that ||w; | Loo(re rey < R, fori =1, 2. Then, there exist a
constant C > 0 and an exponent o € (0, 1), both independent of t1, t», wi, wa, my,
and my but depending on R, such that

[P(t2, ma, wa) — P(t1, my, wy)|
< C(Its = 011" + lws = 1§ g gy + M2 =1 pa)- 25)
Proof Note that all constants C > 0 and all exponents @ € (0, 1) involved below are
independent of #1, t2, w, wa, m1, and my. They are also independent of x € T< and
e>0.Fori = 1,2, wesetv; = v(t;, mj, w;) and ¢; = ¢ (-, 1;) € L>®(T?). By (21),

we have
[vill oo (1a Ry < C. (26)

By the optimality condition (23), we have that

oI (8, [ivimi) + Ly(ti,v;) + w; =0, forae x e T 27)
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Consider the difference of (27) for i = 2 with (27) for i = 1. Integrating with respect
to x the scalar product of the obtained difference with vym, — vim1, we obtain that
(a1) + (a2) + (a3) = 0, where

(a1) Z—/T;d (@I W (12, [povama) — @[ W (11, [Pp1vim1), vamy — vim) dx,
(a2) :/Td<L”(t2’ v2) — Ly(t1, v1), vomy — vimy) dx,
(az) =/ (wa — wi, vamy — vyimy) dx.

Td

We look for a lower estimate of these three terms. Let us mention that the term vomo —
vim1, appearing in the three terms, will be estimated only at the end.
Estimation from below of (a1). We have (a;) = (a11) + (a12), where

(a11) :/Td (BT W (12, [povama) — ¢ W (11, [Pprvamy), vamy — vimy) dx
(a12) :/Td (pTw (11, [Pprvama) — T W (11, [Pr1vimy), vamy — vimy) dx.

By monotonicity of ¥, we have that
(a12) = <‘1’(t1, [prvama) — W (11, [prvimy), /d prvomy — prvym dx> > 0.
T
Let us consider (aj;). We set

v = El/(ti,fd),-vzmz), fori =1,2,
E(x) = ()T, — d1(xX)TY,

so that (aj;) = de (&, vomy — vymq) dx. Using assumption (A6), one can check that
|¥;| < C and that |¥ — ¥ | < Clta — 11]*. Since & = (¢ — ¢1)T¥2 + ¢ (W2 — W),
we obtain with assumption (A6) again that

€1l oo (pe gy < C(1¥2 — Wil + 92 — D1l poo(pa pixay) < Clia — 11"

and further with Young’s inequality that
C e
@Dl =~ =01 + Zllvama = vimilIg 1 g pay.
Estimation from below of (az). We have (ap) = (az1) + (a22) + (a23), where

(a21) :/Td<L”(t2’ v2) — Ly(t1, v2), vamy — vimy) dx

@ Springer



1446 Applied Mathematics & Optimization (2021) 83:1431-1464

(a22) =/d(Lv(t1, v2) — Ly(t1, v1), v2(ma — my)) dx
T
(a23) =fd(Lu(t1, v2) — Ly(t1, v1), (v2 — v)my) dx.
T
As a consequence of (26), assumption (A6), and Young’s inequality, we have
1 2 g 2
|(a2])| = Z”Lv(léa UZ(')) - Lv(tla v2(.))”L°°(Td) + §||U2m2 —vimj ”Ll(']l'd,Rd)
< C o € 2
= ;|t2 - tll + 5”1)277’12 —vimj ”Ll('ﬂ‘d,Rd)'
By (26) and assumption (A6), |L,(f1, x, v;(x))| < C, therefore

|(@22)| < Cllma — mil| 1 (1a ey
Finally, since m > 0 and by assumption (A1), we have
1 2
(a3) = = | |v2—vi1["m; dx.
C Td
Estimation from below of (a3). Using (29) and Young’s inequality, we obtain that

1 )
2 2
|((13)| =< Z”wZ —wj ||L°°(T‘1,Rd) + E”U2m2 —vim] ”L](Td,]Rd)'

Conclusion. We have proved that

1
- f lv2 — 1 2my dx < (a23) = (a2) — (a21) — (a22)
Td

= —(ay) — (az1) — (ax) — (a3)
—(a11) — (az1) — (azx2) — (a3)

IA

IA

c 1 )
?|t2 - t1|m + Z”u& - wlllLoo('ﬂ‘d’]Rd)

3
+ Clima = millpira ay + Sellvama = vimi 71 o gy (28)

Let us estimate ||voma — vimi| p1(pd.re). Using the Cauchy—Schwarz inequality, we
obtain that

lvamy — Ulm1||L1(1rd,Rd) < llva(ma — ml)”Ll(Td,Rd) + [I(v2 — Ul)ml||L1(1rd,Rd)

12
< Cllma —mi|lp1(Td ey + </d |vy — U1|2m1 dx) . (29)
T
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Injecting this inequality in (28) and taking ¢ = 1/3C, we obtain that

/;Td w2 = w1 Py < € (12 = 01l =1 s poy + 12 = w11 s g g ) 30)

