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Abstract In this paper we study a class of critical Kirchhoff type equations involving
the fractional p—Laplacian operator, that is

</f2 ) = M(y)l” dy) (—A);uzkw(x)|u|q_zu+ ul?2u, x eR",
R N

=y

where (— A)j7 is the fractional p—Laplacian operator with 0 < s < 1 < p < o0,
dimension N > ps, | < g < p¥, p¥ is the critical exponent of the fractional Sobolev
space W*P(RN), A is a positive parameter, M is a non-negative function while w is
a positive weight. By exploiting Kajikiya’s new version of the symmetric mountain
pass lemma, we establish the existence of infinitely many solutions which tend to zero
under a suitable value of L. The main feature and difficulty of our equations is the fact
that the Kirchhoff term M is zero at zero, that is the equation is degenerate. To our
best knowledge, our results are new even in the Laplacian and p—Laplacian cases.
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1 Introduction

In the last years, the interest towards nonlinear Kirchhoff type problems has grown
more and more, thanks in particular to their intriguing analytical structure due to the
presence of the nonlocal Kirchhoff function M which makes the equation no longer
a pointwise identity. In this paper, we consider the following critical Kirchhoff type
equation involving the fractional p—Laplacian operator

M ([ulf p) (=A)Y5u = Aw)[ul?%u + [u|” 2u, in RV,

[u(x) —u(y)|?
; p= //Rzzv X — |V ——dxdy, (1.1)

where s € (0, 1), p € (1, 00), dimension N € (ps, o0), q € (1, p), pi = Np/(N —
ps) is the critical exponent of the fractional Sobolev space W*?(RV), A is a positive
parameter and w is a positive weight whose assumption will be introduced in the sequel.
Here (— A)‘;7 denotes the fractional p—Laplace operator which, up to normalization
factors, may be defined by the Riesz potential as

u(x) — u(IP 2 (u(x) — u)
lx — y|N+ps

(— A)su(x)—Z lim dy, xeRY,

e=0" JRN\ B, (x)

along any u € CSO(RN), where B.(x) = {y € RY : |x — y| < ¢}. For more
details about the fractional p—Laplacian, for example, we refer to [13,22,33] and the
references therein.

Concerning the Kirchhoff term, we assume that M : Ra“ — Ra’ is a continuous
function for which

(My) there exists 6 € (1, p¥/p) such that tM(t) < 0.4 (t) forall t € RT, where
M(t) = f(; M(t)dr;

(M) forany t > 0 there exists k = k(t) > 0 such that M(t) > k forall t > t;

(M3) there exists mqg > 0 such that M(t) > mote_lfor all t €[0,1].

A prototype for M, due to Kirchhoff, is given by

M@t)=a+b0t""" a,b>0, a+b>0, 6>1. (1.2)
When M(t) > ¢ > Oforallt € R, Kirchhoff equations like (1.1) are said to be
non-degenerate and this happens for example if ¢ > 0 in the model case (1.2). While,

if M(0) = 0 but M(¢) > 0 for all t € R, Kirchhoff equations as (1.1) are called
degenerate. Of course, for (1.2) this occurs when @ = 0. In the present paper, we are
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interested in the study of (1.1) on a degenerate setting. For this, in (M) we have to
require 6 > 1, as shown in Lemma 3.1 of [5].

In the appendix of the recent paper [11], the authors provide a detailed discussion
about the physical meaning underlying the fractional Kirchhoff problems and their
applications. Indeed, they propose in [11] a stationary Kirchhoff variational problem,
which models, as a special significant case, the nonlocal aspect of the tension arising
from nonlocal measurements of the fractional length of the string. In this case, M
measures the change of the tension on the string caused by the change of its length
during the vibration. For this, the fact that M (0) = 0 means that the base tension of
the string is zero, a very realistic model.

Several recent papers are focused both on theoretical aspects and applications
related to nonlocal fractional models. Always in [11], the following critical fractional
problem on €2 bounded was studied for the first time in the literature

W w0, N e .
M(././Rz;v bx — y|N+2s dXdy>( A)u=2rf(x,u)+ lul%"“u in Q 13
u=0 in RV \ Q.

