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Abstract

This paper is concerned with the wellposedness of global solution and existence of
global attractor to the nonlinear Timoshenko system subject to continuous variable
time delay in the angular rotation of the beam filament. The waves are assumed to
propagate under the same speed in the transversal and angular direction. A single
mechanical damping is implemented to counter the destabilizing effect from the time
delay term. By imposing appropriate assumptions on the damping term and sub-linear
time delay term, we prove the existence of absorbing set and establish the quasi-
stability of the gradient system generated from the solution to the system of equation.
The quasi-stability property in turn implies the existence of finite dimensional global
and exponential attractors that contain the unstable manifold formed from the set of
equilibria.
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1 Introduction

The vibrations of a beam or thin plate coinciding with an interval on the x-axis and
plates could be described by the following system of partial differential equations:

Ay =S
{P Prt X (1.1)

pldflt ZMX _Sv

where ¢ = ¢(x, t) is the transversal displacement of beam, ¥ = v (x, t) denotes the
rotation angle for beam filament, M is the bending moment, S is the shear stress, p,
A and I denote the mass density, the area and the inertial moment of the transversal
section respectively.

The bending moment M and shear stress S in (1.1) could be further determined by
the constitutive laws in the theory of mathematical elasticity given as

(1.2)

M = EIyy,
S =kA(px +¥),

here EI represents the flexural rigidity of the beam, & is a shear coefficient.
Substituting (1.2) into (1.1) yields the following classical Timoshenko system (first
introduced by Timoshenko in [46]):

{mson — (k(px +¥))x =0, (1.3)

P2V — (bYo)x + k(px + ) =0,

where p1 = p, pr = ’jTI, k,b= % > () are positive constants.

Due to the physical property of material for beam or plate, the deformation might
not be instantaneous, thus is subject to a delay effect. In fact, there are abundant
examples in physical, chemical, biological, thermal, and economic phenomena where
time delay affect the behavior of a dynamical system see for example, Datko etal. [11],
Fridman [17], Nicaise and Pignotti [36]. To stabilize a hyperbolic system involving
input delay terms, additional control terms will be necessary. In many cases, it was
shown that delay is a source of instability and even an arbitrarily small delay may
destabilize a system that is uniformly asymptotically stable in the absence of delay
unless additional conditions or control terms are applied.

In this paper we consider the nonlinear Timoshenko system subject to variable time
delay and internal feedback:

P1¢11 (X, 1) — k(px + ¥)x(x, 1) = h(x)
P2 (X, 1) — b (x, 1) + k(@x + ) (x, 1) + i (x, 1) + pahi (x, ¢ — (1))

(W, 1) = g(x)
(1.4)
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where (x, 1) € (0, 1) x [0, c0) and it is endowed with the following initial data

Vi(x,0) =1, Yi(x,t —1(0) = folx, 1 —7(0)), (x,1) € (0,1) x(0,7)
(1.5)

{w(x, 0) = g0, ¢i(x,0) = @1, ¥ (x,0) = v,

and the Dirichlet boundary condition

00,1) =p,t) =v0,t) =yv1,t) =0, V>0, (1.6)

here iy (x,t) with w; > 0 is the frictional damping, &, g and the nonlinear term
f () are the source terms and u ¥, (x, t — 7(¢)) with uo > 0 is the time delay to the
system.

One of the main problems of analyzing the long time behavior of the nonlinear
Timoshenko system is to find minimum dissipation to ensure a uniform exponential
decay of energy, which is important to obtain the existence of absorbing set for semi-
group from the theory of dynamical systems. We review some uniform stability results
of Timoshenko system with different dissipative mechanics:

(a) For the dissipative Timoshenko system with only one locally distributed feedback
(one damping added) and homogeneous boundary value conditions, one of the first
results was obtained by Soufyane [43], who proved that the Timoshenko system
decays exponentially if and only it the wave propagates at the same speed (speed
equal condition), i.e., L

L1

P 1.7
which means the velocities of wave propagations play an important role. Almeida
Janior et al. [2] considered the Timoshenko system with one damping on the
transverse displacement, the solution semigroup decays exponentially if and only
if (1.7) holds. For more uniform stability results for Timoshenko system and its
extended models, we refer to [3,12,15,16,20,27,31,34,45]. For nonlinear Timo-
shenko system, the decay results can be found in Grasselli et al. [18], Miinoz
Rivera and Racke [32,33], Messaoudi and Mustafa [29,35], Messaoudi et al. [30].

(b) The speed equal condition (1.7) could be removed if stronger damping mechanism
is imposed on the Timoshenko system. For example, in [24], Kim and Renardy
placed two boundary feedback controls to the Timonshenko beam system and
established exponential stability for the energy functional by the multiplier method
without the speed equal condition (1.7). For more results of exponential decay
without speed equal condition but two damping on transverse displacement and
rotation angle added to the system, one could consult [38,42].

(c) For the Timoshenko system coupled with other equations, such as second sound, a
few other necessary and sufficient conditions for exponential stability are needed.
One can see Almeida Junior et al. [1], Apalara [5], Santos et al. [40] for more
details.

(d) Ifthe coefficientsin Timoshenko system are not constant, i.e., non-uniform models,
to obtain exponential decay with only one damping, one needs to assume similar
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conditions as (1.7), such as
PIE) _ pa)
k(x) b(x)’

(1.8)

one can refer to [4,35,44].

(e) The memory or history terms added to Timoshenko system provide dissipation
similar to mechanical damping to the system. The distributed or continuous delays
on the other hand could not provide any dissipation. Thus, with presence of delay
terms, to obtain exponential decay, damping is necessary. The exponential decay
results in this direction that depend on the damping and speed equal condition,
could be found in [5-8,13,14,19,21-23,25,39,41,47] and literatures therein.

Although there are fruitful works on the Timoshenko system as reviewed above,
many literatures pay attentions to well-posedness and decay. There are less results on
for example the existence of attractors of the Timoshenko system, one of the main goals
of the work presented in this article. One related work could be found in Feng and Yang
[13]. One of the main features of our work that differ from the previously available
results is that we consider a variable continuous delay (sub-linear operator). Inspired
by Marin-Rubio and Real [28], this article is concerned with the finite dimensionality
and structure of attractors for the nonlinear Timoshenko system with variable delay.
Due to the destabilizing effect of the delay term, the strength of the delay term has to
be weaker than that of the damping. The main features and difficulties of the proof
are:

(1) Transforming system (1.4) into equivalent form to overcome the difficulty arising
from variable delay: The transformation is motivated by [11,13,14,36] and [43].
However, since the delay is dependent on time, the equivalent system has variable
coefficients. This difficulty is circumvented by imposing boundedness and sub-
linear growth conditions (2.1) on the delay function as in [28], and we use the
upper and lower boundedness of variable delay to deal with it.