Let us prove (25). We have

/ prvamy dx —/ prvymy dx =/ (92 — p1)vomy dx
Td Td Td

+f ¢1v2(m2—m1)dx+/ ¢1(v2 — v1)my dx.
Td Td

Therefore, using assumption (A6) and (30), we obtain that

)/ ¢2v2m2 dx—/ ¢1v1m1 dx’
Td Td
5 172
= (b2 = 1ll ore zonay + lmz = mill ey + (/d o2 = viPm1) )
T

1/2
< C (12 = 11 + lma = mal} ey + s = il ey )-

Inequality (25) follows, using assumption (A6). The lemma is proved. O

Given m € L>®(0, T; D;(T¢)) and w € L>®(Q), we consider the Nemytskii oper-
ators associated with v and P, that we still denote by v and P without risk of confusion:

v(m, w) € L*(0, ]Rd), vim,w)(x,t) =v(t,m(-, t), w(-, 1))(x),
P(m,w) € L*(0, T; Rk), P(m, w)(t) =P, m(,t), w(-, 1)),

forall (x, ) € Q. Weusenow Lemma 6 to prove regularity properties of the Nemytskii
operators v and P. We recall that X = (Wz’l’p(Q))z.

Lemma?7 Forall R > 0, the mapping

(m, w) € L*(0, T; D1 (T%)) x B(L®(Q,RY), R)
— P(m, w) € L®(0, T; RY) (31)

and the mapping

(u,m) € BAW>"P(Q), R) x L®(0, T; Dy (T%))
— v(m, Vu) € L®(Q,RY) N LP0, T; WhP(T?)) (32)
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are both Holder continuous, that is, there exist a € (0, 1) and C > 0 such that

[P(m2, wa) — P(my, wi)ll oo 7:RH)
< C(||m2 —mq ||‘IJf°°(Q) + lwz — w ||im(Q))a
lv(m2, Vuz) — v(my, VMI)||L&(Q,Rd)mLp(o,T;Wl.p('[rd))

= C(”“Z - Ml“?/VZ.l,p(Q) + llma — mlH%OO(Q))v

forallmy andmy € L*(0, T; D1 (T9), for all wy and wy € B(L™(Q, R?), R), and
forall uy and uy in BOW>-P(Q), R).

Proof The Holder continuity of the first mapping is a direct consequence of Lemma 6.
As a consequence, the mapping
(u,m) € BOW>1P(Q), R) x L%(0, T: D1(T))
> Vu + ¢TP(m, Vu) € L°(0, RY)

is Holder continuous. Using then the relations

v(m,Vu) = —H,(Vu + ¢TP(m, Vu)),
Dyv(m,Vu) = —Hp,(Vu + ¢TP(m, Vu)) (33)
—Hp,(Vu + ¢TP(m, Vu))(Viu + DTP(m, Vu)),

and the Holder continuity of H, Hp, and H,, on bounded sets (Lemma 1), we obtain
that the second mapping is Holder continuous. O

Remark 2 As a consequence of Lemma 7, the images of the mappings given by (31)
and (32) are bounded. This fact will be used in the steps 3 and 5 of the proof of
Proposition 1.

Lemma8 Let R > 0 and B € (0, 1). Then, there exists a € (0, 1) and C > 0 such
that forallu € B(W>“P(Q), R) and forallm € B(CP(Q), R)YNL>®(0, T; D;(T%)),
||P(m, VM)HC(Z((O’T;R]() < C.

Proof We recall that by Lemma 12, IVullea(o ray = Cllullw21.p(g)- We obtain then
the bound on [|[P(m, Vu)||ce o, 7.rk) With Lemma 6. O

Lemma9 Let R > 0 and B € (0, 1). There exist « € (0, 1) and C > 0 such that for
allu € B(C*P-1PI2(Q), R) and for allm € B(CP(Q), R) N L>®(0, T; D (T%)),

Iv(im, Vu)llca(griy < C and ||Dxv(m, Vu)lce(g rixay < C.

Proof The result follows from relations (33), Lemma 8, and from the Holder continuity
of Hp, Hyyx, and H),, on bounded sets. u|
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6 A Priori Estimates for Fixed Points

Proposition 1 There exist a constant C > 0 and an exponent o € (0, 1) such that for
all T € [0, 1], for all (uy, my, vy, Py) € X’ satisfying (MFGC),

m, eC?relte/2 gy, e l|c2+atar gy < C,

u, eC?reltel2 gy, luz lle2+attarzgy < C,

P, €C*(0, T: RY), I Pellceo.r:rt) < C.

vr €C*(Q.RY), lve lgeo.mey < C.
Dyv; €C*(Q, R¥*Y), I Dxve llge g paxdy < C.

Proof Let us fix T € [0, 1] and (u;, me, vy, Pr) € X' satisfying (MFGC,). All
constants C and all exponents « € (0, 1) involved below are independent of
(ur,~mf, ve, Pr) and 7. Let us recall that ft € L°°(Q) has been defined in Lemma 4
by fr(x.1) = fx, 1, me(1)).

