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Abstract

The paper investigates control problems for a class of nonlinear elliptic variational—
hemivariational inequalities with constraint sets. Based on the well posedness of a
variational-hemivariational inequality, we prove some results on continuous depen-
dence and existence of optimal pairs to optimal control problems. We obtain some
continuous dependence results in which the strong dependence and weak dependence
are considered, respectively. A frictional contact problem is given to illustrate our
main results.
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1 Introduction

In this paper we present systematic approaches to continuous dependence and opti-
mal control for a class of nonlinear elliptic variational-hemivariational inequalities.
Theoretical results are delivered in the general framework of abstract inequalities in a
reflexive Banach space. The main feature of such inequalities lies in the fact that they
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are governed by a nonlinear operator, a convex set of constraints and two nondiffer-
entiable functionals, among which at least one is convex.

Variational-hemivariational inequalities appear in a variety of mechanical prob-
lems, for example, the unilateral contact problems in nonlinear elasticity, the problems
describing the adhesive and friction effects, the nonconvex semipermeability problems,
the masonry structures, and the delamination problems in multilayered composites (see
e.g. [13,17]). Hemivariational inequalities have been introduced by Panagiotopoulos
in 1981 as the variational formulation of important classes of unilateral and inequal-
ity problems in mechanics (see [18]). The notion of hemivariational inequality is
a generalization of variational inequality for a case where the function involved is
nonconvex and nonsmooth. The hemivariational inequalities are based on a con-
cept of the generalized gradient of Clarke (see [3,4,13]). They cover boundary value
problems for partial differential equations with nonmonotone, possibly multivalued
and nonconvex nonlinearities. In the last few years many kinds of variational and
hemivariational inequalities have been investigated (see [6,21]) and the study of
variational-hemivariational inequalities has emerged today as a new and interesting
branch of applied mathematics.

Various models in applied sciences can conveniently be formulated as variational—
hemivariational inequality problems involving certain parameters. These parameters
are known and they often characterize some physical properties of the underlying
model. In recent years, the field of inverse and identification problems emerged as one
of the most vibrant and developing branches of applied and industrial mathematics
because of their wide applications, see [1,2,5,7,8] and the references therein. Stability
of inverse problems with respect to perturbations of the original problem and of cost
functional can be found in [ 10-12] and some related optimal control problem in [9,19].

The variational-hemivariational inequality studied in the present paper can be for-
mulated as follows. Let X, P and Q be reflexive Banach spaces. For p € P, let K (p)
be a nonempty, closed and convex set of constraints in X. Given a nonlinear pseu-
domonotone operator A: X — X, alinear continuous control operator B : Q@ — X*,
a convex functional ¢: X x X — R, alocally Lipschitz (in general nonconvex) func-
tional j: X — R and an element f € X* with some properties to be specified later,
the abstract variational-hemivariational inequality has the form:

Problem 1 For given p € P,q € Q, find u € K(p) such that
(Au, v—u)x +o@u, v)—p@, )+’ ;v —u)>(f+Bq, v—u)x, Yve K(p).

Here j%(u; v) stands for the generalized (Clarke) directional derivative of j at a point
u € X in the direction v € X.

In the first part of the paper we first provide results on the well posedness of the
above abstract problem. The existence and uniqueness of solution to Problem 1 has
been recently obtained in [14,19]. Then, we prove some continuous dependence results
in which the strong dependence and weak dependence are considered, respectively,
and show a new result saying that the mapping P x Q > (p,q) + u(p,q) € X is
continuous. This continuous dependence result is fundamental to obtain the existence
of solution to an optimal control problem in which we minimize an appropriate cost
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functional F defined on the space of admissible parameters P,y X Q¢ C P x Q.
The novelty of this paper is that the constraint set K depends on p. The linear and
nonlinear cases are considered.

The second part of the paper is devoted to an optimal control problem for a frictional
unilateral contact problem in nonlinear elasticity in which u represents the displace-
ment field. Moreover, since the abstract problem is a variational-hemivariational
inequality, we are able to incorporate in this setting various complicated physical
phenomena modeled by nonmonotone and nondifferentiable potentials which are met
in industrial processes. On the other hand, the contact problem under consideration
offers some nontrivial mathematical interest. Finally, we note that the techniques and
results discussed in this paper could be also used in many other optimal control prob-
lems in mechanics.

The rest of this paper is organized as follows. In the next section, we will briefly
introduce some necessary preliminary material. In Sect. 3, we give the result on the
existence and uniqueness of solution to Problem 1. In Sect. 4, we provide some con-
tinuous dependence results for Problem 1. In Sect. 5, we establish some existence
and convergence results for an optimal control problem. Finally, we elaborate on a
frictional contact problem to illustrate our main results.

2 Preliminaries

Let (X, | - ||lx) be a Banach space. We denote by X* its dual space and by (-, -)x the
duality pairing between X* and X. We denote by “— " the strong convergence and by
“—" the weak convergence.