(2) The existence of global attractor to a dynamical system depends on establishing
the invariance, attracting property and compactness of semigroup. The invariance
property is satisfied if the underlying semigroup is strongly continuous. Thus, we
focus on proving the other two properties attracting and compactness:
item[(2-1)] Artracting: The attracting property is obtained from the existence of
a bounded absorbing set, the proof of which hinges on applying semigroup and
multiplier methods and establishing a series of estimates on the source term f ()
and the delay term v (x, t — t(t));
item[(2-11)] Compactness: Using quasi-stability method by Lasiecka and Chueshov
[9] or [10], (see the theory in Sect. 3.1), we prove the asymptotic smoothness of
the semigroup generated by the global solution. This in turn implies the existence
of finite dimensional global and exponential attractors composed of unstable man-
ifold of equilibrium. The key step and most difficult point to the proof lies in
verifying quasi-stability.

(3) If the variable delay becomes a constant, the system (1.4) reduces to the Timo-
shenko problem with constant delay as in [ 14]. This means our result is an extension
of Feng and Yang’s results.
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(4) To obtain the estimates of the energy function defined in (3.5), we construct a
Lyapunov functional which is equivalent to the energy function. With the help of
this Lyapunov functional we are able to obtain the absorbing set for the energy.
The Lyapunov functional is obtained by energy estimate, which can be controlled
by using multiplier method (i.e., perturbed energy functional).

The rest of this article is arranged as follows: In Sect. 2, we present some prelimi-
naries and the main results: well-posedness of global solution and existence of global
attractor to (1.4). The proof of main results can be found in Sect. 3.

2 Main Results: Finite Fractal Dimensional Global and Exponential
Attractors
2.1 Equivalent Initial and Boundary Value Problem

We assume that the delay function (sub-linear operator) 7 () in (1.4)isaC ! continuous
function which satisfies

10 =1, 0<1() <710, 0 <T'(t) <1, 2.1

where 79 > 0, 7,, > 0.
A new dependent variable for the delay feedback term (See Datko et al. [11]) can
be written as:

Z(-x9 n»t):wf(x’t_nt)v 776[071], t>0 (22)
and we have
tzi(x, 1)+ (1 — nr/)z,/(x, n,t) =0 in (0,1) x (0, 1) x (0, +00). 2.3)

Using this transformation, the system (1.4) is converted to its equivalent form

P1P1:(x, 1) — k(px + V) (x, 1) = h(x),

P2V (X, 1) — b (x, 1) + k(@ + ) (x, 1) + ¥ (x, 1) + poz(x, 1,1)
+f(W(x, 1) = g(x),

Tz (x, 1, 8) + (1 = nt')zy(x, 1, 1) =0

2.4
with (x, n,t) € (0, 1) x (0, 1) x (0, +00).
The new equivalent system (2.4) is equipped with the initial condition
90()(1 0) = o, (p[(x’ O) =01, w(-x»o) = I//03 w[(xs O) = le X € (Os 1)1
Z(xv n, O) = fo(x9 _7770), (-x’ 77) € (O’ 1) X (07 1)
(2.5)
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and boundary condition

00,t) =¢(,t) =yv(0,t) =yv((,t) =0, t>0, 2.6)
72(x,0,1) = ¢ (x,1), t>0. ’

2.2 Well-Posedness

For the equivalent system (2.4)—(2.6), we give the following assumptions:

k
(H.1) Pr_ B’ which implies that both waves on the system have equal propagation
o

speed.

(H.2) 0 < puy < w1 which is necessary to derive the energy estimates. Since some
literatures shown that the system (2.4)—(2.6) (when f(¥) = 0 and delay term
is reduced) is exponentially stable only if uy < w1, here we can not avoid this
assumption.

(H.3) The nonlinear function f (i) satisfies f(0) = 0 and

|F @) = F@] < ko(lynl” + 1921191 — 2l 2.7

with € > 0and kg > 0, Y1, Y2 € L(0, 1) .

Based on the equivalent equation, we introduce u = ¢, and v = V¥, and set
U= (p,u,,v, z)T, hence the operator A and F can be defined as

u
k 0
_(‘pxx + %)
Pl h
AU=1 k o m , F= 0
— Ve — — (e +¥) — —v——z(, 1) —fW) +¢
P2 P2 P2 P2 0
1—nt
T “n

(2.8)
with domain

DA) = {(p,u, ¥, v, z)T eH: v(x,t) =z(x,0,1) forx € (0, 1)}, 2.9)
where

H= (HZ(O, 1) N HL (0, 1)) % H'(0, 1) x <H2(O, 1) N H (0, 1)) % H'(0, 1)
xL2(0, 1; HJ (0, 1)). (2.10)
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Under the above definitions, the new system (2.4) can be written into the following
abstract form

dU (1)
g " AULFE >0, 2.11)

U(0) = Uy = (90, @1, Yo, ¥1, £ —nzo)’ .

The energy space is defined as
H = HL (0, 1) x L2(0, 1) x Hg (0, 1) x L*(0, 1) x L*((0, 1) x (0, 1)). (2.12)
The inner product of energy space H is defined as
1
(. Oy = [ [ + 2% + k(g + 1)@ +9) + b ] di

1 1
+$/ / z(x, Mz (x, n)dndx (2.13)
0 0

for U = (¢, u, ¥, v, 27, U = (¢, i, 9%, 0,2)".
Moreover, by assumption (H.2), we further assume for any ¢ > 0, t(¢) satisfies

o< 2(p1 — p2)

) (2.14)
241 — (2
then there is a constant & > 0, such that
P ce <o (m-B). (2.15)
11—t 2

By the classical semigroup theory (see [26,37]), we obtain the following existence and
uniqueness results of global solution, i.e., Hadamard well-posedness.

Theorem 2.1 Assume that the hypothesis (H.1)—(H.3) hold, and (2.15) is true, then
for system (2.4). We have the following existence and uniqueness results:

1. (Existence and uniqueness of solution) Given Uy € H, the abstract equivalent
equation (2.11) possesses a unique mild solution which generates a strongly con-
tinuous semigroup S(t) in the energy space . The global mild solution can be
represented by

U(1) = S1Uo = ™ (g0, o1, Yo, Y1, fol-, —nto)) " . (2.16)

2. (Continuous dependence on initial data) If Uy and Uy are two mild solutions of

problem (2.11), then there exists a constant Co = C(U1(0), U2(0)), such that for
any T > 0,

1U1(1) = Ua(0) 3¢ < T |UI©0) — U2(0)|l9¢, foranyO <t <T, (2.17)
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i.e., the solution is continuously dependent on the initial data and U(t) €
C(0,T; H).