Step 1| Prliz2, .m0y < C.
Let v¥ = 0 and let m° be the solution to 3;m® — o Am® = 0, m®(x, 0) = mg(x). By
Lemma 4, B(m, vg; ff) < B(mo, vY; ff). Since ||¢||LOO(Q’kad) < C, we have for
all e > 0 and for all r € [0, T'] that

’/ e dx‘ < C/ |vg Iy dx
Td Td
12 C
< C(/ |ve [Py dx) <=+ Cs/ |ve 2y dx,
Td € T

by the Cauchy—Schwarz inequality and Young’s inequality. The constant C is also
independent of ¢. Using then the lower bounds (8) and (9) and assumptions (A5) and
(A8), we obtain that

C > Bm°, % fr) = B(me, ves fr)

// —|vf|mr dx dt — C‘/(Jbvrmr dxdt’—
1
z(E—Cef |v,|mfdxdt (l—i—g)

Taking & = 1/(2C?), we deduce that fo |vg|?my dx dt < C. Using then assumption
(A4), the boundedness of ¢, the Cauchy—Schwarz inequality and the estimate obtained
previously, we deduce that

T T 2
”Pr”Lz(O,T;Rk) = / | (z, f¢vrmr)|2 dr < C+ C/ ‘/d purmy dx‘ dr
0 0 T

§C+C// lve |Pmy dx df < C. (34)
0
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Step 2 |luz|lLo(g) < C, IVurll oo ray < C.
The argument is classical. We have that u, is the unique solution to the HIB equation
(i) (MFGCy,). Itis therefore the value function associated with the following stochastic
optimal control problem:

u,(x,t):r( inf J,(x,t,a)), (35)
ael?(t,T:RY)

where J; (x, ¢, ) is defined by

T
B [ (L0050 + [T P0) o) 4 FrXer9) ds 4 X))
t

and (Xy)sefr, 71 is the solution to the stochastic dynamic dX; = tayds +
\/%dBS, X; = x. Here, L%(z‘, T: ]Rd) denotes the set of stochastic processes on
(¢, T), with values in R¢, adapted to the filtration IF generated by the Brownian motion
(Bs)se[0,17, and such that E[ ftT |oz(s)|2 ds] < 0. Then, the boundedness of u; from
above can be immediately obtained by choosing o = 0 in (35) and using the bound-
edness of g. We can as well bound u,; from below since for all (x, s) € Q and for all
a € RY, we have

1
Lx,s,@) +(p(x, )T P (s), &) > 5|oz|2 — @1l Lo (g mExay| Pr ()|t — C
1
> 5|ot|2 —~C|P.(s)]* - C,

for some constant C independent of (x, s), v, and P;(s). We already know from the
previous step that || Pr[l;2¢ 7.rky < C. So we can conclude that u; is also bounded
from below, and thus ||u; || L~(g) < C. We also deduce from the above inequality that
forall € L2(t, T; RY),

T
E[/ lats |2 ds] < C(Jr(x,t,0) + 1). (36)
t

Letusbound Vu,.Choose ¢ € (0, 1). Forarbitrary (x, ), take an e-optimal stochas-
tic optimal control & for (35). We can deduce from the boundedness of the map u,
and inequality (36) that

T
E[/ \|? ds
t

where C is independent of (t,x,7) and e. Let y € T9. Set

<C(Jr(x,t,0) +1) < Cluc(x,1) +e+1) < C, (37)

| S

dX; = tayds + vV20dBs, X; =x, and Yy, =X;—x+y, (38)
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then obviously dY; = ayds + +/20dBy, Y; = y. We have

T
up(x, 1) +e > tE[/ L(Xs,s,a) + (Pc(s), ¢(Xy, 5)Ta) ds
. ~t
+/ ff(Xs,S)derg(XT)],
t
T
ue (v, ) < rE[/ (L0 5.8 + (900, 9T Pe(s). ) ds
, ~t
+ [ Rts) as+ g
t

Therefore, ur (y, 1) —uc(x, 1) < e+ (@) + (D) + ()| + [(d)], where (a), (D), (¢),
(d) are given by

T

(a)ZTE / L(sts’&S)_L(stssés) ds:lv
1
T

[
6 =7E[ [ (#0009) = 6 (Xe05)TPr0). ) ds],

t

(c) =tE[g(Y7) — g(X1)].

T ~ ~
(@) =7B[ [ (elhis) = FXe) as].
t
First, we have
T
(@) 511[*3[/ |L(Y. s, @) — L(Xs, 5, )| ds]
t
T
<Cly - I—HE/ as|>ds|) < Cly — x|,
<Cly=xI(1+E[ | 1@l ds]) = Cly —

as a consequence of assumption (A3) and (37). Then, using assumption (A6), (34),
and (37), we obtain

T
o1 <[ [ 1005) = g9 P10 ds]
t
T
<Cly =l 1Peloren B [ 186)P a5 < cly —xi.
t

By assumption (AS), |(c)| < E[|g(YT) - g(XT)|] < C|y — x]|. Finally, since ff isa
Lipschitz function (by assumption (A7)),

T
@1 <7B[ [ |f:th9) = frxeon)| ] = Cly =1, (39)
t
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Letting ¢ — 0, we obtain that u,(y,t) — u.(x,t) < C|y — x|. Exchanging x
and y, we obtain that u, is Lipschitz continuous with modulus C and finally that
IVurllpo g rey = C.

Step 3 || Pell oo, 7;r8) = C-
By Lemma 3, m; € L>(0,T; Dy(T%)). We have that || Vu: |~ rs) < C and
Pr = P(m¢, Vuy). The bound on || Pr (|00 7.k follows then from Lemma 7 and
Remark 2.

