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Abstract

We discuss two distinct minimality principles for general supremal first order function-
als for maps and characterise them through solvability of associated second order PDE
systems. Specifically, we consider Aronsson’s standard notion of absolute minimisers
and the concept of co-minimal maps introduced more recently by the second author.
We prove that C! absolute minimisers characterise a divergence system with parame-
ters probability measures and that C? co-minimal maps characterise Aronsson’s PDE
system. Since in the scalar case these different variational concepts coincide, it follows
that the non-divergence Aronsson’s equation has an equivalent divergence counterpart.

Keywords Calculus of variations in L°° - L°° variational principle - Aronsson
system - oo-Laplacian - Absolute minimisers - co-minimal maps
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1 Introduction

Letn, N € Nand H € C?(Q x RN x RV*") with @ C R" an open set. In this paper
we consider the supremal functional

C

Eoo(ut, O) 1= ess supH(-, u, Du), u € WhX(@;RY), 0O e, (L)
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defined on maps u : R” © @ — RY.In (1.1) and subsequently, we see the gradient
as a matrix map Du = (Diua)?jl{ith :R* > Q@ — RN>" Variational problems for
(1.1) have been pioneered by Aronsson in the 1960s in the scalar case N = 1 ([1-
5]). Nowadays the study of such functionals (and of their associated PDEs describing
critical points) form a fairly well-developed area of vivid interest, called Calculus
of Variations in L°°. For pedagogical general introductions to the theme we refer to
[7,19,31].

One of the main difficulties in the study of (1.1) which prevents us from utilising
the standard machinery of Calculus of Variations for conventional (integral) func-
tionals as e.g. in [22] is that it is non-local, in the sense that a global minimisers
u of Exo (-, 2) in ng 2°(Q; RN) for some fixed boundary data g may not minimise
Ex (-, O) in Wl}’oo((’); RY). Namely, global minimisers are not generally local min-
imisers, a property which is automatic for integral functionals. The remedy proposed
by Aronsson (adapted) to the vector case is to build locality into the minimality notion:

Definition 1 Letu € WI]O’COO(Q; RM). We say that u is an absolute minimiser of (1.1)
on Q if

VO eEQ
) E ,0) < E , 0). 1.2
Ve WOI’OO(O; RN)} = Eoo(,0) < Ex(u+¢,0) (1.2)
In the scalar case of N = 1, Aronsson’s concept of absolute minimisers turns

out to be the appropriate substitute of mere minimisers. Indeed, absolute minimisers
possess the desired uniqueness properties subject to boundary conditions and, most
importantly, the possibility to characterise them through a necessary (and sufficient)
condition of satisfaction of a certain nonlinear nondivergence second order PDE,
known as the Aronsson equation ([7,8,10-13,16-18,20,26,37,42]). The latter can be
written for functions u € C2(Q) as

Hp (-, u, Du) - D(H(-, u, Du)) = 0. (1.3)

The Aronsson equation, being degenerate elliptic and non-divergence when formally
expanded, is typically studied in the framework of viscosity solutions. In the above,
Hp, H;, H, denotes the derivatives of H(x, n, P) with respect to the respective argu-
ments and “-” is the Euclidean inner product.

In this paper we are interested in characterising appropriately defined minimisers
of (1.1) in the general vectorial case of N > 2 through solvability of associated PDE
systems which generalise the Aronsson equation (1.3). As the wording suggests and
we explain below, when N > 2 Aronsson’s notion of Definition 1 is no longer the
unique possible L variational concept. In any case, the extension of Aronsson’s
equation to the vectorial case reads

Hp(-, u, Du) D(H(~, u, Du))

14
+ H(, u, Du) [Hp(-, u,Du)]J‘<Div(Hp(~, u, Du)) — H, (-, u,Du)) _ oY
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In the above, for any linear map A : R” — R, [A]- symbolises the orthogonal
projection Projg 4y1 on the orthogonal complement of its range R(A) € RN. We
will refer to the PDE system (1.4) as the “Aronsson system”, in spite of the fact it was
actually derived by the second author in [27], wherein the connections between general
vectorial variational problems and their associated PDEs were first studied, namely
those playing the role of Euler-Lagrange equations in L°°. The Aronsson system was
derived through the well-known method of L7 -approximations and is being studied
quite systematically since its discovery, see e.g. [27-30,32,36]. The additional normal
term which is not present in the scalar case imposes an extra layer of complexity, as
it might be discontinuous even for smooth solutions (see [28,30]).