3. (Regularity) If Uy € D(A), the above mild solution can be improved to a strong
solution.

Proof We apply Lumer—Philips Theorem, which yields Theorem 2.1.
Dissipativity of operator A: Given U = (¢, u, ¥, v, z)T from D(A), we have

1
(AU, U)py = /0 k(@xx + ¥)u + (b¥ax — k(ox + V) — v — poz(-, D) v

/

1 1
+k(ux+v><<px+1/f)+bvx1/fxdx+s/ / _ zyzdndx

1 1
——/L1/ v dx—,uQ/ z(x,l,t)vdx—i—— z (x 0,1)dx

f)/ (xlt)dx——//z(x 0, 1) dndx
(Ml—i)/ vzdx——g(l_r/)/ 2 (x, 1, 1) dx
2T 0 2t 0

1 ST/ 1 1
—m/ 2(x, 1, )vdx — —f / 2(x,n, 1) dndx (2.18)
0 2t Jo Jo

By (2.15), we have

) _ &1 § £ -1 §
My < 4T (Ml - Z) = M2 = 2\/T (Ml - Z) (2.19)

Thus,

1 o 1 1
- (m — i)/ v?dx — M/ 22 (x,1,1) dx —uz/ zZ(x,1,Hvdx <0
2t 0 2t 0 0
(2.20)

Therefore,
(AU, UH<——/ / 2(x, n,t)dndx <0 (2.21)

The dissipativity of A is proved.
Maximality of I — A: we want to show that I — A is surjective on D(A) — H.
Given (f1, f2, f3, fa, f5)T € H,we seeka U = (¢, u, ¥, v, z) € D(A) satisfying

@ bil
u f2
-8 v]|=|5 (2.22)
v fa
z S5
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That is

p—u=f (2.23)
k

)= £ .24)

v—v=f (2.25)
I

v— Py OYxx —k(px +¥) — v — u2z(-, 1)) = fa (2.26)

- _T"T o= fs (2.27)

z2(,0) =v(") (2.28)

By standard ODE theory, we solve (2.27)—(2.28) and obtain that

2, ) = f500) + [v) — @] =TT =Y )1 -7
[0+ 5] —T'm7 + f5(x) (2.29)

By (2.29), we know
z(x, 1) = f5(x) (2.30)

By (2.23) and (2.25), we getu = ¢ — f] and v = ¥ — f3. Plugging these into
(2.24) and (2.26), together with (2.30) yields

P19 — k(@xx + V) = p1(f1 + f2) (2.31)
P2 — brex + k(ox + V) + 1 = p2(f3 + fa) + 1 fz + uafs (2.32)

Problem (2.31) can be reformulated as

1 1
/0 prowi — k(px + ) ywidx = /0 p1(fi+ fwidx wi € Hy(0,1) (2.33)

Problem (2.32) can be reformulated as
1
/ P2y wr — byxxwy + k(px + Y)wa + pipwr dx
0
1
= f p2(f3 + fwa + i fswa + pafswadx wa € Hy(0, 1) (2.34)
0

Choosing the test functions w; = ¢ and wy = ¥ and summing up the left side of
(2.33) and (2.34) gives

1 1
/Omw—kwxw)xwdwfo P2 — st + k(ge + YW + p1 i dx
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1
_ /0 16?4 k(gs +P) + pr¥? + by + oy dx (2.35)

So the sum of the left side of (2.33) and (2.34) is coercive for (¢, ¥) on HO1 0, 1) x
HO1 (0, 1). In addition system (2.31)—(2.32) is linear. Thus there exists a solution (¢, )
on H(} 0, 1) x H(; (0, 1) for system (2.31)—(2.32). Next using (2.23) and (2.25), we
are able to solve for u and v. Therefore, we have found (¢, u, ¥, v, z) € D(A) which
solve system (2.23)—(2.27). The maximality of / — A is proved.

Thus, by Lummer—Phillips Theorem, We have proved that A generates a strongly
continuous semigroup S(¢) in the energy space H. Thus item (1) in Theorem 2.1
holds. The continuous dependence of the solution on initial data can also be obtained.
Using the existence theory of global solution for the Cauchy problem for abstract
evolutionary equation in [26], we can get item (3) the regularity result Theorem 2.1.

O

2.3 Finite Dimensional Dynamic Systems: Global and Exponential Attractors

After establishing the Hadamard well-posedness, using the idea of quasi-stability in
Lasiecka and Chueshov [9] or [10], we could establish the existence of the finite
dimensional global and exponential attractors.

Theorem 2.2 Assume (H.1)-(H.3). If g, h € L*(0, 1), for any initial condition Uy €
H, then

(1) The dynamical system (S(t), H) generated by the abstract system (2.11) has a
compact finite dimensional global attractor A in J.
(2) The global attractor A in H has the structure:

A=MiN) (2.36)
where N = {y € H, S(t)y = y} forall t > 0 is the set of stationary points and
M (N) is the unstable manifold from the set emanating from the set N

(3) Moreover, the gradient system has a generalized exponential attractor A“*P C H
with finite fractal dimension in .

Proof These results are established in Sect. 3 via deriving existence of the absorbing

set and verifying quasi-stability for the semigroup. O

3 Proof of Main Result

3.1 Preliminaries: The Preliminary Theory of Quasi-Stability and Attractors

The existence of a global attractor requires three sufficient properties: continuity prop-

erty (continuous-semigroup), dissipative property (absorbing set) and compactness
property (asymptotic compactness). In this section, we will first briefly review the
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basic definitions and theory of global attractor and then review the quasi-stability the-
ory as shown in Lasiecka and Chueshov [9,10]. More details could be found in the
original papers [9,10].

o Some Definitions:

We shall give some preliminary definitions.

Definition 3.1 (a) (Dissipation) A set By C X is called an absorbing set for the semi-
group S(¢) (t > 0)if for any bounded set B C X there existsatimet; = #;(B) > 0
such that for all t > #{, S(t)B C By.

(b) (Asymptotic smoothness) The semigroup S(¢) (r > 0) is said to be asymptotically
smooth in X if for any closed bounded subset B C X satistying S(#) B C B, there
exists anonempty compactset K = K (B) C X suchthatdist(S(¢#)B, K(B)) — 0
ast — oo.

(c) (Asymptotic compactness) A dynamical system (X, S(¢)) is asymptotically com-
pactif for any bounded set B C X, and sequence {x;} C B, the sequence {S(#)xx}
has convergent subsequence as f;, — 0.