Step 4 ||uzllw21.00) < C.
By assumption (A6), ¢ is bounded. We have proved that || Pr|[ g 7.r¢) < C and
by Lemma 1, H is continuous. Thus, || H (Vu; + ¢T P;)| L=0) < C. By assumption
(AS), ||t fr l1o(gy < C. It follows that u., as the solution to the HIB equation (i)
(MFGC;,), is the solution to a parabolic equation with bounded coefficients. Thus, by
Theorem 6, [uz|ly2.1.5(0) < C. We also obtain with Lemma 12 that ||u||ce(g) < C
and [[Vuz[lce(o ray < C.

Step 5 ||vellpooco rdy < €, IIDxvellpp(o raxay < C.
We have proved that v; = v(m,, Vuy) and ||u, ||Wz,1,p(Q) < C. The estimate follows
directly with Lemma 7 and Remark 2.

Step 6 ||m<|lce gy < C.
The Fokker—Planck equation can be written in the form of a parabolic equation
with coefficients in L?: o,m; — 0 Am; + t{vy, Vim;) + tm div(v;) = 0, since
I Dxvellpp(grixay = C. Combining Theorem 4 and Lemma 12, we get that
lmzllcegy < C.

Step 7 || Pellcao,7:r0) < C-
We already know that [[u;|lw21.,g) < C, that |mz|lceg) < C, and that m, €
L0, T; Dy (Td)). Thus Lemma 8 applies and yields that || P, ||Ca(0’T;Rk) <C.

Step 8 ||uf||cz+a,1+a/2(Q) <C.
We have proved that ||Vurllce(g rey < C and || Prllce(o,7:re) < C. Moreover, we
have assumed that ¢ is Holder continuous and know that A is Holder continuous on
bounded sets. It follows that || H (Vu; +¢T Pr)|lce (o) < C.Itfollows from assumption
(A7) that 7 f, is Holder continuous. Since g € C>+* (T%), we finally obtain that
llurllg2+at+es2¢gy < C, by Theorem 7.

Step 9 |lvellce,7:rey < C and || Dxve|lce (o, 7.raxdy < C.
We have [lur [|c2+a.1+e/2(gy < C and [[m¢|lce(g) < C. Thus Lemma 9 applies and the
announced estimates hold true.

Step 10 ||mt||C2+a,l+a/2(Q) <C.
A direct consequence of Step 9 is that m; is the solution to a parabolic equation with
Holder continuous coefficients. Therefore [|m«||c2+a1+4e/2(gy < C, by Theorem 7,

which concludes the proof of the proposition. O

7 Application of the Leray-Schauder Theorem
Proof (Theorem 1) Step 1 construction of 7.

Let us define the mapping 7 : X x [0, 1] — X which is used for the application of the
Leray—Schauder theorem. A difficulty is that the auxiliary mappings P and v are only
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defined for m € L>(0, T; D; (T¢)). Therefore we need a kind of projection operator
on this set. Note that de 1dx = 1. We consider the mapping

p:me L¥(Q) > p(m) € L0, T; Di(T9),
defined by

m4(x,1) B fm+(y,t) dy
max(1, [my(y, 1) dy) max(1, [m4 (y, 1) dy)’

p(m) =

where m (x, 1) = max(0, m(x, t)). For checking that p(m) € L*°(0, T; D (T?)),
we suggest to consider the two cases: [m4(y,1) dy < 1 and [m4(y,1) dy > 1
separetely. The following properties can be easily checked:

— Forallm € L>®(0, T; D1(T%)), p(m) = m.
— The mapping p is locally Lipschitz continuous, from L*°(Q) to L*°(Q).
— For all @ € (0, 1), there exists a constant C > 0 such that if m € C*(Q), then

p(m) € C*(Q) and [|p(m)lic(g) = Climlice(g).-

For a given (u,m,t) € X x [0, 1], the pair (&, m) = T (u, m, t) is defined as
follows: # is the solution to

=0t —oAu+tH(Vu + ¢TP(p(m), Vu)) = 7 f(p(m())) (x,1) € Q,
i(x,T)=1g(x) xeT,

and m is the solution to

oym — o Am + tdiv(v(p(m), Vi)m) =0 (x,t) € Q,
m(x,0) = mo(x)x € T9.

It directly follows from the definition of 7 that 7 (u, m, 0) is constant, as required by
the Leray—Schauder theorem.

Step 2 a priori bound.
Let 7 € [0, 1] and let (u;, m;) be such that (u;,m;) = 7 (ur, m¢, ). Then, by
Lemma 3, m; € L*°(0, T; D; (']I‘d)). Thus, m; = p(m,) and finally, by Lemma 5,
the quadruplet (u,, m,, Py, v;), with P, = P(m,, Vu;) and v; = v(m,, Vu;),is a
solution to (MFGC;). We directly conclude with Proposition 1 that || (u,, m;)|x < C,
where C is independent of t.