We recall the following definitions, see [3,4,13].

Definition 2 A function f: X — R is said to be

(i) (weakly) upper semicontinuous (u.s.c.) at xg, if for any sequence {x,},>1 C X
with (x,—~xo) x, — x0, we have lim sup f(x,;) < f(x0).
(i1) (weakly) lower semicontinuous (l.s.c.) at xo, if for any sequence {x,},>1 C X
with (x,—xg) x, — X0, we have f(xo) < liminf f(x,).
(iii) f is said to be (weakly) u.s.c. (I.s.c.) on X, if forall x € X f is (weakly) u.s.c.
(Ls.c.) at x.

Definition3 Let ¢: X — R U {400} be a proper, convex and l.s.c. function. The
mapping d¢: X — 2% defined by

dpu) ={u* € X* | (u*,v—u)xy <o) — @) forallv € X}

for u € X, is called the subdifferential of ¢. An element x* € d¢(x) is called a
subgradient of ¢ in u.

Definition 4 Given a locally Lipschitz function ¢: X — R, we denote by ¢°(u; v)

the Clarke generalized directional derivative of ¢ at the point # € X in the direction
v € X defined by
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0/ . N 1 0+ 2v) —9(2)
¢ (u;v) = limsup .
A—=>0F, c—>u A

The Clarke subdifferential or the generalized gradient of ¢ at u € X, denoted by
d¢(u), is a subset of X* given by

o) = {u* € X* | (u; v) > (u*, v)yx forallv € X }.

Definition 5 A single-valued operator F: X — X* is said to be pseudomonotone, if
it is bounded and satisfies the inequality

(Fu,u —v) <liminf(Fu,,u, —v)x forall veX,

where u,—u in X with lim sup(Fu,, u, —u)x <O0.

Lemma 6 [13, Proposition 1.3.66] Let F: X — X™* be a single-valued opera-
tor defined on a reflexive Banach space X. The operator F is pseudomonotone if
and only if F is bounded and satisfies the following condition: if u,—u in X and
lim sup(Fu,, u, —u)x <0, then Fu,— Fu in X* and im{(Fu,, u, —u)x = 0.

The following notion of the Mosco convergence of sets will be useful in the next
sections. For the definitions, properties and other modes of set convergence, we refer
to [4, Chap. 4.7] and [15].

Definition 7 Let (X, || - ||) be a normed space and {K,},en C 2% \ {#}. We say that

K, converge to K in the Mosco sense, as n — 00, denoted by K, ﬂ) K if and only
if the two conditions hold

(m1) for each x € K, there exists {x,},en such that x, € K,, and x, — x in X as
n— 0o,

(m2) for each subsequence {x,},en such that x, € K, and x,—x in X, we have
x € K.

3 Existence and Uniqueness Result

In this section we provide a result on existence and uniqueness of solution to the
variational-hemivariational inequality of the following form.

Problem 8 Find u € K such that

(Au,v —u)x + o, v) —o(u, u) + jo(u;v—u) > (f,v—u)x, YveKk.
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We need the following hypotheses on the data of Problem 8.

K is a nonempty, closed, convex subset of X. (1)

A: X — X*is such that
(a) there exists a4 > 0 such that
(Auy — Auz, uy —uz)x > aq llur — ua%
forall uy, up € X. 2)
(b) there exists L 4 > 0 such that
|Auy — Auz|l < Lalluy — uzllx
forall uj, up € X.

¢: X x X — Ris such that
(a) p(u,-): X - Risconvex and l.s.c. on X, forall u € X.
(b) there exists o, > 0 such that
(Ui, v2) — @i, v1) + @z, v1) — Uz, v2) 3)
< oy lluy —uz|lxllvr —v2llx
forall uy, up, vy, vr € X.
© o, Av) = ro(u,v), p(v,v) >0forall u,ve X,r>0.
j: X — Ris such that
(a) j is locally Lipschitz.
(b) there exist ¢, c; > 0 such that
107 )llx+ < co+cillullx @)
forallu € X.
(c) there exists o; > 0 such that
JOursur —un) + 0 ur — u2) < @ lluy — u2||3
forall uy, ur € X.

We have the following existence and uniqueness result.

Theorem 9 Assume that (1)—(4) hold and the following smallness condition is satisfied
ay +aj < as. (5)

Then for any f € X*, Problem 8 has a unique solution u € X. Moreover, u satisfies
the following estimate

1
lullx = ———(lAOx|[x+ + [Ifllx* + co)- (6)
oA —Qj

Note that a result on existence and uniqueness of solution to the variational—
hemivariational inequality in Problem 8 has been recently provided in [14, Theo-
rem 18]. The results on existence and uniqueness of solution and the estimate (6)
follow from [19, Theorem 8] and [19, Lemma 10], respectively.
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4 Continuous Dependence

In this section, we consider some continuous dependence results which play a crucial
role in the study of the optimal control problem. At first, we have the following result
which is a corollary of Theorem 9.