Definition 3.2 A compactset A C X is called a global attractor of the semigroup S(z)
if

(i) A is strictly invariant with respect to S(¢), i.e., forall t > 0, S(r) A = A

(ii) A attracts any bounded set B C X: for any ¢ > O there exists a time ¢ =
t1(e, B) > 0 such that for all r > #1(¢, B), St)B € O.(A), where O, (A) is an
g-neighborhood of A in X.

Definition 3.3 Given a compact set M in a metric space X, the fractal dimension of
M is defined by

X . InN(M, ¢)
dimy M = lim sup —————,
e—0  In(1/e)

where N (M, ¢) is the minimal number of closed balls with radius & > 0 which cover
M.

e Quasi-Stability and Global Attractors:

Definition 3.4 (X, S(r)) is called a gradient system if it admits a strict Lyapunov
function, i.e., a functional ® : X — R is a strict Lyapunov function for the system
(X, S@)) if

(i) the map r — ®(S(#)z) is non-increasing for any z € X;
(i) if ®(S(t)z) = D(z) for all ¢, then z is a stationary point of S(z).

Definition 3.5 The continuous semigroup generated by a dynamic system (or gradient
system) possesses a global attractor A if

(1) there exists an absorbing set for semigroup,
(2) the semigroup (or gradient system) is asymptotically smooth or compact.
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The asymptotic smoothness and compactness of semigroup are difficult to verify,
so some other criteria, such as condition-(C) method, contractive function technique,
quasi-stability, are used instead. In this article, we apply the quasi-stability theory,
which we briefly review below.

Definition 3.6 The unstable manifold M () is defined as the family of y € X such
that there exists a full trajectory u(¢) satisfying

w(0) =y, and lim distx(u().N) =0, (3.1

here N is the set of equilibrium for S(¢).

Theorem 3.1 (See Chueshov and Lasiecka [10]) Assume that the gradient system
(S(1), X) with corresponding Lyapunov functional ® is asymptotically compact.
Moreover, assume that

D ®(S(t)z) »> ooifand only if ||z||x — o0,
(1) the set of equilibrium N is bounded.

Then, the gradient system (S(t), X) possesses a compact global attractor A C X
which has the structure A = M (N).

Definition 3.7 (See Chueshov and Lasiecka [9,10]) The dynamical system (S(¢), X)
is quasi-stable on a set B C X if there exists a compact semi-norm ny on Y, the
subspace of X and nonnegative scalar functions a(¢) and c(¢), locally bounded on
[0, 00) and b(r) € LY (RT) with tl_l)rgo b(t) = 0, such that for Uy, U, € B

ISHU, — SOk < a®)||Uy — Ual%, (3.2)
IS(OUy = SOUI% < b@)IIU1=Ual3+¢(@) sup [ny(i()—ya(s)]’. (3.3)

O<s<t

Inequality (3.3) is usually called stabilizability inequality.

Theorem 3.2 (See Chueshov and Lasiecka [9,10]) Based on the quasi-stability prop-
erty of gradient system, we have

(a) Let (X, S(t)) be adynamical system and suppose that the system is quasi-stable on
every bounded positively invariant set B C X. Then (X, S(t)) is asymptotically
compact.

(b) Suppose that the dynamical system has a global attractor A and it is quasi-stable.
Then, the global attractor A has finite fractal dimension.

e Fractal Dimensional Exponential Attractors:

Quasi-stability also implies the existence of finite fractal dimensional exponential
attractors.
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Theorem 3.3 (See Chueshov and Lasiecka [9,10]) Assume (X, S(t)) is a dissipative
dynamical system satisfying quasi-stable property on some bounded absorbing set I3,
and there exists an external space X with X C X, such that forevery T > 0,

ISty — St)ylly < Cpriti — 6|, 1, €[0,T], y € B, (34

where Cgr and n € (0, 1] are positive constants. Then this system has a generalized
finite fractal dimensional exponential attractor AP in X.

3.2 Dissipation: Lyapunov Functional and Existence of Absorbing Set
In this section, we shall use multiplier method to establish the existence of absorbing
set for our semigroup.

Step 1: The estimate of energy functional E(z).
We define the energy functional for system (2.4)—(2.6) as

1 1
E@) =5 [ [+ pov? + ks +97 + b2 d
1 1 1 1
+§f / z2<x,n,r>dndx+/ fo/f(r))dx—/ (h + g) dx.
2 Jo Jo 0 0

(3.5)

. 0]
where & satisfies (2.15). Moreover, we define f (¥ (t)) = / f(z) dz throughout
0

the remaining of the paper.

Lemma 3.4 The energy functional satisfies the following estimate

1 1 1 1
E(I)ZCE(/ <p3dx+/ Iﬂtde-l-/ |<,0x+1//|2dx+f w2 dx
0 0 0 0

1 1 1
+/0 fo/f(r))dx) +§/0 /0 20 n 0y dndx — Chg (1113 + 1812)-
(3.6)

Proof See, e.g., Feng and Yang [14]. O

Lemma 3.5 The derivative of the energy functional satisfies the following estimate

1 1 1 1

E'(t) < —c/ Y2 (x, 1) dx —C/ 2(x, 1, 1) dx —C/ / 2(x,n, ) dndx.
0 0 0 0

3.7)
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Proof

dE(1)
dr

1
/0 (P16 01 + P2 + Kk(x +¥) @t + i) + b ] dx
1 rl 1
“r%—‘/é /0 z(x, n, )z (x, ﬂ,l)dndx+[) f(w(t))w/(l)dx

1
—/0 (hor + gyy) dx. (3.8)

Since p1g; = k(@x +V)x +h, pos = bWey — k(@ + V) — w1y — poz(x, 1,1) —
F(()) + g, thus it follows

1
/ L0191 0r + P2V el dx
0

1
_ /0 [k(@x + ¥)x + s + [bYes — kgx + ) — ¥ — pazCr. 1,1)
ZF @) + glvn dx

1
= /0 —k(px + V) @ur — bYaViar — k(ox + V)1 — 1 — paz(x, 1, )y dx
1
+/0 h¢t+glﬁtdx—/f(¢(t))%dx
1