Step 3 continuity of 7.
Using the continuity of p, Lemma 7, the Holder continuity of H, and assumption (A7),
we obtain that the mappings

(u,m) € X = H(Vu+¢ P(p(m), Vu)) — f(p(m)) € L™(Q),
(u,m) € X — div(v(p(m), Vu)m) € L?(Q)

@ Springer



1454 Applied Mathematics & Optimization (2021) 83:1431-1464

are continuous. By Theorem 6, the solution to a parabolic equation of the form
(51), with b and ¢ null (in W>"7(Q)) is a continuous mapping of the right-
hand side (in L?(Q)). Thus, i € W>'P(Q) depends in a continuous way on
tH(Vu +¢>TP(p (m), Vu)) and therefore &z depends in a continuous way on (t, u, m)
by composition. Again, by Theorem 6, /i1 € W2 -7 (Q) depends in a continuous way
on tdiv(v(p(m), Vii)m) and therefore depends in a continuous way on (t, u, n).
Step 4 compactness of 7.

LetR > 0,let (u, m) € B(X, R). Wehave ||p(m)||c«(g) < C,where C isindependent
of (u, m) (but depends on R). As a consequence of assumption (A7), and since H is
Holder continuous on bounded sets, we have

1H(Vu + ¢TP(p(m), Vu)) — f(p(m)lceo) < C,

where C > 0 and o € (0, 1) are both independent of (u, m) (but depend on R). It
follows then that ||u ||C2+a,l+a/2(Q) < C by Theorem 7. Using Lemma 9, we deduce
then that

Idiv(v(p(m), Viym)]|ce(g) < C,

and finally obtain that ||m||c2+e.1+e/2(g) < C, by Theorem 7 again. The compactness
of T follows, since CZt®1+2/2(Q) is compactly embedded in w2Lr(Q), by the
Arzela—Ascoli theorem.

Step 5 Conclusion.
The existence of a fixed point (u, m) to 7 (-, -, 1) follows. With the same arguments as
those of Step 2, we obtain that (u, m, P(m, Vu), v(m, Vu)) is a solution to (MFGC;)
with T = 1 and that (15) holds, by Proposition 1. O

8 Uniqueness and Duality
In this section we prove the uniqueness of the solution (u, m, v, P) to (MFGC). We
also prove that (P, v) is the solution to a dual problem to (17). Both results are

obtained under the following additional monotonicity assumption of f: There exists
a measurable mapping F (¢, m): [0, T] x D; (T9) — R such that

F(t,my) — F(t,my) = /;w f @, t,mp)(ma(x) —m(x)) dx, (40)

for all m; and my € D;(T9) and for a.e. z. Thus, F(¢, ) is a supremum of the exact
affine minorants appearing in the above right-hand side, and is therefore a convex
function of m.

Remark 3 1. It follows from (40) that f is monotone:
/Td(f(x, t,ma) — f(x,1,mz))(m2(x) —mi(x)) dx > 0, 41)
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for all m| and m; € Dl(T‘l ) and for a.e. ¢. Conversely, (40) holds true if (41) is
satisfied and if F is a primitive of f(., ¢, .) in the sense that

1
F(t,my) — F(t,my) = /O /Td St smy 4+ (1 = s)my)(ma(x) —my(x)) ds.

We refer to [5, Proposition 1.2] for a further characterization of functions f deriving
from a potential.

2. Consider the mapping fx proposed in Lemma 2. Assume that for all (x, ¢) € O,
K (x, t, -) is non-decreasing and consider the function K defined by C(x, ¢, w) :=
fow K(x,t,w") dw, for (x,1, w) € Q x [—C3, C3]. Then inequality (40) holds
true with Fg defined by

Fg(t,m) = /d Kx,t,m* @(x)) dx.
T

Indeed, since K is convex in its third argument, we have

Fg(t,mp) — Fg(t,m)) = /d Kx,t,my % @x)) — K(x,t,my * @(x)) dx
T
> fT K (. 1. my % 9(0) ((mz — my) % 9)(x) dx
= /Td(K(', t,my @) * @)(x)(ma(x) —mq(x)) dx

= /w fx(x, t,m)(ma(x) — my(x)) dx,

as was to be proved.

Without loss of generality, we can assume that F (z, mg) = O fora.e.t € (0,7). It
can then be easily deduced from assumption (A5) and (40) that there exists a constant
C such that

|F(t,m)| <C, Vme Dl(’JI‘d), fora.e.t € (0, 7). (42)

Let us consider the potential B : W2LrP(0) x L®(Q; R¥) — R, defined by

T
B(m,v) = // L(x,t,v(x,t))m(x,t)dx dt +/ F(t,m(t)) dt
0 0

T
+/ <15<t, / ¢(x,Hv(x, t)m(x, 1) dx) dr +/ gx)ym(x, T) dx. 43)
0 Td Td
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Proposition 2 There exists a unique solution (u, m, v, P) € X' to (MFGC). Moreover,
the pair (m, v) is the solution to the following optimal control problem

. A dm — o Am + div(vm) = 0,
min B(m,v), s.t.: .
me wW2hr(Q) m(x,0) = mo(x).

b e L®(Q,RY)

(44)

Proof Let (u,m, v, P) € X’ be a solution to (MFGC). Lgt us prove that (m, v) is a
solution to (44). Let (m, v) be a feasible pair. Denoting f(x, ) = f(x, t, m(t)), we
have

B(i, 9) — B(m, v) = (B(#, b; f) — B(m, v; f))

T
+ (f Ft, (1)) — F(t,m(1)) —/ F, )R, 1) — m(x, 1) dx dt).
0 Td

The two terms in the right-hand side are both nonnegative, as a consequence of
Lemma 4 and assumption (40), respectively.