Theorem 10 Assume that (1)—(5) hold. Then for every f € X*,p € P,q € Q,
Problem 1 has a unique solution u(p, q) € K(p). Moreover, u satisfies the following
estimate

1
lu(p, Dllx = ——UIAOxllx+ + [ flix= + I Bllllgllo + o). (N
oA —Otj

We start with two continuous dependence results which play a crucial role in the
study of the optimal control problem. We need the following hypotheses on the data.

M
K(pn) — K(p)as p, — p. (3
For any {u,} C X with u,—u in X, and all v € X, we have ©)
llm Sup((p(una v) - (p(una un)) S (p(u7 v) - (p(u’ I/l)
For any {u,} C X with u,—u in X, and all v € X, we have
. .0 .0 (10)
lim sup j¥(uy; v —up) < jo(u; v —u).

For any {g,} C Q with ¢, — ¢ in Q, we have Bg,, — Bgq in X*. a1

The first continuous dependence result reads as follows.

Theorem 11 Assume that (1)—(5) hold. Suppose also that (8)—(11) hold. Then,
pn—=>pPinP,qgy— qin Q= u(py,qn) = u(p,q)inX asn — oo.

Proof Let p, € P, g, € Q and u, = u(py,qn) € K(p,) be a unique solution to
Problem 1, i.e.,

(Aup, v —up)x +@WUu, v) — @Uy, uy) + jo(un; v — Uy)
> (f + Bqu,v—un)x, Vv € K(pn). (12)

From (7) we have
1
lunllx < ———UIAOxIx= + I fllx* + I BlllignllQ + o). (13)
A —O!j

Now, let {p,} C P with p, — pinP forsome p € Pand{q,} C Qwithg, - gin Q
for some g € Q. It follows from (13) that {u,} is a bounded sequence in X. Therefore,
by the reflexivity of X, we may suppose, passing to a subsequence if necessary, that
Up—Tiin X as n — oo with @ € X. Since u, € K (py) and K (pn) —2 K(p), by
the condition (m2) of Definition 7, we have u € K(p). From (m1) in Definition 7,
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we find a sequence {u),} such that u, € K (p,) and u, — u in X, as n — oco. We set
v = u), in (1), and obtain

lim sup(Auy,, u, —u)x
= lim sup(Auy,, up — u, + u,, —u)x

< lim sup(Au,, u, )x + lim sup(Au,, u), — u)x

_ u;l
< lim sup(Aup, u, — u))x

<(f+ Bqgn, u, — u:;)X + @(uy, u;l) — oy, uy) + jo(un; u;, — Uy).
Using hypotheses (9)—(11) we have

lim sup(Auy, u, —u)x <0.

It is well known that a monotone Lipschitz continuous operator is pseudomonotone
and hence, (2) implies that A is pseudomonotone. Therefore, we infer

liminf(Au,, u, —v)x > (Au,u —v)x, VYveX.
Subsequently, we are in a position to pass to the limitin (12). Let w € K (p). From

(m1) in Definition 7, we find a sequence {w,,} such that w, € K (p,) and w,, — w in
X,asn — 00. We set v = w,, in (12), and obtain

(At Wy — ) x + @n, wn) — @, ) + O (Uns Wy — 1)
> (f + BQna Wy — un>X~

Then from (9)—(11), we have

(AT, 7 — w)y
< limsup (Auy, u, — w)x

< limsup (Au,, u, — wy)x + limsup (Au,, w, — w)x
< limsup <(f + Bgn, wn — ttn) x + @ttn, wn) — @, ) + jO (s wy — un)>
< (f+Bq,w—m)x+ow,u) —e@n)+ j°@w—u.

Since w € K (p) is arbitrary, we have shown that

(A, w —u)x + ¢(w, 7)) — @, u) + ;'@ w —u)
>(f+Bg,w—u)x, YweK(p),

which implies that # € K (p) solves Problem 1. Since every subsequence {u,} con-
verges weakly to the same limit, the whole original sequence {u,} converges weakly
tou € K(p).
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Finally, we show that u,, — u, as n — o0. Since K (p,,) M, K(p) asn — oo,
by the condition (m 1) of Definition 7, we can find a sequence {it,,}, u, € K (p,) such
that i, — u, as n — 00. Choosing v = u,, in (1), we have

mallun — inll% < (At — Aty un — iin) x
= (Aty, g — iin) x — (Al ty — i) x
< @p, iin) — @Qun, un) + jOCun; iy — up)
+(f + Ban — A, tn — i) x.