1
_ /0 —k(@x + ¥ (@ar + Yir) — DY dx + /0 hor + g dx

1 1
—/f(w(t))lﬁtdx—mfo v7dx —szo 2(x, 1, )Y dx. (3.9

Moreover,

1 pl
/ / z(x,n,0)z:(x, n, t)dndx
o Jo

1 1 1— nr/
= — z2(x,n, )zy(x, n, 1) dndx
0 Jo

T

1 1 / 1 1 9

_ 2 2 2

= ——/ z7(x,1,t) — z°(x, 0, t)dx-l——/ / n—z"(x,n, t)dndx
2t 0 2t 0o Jo an

1 1 / 1
=——/ zz(x,l,t)—zz(x,O,t)dx—i—r—/ 22(x, 1,1)dx
2t Jo 27 Jo

7',/ 1 1
- 2 dndx
2r/0 /0 Z7(x,n, t)dn
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1 ! 1—17 !
=—f 22(x,0,1) dx — / 22(x,1,1)dx
2t 0 2t 0

7',/ 1 1
——/ / 22(x, n, Hdn dx. (3.10)
TJo Jo

Plugging the above results into (3.8), we get

dE(t) .
dr

1 1 1
—M/ wfdx—uzf z(x,l,t)wtdx+if 22(x,0,1)dx
0 0

—L_T/)/ (x 1 t)dx——/ / z (x n, t)ydndx
2t
E( 1+—+ )/ wld +< s = )+&)/ 22(x,1,1)dx
2t 2 0
—s—t// / 22(x, n, Hdn dx. (3.11)
T Jo Jo

Using the condition (2.15), we can derive (3.7). O

Step 2: Estimating the perturbed energy functional £
The perturbed energy functional is defined as

1 e [! pob !
£ = MEW+5hO+N DO+ ()4 / PIqPPs dx+% / QUi dx+15(1),
0 0

(3.12)
where

I = —/01 pLo9 + P2 dx — —f ¥ dx, (3.13)

h) = /0] (o201 + o1 ) dx + 71/0 ¥ dx, (3.14)

J(0) =pzfolwt(<px+w)dx+pz/01wxgo,dx, (3.15)

L(t) = /01 /01 e 222 (x, n, 1) dndx. (3.16)

Lemma 3.6 Let (¢, ¢;, ¥, Yy, ) be the solution to system (2.4)—(2.6), then the auxil-
iary functional 1y satisfies the following estimate: for any ¢ > 0

d 1 1
Eln(t)f—[o <p1<of+pzw,2>dx+<k+2m>f0 (x +¥) dx

+ (b4 pae+36 + 2 /]¢2d+“2 201, 0y dx + — ]h2d+ L e
& & - - ax —_ X, X — X —_ X
2 & 0o YT ‘ 402 1€ 4r1e Jo §

+ —nwnﬁii (3.17)
where A1 > 0 is the first eigenvalue of —A in H(} O, 1).
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Proof Differentiating I, using Green’s first identity together with the zero boundary
condition for ¢ and ¥, we derive that

dl

1 1 1
EZ_/O Pl¢tt<ﬂ+ﬂzlﬂttwdx_/(; p1¢?+pzw3dx—mfo Yo dx. (3.18)

By virtue of (2.4), we have

dl

1
2 —/0 k(x4 ¥)x + 1o + by — k(@x +¥) — w1 — paz(x, 1, 1)

1 1
—f<w>+gwdx—/0 mwf+pzw,2dx—mf0 Vi dx
1 1 1
- —/ p1¢3+pzw?dx+/ k(¢x+¢)2+blﬁfdx+/ jaz(x, 1Oy dx
0 0 0

1 1
+/ f)Ydx —/ ho + gy dx. (3.19)
0 0

By Poincare’s and Young’s inequality, we have for any ¢ > 0
1

1
/ |z(x,1,t)1ﬂ|dx<8)q/ W2 dx+4 " zz(x,l,t)dx

1 1
< sfw dx+H 2(x, 1,1)dx, (3.20)

1 1
/If(l/f)l/fldXS/ W1’ 111y dx
0

0+1
4/\1/10 dx + — /wdx

1
0+1 2
—4M Il + - / s dx, (3.21)

| /\

IA

1 1 1
1
/ I(h¢+gt/f)|dx§/\%s/ p*dx + — h2dx+kle/ V2 dx
0 0 der? 0

+ ! /lzd
48)\10g .

1
Sklef <p%dx+
0

1

1 ! 2 ! 2
h“dx + 8/ dx
48)\.% /0 0 v

2
— dx. 3.22
+ 48)\1 0 & ax ( )
Also noting that

1 1 1
/ @dx < 2/ (px + V)% dx +2/ V2 dx (3.23)

0 0 0
and combining with the above estimates, we get (3.17). O
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Lemma 3.7 Let g/b\ be the solution of the following boundary value problem

Y = =V, ¥0,0) =9 (1,1)=0, (3.24)

then the auxiliary functional I5(t) satisfies the following estimates for any o1 > 0 and
oy > 0:

d (1) p1 /1 )
—b d dx d
R < ((u2 + 3y )/ Vi x+(ﬂ2+P10t2)/ v +4Ma2 $r dx
K2 / 20,1 t)dx—i——/ (&*+h )dx+—||w||9“-
4)”“1 0+1
(3.25)

Proof Integrating by parts, using Green’s first identity and zero boundary condition
for ¢ and v, we derive that

dlz(l)

f(pzwnwpzw, +m<pnw+p1<pzwt)dx+u1/ Y dx
:—b/ wfdx—kf 1/f2dx+k/ @gdx—mf z2(x, 1, )% dx
0 0 0 0

1 1 1 1
—fo f(l/f)t/fdx+p2/0 w?dxm/() go,x/f,dx+/0 ¥ + 1 dx.
(3.26)

From (3.24), we know that

1 1 1
/ @fdxsf 1/f2dX§f vldx. (3.27)
0 0 0

Applying Young’s inequality and Poincere’s inequality, for positive constants 1, 2,

1

1
f lz(x, 1, )| dx <A1a1/ v2dx + TP 22(x,1,0)dx

1 1
< 24 fz 1,1)dx. 3.28
_a1/0 v x+4)»1a1 Oz(x, ,t)dx (3.28)

Similarly, we have

| 1 1
/0 loe el dx < 052/(; v2dx + /0 @? dx, (3.29)

4 10

1 1 1 1
/ |81/f|dx§051/ v2dx + /gzdx, (3.30)
0 0 4r101 Jo
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IS 1 1 1
|hyr| dx 5a1/ vZdx + / h? dx
/0 o 4r 101 Jo