For simplicity and in order to illustrate the main ideas in a manner which minimises
technical complications, in this paper we restrict our attention exclusively to regular
minimisers and solutions. In general, solutions to (1.4) are nonsmooth and the lack
of divergence structure combined with its vectorial nature renders its study beyond
the reach of viscosity solutions. To this end, the theory of D-solutions introduced in
[32] and subsequently utilised in several works (see e.g. [9,21,32,33]) offers a viable
alternative for the study of general locally Lipschitz solutions to (1.4), and in fact it
works far beyond the realm of Calculus of Variations in L°°. We therefore leave the
generalisation of the results herein to a lower regularity setting for future work.

Additionally to absolute minimisers, for reasons to be explained later, in the paper
[29] a special case of the next L°° variational concept was introduced (therein for
H(x,n, P) = |P[):

Definition 2 Let u € C!(2; RY). We say that u is an co-minimal map for (1.1) on Q
if (i) and (ii) below hold true:

(1) u is a rank-one absolute minimiser, namely it minimises with respect to essentially
scalar variations vanishing on the boundary along fixed unit directions:

YOeQ, VEecRN

— E <E . 1.
V¢ e ClO; Span[é‘])} = Eoo, 0) < Bl +¢.0) (1)
(i1) u has co-minimal area, namely it minimises with respect to variations which are
normal to the range of the matrix field Hp (-, u, Du) and free on the boundary:

VOeQ, Vo e C'(R":RN)
with ¢ "Hp (-, u, Du) = 0on O

} = Eou,0) <Exc+¢,0). (1.6)
In the above,
Co(O:RY) := [y e C'®R";RY) : ¥ =00nd0}.
Note also that when N = 1 absolute minimisers and co-minimal maps coincide, atleast
when {Hp = 0} C {H = 0}. Further, in the event that Hp (-, #, Du) has discontinuous

rank on O, the only continuous normal vector fields ¢ may be only those vanishing
on the set of discontinuities.
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In [29] it was proved that C? co-minimal maps of full rank (namely immersions or
submersions) are co-Harmonic, that is solutions to the so-called co-Laplace system.
The latter is a special case of (1.4), corresponding to the choice H(x, n, P) = |P |2:

DuD(|Dul?) + |Du|? [Dul*Au = 0. 1.7

The fullness of rank was assumed because of the possible discontinuity of the coeffi-
cient [Du]*, which may well happen even for smooth solutions (for explicit examples
see [28]). In this paper we bypass this difficulty by replacing the orthogonal projec-
tion [ - ]* by the projection on the subspace of those normal vectors which have local
normal C! extensions in a open neighbourhood:

Definition3 Let V : R" D Q —> RV *” be a matrix field and note that
R(V(x)T = NV®,

where for any x € €, N(V(x)T) is the nullspace of the transpose V(x)T e RN,
We define the orthogonal projection

LV @I = Projgyyry. [VOIT: R 2Q — RV,
where N(V (x) ) is the reduced nullspace, given by

Nve)T) = {g NV |3e>0& 3EcC'®:RY):

B =¢ & E0 eNV(O)), Yy eB.()].
It is a triviality to check that N(V(x)") is indeed a vector space and that

VIV @I = VeI,

where [V (x)]* = Projyy (x)7)- Note that the definition could be written in a more
concise manner by using the algebraic language of sheaves and germs, but we refrained
from doing so as there is no real benefit in this simple case.

The first main result in this paper is the next variational characterisation of the
Aronsson system (1.4).

Theorem 4 (Variational Structure of Aronsson’s system) Let u : R* 2 Q — RY be

a map in C2(%; RN). Then:
(D If u is a rank-one absolute minimiser for (1.1) on 2 (Definition 2(i)), then it solves

Hp (-, u, Du) D(H(-, u, Du)) = 0 on Q. (1.8)

The opposite is true if in addition H does not depend on n € RN and Hp (-, Du) has
full rank on Q.
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(ID) If u has oo-minimal area for (1.1) on 2 (Definition 2(ii)), then it solves
H(-, u, Du) [Hp (-, u, Du)]]J‘(DiV(Hp(-, u, Du))—Hn(-, u, Du)):O on 2. (1.9)

The opposite is true if in addition for any x € 2, H(x, -, -) is convex on R" x RN *",
(I) If u is co-minimal map for (1.1) on 2, then it solves the (reduced) Aronsson
system

Asu :=Hp(-, u, Du)D(H(-, u, Du))
+ H(, u, Du) [Hp(-, u, Du)]]J‘(DiV(Hp(, u, Du)) —H, (-, u, Du)) = 0.