Passing to the upper limit in the last inequality, as n — 00, and exploiting (9)—(11) and

Lemma 6, we deduce lim sup ||u, — ﬁn||§( < 0. Hence, we obtain ||u,, — u,||x — O.
Finally, we have

0 <lim|ju, —ullx <lim [|up — tnllx + lim [ju, —ullx =0,
which implies that u, — u in X, as n — oo. This completes the proof. O

We need the following hypotheses on the data.

M
K(pn) — K(p)as pp—p. (14)
For any {g,} C Q with g,—¢ in Q, we have Bq, — Bgq in X*. (15)

Similar to Theorem 11, we have the following result.
Theorem 12 Assume that (1)—(5) hold. Suppose also that (9), (10), (14), (15) hold.
Then,
=D inP,qg,—q in Q= u(py,qn) — u(p,q)inX asn — oo.

Consider the constraint sets K (p) satisfy the following hypothesis

K(p) =c(p)K + d(p)0 is such that
(a) K is a nonempty, closed and convex subset of X.
(b) Ox € K(p) and 6 is a given element of X.
(c) ¢,d: P — R are continuous and c(p) > O for all p € P.

(16)

Remark 13 We observe that if K (p), for p € P, is defined by (16), then K (p,,) M,
K(p) as p, — p.Infact, if p, — p, then c(p,) — c(p) and d(p,) — d(p), and

hence K (p,) % K (p), see [15].

We also need the additional hypothesis on function ¢ to obtain the second contin-
uous dependence result.
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@: X x X — Ris such that there exists function ¢, : Ry — R
and for each k € N there exists a constant N; > O such that
cp(r) < N forallr € [0, k] and a7
@, v1) — @u, v2) < cp(llullx)llvi — v2llx,
for all u, vy, vy € X.

Theorem 14 Assume that (2), (3), (4) and (5) hold. Suppose also that (11), (16) and
(17) hold. Then,

Pn—=>PinP,.qn— qin Q= u(py,qn) > uP,q)in X asn — oo.
Proof The existence and uniqueness of solution follow from Remark 13 and Theo-
rem 9. Let p,, p € P,qn,q € Q with p, - pandg, — g asn — 400 and
Uy, = u(pn,qn) € K(pn), u = u(p,q) € K(p) be the corresponding solutions, that

is,

(Au, v —u)x + @, v) — o, u) + j°u; v —u)

>(f+Bg.,v—u)x, YveK(p), (18)
(A, Va — ttn)x + @tn, V) — @, ) + O Wns va — y)
> (f 4+ Bqu, vy —uy)x, v, € K(py). (19)

By the definition of K (p,), we get “- (d(””)e € K. Letc, = %. Taking v =
cn(uy, —d(pn)0) +d(p)o € K(p) in (18) we obtain

(Au— f — Bq, cp(uy — d(pn)0) +d(p)0 — u)x
+ (p(u, Cn(un - d(Pn)Q) + d(l’)e) - (0(14, Lt)
+ 0 cn(un — d(pn)8) +d(p)0 — u) > 0.

Taking v, = Cin(u —d(p)9) + d(pn)0 € K(py) in (19) and multiplying by ¢, we
obtain

(Auy — f — Bgn,u — d(p)0 — cu(ty — d(pn)0))x
+o(up, u — d(P)9 + cpd(pn)8) — @(uy, chuy)
+ j%uns u — d(p)0 — cn(uy — d(pn)6)) > 0.

Adding the above two inequalities we obtain

(Auy, — Au,u, —u)x
< (Auy — Au, —=d(p)0 — (¢n — Duy + cnd(pn)f)x
+(Bq — Bgn,u —d(p)0 — cn(un — d(pn)0))x
+ o, cp(up —d(pn)0) +d(p)0) — ¢(u, u)
+ @, u —d(p)0 + cpd(pn)0) — ¢(Un, cnity)
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+ s ¢ (uy — d(pn)0) + d(p)0 — u)
+ 0 u — d(p)0 — ¢ (uy — d(pp)6)).

From (3)(c) and (17) we have

@, cp(up —d(pn)0) +d(p)0) — @(u, u)

+@un, u —d(p)0 + cud(pp)0) — @(tn, Cnitn)

=@, cn(un —d(pn)0) +d(p)0) — ¢, u —d(p)0 + cnd(pn)d)
+ @, u —d(p)0 + cnd(pn)0) — ¢(Un, cn(uy — d(py)0) +d(p)o)
+ou, u —d(p) + cyd(pn)0) — @(u, u)
+@un, cu(y —d(pn)0) +d(p)0) — @(un, catty)

< ayllup —ullxllcnttn — u +2d(p)0 — 2c,d(pn)f|x
+llend(pn)0 — d(p)Oll(cylunllx) + collullx)).