1 1 1
< 2d / h?d 3.31
_a1/0 U x+4k10t1 A x, (3.31)
1 1
/ |f)vldx < alf Y2+ —— . (332)
0 B 0o T 4me o+l
Incorporating (3.27)—(3.31) into (3.26), we obtain (3.25). O
The functional J(¢) satisfies the following lemma:
Lemma 3.8 J(¢) satisfies the following estimates:
dJ(t)

o = bl i ——/ b P an (14 2)e 4 o / yid
+<p +— / w2 dx + ZZ/ (x, 1, 1) dx
—i-%/lgzdx—i——z/ Rdx + et (3.33)

k 0 4,018 0 k o+1

Proof Integrating by parts, using Green’s first identity and zero boundary condition
for ¢ and i, we have

d 1 1 1
EJ(I) = /02/0 Y (@x + ) dx +,02/0 Y (@xr + V) dx +,02f0 Yurpr dx

1
s /0 Yegu dx. (3.34)

k
Recalling that o = —, we have
p b

dJ@) x=1 b ! 2 !
y =b[wx<0x]x:o+p2/ ¥ dx—k/ (px + V) dx —m/ Yoy +¥)dx
t 0 0 0
1 1 1
—uz/o (wx+w>z<x,1,r>dx—/0 gaxf(w)dx—/o FOY dax

1 0 1
+ / glpx +Y)dx + = | iy dx. (3.35)
0 r1 Jo
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By Young’s inequality and Poincare’s inequality, we have

ko[, 4 e+l

|<pr<w>|dx < |¢x||w| widx = g6 [ dtas+ v
4

2 2 0+1

5§/o @x + ) dx+§/0 v dx L IvIg]

k ! 2 k ! 2 4 0
< - dx + — dx + — 1 3.36
_8/0 (6r + ) x+8k1f0 yidc+ TIigt (336

and
1 k 1 5 2“1 1 2
/0 [V (px +¥)ldx < 7/ (ox + V) dX+7/ Yy dx, (3.37)
! 2 212 2
/ |(@x +¥)2(x, 1, Dldx < o /(¢x+1/f) dx+ == (x,1,0dx, (3.38)
0
1
/ |g<¢x+w>|dxsf/ ((Px‘l-l//)zdx—l—*/ ¢ dx, (3.39)
0 8 Jo k Jo
1 1 1
/ |h1//x|dx§e/ ¢X2dx+i/ h? dx. (3.40)
0 0 4e Jo

Incorporate (3.36)—(3.40) and (3.21) into (3.34), we will obtain estimate (3.33) in
Lemma 3.8. O

We now need to deal with the boundary term b [, ‘PXKZ(I)- Setting
qx) =—4x+2, xe(0,1), (3.41)
then |g(x)| < 2. Hence, the following lemma is obtained.
Lemma3.9 b [Wx%]ﬁz(l) satisfies the following estimates

1 1
=1 pie d bpy d
by iZp < — % di A qP1Px dx — 4e di A q¥ ¥y dx

ke 1 >
+(— +8¢ (ox + )7 dx

4 0

8 b 2p18f 2
1 dx d

(B ) 2l [aras 2 [

p2b 13 2 g
+—+—f1/f,d+ /z(xlt)dx+f/th+ /gdx~

2¢ 2 4 Jo

(3.42)

Proof Firstly, it is obvious to obtain the following estimate:
b Y320 < elor(1) + 97 (0)] + 1// (1) + Y2 (0)]. (3.43)
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Next we consider

d 1 1 1
» /0 bosq e dx = /0 bosq e dx + /0 bosqimdx,  (3.44)

where

1
/(; bprq iy dx
1 1
=/O bzqwxwxxdx—bkfo QU 0x + V) dx

1 1
—bmfo ql/fxl/fzdx—buz/o q¥xz(x, 1, 1) dx

1 1
—bfo qwxf<¢>dx+b/0 Vg dx

1 1 2 1
< —b2[1/f)%(1)+1/f)%(0)]+2b2/ wfdx+82k2f (¢x+w)2dx+i’—2f w2 dx
0 0 0

3p2 ol 1 1 1
+7/ ¢xdx+w%/ w,zdx+8u%f z(x,l,t)zdx—l—a/ gdx. (3.45)
0 0 0 0

Furthermore, because (0, t) = (1, t) = 0, we have
1 1 B 1 1
/0 borq i dx = 3bprg (W) + 2602 /0 Y2 dx = 2bp /0 Y2 dx.

(3.46)

Thus,

1

d
E 0 bprq iy dx

1 1 4b2 1
< - P20+ i+ 26 [ yax 200 [ wRaxs2E [ ks
0 0 0

1 1 1 1
+ akz/ (px + V)2 dx + M%s/ w2 dx+u%€/ z(x, 1,1)? dx—f-s/ ¢’ dx.
0 0 0 0
(3.47)
Similarly, we have

1

d
d =
dar Jo P14 P Px AX [)

1 1
P19 PrePx dx+/ P1qP:Pxr dx
0

1 1 1
=/ kqox@xx dx+/ kqyrxox dX+/ qhoy dx
0 0 0

1
/ P19 PrPxr dx
0
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1 1
< —k[¢§<0>+¢§<1>]+4k/ Gdr vk [ yldx
0 0

+2 1 24 L
P1 @y dx + h”dx
0 k Jo

<—k[(px(0)+<px(l)]+8k/ (¢x+¢)2dx+k( 1—|—1)/ 1// dx

+2p1 f wtzdx + l/ h’dx.
0 k Jo
Combining (3.47) and (3.48), we obtain

b2
elp2(0) + @2 (D] + waf(m +y2(1)]

e d ! 1 8 1
< ——— q@(pxdxwLSa/ (sz+1//)2dx+6(f+l)/ wfdx
k dt 0 Al 0

2p1€ 2 bpy d ! b? /l 2 p2b /l 2
d h dx — — — d — d. —_— d
+ X /(; ‘pr X+ k2 x 4e di o qyipy dx + 2% Jo Yy dx + 2% Jo Y dx +

k2 1 1 2 1 1 1
+—5/ <¢X+w>2dx+ﬂ/ wﬁwﬂf zz(x,l,t)dX+*/ & dx,
4 Jo 4 Jo 4 Jo 4 Jo

plugging (3.49) into (3.43), we obtain the estimate (3.42).