The opposite is true if in addition H does not depend on n € RN, Hp (-, Du) has full
rank on Q and for any x € Q H(x, -) is convex in RN*",

The emergence of two distinct sets of variations and a pair of separate PDE systems
comprising (1.4) might seem at first glance mysterious. However, it is a manifestation
of the fact that the (reduced) Aronsson system in fact consists of two linearly indepen-
dent differential operators because of the perpendicularity between [Hp |- and Hp;
in fact, one may split Aoou = 0 to

Hp (-, u, Du) D(H(-, u, Du)) = 0,

0.

H(-, u, Du) [Hp (-, u, Du)]]L<Div(Hp(-, w, Du)) — Hy (-, u, Du))

Theorem 4 makes clear that Aronsson’s absolute minimisers do not characterise the
Aronsson system when N > 2, at least when the additional natural assumptions
hold true. This owes to the fact that, unlike the scalar case, the Aronsson system
admits arbitrarily smooth non-minimising solutions, even in the model case of the
oo-Laplacian. For details we refer to [36].

Since Aronsson’s absolute minimisers do not characterise the Aronsson system, the
natural question arises as to what is their PDE counterpart. The next theorem which
is our second main result answers this question:

Theorem 5 (Divergence PDE characterisation of Absolute minimisers) Lef u : R" D
Q — RY be a map in C'(;RN). Fix also © € Q and consider the following
statements:

(D u is a vectorial minimiser of Eso (-, O) in C,i (O; RN).

(IT) We have

max [Hp(-,u,Du):Dw + Hy (-, u, Du) - Ip] >0,
Argmax{H(-,u,Du) : O}

forany ¥ € Cé (O; RM).
(1) For any ¢ € Cé (O; RN), there exists a non-empty compact set

Ky =K C Argmax{H(~,u,Du) : 6} (1.10)
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such that,
(Hp(-,u,Du) : Dy + H, (-, u, Du) - w)‘K —0. (1.11)

Then, (1) = (II) = (). If additionally H(x, -, -) is convex on RN x RN*" for
any fixed x € , then (IIl) = (1) and all three statements are equivalent. Further,
any of the statements above are deducible from the statement:

(IV) For any Radon probability measure o € 2 (O) satisfying

supp(0) € Argmax{H(-,u,Du) : O}, (1.12)
we have
—div(Hp (-, u, Du)o) + H, (-, u, Du)o = 0, (1.13)

in the dual space (Cé (O; RV))*.
Finally, all statement are equivalent if K = Argmax{H(', u,Du) : @} in (IIL) (this
happens for instance when the argmax is a singleton set).

The result above provides an interesting characterisation of Aronsson’s concept of
Absolute minimisers in terms of divergence PDE systems with measures as parameters.
The exact distributional meaning of (1.13) is

/7 (Hp(-,u,Du) : Dy + Hy (-, u, Du) - w)da =0
O

for all y € Cé (5; RY), where the “:” notation in the PDE symbolises the Euclidean
(Frobenius) inner product in RV ",

The idea of Theorem 5 is inspired by the paper [24] of Evans and Yu, wherein a
particular case of the divergence system is derived (in the special scalar case N = 1
for the co-Laplacian and only for 2 = ), as well as by new developments on higher
order Calculus of variations in L in [34,35,38].

Note that, it does not suffice to consider only 2 = O as in [24] in order to describe
absolute minimisers. For a subdomain O C €2, it may well happen that the only mea-
sure o “charging” the points of © where the energy density H(-, u, Du) is maximised is
the Dirac measure at a single point x € dO. This is for instance the case for the standard
“Aronsson solution” of the oo-Laplacian on R2, given by u(x, y) = Ix|4/3 — |y*/3,
as well as for any other co-Harmonic function which is nowhere Eikonal (i.e. |Du]| is
non-constant on all open subsets).

We conclude this introduction by noting that the two vectorial variational concepts
we are considering herein (Definitions 1-2) do not exhaust the plethora variational
concepts in L. In particular, in the paper [41] the concept of tight maps was intro-
duced in the case of H(x, , P) = || P|| where || - || is the operator norm on RV ",
Additionally, in the papers [9,33] a concept of special affine variations was considered
which also characterises the Aronsson system, in fact in the generality of merely locally
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Lipschitz D-solutions. Finally, in the paper [6] new concepts of absolute minimisers
for constrained minimisation problems have been proposed, whilst results relevant to
variational principles in L°° and applications appear in [14,15,17,25,39,40].