The authors prove the existence of a non-trivial non-negative solution for (1.3)
on a non-degenerate setting, combining a truncation argument with a concentration
compactness principle. The degenerate case of problem (1.3) is studied in [2], by
introducing a new technical approach based on the asymptotic property of the criti-
cal mountain pass level. Furthermore, the existence of a solution for different critical
fractional Kirchhoff problems set on the whole space RY is given in [5,9,10,24,27]
adapting the variational technique developed in [2]. For multiplicity results, we refer
to [25], where they consider a nonhomogeneous fractional Schrodinger—Kirchhoff
equation. By combining the mountain pass theorem with Ekeland’s variational prin-
ciple, in [25] the authors establish the existence of two solutions on a non-degenerate
situation. Recently, the multiplicity resultin [25] has been improved in [29], by consid-
ering weaker assumptions on the potential and on the subcritical term. With a similar
approach to [25], in [31] they prove the existence of two solutions for a degenerate
Kirchhoff equation in RN with a concave—convex nonlinearity, while in [34] they
consider a critical equation akin to (1.1) with M as in (1.2),a = Oand b = 1. In
[32], by the Fountain theorem and the dual Fountain theorem, the authors get the
existence of infinitely many solutions for a symmetric subcritical Kirchhoff problem
on 2, with suitable non-degenerate assumptions for M. The existence of infinitely
many solutions is still proved in [21,26] by using Krasnoselskii’s genus theory, under
degenerate frameworks. Moreover, to get infinitely many solutions, Krasnoselskii’s
genus theory is used in [8] for a critical problem similar to (1.3), but just on the non-
degenerate case. In [30], applying Kajikiya’s new version of the symmetric mountain
pass lemma, the existence of infinitely many solutions for a critical equation similar
to (1.1) is proved under a non-degenerate situation. Finally, the symmetric mountain
pass theorem is applied to study both a fractional Schrodinger—Kirchhoff equation, in
[23], and a subcritical degenerate Kirchhoff system on a bounded domain €2, in [33].

Motivated by the above works, in the present paper we provide the existence of
infinitely many solutions for (1.1) on a degenerate setting. As far as we know, our
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multiplicity result is new even for degenerate Kirchhoff equations similar to (1.1),
but driven by either the Laplacian or the p—Laplacian operator. Indeed, while there
is a wide literature concerning the study of multiplicity results for critical Kirchhoff
problems under a non-degenerate setting, see for example [6,7,12,16,18,35-37], very
few attempts have been made to cover also the degenerate case. We refer to [17,19]
in the Laplacian setting, where the authors just consider M like the prototype in (1.2)
with a = 0. Furthermore, they are able to give multiplicity results either when N = 4
or by considering a small perturbation. Here, by using a different approach we allow
M to be more general in (1.1).
Concerning the positive weight w : RN — R, we suppose that

(w) we L"RY) N LE.®RY), with r = p¥/(pf — q).

Condition (w) is necessary, since it guaranties that the embedding D*?(RV) —
LI(RN w) is compact, as shown in Lemma 2.1 of [5]. Indeed, the natural solution
space for Eq. (1.1) is the fractional Beppo-Levi space D*”(R"), that is the closure
of C§° (R™)) with respect to the norm [ - Is, p» given by

lu(x) — u(yw’ /p
oo ([ B )

Denoting with 7 : D*?(RY) — R the Euler-Lagrange functional related to vari-
ational equation (1.1), we are ready to state the main result of our paper as follows.

Theorem 1.1 Let M(0) = 0, N € (ps,00), g € (1, p), withs € (0,1) and p €
(1, 00). Assume that M and w satisfy assumptions (M1)—(M3) and (w).

Then, there exists & > 0 such that for any A € (0, 1) Eq. (1.1) admits a sequence
of solutions {u,}, in D*P (RN) with T, (u,) < 0, Jo.(u,) — 0 and {u,}, converges
to zero as n — oQ.

The proof of Theorem 1.1 is mainly based on the application of the symmetric mountain
pass lemma, introduced by Kajikiya in [14]. For this, we need a truncation argument
which allow us to control from below functional 7, . Furthermore, as usual in elliptic
problems involving critical nonlinearities, we must pay attention to the lack of com-
pactness at critical level LP5 (RV). To overcome this difficulty, we fix parameter A
under a suitable threshold strongly depending on assumptions (M>) and (M3).