It remains to prove the uniqueness of the solution to (MFGC). Let us prove first a
classical property: There exists a constant C > 0 such that for all (x, ) € Q, for all
p € R and for all v € RY,

1
H(x,t,p) + Lx, 1,0) + (p,v) = S |v+ Hp(x, 1, % (45)

Let us set v = —Hj(x, 1, p). For a fixed triple (x,, p), we have H(x,t, p) =
—(p,v) — L(x, t,v). Moreover, L,(x, t,v) = —p and thus by (Al),

1
L(x,1,0) = L0, 1,0) = (p,v = 0) + oo = o2

Inequality (45) follows.
Let (u1, my, vi, P1) and (ua, mo, v2, P>) be two solutions to (MFGC) in X’. We
obtain with inequality (45) that

1
L(v2) = —H(Vur +¢TP) = (Vuy + T Pr, va) + 702 = vy 2,
L)) =—HVu; +¢TP)) — (Vui + ¢T Py, vy).

Proceeding then exactly like in the proof of Lemma 4, we arrive at the following
inequality:

1
B(ma, v2) — B(my, vy) > —f/ lva — vy *my dx dr.
2¢ /o
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We also have that B(m1, v{) — B(m2, v3) > 0, thus fo lvs — v1|?my dx df = 0. As
a consequence, (v2 — v1)my = 0, since m, > (0. We obtain then that

vomy — vymy = vi(my — my). (46)

Let us set m = my — m. Using relation (46), we obtain that m is the solution to the
following parabolic equation: d,m — o Am + div(vim) = 0, m(x, 0) = 0. Therefore
m = 0 and my = mj. We already know that vym, = vimo, we deduce then that
vomy = vim. We obtain further with (iii) that P = P, then with (i) that u; = u»
and finally with (iv) that v; = v,, which concludes the proof. O

We finish this section with a duality result. For y € L>®°(T9), we recall that the
convex conjugate of F(z, -) is defined by

F*(t,y) = sup / y(x)m(x) dx — F(t, m).
meDy(Td) J T4

It directly follows from the above definition that |F*(z, y)| < |yl ey + C,
where C is the constant obtained in (42) and thus for y € L°°(Q), the integral
fOT F*(t, y (-, 1)) dt is well-defined.

Consider the dual criterion D: (u, P,y) € W2>LP(Q) x L®(0, T;RF) x
L*®(Q) + D(u, p,y) € RU {—00}, defined by

T T
D(u, P,y) =/d u(x, 0)mo(x) dx—/ @*(1, P(1)) dt—/ F*(¢,y(0)) dt.
T 0 0

The function @* is the convex conjugate of @ with respect to its second argument.
Since @ (¢, 0) = 0, we have that @*(z, -) > 0 and thus the first integral is well-defined
in RU {oo}.

Lemma 10 Let (u, m, v, 1_5) lge the solution to (MFGC). Let fbe defined by f(x, t) =
f(x,t,m(t)). Then, (u, P, f) is a solution to the following problem:

—iu —cAu+ HVu+¢TP) <y
max D(u, P,y), st
ue W2,1,p(Q) u(x,T) < g(x).
P € L*®(0, T; Rk
y € L=(Q)
] @7)
Moreoyer, for all solutions (u, P, y) to the dual problem, P = P. If in addition,
y = f and the above inequalities hold as equalities, then u = u.

Proof For all t € [0, T], we have

T T
—/ O*(P) dt:/ @ ([pvrm) dt—f/ (@TP, vm) dx df + (a)  (48)
0 0 0
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with
T
(a) =/ —®*(P) — @([pvm) + (P, [¢pvm) dt <O.
0
We also have that
T T
—/ F*(t,y(t)) dt+// y(x,t)m(x,t) dx dt =/ F(t,m(t)) dt+ (b), (49)
0 (0] 0
where
T T
b) = f/ y(x,t)m(x,t) dx dt —/ F(t,m(t)) dt —/ F*(t,y(t)) dt <0.
] 0 0
Integrating by parts (in time), we obtain that
/ u(x,0)mo(x) dx = // —o;um — udym dx dt —l—f ulx, Tym(x,T) dx
Td 0 Td
= /f (cAu+y — HNVu+ ¢TP)m + (—o Am + div(vm))u dx dt
0
+ /d gx)m(x, T)dx + (¢) + (d),
T
where
(c) = // (—0u —cAu+ H(Vu+¢TP) —y)mdx dr <0
[0}
d) = /d(u(x, T)—gx)m(x,T)dx <O0.
T
Integrating by parts (in space), we further obtain that
/ u(x,0)ymo(x) dx =// (y — HVu+¢TP) — (Vu, f)))fh
Td 0
+ /d gx)ym(x, T) dx + (¢) + (d)
T
2// (L@) + y)m + (TP, v)m dx dt
0
n /T @ T) dx 4 @+ @+ @), (50)
where

(e) = // (— H(Vu+¢TP) — L(@) — (Vu + ¢TP, 0))m dx dt < 0.
0
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Combining (48), (49) and (50) together, we finally obtain that

T T
D(u, P,y) :/ @ ([pvm) dt + // L(v)m dx dt +/ F(t,m(t)) dt
0 0 0

+ /d 2 (x, T) dx + (@) + (b) + (©) + (d) + (o)
T
—BOR. ) + (@) + (B) + (©) + @) + (©).