2 Proofs and a Maximum-Minimum Principle for H(-, u, Du)

In this section we prove our main results Theorems 4-5. Before delving into that, we
establish a result of independent interest, which generalises a corresponding result
from [29].

Proposition 6 (Maximum-Minimum Principles) Suppose Let u € C*(2; RY) be a
solution to (1.8), such that H satisfies

(a) Hp (-, u, Du) has full rank on <2,

(b) there exists ¢ > 0 such that

(ETHp(x,n, P)) - (ETP) = c|& Hp(x, n, P)[,

forall& € RN and all (x,n, P) € Q x RN x RVN*",
Then, for any O € Q we have:

sup H(:, u, Du) = max H(-, u, Du), 2.1
o 00

inf H(-, u, Du) = min H(-, u, Du). 2.2
o (-, u, Du) nir (-, u, Du) (2.2)

The proof is based on the usage of the following flow with parameters:

Lemma7 Letu € C*(Q; RN). Consider the parametric ODE system

{J}(I) = £THPCu D). £ 20 23)
y(0) = x,
for given x € Qand & € RN, Then, we have
d T
E(H(-,u,Du)‘V(I)) = & Hp(,u,Du) D(H(,u, D) . (2.4)
d 2
T6Tu(y ) = cleTHpCu D), 2.5)

Proof of Lemma 7. The identity (2.4) follows by a direct computation and (2.3). For
the inequality (2.5), we have

d
—&Tu(y )

- (TDu(r®)) - 7o

(™Du(r®)) - (€THpC.w. D, )

2
T
E HP(', u, Du)’y(t)

v

c
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The lemma ensues. O

Proof of Proposition 6 Fix O & . Without loss of generality, we may suppose O
is connected. Consider first the case where rk(H p(,u, Du)) = n < N. Then, the
matrix-valued map Hp (-, u, Du) is pointwise left invertible. Therefore, by (1.8),

(Hp(-,u,Du))*‘Hp(-,u,Du)D(H(-,u,Du)) =0

which, by the connectivity of O, gives H(-,u,Du) = const on O. The lat-
ter equality readily implies the desired conclusion. Consider now the case where
rk(Hp(-, u, Du)) = N < n.Fix x € O and a unit vector § € R” and consider the
parametric ODE system (2.3) of Lemma 7. By the fullness of therank of Hp (-, u, Du)),
we have that

|€"THp(,u,Du))| = ¢1 >0 onO.

We will now show that the trajectory y (7) reaches dO in finite time. To this end, we
estimate

Z

. d
1Dl 0 diam(©) = [Dull=(o)|y ) = (O = || & Tutr@)
for some 7 € (0, 1), by the mean value theorem. Hence,

t

_ d
IDu | 0 diam(O) > ‘a Eluy )

[§TDut @) 7 D)1
|6 TDuCy @) - (6THRC D, )| 1

2
t

v

of¢ THpC,u, D),

> (coct) 1.

This proves the desired claim. Further, since u solves (1.8), by (2.4) of Lemma 7 it
follows that H(-, u, Du) is constant along the trajectory. Thus, if x € O is chosen as a
point realising either the maximum or the minimum in O, then by moving along the
trajectory, we reach a point y € 9O such that H(, u, Du)‘x = H(, u, Du)]y. This
establishes both the maximum and minimum principle. The proposition ensues. O

Remark 8 (Danskin’s theorem) The central ingredient in the proofs of Theorems 4—
5 is the next consequence of Danskin’s theorem: for any O € Q and any u, ¢ €
CL(Q: RY), we have the identities
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%‘lzoﬁoo(u +19,0) = max (Hp(-, u,Du) : D¢ + H, (-, u, Du) .¢)’(2 .
E‘zzo—E‘”(“ +1¢.0) = min (HP(',u,Du) : D¢ + H, (-, u, Du) -¢>, .
where

O(u) := Argmax{H(-,u,Du) : O}.
Indeed, by [23, Theorem 1, page 643] and the chain rule we have

d E(+t¢0)—d
ar Lo+ M T dr

ot (m@ax H(-, u+tp,Du+ th)))

d
= — H(-, t$,D tD
1(1913{); <dt (,u+1¢,Du+ ¢))

= max (Hp(~,u,Du) : D¢ + H, (-, u, Du) -¢).

=071

This establishes the first identity of (2.6). The second one follows through the substi-
tutions ¢ ~» —¢, t ~~> —t.

Now we may establish Theorem 4.