Lemma 3.10 The functional I3 satisfies the following estimate:

d ce (1, |
—hI(t) < 213 — — z°(x,1,t)dx + — Y, dx.
dt T Jo T Jo

Proof Differentiating I3, and then using integration by parts, we have

d13 d 1 1_2.[ 2
—_— = — n ,n,t)dnd
7 dt/o/oe 7(x, n, 1) dndx

1 1 1 1
=/ / (—2r’n)e—2”7z2(x,n,r)dndx+/ / e X222, dndx
0 JO 0 JO
1 1 1 1
:/ / (—21’n)e72”712(x,n,t)dndx—|—/ /
0 JO 0

0
1 1 7 1 1
:—21”/ / nefzmzzdndx—{——/ / ne 2 dz* dx
0 JO T Jo Jo
1 1 1
— f’/ / e 21T 472 dx,
tJo Jo

ropl el ropl ol -

T _ T _ n=1
—/ / ne 2" dz? dx = —/ / ne 2“712’ dx
T Jo Jo T Jo Jo n

=0
</ 1 1
—?f f (1 —2tn)e™ 2% dndx,
0 JO

r)r 72”72zz dndx

(3.48)

2 1
b / W2 dx
&3 0 *

(3.49)

(3.50)

(3.51)

(3.52)
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1 1 1 1 1 n=1 1 1
f‘/. / e 2N a2 dx = — / 6_2“72,2‘ dx —/ / (=20)e 22 dydx ).
TJo Jo T \Jo n=0 0 Jo

(3.53)

The above three equations yield

diz d '[!
43 - —/ f e 22 (x, n, 1) dn dx
dt dt Jo Jo

1 el /ol
= / / —2t'ne 22 dydx + T—/ e ¥ (x, 1,1) dx
0o Jo T Jo
o bt 1 pl 1!
- = / / e 22 dndx +f / 2t/ ne T2 dpdx — ~ [ e 2 (x, 1,1) — 1//,2(x, t)dx
T Jo Jo o Jo T Jo
1 el -1 f!
- 2/ / e 222 dydx = / e 272 (x, 1, 1) dx
o Jo 0

’ 1 1 1
- (i +2)/ / e—zwzzdndHi/ V2 (x, 1) dx, (3.54)
T o Jo T Jo

which implies that (3.50) holds. O

Step 3: Using the perturbed energy functional L to control E ().
By some delicate estimates, we could establish the following lemma.

Lemma 3.11 For M large enough, there exists two positive constants y) and ys,
depending on M, N, and € such that for any t > 0,

ME@) — C1(lh? 4+ l1gl®) < L&) < mE@® + Ci(lhl> + lgl».  (3.55)

Proof Integrating by parts, we have

1 1 1
£w - MEO] < 5| [ oo+ pavwar+ 51 [ y2ad
1 R i 1 5
8] [+ moyax+ 5 [Tu2ax

1 1 1
&
+‘92/0 sz(wx+w)dx+pz/0 wxwde‘sz’/O 0199t Px dx

,0219 1 1 1 )
_,_7’/ qwthdx‘—i—‘f / z(x,n,t)dndx’. (3.56)
4e 1Jo 0o Jo
Noting that
1 1 1 1 1 1
/(pzdx§/ go)%dx§2/ (g0x+1//)2dx+2/ 1//)%dx, /wzdxff w)%dx,
0 0 0 0 0 0
(3.57)
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we have
1 1
L)~ ME()| < B /0 P dx + b /0 v dx
1 1
+ﬂ3/0 («px+w)2dx+ﬁ4/0 ¥ dx
1,1
+/ / Z(x,n, 1) dndx, (3.58)
0o Jo
where
B = 1 +1 N—i—l +8
1= 1601 2/01 2,02 P
1 1 1 b
Pr=—pr+ 50N + 500+ 2,
16 2 2 4de
(3.59)
By = 1 n 1 n 2¢
3= 8/01 2/)2 O
1 N 1 N 1 P2 b
=(—+— —+= —pIN+2 422
Pr=(fgt )t (gt ImtgmN+ 7+ 70
On the other hand, by Lemma 3.4, we have
1 1 1
E(t) > min{Cg, &} (/ ¢3dx+/ wfdx+f (px + ¥)* dx
0 0 0
1 1 pl 1
+/ wfdx—i-/ / z2<x,n,r>dndx+/ fw)dx)
0 0o Jo 0
= Chg (111> + 1811 (3.60)
Thus, combining (3.58) with (3.60), gives that there exists y; and y»,
VIE@) = Ci(lhl* + 1817 < L) < »E® + Ci(lhI* + I1gl®.  (3.61)
This finishes the proof of Lemma 3.11. O

Step 4: Proof of dissipation-Existence of absorbing set.
By Lemmas 3.5, 3.6, 3.7, 3.8, 3.9, 3.10, and 3.11, we have the following estimates:

d P2 23 pab  ui\ 1
—L({t)<|-MC—-=+N =1 e
T ()_[ 8+ (pz+maz)+(pz+ . + 2E+4 +T
1
x/wtzdx
0

N 22 2 1
+|:—MC+ 2 “2+ﬁ+ﬁ—%’}/z2(x,l,t)dx
0

32018 4Ny k 2
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[ o1 Np1 | 2pie fl )
A “ne d
s T T k]o%x

_ 1 1
+ —MC—e_z]/ / 2 (x, n, ) dndx
o Jo

[ 3k ae ke )
+ _§+T+_+88 ((Px‘}‘lﬂ) dx
b+ Ho& +3e + - k
+ 8+N((M2+2)a1+8—b)+<(1+p> + o)
81 P1 81
8
+(e(—+1)+—+ wdx
A
1 N 02 3 2
— h“d
+<32)\2 +4A1a1 +4,018 +k2)A .
1 N2 by
-+ - d
* <32 4A1a1 T )/0 &
€ 9+1
. 3.62
(o e + )i (3.62)
- k
Let the positive constant ¢ < 3 small enough such that
e R g o (3.63)
—— 4+ —+—+8<0. .
8 4 4
Setti b d letting N 1 h, it foll
etting ¢y < —— and lettin arge enough, it follows
FN S 2 +3) B HEe Enote
M N(( +3) _b)+<]+& +L+ 8+1)+b2+192 0
8Aq H2 1 P1 ¢ 811 ¢ Al 2 &3 =
(3.64)
Combining with ¢ < ﬁ, setting «» large enough such that
N 2
ALy SR P, (3.65)

8  drmn k

Lastly, choosing M large enough, there exists a §, such that

1
iﬁ(r) <- 3/ (<p,2 + 4 (o + )P+ 22 1,0 + wﬁ) dx
dt 0

1 1
‘5/0 /0 Z(x,n, tydndx + Cogl* + C3llhl* + Callw 5 E]. (3.66)
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Then by Lemma 3.4, there exists a o > 0 such that
%cm < —0Et)+ C2lgl* + C3lIh* + Call¥ 51} (3.67)
Combining with Lemma 3.11, we have
%Lm < —%cm + Daligll* + Dsllhll* + Dally 1] (3.68)
Therefore, it yields
L) < LOY %' + Eallgl? + Esllhl + Eallw 157 (3.69)
By (3.55) in Lemma 3.11, we have

1 _o
E() = _-(nE©0) + ) Igl* + CillklPe” =" + Fallgl® + Fsllhl* + Fallw 1§11

(3.70)
That is,

1@, @r. ¥, Vi, D3¢ < Coe™ 2" + Chligll® + ClIAI* + ChlvIgE. (371

which implies there exists an absorbing ball B(0, R) with radius

R =1+/GyligI? + Cll + Cylv i (3.72)

for the dynamical system (S(¢), H).