The five terms (a), (b), (¢), (d), (e) are non-positive and equal to zero if (u, P, y) =
(i, P, f ), as can be easily verified. This proves the optimality of (i, P, f ). Moreover,
since @ is differentiable (with gradient ¥), the term (a) is null if and only if P(r) =
llf(fqbvm) = P(1), for a.e. r € [0, T]. Therefore, for all optimal solutions (u, P, y),
P = P.If moreover y = f and the inequality constraints in (47) hold as equalities,
then (since the HIB equation has a unique solution) # = i, which concludes the proof.

O

Remark 4 1t is of interest to check when the density m(x, t) is a.e. positive, since this
is clearly a necessary condition for the uniqueness of the solution of (44). We note
that a sufficient condition for the positivity of m is given in [21, Proposition 3.10].

Conclusion

The existence and uniqueness of a classical solution to a mean field game of controls
have been demonstrated. A particularly important aspect of the analysis is the fact that
the equations (iii) and (iv) (MFGC), encoding the coupling of the agents through the
controls, are equivalent to the optimality system of a ‘static’ convex problem. This
observation enabled us to eliminate the variables v and P from the coupled system.

The analysis done in this article can be extended in different ways. A more complex
interaction between the agents could be considered. For example, it would be possible
to replace equations (iii) and (iv) by the following ones:

P(t) = ¥(t, fra p(x, 1, v(x, 1))m(x, 1) dx)
v(x,t) = —Hp(x,t, Vu(x, t) Dyp(x, t, v(x, )T P(1)),

assuming that ¢ is convex with respect to v and ¥ > 0. For a fixed # € [0, T, this
system is equivalent to the optimality system associated with the following convex
problem:

inf cp(:, /d o(x, 1, v(x))m(x, 1) dx)
T

v: T R4

+ fﬂ‘d (L(v(x)) + (Vu(x, 1), v(x)))m(x,t) dx.

Another possibility of extension of our analysis would be to add convex constraints
on the control variable.
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Future research will aim at exploiting the potential structure of the problem, which
can be used to solve it numerically and to prove the convergence of learning procedures,
as was done in [5].
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A Appendix: A Priori Bounds for Parabolic Equations
In this appendix we provide estimates for the following parabolic equation:

oru —oAu+ (b, Vu) +cu =h, (x,1) € 0, (51
u(x,0) = up(x), x € T,

for different assumptions on b, c, h, and ug. The technique is based on the following
idea. By standard parabolic estimates detailed below, (51) has a unique solution u
in L?(0, T; H'(T9)), that we may identify with a periodic function over RY. Let
Q: RY — R be of class C*, with value 1 in a neighbourhood of the closure of ’]I‘d,
and with compact support in 2 := B(0,2). Set Q' := £ x (0, T). Then v := ug is
solution of

v —oAv+ (b, Vv) +cv =hlu], (x,1) e Q,

v(x,0) =vo(x), x € £2, (52)

with vg := uoe and
hlu] ;== hp —20(Vo,Vu) —oculdp + (b, Vo)u. (53)

Observe that the solution v of (52) is equal to 0 in a vicinity of (3£2) x (0, T), and
hence, satisfies the homogeneous Neumann condition; this allows us to apply some
results of [19].

Lemma 1l Let y € W2L49(Q'), withq € (1,00). Then y € LY (Q') and Vy €
L% (Q"), where

L
"

1 . 1
7 — 73 fg<2+d, 7

00, otherwise, q

2 . d
—a fa<1+3
00, otherwise,

==
==

% (54)

q

/
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with continuous inclusion:

1900 gy + 1V a7 gry < @Y 2. (55)
Proof See [19, Lemma 3.3, page 80]. O

Theorem3 Let g € (1,00), wo € W2=2/99(2), and h € LI(Q’). Then the heat
equation
hw —ocAw = h, (x,1) € Q,

w(x,0) = wo(x), x € £2, (56)

with homogeneous Neumann boundary condition on 9§2 x (0, T'), has a unique solution
in W»14(Q") that satisfies

||w||W2,1,q(Q/) = C(”wOHWZ*Z/‘Nl(Q) + ||h||L‘1(Q’))-
Proof See [19, Theorem IV.9.1, page 341]. O

Theorem4 Let p > d + 2. For all R > 0, there exists C > 0 such that for all
ug € W2=2/p-r(T9), for all b € LP(Q,R?), for all ¢ € LP(Q), for all h € LP(Q),
satisfying

luollw2-2/p.p(ray < Ry bllpporay < R, licliro) = R, lhllLro) < R,

equation (51) has a unique solution u in WP (Q) satisfying moreover ||u|| w2lrQ) =
C.