Proof of Theorem 4 (I) Suppose first that u is a rank-one absolute minimiser on 2.
The aim is to show that (1.8) is satisfied on €2. This conclusion in fact follows by the
results in [27], but below we provide a new shorter proof. To this end, fix x € € and
o € (0, dist(x, 92)) and let O :=B,(x). We fix also § € R¥ and choose

o) = &(ly — xI* — p?).

Then, ¢ € CJ(B,(x); span[£]). By Remark 8 and our minimality assumption, the
definition of one-sided derivatives yields

Eo(u+1$,0) <0 < 4 Eoo(u + ¢, O). 2.7)

E ‘1:0 dr ’z:0+

Hence, by (2.7), (2.6) and continuity there exists a point x, with |x, — x| < p which
lies in the argmax set

B, (x)) () = Argmax{H(-,u,Du) : B,(x)}

such that

— 0. (2.8)

Xp

(Hp(~, u,Du) : D$ + H, (-, u, Du) -¢)
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Therefore,
sT(sz(., u, Du)!xp (xp —x) + Hy (- u, Du)}xp(|xp —x)? = p2)) = 0. (2.9)
If x, lies in the interior of B, (x), then it is an interior maximum and therefore
D(H(. u, Dw))|, = 0.

This means that (1.8) is satisfied at x,. If x, lies on the boundary of B, (x), then this
means that

Vye I@p(x), we have H(-, u, Du)‘y < H(, u, Du)|x .
P

The above can be rewritten as
By(v) € Hxp) = [HC,u,Dw) = HEew, D), |,

and note also that x, € 9B, (x) N 0H(x,). Hence, the sublevel set H(x,) satisfied an
interior sphere condition at x,. If D(H(-, u, Du)) = 0 then (1.8) is again satisfied

“p
at x,. If on the other hand

D(H(, u,Dw))|, # 0

then 0H(x,) isa C ! manifold near x, and the gradient above is the normal vector
at the point x,. Due to the interior sphere condition, this implies that this is also the
normal vector to the sphere 0B, (x) at x,. Thus, there exists A 7 0 such that

xp —x = AD(H(-, u, Du))| (2.10)

Xp

By inserting (2.10) into (2.9) and noting that |x, — x| = p, we infer that
2ng(Hp(.,u,Du)D(H(-,u,Du)))\x — 0.
P

By dividing by 24 and letting p — 0, we deduce that (1.8) is satisfied at the arbitrary
x € Q.

Conversely, suppose that u satisfies (1.8) on €2, together with the additional assump-
tions of the statement. Fix O € Qand ¢ € Cé (O; span[£]). Without loss of generality,
we may suppose O is connected. Since ¢ = (£ ' ¢)&, for convenience weset g := & | ¢
and then we may write ¢ = g& with g € Cé (O). Then, the matrix-valued map
Hp (-, Du) is pointwise left invertible. Therefore, by (1.8)

(Hp (-, Du)) "'Hp (-, Du) D(H(-, Du)) = 0 on O,
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which, by the connectivity of O, gives
H(-, Du) = const on O.

Since g € C'(R") with g = 0 on 90, there exists at least one interior critical point
X € O such that Dg(x) = 0. By the previous, we have

Eoo(u, ©) = H(%, Du(¥))

H(%, Du(¥) + § @ Dg(®))

H()E, Du(F) + D¢()E))

sup H(x, Du(x) + D¢(x))
xeO

Ex(u + ¢, O).

IA

The conclusion ensues.
(IT) Suppose that u has co-minimal area. Fix x € Q and p € (0, dist(x, 9€2)). Fix

£ e N(Hp(~,u,Du)T|x),

noting also that by Definition 3 the above set is the reduced nullspace of Hp (-, u, Du) T
at x. This implies that there exists a C! extension & € C!(R"; R") such that & (x) =
& and (E)THp(~, u,Du) = 0 on the closed ball H_Bg (x) for some ¢ € (0, p). By
differentiating the relation (é YTHp (-, u, Du) = 0 and taking its trace, we obtain

g -div(Hp (-, u, Du)) + DE : Hp(-,u,Du) = 0, (2.11)

on B, (x). Since u has co-minimal area and £ is an admissible normal variation, by
using Remark 8 and arguing as in the beginning of part (I), it follows that

(é -H, (-, u, Du) + DE :Hp(-,u,Du)> =0 (2.12)

Xe

for some x, € (B¢ (x))(u), where
(Be(x)) () = Argmax{H(-, u, Du) : B.(x)}.
By (2.11)—(2.12), we infer that

E(x,) - (div(Hp(-,u,Du)) - H,,(-,u,Du)) =0

Xe
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and by letting ¢ — 0, we deduce that

S~(diV(Hp(~,u,Du)) _ H,,(.,u,Du)) — 0,

X

forany & € N(Hp (-, u, Du)T|x). Hence, u satisfies (1.9) at the arbitrary x € Q.