Next, using the identity

Cplly — U = Uy — U+ (¢ — Duy,

we obtain

o, cu(y — d(p)8) +d(p)0) — @(u, u)
+ @un, u — d(p) + cnd(py)8) — @iy, city)
< aglluy — ullxllcatty — u+2d(p)0 — 2cad(pn)Bllx
+ llend (pa)6 — d(p)O I (cy (lunllx) + colullx))
< apllun — ully + @pllun — ullxll(cn — Dun +2d(p)0 — 2¢ud (pa)0llv

+ lcnd(pn)6 — d(p)Ol(co(llunlix) + co(lullx)).

From (4)(b) we have

7O en(un — d(pa)0) +d(p)6 — u)
+°ns u — d(p)O — cn(un — d(pn)0))
< ojlluy — ullxllcn(un — d(pa)0) +d(p)0 — ullx
< ajllun — ullxllun —u+ (cn — Dty — cad(pa)8 +d(p)8lx
< ajllun — ulk + ojllun — ullxlicn — Dy — cad(pn)0 +d(p)0|ix.

Then, we have

(a — gy — o) lluy — ully
< Lall = d(p)0 — (cn — Dty + cad(pn)Ollx lltn — ullx
+ |Bgn — Bqllx+llu — d(p)8 — cn(un — d(pn)®) | x

+agllun —ullxll(ch — Dun +2d(p)0 — 2¢,d(pn)f|l x
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+ lcnd(pn)6 — d(p)O|(co(llunlix) + co(lullx))

D) 1y — cud(pa)f +d(p)lx
(c(pn)

=< (LA|(Cn — Hllunllx +lcad(pn) —d(p)II1€]x)
+ oy (len = Hllunllx +12d(p) — 2¢,d(pa)111011x)

D) unlx + lend(pr) — d(P)|||9||X> [—p

+ojllun — ullx|

el o

+1Bgn — Bqllx+(lullx + 1d(P)01lx + Icalllunllx + 1d(pa)lI€]x)
+ lend (pn) — d(PINO11x (o ((lunllx) + co(lullx))-

Let

k= (IIAOx llx« + L flix= + 1Bl (ligllg + 1) + co).

— o

Then, for sufficiently large n we have

{c(p(”MnHX) < N, 20)

co(llullx) < Ni.

and hence

(n — oy — o) lluy —ull}
< (LAKcn — 11k + |ead(py) — d(P] 1611 x)
+ay(len — 1k + 12d(p) — 2¢,d (p)11€]1x)

c(p)
— Uk + lcad(pn) —d(P)NONx |llun —ullx
(C(pn)

+1Bgn — Bqllx+(k +1d(p)01x + |calk + 1d(p)1 1101l x)
+ 2Nilend(pn) — d (P10 x-

+Oéj(|

From the following inequality
x,a,b>0andx?<ax+b =x<a+b,
it follows that

llun — ullx

1
< —(LA|(Cn — 1k + [cnd(pn) —d(p)IO1Ix)
A —0Op —j

+ay(len — 1k +12d(p) — 2cad(pa)ll1€11x)
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<p) _ Lk + |cnd(pn) — d(P)|||9||x>
(c(pn)

1
+1/—<”BQn — Bqllx<(k + d(P)I0llx + lealk + 1d(pa) 1011 x)
A — Uy —

1

2
+2Nilend(pn) — d(p) ||9||x> :

+oj(]

Since ¢(pn) — c(p), d(pn) — d(p) and Bq, — Bq as n — +o00, we deduce that
the right-hand side of above inequality tends to 0 as n — 400, and hence u, — u as
n — +o00. The proof is complete. O

Remark 15 We observe that if d(p) = 0 for all p € P in (16), then from the proof of
above theorem, we can omit the condition (17).

Consider the constraint sets K (p) satisfy the following hypothesis

K(p) = c(p)K 4 d(p)0 is such that
(a) K is a nonempty, closed and convex subset of X.
(b) Ox € K(p) and 0 is a given element of X.
(¢) ¢,d: P — R are linear and continuous and ¢(p) > O for all p € P.

21

Remark 16 We observe that if K (p), for p € P, is defined by (21), then K (p,,) M,
K (p) as p,— p.Infact,if p,— p,sincec, d: (0, +00) — Rare linear and continuous,
it is weakly continuous, then c¢(p,) — c¢(p) and d(p,) — d(p) in R. By Remark 13,

we obtain K (p,) ﬁ) K(p).
Similar to Theorem 14, we have the following result.

Theorem 17 Assume that (1)—(5) hold. Suppose also that (15)—(21) hold. Then,

pn—pPinP,qgn—qin Q= u(py,qy) —> u(p,q)in X asn — oo.

5 Optimal Control Problems

In this section we provide some existence results for an optimal control problem
which state is described by the variational-hemivariational inequality formulated in
Problem 1.