Proof We first check that there is a solution in the standard variational setting with
spaces H := L3(T?), V := H'(T?). Let us show that, if y € V, then (b, Vy) and ¢y
belong to V*. By the Sobolev inclusion, V C L7 (T%), 1/q, = 1/2—1/d, with dense
inclusion, so that V* ¢ L9 (T?)* = L9 (T9), with 1/go =1 —1/q; = 1/2 + 1/d.
Now (b, Vy) € L"(T¢) with

1 1+1 1+ 1 1
— =t —< -4+ —x<
r 2 p 2 d4+2 ¢

9

so that (b, Vy) belongs to V*. Similarly, cy € L" (T?) with

1 1 1 1
o2
roq p 2

b, 1 1
— —_— < _’
d ' 1+d2 ¢

so that cy belongs to V*. So, (51) has a unique solution in the space
W(,T) :={velL*0,T;V); dvel?0,T;V"}. (57)

Then we easily check that 2[u] € L10(Q’), for some gg € (1, 2). Then, by Theorem 3,
v e Wz’l’qO(Q). We next compute by induction a finite sequence (gx)k=0,1,....k such
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that

(HYvewWrba(Q), Vk=0,....K, (i)qgre(,d+2),Vk=0,...,K—1,
(iii) gx > d +2.

The first element gq has already been fixed and satifies v € w2La Q). If go > d+2,
we can stop and set K = 0. Let £k € N, assume that g¢x € (1,d + 2) and that
v e W24 (Q"). Then v is solution of

v —oAv =h"[u], (x,1) € O,
u(x,0) =vo(x), x € £2, (58)

where
h'[u] :==he —20(Ve, Vu) —ouldep +u(b, Vo) — (b, Vu) +cu). (59)

We construct now gy in such a way that 4" [u] € L%+ (Q’). Since v € W> 1% (Q"),
we have that u € W2 1% (Q) and thus by Lemma 11, (b, Vu) € L" (Q’) with

oLyl ] (60)
g p d+2

If g <1+d/2, thencu € L (Q') with

1 1 1 2
—=—+t—-——. (61)
r g p d+2

Note that r” > r'. If gt > 1 +d/2, then u € L*°(Q’) and thus cu € L”(Q’). We
set now gx+1 = min(r’, p). We observe that in both cases, cu € L9%+1(Q"). One can
verify that the other terms of h”’[u] also lie in L9%+1(Q"). Therefore, by Theorem 3,
v e WEhak (Q)). If gryq > d + 2, we stop the construction of the sequence and
set K = k + 1. It remains to prove that the construction of the sequence stops after
finitely many iterations. If that was not the case, we would have that gz = r’, with
r’ defined in (60), for all k € N, implying that

1 1 1 1
A ——
gk 90 p d+2/) k>

which is a contradiction. Now we know that v € W21k (Q), with g > d + 2.
This implies that u € L>(Q’) and Vu € L>®°(Q’, R?) (by Lemma 11) and thus that
h"[u] € LP(Q). Finally, v € W>!-7(Q’) (by Theorem 3) and u € W>1-7(Q), since
u and v coincide on Q.

Observing that qo,...,qx only depend on p and d, the reader can check that v (and
thus u) can be bounded in W>!:7(Q’) by a constant depending on R only. O

Theorem 5 Forg € (1, 00), the trace at time t = 0 of elements of W>14(Q") belongs
to W*2/4:9(2).
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Proof See [19, Lemma 3.4, page 82]. O

Theorem 6 Let p > d + 2. There exists C > 0 such that for all ug € W22/ (T9)
and for all h € LP(Q), the unique solution u to (51) (with b = 0 and ¢ = 0) satisfies
the following estimate:

lullwz1.00) < C(||’40||W2—2/p~p(11‘d) + ||h||LI’(Q))~

Proof Consider the map u € W2’1’p(Q) —  (u(-,0),0u — cAu — h) €
W2-2/P-P(£2), LP(Q)). By Theorem 5, it is continuous and by Theorem 6, it is bijec-
tive. As a consequence of the open mapping theorem, its inverse is also continuous.
The result follows. O

Lemma12 Let p > d + 2. There exists § € (0,1) and C > 0 such that for all
ue w>hr(Q),

lullesoy + IVulleso.rey < Cllullw21.0(0)-
Proof See [19, Lemma I1.3.3, page 80 and Corollary, page 342]. O

Theorem?7 Let p > d + 2. Forall a € (0, 1), for all R > 0, there exist § € (0, 1)
and C > 0 such that for all ug € C**(T¢), b € C**/?>(Q,R?), ¢ € C**/2(Q) and
h € C%%/2(Q) satisfying

||u0||cz+a('ﬂ‘d) f R, ||b||Ca=°‘/2(Q,R‘l) f R, ”C”cm.a/Z(Q) S R, and ”h”C"v”/Z(Q) f R,

the solution to (51) lies in C>TP14P/2(Q) and satisfies lullgz+p.1+82(gy < C.

Proof In the proof, C denotes constants that depend only on « and R. Combining
Theorem 4 and Lemma 12, we obtain that i[u] is Holder continuous, with exponent
B = min(d, o) (where § is given by Lemma 12; we use the fact that a product
of Holder functions is Holder, with exponent equal to the minimum exponent), and
IAlullics.sr2(gy < C. By [19, Theorem IV.5.1, page 3201, [|v|[c2+s.1+5/2(g) < C. Since
u and v coincide on T¢, the conclusion follows. O
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