Conversely, suppose that u solves (1.9)on Q. Fix O € Qand¢ € C LR RY) such
that ¢ "Hp (-, u, Du) = 0 on O. Note further that by the continuity up to the boundary
of all functions involved, the latter identity in fact holds on O. By the satisfaction of
(1.9) and Definition 3, it follows that

¢ - (div(Hp(,u, D) = Hy(,u,Dw)) = 0,
on O C Q. By differentiating ¢THP(-, u, Du) = 0, we obtain
¢ - div(Hp (-, u, Du)) + D¢ : Hp (-, u, Du) = 0,
on O. By the above two identities, we deduce
¢ -H,(-,u,Du) + D¢ : Hp(-,u, Du) = 0,

on O. Since O(u) C O, Remark 8 yields that u is a critical point since the left and
right derivative of Eoo (1 + ¢, O) at t = 0 coincide and vanish. Since by assumption
H(x, -, -) is convex on RY x R¥N*" it follows that Eqo (-, @) is convex on C1(O; RN).
Hence, the critical point u is in fact a minimum point for this class of variations. This
establishes our claim.

(IIT) This is an immediate corollary of items (I) and (I). O

Now we conclude by establishing Theorem 5.
Proof of Theorem 5 Fix © € Qand u, ¢ € C'(€2; RY). We show that (I) = (II) =

(IIT) and that (III) = (I) under the additional convexity assumption. By recalling
Remark 8, note that if

Ex( +tp,0) > Ex(u, ©), forallz € R, (2.13)

then directly by (2.13) and the definition of one-sided derivatives, we have

d
o] Exu+19.0) <0 =<

< | Eeclu +19.0). (2.14)

This shows (I) = (I). If (II) holds, note that one also has that

min _[Hp(,u,Du) : D¢ + Hy(,u, Du) - ¢ < 0,
Argmax{H(-,u,Du) : O}
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for any ¢ € Cé (O; RN). By (2.6) we see that (2.14) is satisfied and by continuity we
obtain the existence of a non-empty compact set K = Ky € O(u) such that

(Hp(~,u,Du) : D¢ + H, (-, u, Du) .¢)‘K =0 (2.15)

Hence, (IIT) ensues. If now (2.15) holds true for some non-empty compact set K C
O(u), then by (2.6) we have that (2.14) is true. If further H(x, -, -) is convex for all
x € €, then by Lemma 9 given right after the proof, 7 > E(u+1¢, O) is minimised
att = 0 and (2.13) holds true.

(IV) = (IlI): Let 0 € 22(O) be any Radon probability measure satisfying (1.12).
Then, by assumption

f— (Hp(~,u,Du) : D¢ + H, (-, u, Du) -¢)da -0
O

for all ¢ € CJ(O; RY). Fix any point ¥ € O(u). By choosing the Dirac measure
& € 2(0) given by

o = 5;
which evidently satisfies supp(c) = {x} € O(u), we obtain

(Hp(~, u,Du) : D$ + Hy (-, u, Du) -¢)

X

= /7 (Hp(~,u,Du) :D¢ + H,,(.,u,Du)~¢)d6
O

=0,

for any x € O(u). The conclusion ensues with K = O(u).
(III) = (IV): If we have K = O(u) and

(HP(-,u,Du) D¢ + H,,(-,u,Du)~¢>‘K —0,
then for any Radon probability measure o € 22(0) with supp(c) € K, we have
/6 (HP(-, u,Du) : D$ + H, (-, u, Du) -¢>do =0
forall ¢ € C(l) (O; RY). Hence, we have shown that
—div(Hp (-, u, Du)o) + Hy (-, u, Du)o = 0,
in the dual space (Cg (O; RN y)*, O
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The next result which was utilised in the proof of Theorem 5 completes our argu-
ments.

Lemma?9 Let f : R — R be a convex function. If the one-sided derivatives f'(0%)
existand f'(07) <0 < f/(07), then £(0) is the global minimum of f on R.