3.3 Asymptotic Compactness of Gradient System: Quasi-Stability

Inspired by the idea of Chueshov and Lasiecka [9,10], we only need to verify
quasi-stability for the gradient system, which implies asymptotic smoothness for our
semigroup.

Theorem 3.12 Assume (H.1)-(H.3) and h, g arein L»(0, 1), then there exists functions
b(t) and c(t), such that the semigroup deﬁned in (2.]6) ;atis_ﬁes _the following quasi-
stability condition for initial conditions Uy = (¢, 1. V. V1, fo) € B(0, R) defined
in (3.72):

2
ISOU = SOUFIGe < bIU§ = Ul + ) sup [1v16) = va)lgh]

O<s<t
(3.73)
where i (t) = S(t)lﬂé, b(t) and c(t) satisfy the conditions in Definition 3.7.
Moreover, the dynamical system (S(t), H) is quasi-stable on the absorbing set
defined in (3.72).
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Proof For any initial condition (¢}, ¢!, ¥, Vi, fi) € B, let (¢', ¢}, ¥', ¥!, z") be
the corresponding solutions with respect to the initial condition (cpé, (p’l', w&, W{, 5,
i =1, 2. Letting

W) = (@, &, W, ¥, 2)T = (0! =%, (0" =D v! =y w! =yt =22
=SMUL - S0Ug =Ute) — U @), (3.74)

then W (¢) satisfies

P1®e (x, 1) — k(®y + W)y (x, 1) = 0,
P2 Wi (x, 1) — bW (x, 1) + k(Dy + W) (x, 1),

FurW(x, ) + w2, Lo+ fl®) — fF2) =0,
tZx,n, )+ 1 —nt)Z,(x,n,1)=0

(3.75)

with initial and boundary conditions

D(x,0) =@} — ¢, Pi(x,0)=p] — 7,

W(x,0) =) —¥5, ¥ix,0) =y —yi,

Z(x,1,0) = fi (x, —n7) — fi(x, —n7), (3.76)
O0,t) =d(1,t) =v(0,1) =¥(,t) =0,

Z(x,0,1) = Y (x,1).

Then we can define

F(t) = U (1) — U*()13,

1 1
=/ (p1q>,2+p2qf3+k(q>x+\y)2+bxp§)dx+g/ /Zz(x,n,t)dndx.

0 0
(3.77)

There exists a constant ¢ > 0, such that

d 1 1 1
GF0 =2 [ Wax -2 [ wzenndar- [ o - fed)vas
t 0 0 0
1 1
<—c [ W e Panndr- [ [fwh - feh]ds
0 0

1 2
< —c/ W2 4 22(x, 1, 1) dx + Cp (||\y(r)||§i}) , (3.78)
0
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The last term could be estimated by

1 1
/0 |<f<w1)—f(w2)>wz|dxs/0 A + 1) 1w W, | dx (3.79)
< Y Gy + 1S DI o1 1%, (3.80)
2
< elwl? + Cp (IWI5E) (3.81)

Now define the following functionals:

1 1
A1) = —/ p1DD; + pr W, dx — %/ w2 dx, (3.82)
0 0
1 . n 1
Ar(t) = / (02 W + p1 D, P) dx + 7/ w2 dx, (3.83)
0 0
1 1
A3(t) = ,02/ W, (Dy +\D)dx+p2/ U, ®, dx, (3.84)
0 0
1 1
Au(t) = / / e 2P Z(x,n, t)dndx, (3.85)
0o JoO

1 1
T() i= MF@W) + S0 + NAs0) + As(0) + 2/ 01D, dx
0

b 1
+22 [ 4w, w, dx + As(0). (3.86)
4e 0

Using the similar procedure as in Lemma 3.11, we could show that there exist y; > 0,
y2 > 0, such that
ViF@) =3@) = nF@). (3.87)

Then using the similar technique as in the proof of Theorem 2.2, we obtain that there
exists a o > 0 such that

d 2 o 2
0= =0 FO+Cy (IVOIE) = =50+ Cp (WO 689

By Gronwall’s inequality, we have

t

_o o 2
F(t) < F(0)e vz’+cg/0 e nt™ (||xp||§j}) ds

o T oy 2
<e AU R+ ¢ [ e B s swp (1wt - wro]
0 O<s<t
(3.89)

Setting b(t) = ¢ ' and c(r) = C}y [1e 2" ds. Then b(r) € L'(R*) with
tlim b(t) = 0 and c(¢) is locally bounded for ¢ € [0, 0o0). Hence b(¢) and c(¢) satisfy
— 00

Definition 3.7, which means Theorem 3.12 is proved. O
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3.4 Proof of Main Result: Theorem 2.2

From Sect. 3.2, the dynamical system (S(¢), 3{) possesses an absorbing set B(0, R)
with R defined in (3.72). By Theorem 3.12, if the initial conditions U& and Ug are
from the absorbing ball B(0, R), then the trajectories S(t)Ug and S (t)Ug satisfies
the quasi-stability inequality (3.73). Moreover, by Theorem 2.1, S(¢) is a strongly
continuous semigroup on the energy space 3, thus

IS(US — SO UG |l3c < S US — U lla¢. (3.90)

Therefore by Definition 3.7, the dynamical system (S(¢), H) is quasi-stable on the
absorbing set B(0, R). Then by Theorem 3.1 in Sect. 3.1, the global attractor B(0, R)
has a finite fractal dimension. In addition, the existence of finite dimensional expo-
nential attractor also can be obtained. This means Theorem 2.2 is established.

4 Conclusion and Further Research

In this paper, we establish the well-posedness of global solution and existence of global
attractor for a 1D Timoshenko system subject to a single mechanical damping and a
continuous variable sub-linear time delay in the angular direction of beam filament’s
movement. The result depends on an interplay between the strength of the damping
and the time delay and suitable physical assumptions, such as speed equal condition
in the transversal and angular directions. A natural question to investigate next is the
convergence of corresponding attractors as delay disappears. In this context, most of
the results obtained in the literature has focused on constant delay. We would like
to investigate a similar question for the 1D Timoshenko system subject to a variable
delay, i.e. the upper semi-continuity of attractors as the variable delay approaches zero
in the future.
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