Consider the following optimal control problem. Given admissible subsets of
parameters P,y C P, Quq C Q and a cost functional F: P x Q@ x X — R, find a
solution (p*, ¢*) € Pyq x Qua to the following problem

F(p*v q*v u(p*, CI*)) = min F(pv q, u(p, CI)), (22)

where u = u(p, q) € K(p) denotes the unique solution of Problem 1 corresponding
to parameters p, q.
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We are now in a position to state the main result on the existence of solutions to
problem (22). We admit the following hypotheses

P.a is a compact subset of P, (23)
Paa is a weakly compact subset of P, (24)
Q.4 is a compact subset of Q, (25)
Q.4 is a weakly compact subset of Q, (26)
F:PxQxX—Rislsc.onPyy X Quu X X, 27)
F: P x Qx X — Ris weakly-weakly-strongly 1.s.c. on Pyg x Quq X X.
(28)

Theorem 18 Assume hypotheses of Theorem 11, (23), (25) and (27) hold. Then the
problem (22) has at least one solution.

Proof Let{(p,, qn,un)} C Paa X Qaq X X be aminimizing sequence of the functional
F,ie.,

lim F(pu, qn, un) =inf{ F(p,q,u) | p € Pua,q € Qaal,

where p, € Pua, gn € Qua and u, € K(p,) is the unique solution of Problem 1 that
corresponds to py,, g, i.e., u, = u(py, q,). From (23) and (25), there are subsequence
of {p,} and {g, }, denoted in the same way, such that p,, — p in P withsome p € P,y
and ¢, — ¢ in Q with some ¢ € Q4. From Theorem 11, we infer that the sequence
{un} C K(pp) converges weakly in X to the unique solution u(p,q) € K(p) of
Problem 1. Finally, from (27), we have

F(ﬁvq’u(ﬁv a)) S llmlnf F(pnv qnsul'l) = lnf{ F(pa q»u) | p € Padvq € Qad},

which shows that (p, g) is a solution of the problem (22). This completes the proof. O
Similarly, we have the following results.

Theorem 19 Assume hypotheses of Theorem 12, (24), (26) and (28) hold. Then the
problem (22) has at least one solution.

Theorem 20 Assume hypotheses of Theorem 14, (23), (25) and (27) hold. Then
the problem (22) has at least one solution.

Theorem 21 Assume hypotheses of Theorem 17, (24), (26) and (28) hold. Then the
problem (22) has at least one solution.

Next, we consider a special case of F.
Let F(p,q,u) = P(p) + Q(g) + U(u), where P : P — R, Q : Q@ — R and
U : X — R. Assume that the following hypotheses hold.

P : P — Ris weakly lower semicontinuous, positive and coercive, 29)
0 : Q — Ris weakly lower semicontinuous, positive and coercive,  (30)

U : X — Ris continuous, bounded and positive. 3D
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Consider the following optimal control problem.
Find a pair (p*, ¢*) € P x Q such that

F(p*.,q*, u(p*.q") = min _F(p,q,u(p)). (32)
peEP,qeQ

Theorem 22 Assume hypotheses of Theorem 17, (29)—(31) hold. Then the problem
(32) has at least one solution.

Proof Let {(py, qn, un)} C P x Q x X be a minimizing sequence of the functional
F,ie.,

hmF(pn, qn’uﬂ) = lnf F(pv Qa”(l’))v
peP.qeQ

where u, € K(p,) is the unique solution of Problem 1 that corresponds to p,, i.e.,
u, = u(pn,qn).- From (29)—(31) it follows that the sequences {p,} and {g,} are
bounded. In fact, since

F(pn, qn, un) = P(pp) + Q(qn) + U(un) = P(pp),

we can deduce that F'(p,, qn, un) — +00 if || p,|lp — +oc. Then there is a subse-
quence of {p,}, denoted in the same way, such that p,—7p in P with some p € P,q.
Similarly, there is a subsequence of {g, }, denoted in the same way, such that ¢, —¢ in
Q with some g € Q4. From Theorem 11, we infer that the sequence {u,} C K(py)
converges weakly in X to the unique solution u(p, g) € K (p) of Problem 1. Finally,
from (29)-(31), we have

F(p,q,u(p)) <liminf F(pn, qn,un) = inf F(p,q,u(p)),
peP.qeQ

which shows that (p, g) is a solution of the problem (32). This completes the proof. O

6 Frictional Contact Problem

In this section, we consider an optimal control problem for a frictional contact problem
from theory of elasticity to which our main results of Sects. 4 and 5 can be applied.
We provide the classical formulation of the contact problem and give its variational
formulation for which we obtain a result on its unique weak solvability. Then, we
study the optimal control problem for the contact problem and deliver a result on its
solvability.