Proof of Lemma 9 By the convexity of f on R, for any fixed s € R there exists a
sub-differential p; € R such that

Ft) = f(s) = ps(t —s), forallt e R. (2.16)

For the choice t = 0 and s > 0, we have

f&) = O _

N

s

and note also that since convex functions are locally Lipschitz, the set (ps)o<s<1 18
bounded. Thus, since f’(0™") exists and is non-negative, the above inequality yields

0 < f/(0") < liminf p; < oo.
s—0t

Hence, by passing to the limit as s — 07 in the inequality (2.16) for ¢ > 0 fixed, we
obtain f(t) — f(0) > 0. The case of t < 0 follows by arguing similarly. O

Acknowledgements Nikos Katzourakis would like to thank Roger Moser, Giles Shaw and Tristan Pryer
for their inspiring scientific discussion about L% variational problems.

Compliance with Ethical Standards
Conflict of interest The authors declare that they have no conflict of interest.

References

1. Aronsson, G.: Minimization problems for the functional supy F(x, f(x), f'(x)). Arkiv fiir Mat. 6,
33-53 (1965)

2. Aronsson, G.: Minimization problems for the functional supy F(x, f(x), f'(x)) II. Arkiv fiir Mat. 6,
409-431 (1966)

3. Aronsson, G.: Extension of functions satisfying Lipschitz conditions. Arkiv fiir Mat. 6, 551-561 (1967)

4. Aronsson, G.: On the partial differential equation u% Uyx + 2uxuyuxy + u%,uyy = 0. Arkiv fiir Mat.
7,395-425 (1968)

5. Aronsson, G.: Minimization problems for the functional supy F(x, f(x), f'(x)) IIl. Arkiv fiir Mat.
7(6), 509-512 (1969)

6. Aronsson, G., Barron, E.N.: L variational problems with running costs and constraints. Appl. Math.
Optim. 65, 53-90 (2012)

7. Aronsson, G., Crandall, M., Juutinen, P.: A tour of the theory of absolutely minimizing functions. Bull.
AMS New Ser. 41, 439-505 (2004)

8. Armstrong, S.N., Crandall, M.G., Julin, V., Smart, C.K.: Convexity criteria and uniqueness of absolutely
minimising functions. Arch. Ration. Mech. Anal. 200, 405-443 (2011)

@ Springer



Applied Mathematics & Optimization (2021) 83:833-848 847

9.

10.

11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Ayanbayev, B., Katzourakis, N.: A pointwise characterisation of the PDE system of vectorial calculus
of variations in L°°. Proc. R. Soc. Edinburgh A. https://doi.org/10.1017/prm.2018.89

Barron, E.N.: Viscosity solutions and analysis in L. In: Clarke, FH., Stern, R.J., Sabidussi, G. (eds.)
Nonlinear Analysis, Differential Equations and Control. NATO Science Series (Series C: Mathematical
and Physical Sciences), vol. 528. Springer, Dordrecht (1999)

Barron, E.N., Jensen, R., Wang, C.: The Euler equation and absolute minimisers of L functionals.
Arch. Rational Mech. Anal. 157, 255-283 (2001)

Barron, N., Jensen, R., Wang, C.: Lower semicontinuity of L° functionals. Ann. I. H. Poincaré 18,
495-517 (2001)

Barron, E.N., Evans, L.C., Jensen, R.: The infinity Laplacian, Aronsson’s equation and their general-
izations. Trans. Am. Math. Soc. 360, 77-101 (2008)

. Bocea, M., Nesi, V.: T'-convergence of power-law functionals, variational principles in L°° and appli-

cations. SIAM J. Math. Anal. 39, 1550-1576 (2008)

Bocea, M., Popovici, C.: Variational principles in L with applications to antiplane shear and plane
stress plasticity. J. Convex Anal. 18(2), 403—416 (2011)

Champion, T., De Pascale, L.: Principles of comparison with distance functions for absolute minimizers.
J. Convex Anal. 14, 515541 (2007)

Champion, T., De Pascale, L., Prinari, F.: I'-convergence and absolute minimizers for supremal func-
tionals. COCV ESAIM 10, 1427 (2004)

Crandall, M.: An efficient derivation of the Aronsson equation. Arch. Rational Mech. Anal. 167(4),
271279 (2003)

Crandall, M.G.: A visit with the co-Laplacian. In: Dacorogna, B. (ed.) Calculus of Variations and Non-
Linear Partial Differential Equations. Springer Lecture notes in Mathematics 1927. CIME, Cetraro
(2005)

Crandall, M.G., Evans, L.C., Gariepy, R.: Optimal Lipschitz extensions and the infinity Laplacian.
Calc. Var. PDE 13, 123139 (2001)

Croce, G., Katzourakis, N., Pisante, G.: D-solutions to the system of vectorial Calculus of Variations
in L via the singular value problem. Discret. Contin. Dyn. Syst. 37(12), 6165-6181 (2017)
Dacorogna, B.: Direct Methods in the Calculus of Variations, 2nd Edition. Applied Mathematical
Sciences, vol. 78. Springer, Berlin (2008)