Because of the geometry of functional 7 for (1.1), we are not able to cover the
range g € [p, p}). However, we can improve the result stated in Theorem 1.1 under
the degenerate model case (1.2), with @ = 0. That is, we consider the equation

bl " (A u = dw @)l + ul 2u, in RV,
lu(x) — u(y)|P
ull , = /fRZN EPET TR (1.4)

with still s € (0, 1), p € (1, 00), dimension N € (ps,00), b > 0,0 € (1, p{) and
here g € (1, pf). Thus, arguing similarly as in Theorem 1.1, we get the following
result.
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Theorem 1.2 Let b > 0, N € (ps,00), 0 € (1, p¥/p), q € (1, pf), with s € (0, 1)
and p € (1, 00). Assume that w satisfies assumption (w).

Then, there exists » > 0 such that for any A € (0, ) Eq. (1.4) admits a sequence
of solutions {u,}, in DSP RN with T, (u,) < 0, Jo.(un) — 0 and {u,}, converges
to zero as n — oQ.

The paper is organized as follows. In Sect. 2 we discuss the variational formulation
of the Eq. (1.1) and introduce some topological notions. In Sect. 3 we prove the Palais—
Smale condition for the functional 7, . In Sect. 4 we introduce a truncation argument
for our functional. In Sect. 5 we prove Theorems 1.1 and 1.2.

2 Preliminaries
In this section, we first give the variational formulation of Eq. (1.1) and then provide

some useful technical results, which will be used in the sequel.
Let L9(RY, w) be the weighted Lebesgue space, endowed with the norm

Hﬂgw=/‘wuﬂwmﬂw;
RN

By Proposition A.6 of [1] the Banach space LY (RY, w) = (LY(RN, w), || - llg,w) is
uniformly convex. Furthermore, by Lemma 2.1 of [5], the embedding D7 (R") —
L?(RN, w) is compact, with

lullgw < Cululs,, forallu e DSP(RY), 2.1)

and C, = S’l/l’||w||;/q > 0, where S = S(V, p, s) is the best fractional critical
Sobolev constant, given by

["‘]sp,p

inf P
ueD P RM\(0} [[ul] e

S = 2.2)

Of course number S is positive, since Theorem 1 of [20].
We say that u € D%P(R") is a (weak) solution of Eq. (1.1), if u satisfies

M([“]gp)(’la ©)s.p = AMu, ©)g.w + (U, (17)]);"

for all ¢ € D>P(R"N), where

_ -2 _ . 3
<u’¢)s’p://RzN lu(x) —uP*[ux) —u()] - [p(x) (p(y)]dxdy,

lx — y[NFsp

mew=/ MMWWWQMﬂWMMJmWﬁ=/IM@WQMMWMM.
RN RN
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Equation (1.1) has a variational structure and 7, : D%? (RYy — R, defined by

*
N

1 A 1
Jo(w) = — A ([u)s p) = =llullgw — —
p q

is the underlying functional associated with (1.1). Essentially, as shown in Lemma 4.2
of [5], the functional 7;, is of class C1(D*P(RN)).

In order to handle the degenerate Kirchhoff coefficient we need appropriate lower
and upper bounds for M, given by (M) and (M3). Indeed, condition (M;) implies
that M (¢) > O for any ¢+ > 0 and consequently by (M;) for all + € (0, 1] we have
M(t)/.#(t) < 0/t. Thus, integrating on [z, 1], with 0 < ¢ < 1, we get

NAGERAGE (2.3)

and (2.3) holds for all + € [0, 1] by continuity. Hence, (M3) is a stronger request.
Furthermore (2.3) is compatible with (M3), since integrating (M3) we have .Z (t) >
motG/Q for any ¢ € [0, 1], from which .Z (1) > m/6.

Similarly, for any & > 0 there exists 8, = .# (¢)/e? > 0 such that

(1) < 8:17 for any t > e. 2.4)

To prove the multiplicity result stated in Theorem 1.1, we will use some topological
results introduced by Krasnoselskii in [15]. For the sake of completeness and for
reader’s convenience, we recall here some basic notions on the Krasnoselskii’s genus.
Let X be a Banach space and let us denote by X the class of all closed subsets
A C X\ {0} that are symmetric with respect to the origin, that is, # € A implies
—u € A.

Definition 2.1 Let A € X. The Krasnoselskii’s genus y (A) of A is defined as being
the least positive integer n such that there is an odd mapping ¢ € C(A, R") such that
¢(x) # 0 for any x € A. If n does not exist, we set y (A) = oo. Furthermore, we set
y(®) =0.