Consider the following physical setting. An elastic body occupies an open, bounded
and connected set @ C R?, d = 1, 2, 3. The boundary of Q2 is denoted by I' = 92
and it is assumed to be Lipschitz continuous. We denote by v = (v;) the outward unit
normal at I'. We suppose that I consists of three mutually disjoint and measurable
parts T'1, T'» and T3 such that meas (I'1) > 0. Moreover, the notation S? stands for

@ Springer



Applied Mathematics & Optimization (2020) 82:637-656 651

the space of second order symmetric tensors on R?. On R and S? we use the inner
products and the Euclidean norms defined by

u-v=uv, |ull=@-w'? forallu = (u;),v = (v;) € R?,

o-T =01, |lo| = (o .o)/? foralle = (0ij), T = (1;}) es?,

respectively. Given a vector field u, notation u, and u, represent its normal and
tangential components on the boundary defined by

uy=u-v and u; =u — uyv.

For a tensor o, the symbols o, and o, denote its normal and tangential components
on the boundary, i.e.,

oy, =(ov)-v and o; =0ov —o,v.

Sometimes, we omit the explicit dependence on x € 2 U I'. We also denote by P, Q
the normed spaces of parameters. The classical model for the contact process is the
following.

Problem 23 Given p € P, find a displacement field u: Q@ — RY, a stress field
o: Q — S and an interface force n: I's — R such that

o=A(e(w)) in Q, (33)
Divo + f, =0 in L, (34
u=0 on I'y, (35)
ov = f,+4+ Bg on I', (36)
uy =g(p), oy +n=0, (uy—gp)lo,+n =0, nedjuy) on Iz,
(37)
lozll < Fp(uy), —or= Fp(uy) ”ZZ” if Jlucll #0 on T's. (38)

Note that Problem 23 was first investigated in [14] where results on its unique weak
solvability, continuous dependence on the data and penalty method were obtained. In
this problem (33) represents the elastic constitutive law in which A is the elasticity
operators and e(u) denotes the linearized strain tensor defined by

1
e(u) = (¢j(w), e&ij(u) = E(ui,j +uj;) in Q.

Equation (34) is the equation of equilibrium, where f denotes the density of the
body forces, (35) is the displacement homogeneous boundary condition which means
that the body is fixed on I'y, and (36) is the traction boundary condition with surface
tractions of density f, 4+ Bp acting on I'2, where p is the control parameter. Finally,
conditions (37) and (38) given on the contact surface I'3, represent the contact and
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the friction law, respectively. Here g denotes the thickness of the elastic layer which
depends on p, F} is the friction bound and 9 j, represents the Clarke subdifferential of a
given function j,. A detailed description of these conditions together with mechanical
interpretations can be found in [14]. We restrict ourselves to a comment that the friction
law (38) is a variant of the Coulomb law of dry friction in which the friction bound F,
depends on the normal displacement u,, and (37) is the multivalued normal compliance
contact condition with unilateral constraints of Signorini type. More details on static
contact models with elastic materials can be found in [13,16,20].

In order to study the variational formulation of Problem 23, we use the spaces V
and H defined by

V={ve H' QR |v=00nT;}, H=L*Q;S.

Here and below we denote by v the trace on the boundary of an element v €
H'(Q; RY). On the space V we consider the inner product and the corresponding
norm given by

(u,v)y = (e(u), e())p, llvlly = le(v)]p forall u, veV.

Recall (see e.g. [13]) that, since meas(I') > 0, it follows that V is a Hilbert space.
Moreover, by the Sobolev trace theorem, we have

vl z2riray < v llllvlly forall veV, (39)

where ||y || is the norm of the trace operator y: V — L2(T; R?). The space H is a
Hilbert space endowed with the inner product

(0, T)x =/Qf7ij(x)fij(x)dx,

and the associated norm || - ||7.
Our hypotheses on Problem 23 read as follows.

A: Q x ST — 7 is such that
(a) A(-, €) is measurable on 2 for all & € S7.
(b) there exists L 4 > 0 such that
[A(x,e1) — A(x, e2)|| < Laller — ezl
forall e, e, € S?, ae.x € Q. 40)
(c) there exists m_4 > 0 such that
(A(x,&1) — A(x, £2)) - (61 — £2) = aaller — &2
foralle;, er € §9, ae. x € Q.
(d) A(x,0) =0forae. x € Q.
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F,: '3 x R — R is such that
(a) Fp(-, r) is measurable on '3 for all r € R.
(b) there exists L, > 0 such that
|Fp(x,r1) — Fp(x,r2)| < LE,|r1 —r2| (41)
forallri,» € R, ae. x € I's.
(c) Fp(x,r) =0forallr <0, Fp(x,r) >0 forallr >0
fora.e. x € I's.