Danskin, J.M.: The theory of min-max with application. SIAM J. Appl. Math. 14, 641-664 (1966)
Evans, L.C., Yu, Y.: Various properties of solutions to the Infinity-Laplacian equation. Commun. PDE
30(9), 1401-1428 (2005)

Garroni, A., Nesi, V., Ponsiglione, M.: Dielectric breakdown: optimal bounds. Proc. R. Soc. A
457(2014), 2317-2335 (2001)

Jensen, R.: Uniqueness of Lipschitz extensions minimizing the sup-norm of the gradient. Arch. Rational
Mech. Anal. 123, 51-74 (1993)

Katzourakis, N.: L variational problems for maps and the Aronsson PDE system. J. Differ. Equ.
253(7),2123-2139 (2012)

Katzourakis, N.: Explicit 2D co-harmonic maps whose interfaces have junctions and corners. Comptes
Rendus Acad. Sci. Paris Ser. I 351, 677-680 (2013)

Katzourakis, N.: co-minimal submanifolds. Proc. AMS 142, 2797-2811 (2014)

Katzourakis, N.: On the structure of co-harmonic maps. Commun. PDE 39(11), 2091-2124 (2014)
Katzourakis, N.: An Introduction to Viscosity Solutions for Fully Nonlinear PDE with Applications
to Calculus of Variations in L. Springer Briefs in Mathematics. Springer, Berlin (2015). https:/doi.
org/10.1007/978-3-319-12829-0

Katzourakis, N.: Absolutely minimising generalised solutions to the equations of vectorial calculus of
variations in L°°. Calc. Var. PDE 56(1), 1-25 (2017). https://doi.org/10.1007/300526-016-1099-z
Katzourakis, N.: A new characterisation of co-harmonic and p-harmonic mappings via affine variations
in L. Electron. J. Differ. Equ. 2017(29), 1-19 (2017)

Katzourakis, N., Pryer, T.: 2nd order L°° variational problems and the co-Polylaplacian. Adv. Calc.
Var. (2016) https://doi.org/10.1515/acv-2016-0052

Katzourakis, N., Moser, R.: Existence, uniqueness and structure of second order absolute minimisers.
Arch. Rational Mech. Anal. (2018) https://doi.org/10.1007/s00205-018-1305-6

Katzourakis, N., Shaw, G.: Counterexamples in calculus of variations in L® through the vectorial
Eikonal equation. Comptes Rendus Math. Ser. I 356(5), 498-502 (2018). https://doi.org/10.1016/].
crma.2018.04.010

@ Springer


https://doi.org/10.1017/prm.2018.89
https://doi.org/10.1007/978-3-319-12829-0
https://doi.org/10.1007/978-3-319-12829-0
https://doi.org/10.1007/s00526-016-1099-z
https://doi.org/10.1515/acv-2016-0052
https://doi.org/10.1007/s00205-018-1305-6
https://doi.org/10.1016/j.crma.2018.04.010
https://doi.org/10.1016/j.crma.2018.04.010

848

Applied Mathematics & Optimization (2021) 83:833-848

37.

38.

39.

40.

41.

42.

Miao, Q., Wang, C., Zhou, Y.: Uniqueness of absolute minimizers for L°°-functionals involving Hamil-
tonians H (x, p). Arch. Rational Mech. Anal. 223(1), 141-198 (2017)

Papamikos, G., Pryer, T.: A Lie symmetry analysis and explicit solutions of the two-dimensional
oo-polylaplacian. Stud. Appl. Math. (2018) https://doi.org/10.1111/sapm.12232

Prinari, F.: On the lower semicontinuity and approximation of L°°-functionals. NoDEA 22, 1591-1605
(2015)

Ribeiro, A.N., Zappale, E.: Existence of minimisers for nonlevel convex functionals. SIAM J. Control
Opt. 52(5), 3341-3370 (2014)

Sheffield, S., Smart, C.K.: Vector valued optimal Lipschitz extensions. Commun. Pure Appl. Math.
65(1), 128-154 (2012)

Yu, Y.: Viscosity solutions of Aronssons equations. Arch. Ration. Mech. Anal. 182, 153180 (2006)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1111/sapm.12232

	Vectorial Variational Principles in Linfty and Their Characterisation Through PDE Systems
	Abstract
	1 Introduction
	2 Proofs and a Maximum–Minimum Principle for H(cdot,u,Du)
	Acknowledgements
	References