In the sequel we will recall only the properties of the genus that will be used
throughout this work. More information on this subject may be found in the references
[14,15,28].

Proposition 2.1 Let A and B be closed symmetric subsets of X which do not contain
the origin. Then the following hold.

(1) If there exists an odd continuous mapping from A to B, then y (A) < y(B);

(2) If there is an odd homeomorphism from A to B, then y (A) = y(B);

(3) If y(B) < oo, then y (A \ B) = y(A) — y(B);

(4) Then n-dimensional sphere S” has a genus of n+ 1 by the Borsuk—Ulam Theorem,;

(5) If A is compact, then y(A) < oo and there exists § > 0 such that N5(A) C ¥
and y(Ns(A)) = y(A), with Ns(A) = {x € X : dist(x, A) < 8}.
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We conclude this section recalling the symmetric mountain-pass lemma introduced
by Kajikiya in [14]. The proof of Theorem 1.1 is based on the application of the
following result.

Lemma 2.1 Let E be an infinite-dimensional space and J € C'(E, R) and suppose
the following conditions hold.

(J1) J(u) is even, bounded from below, J(0) = 0 and J (1) satisfies the local Palais-
Smale condition, i.e. for some ¢ > 0, in the case when every sequence {u,}, in
E satisfying lim J(u,) = ¢ < ¢ and lim ||J'(u,)||gr = O has a convergent

n— 00 n— 00

subsequence;

(J2) Foreachn € N, there exists an A, € X, such that sup J(u) < 0.
UcEA,

Then either (i) or (ii) below holds.

(i) There exists a sequence {u,}, such that J'(u,) = 0, J(u,) < 0 and {u,},
converges to zero.
(ii) There exist two sequences {uy}, and {v,}, such that J'(u,) = 0, J(u,) = O,
u, # 0, lim u, = 0, J'(v,) = 0, J(v,) < 0, lim J(v,) = 0, and {v,},
n— o0 n— o0

converges to a non-zero limit.

3 The Palais—Smale Condition

Throughout this paper, we consider N > ps with s € (0,1) and p € (1, 00),
M(0) = 0 and we assume M and w satisfy (M)—(M3) and (w), without further
mentioning .

To apply Lemma 2.1, we discuss now the compactness property for the functional
Ty, given by the Palais—Smale condition. We recall that {u,}, C D%P(RM) is a
Palais—Smale sequence for 7, atlevel ¢ € R if

Ta(uy) —> ¢ and J)(uy) - 0 in (D*P(RMN)) as n — oo. 3.1

We say that 7, satisfies the Palais—Smale condition at level ¢ if any Palais—Smale
sequence {u,}, at level c admits a convergent subsequence in D*? (RV).

Lemma 3.1 Let ¢ < 0. Then, there exists Ao > 0 such that for any A € (0, Ag), the
functional [, satisfies (PS)c.

Proof Let us consider Ao > 0 sufficiently small such that

A I g T &
ri—q Ps—aq ¥ 5
(7 - 7) [)»0 (— - —) ||w||,] < min (m(l)/eS) B (ke S) P (3.2)
P p; q po

where g < p < p6 < p¥, mo comes from (M3), k = k(1) is defined in (M>) with
T = 1, while S is given in (2.2).

@ Springer



70 Appl Math Optim (2019) 80:63-80

Let A € (0,0) and let {u,}, be a (PS). sequence in D*?(RN). Due to the
degenerate nature of (1.1), two situations must be considered: either inIf\I [unls,p =
ne

d>0or ian[un]s,p = 0. For this, we divide the proof in two cases.
ne
e Case ing[u,,]s,p = d > 0. We first show that {u,}, is bounded. By (M>), with
ne

T = dP, there exists k = k(d”) > 0 such that
M([un1f p) > k foranyn € N. (3.3)

Furthermore, from (M7), (2.1) and (3.3) we get

1 1 1
Th(un) — F(J{(un), un) = — M ([unlf p) — FM([un]f,p)[un]f,p

p
N 1 1 Sq
—gg - fE)Anunnq,w .
(o Dt (- Dyacpiut,
= (pe p;k>K[u 1]s,p 4 p;* w[un]s,p