Jv: '3 x R — Ris such that
(a) jy (-, r) is measurable on I'; forall » € R
and there exists ¢ € L2(I'3) such that Jv(,e()) e L(I3).
(b) ju(x,-) is locally Lipschitz on R for a.e. x € I'3.
(c) there exist ¢, ¢; > 0 such that

. - = 42
19, (e, )] < Go + 2117 “2)
forallr € R,a.e. x € I's.
(d) there exists aj, > 0 such that
GG i =) + 0, r =) < @yl — rf?
forallri,rm e R, a.e.x € I'3.
Finally, we assume that
fo€ LA RY), fre L2 (T RY), g € C(I's x P; Ry),
B e £(Q; L*(I'; RY)). (43)
We introduce the set of admissible displacement fields U (p) defined by
Ulp)={veV|v, <g(ponlz}, peP.
Moreover, we define an element f € V* by
(fov)v ={fo, V) 2@ray + (f2, V) 12(ry:RY) (44)
and an operator B; € £(Q; V*) by
(B1g,v)y = (Bq, v>L2(r2;Rd) (45)

forallv e V.
Using (33)—(38) and (44)—(45), by a standard argument (see Sect.7 in [13]), we
derive the following variational formulation of Problem 23.

Problem 24 Given p € P,q € Q, find u € U(p) such that

(A(e(m)), e(v) — e())n

+f Fb(uvxuvfu—||uf||>dr+f 0 vy — 1) dT = (f + Big, v — u)y
I'; I'3

forall v € U(p).
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The following result concerns the well posedness of Problem 24.

Theorem 25 Assume that (40)—(43) hold and the following smallness condition is
satisfied

(Lr, + o)y I* < aq. (46)

Then

(1) forall p € P, Problem 24 has a unique solution u = u(p, q) € U(p).
(i) pp —>PinP, gn — qin Q= u(pu,qs) = u(p,q) in X asn — oo.

Proof We will apply Theorems 10 and 14 in the following functional framework:
X=V,K(p)=U(p) and

A:V — V*  (Au,v) = (A(e(n)), e(v))y foru,v eV,
¢: VxV >R, go(u,v):f Fy(uy)||v¢||dT foru,v eV,
I3

j: V>R, j(v)=/ Jv(wy)dl' forveV
I'3

forall p € P.

We will check that the set K (p), the operator A, functions ¢ and j satisfy all the
hypotheses of Theorems 9 and 14.

It is clear that the set K (p) = U(p) is a nonempty closed and convex subset of V
for every p € P and K (p) = c(p)K, where c(p) = g(p) and

K={veV]v,<lonT3}

Then (16) holds.
From the proof of Theorem 32 in [14], it follows that (2)—(5) are satisfied. The
existence and uniqueness of solution to Problem 24 follows from Theorem 32 in [14].
Next, we establish (17). From (41) and (39), for u, v{, v € V we obtain

o, v1) — ou, v2) = / Fy()([v1c ]l — v2e ) T

I'3
< Lp,llullp2ryray (o1 — v2ll 215 me))

2
= Ly llylIFlulviivi — vally.

This implies condition (17) with ¢, (lu|lv) = L, |ly 12 Nully.
The proof of the theorem is complete. O

Consider now the following inverse problem for the contact problem (33)—(38). Let
Pad € Pand Qg C Q be the admissible subsets of parametersand F: Px QxV —
R be a cost functional. We look for a pair (p*, g*) € Puq x Quq to the following
minimization problem
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F(p*.,q* u(p*,q") = min _ F(p,q,u(p,q)), 47)
PEPadJIGQad

where u = u(p, q) € U(p) denotes the unique solution of Problem 24 corresponding
to (p, q). As a corollary from Theorems 20 and 25, we deduce the following result.

Theorem 26 Assume that (23), (40)—(43) and (46) hold and the cost functional F : P x
V — Ris Ls.c. on Pyg x V. Then the problem (47) has at least one solution.

We conclude with the following two examples of the cost functionals which satisfy
hypothesis of Theorem 26.

Example27 Let F: P x Q x V — R be of the form

Fi(p.q.u) = ];ZLl(x,u(x))dx + h(p) + k(q).

Assume the following hypotheses.

Li: 2 x RY — R is such that
(a) L1 (-, £) is measurable on Q for all £ € R?,
(b) Li(x,-)isLs.c.onR? forae. x € Q,
(¢) Li(x,&) > —aj(x) + b||&| forall§ e R, ae.x € Q
witha; € LY(Q), b e R

and h: Pyg — Ris l.s.c.on Pyy, k: Quq — Riis l.s.c. on Q,y. Then F is l.s.c. on
Pud X Qua X V.

Example 28 Let F: P x V — R be of the form

Fz(p,q,u)=/FLz(x,yu(x))dF+h(p)+k(q)

Assume the following hypotheses.

Ly: T x RY — R is such that
(a) La(-, &) is measurable on I for all £ € RY,
(b) La(x, ) is Ls.c.on R? forae. x € T,
(¢) La(x, &) > —ar(x) + b||&| forall§ e R?, ae.x €T
withay € LY(T"), b e R

and h: Pyg — Ris l.s.c.on Pyy, k: Quq — Ris l.s.c. on Q,y. Then F is l.s.c. on
Paa x V.
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