Thus, by (3.1) there exists ¢ > 0 such that as n — oo

Folunl?y o) =(— — L )elu
c+olupls,p +o) >(— — — )xluyls,p,
nls,p p9 p;‘ nls,p
being ¢ < p < pf < p¥. This implies at once that {u,}, is bounded in D*?(RV).
Therefore, using arguments similar to Lemma 2.1 of [5], there exist a subsequence,
still denoted by {u,},, and a function u € D*?(R") such that

Uy — uin Ds,p(RN), [un]s,p - M,
up = win LS @RY), uy — ull o — €, (3.4)
u, = uin L1®RY, w), u, — u ae.in RN

as n — oo. Clearly u > 0 since we are in the case in which d > 0.
Furthermore, as shown in the proof of Lemma 2.4 of [5], by (3.4) the sequence
{Uy},, defined in RZV \ Diag R?V by

|t (X) — (NP2 (n (x) — up ()
|x — y|V+ps)/p! ’

()C, Y) = un(x’ Y) =

is bounded in L” (R?V) as well as U, — U a.e. in R2V, where

_ lu) — u(WIP2ux) — u(y))

Z/{(Xs )’) Ix—yI(N‘H”)/r",

Thus, up to a subsequence, we get U, — U in LY (R2N), and so as n — o0
(Un, @)s,p —> (U, @)s,p (3.5)
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forany ¢ € D%P(RN), since |¢(x) —p ()| |x — y|~"NFTP9)/P ¢ LP(R?N). Similarly,
(3.4) and Proposition A.8 of [1] imply that [u,|?2u, — |u|?"2u in LY (RN, w) and
|un|”?_2un — |u|p§_2u in L”;ﬂ(RN), from which as n — o0

(Uns Pl gw —> (U, ) qws  (Un, (P)pj — (u, <P)p;w (3.6)
for any ¢ € DS P(RNM), Then, (3.1), (3.4), (3.5) and (3.6) give

MuP)u, @)s.p = Mu, @)gw + (U, @) pr,

for any ¢ € D*P(RN). Hence, u is a critical point of the C!(D*?(RV)) functional

~ 1 A 1 x
Jr(w) = =M uP)[ulf ) — = ullg.w — —*Ilullﬁ‘i- (3.7
p q Ps

s

Thanks to (3.4) it results
Jim /RN W) (1 ()92 (x) — [ ()| 2u(x)) (un (x) — u(x))dx = 0. (3.8)
Furthermore, using again (3.4) and the celebrated Brézis and Lieb lemma of [4]
[n)f p = lun —ulf p + ()] p + 0D, Nunllps = lun = ully + lulyi +o(1)  (3.9)

as n — oo. Consequently, we deduce from (3.1), (3.4), (3.7), (3.8) and (3.9) that as
n— 0o

o(1) = (F; (un) = J}. (), tn — 1)
= M([”n]f,p)[un]f,p + M(Mp)[u]f,p — (un, u)s,p[M([un]f,p) + M(Mp)]

— fR i W) (i ()92, () — (1920 (x)) ( (x) — u(x))dx
—~ /R N(|un<x>|f’?‘ 2, (x) — () [P 720 (x)) (e () — u(x))dx

= MuP) (P = Tulfp) = lun |12 + el + o(1)

= MuP)uy = ul? = g — w2t + o(1),

Therefore, we have proved the crucial formula

M) lim [y —ulfp = lim ey —ully:. (3.10)

By (2.2), the notation in (3.4) and (3.10), we get

o5 > S M(uP)er. (3.11)
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When ¢ = 0, since u > 0 and M admits a unique zero at 0, then (3.10) yields u,, — u
in D*?(RV), concluding the proof.

Thus, let us assume by contradiction that ¢ > 0. Noting that (3.10) implies in
particular that

MuP)(uP =[]} ) = €7,
using (3.11), it follows that
(7)™ = My N (P = [l )P = S M), (3.12)

Since we do not know the exact behavior of M, we must consider other two situations:
either u € (0,1) or u > 1. For this, we divide the proof of the first case in two
subcases.

e Subcase . € (0, 1). By (3.12) and (M3), we obtain

N—ps PE=D(N=ps)
N

N—ps
pPN = (1P — 11 ,)" N = S M) = my Y S u

and considering N < ps0/(0 — 1) = ps6’, it follows that

Nops \ FENT
u?f > (mo N S) ) (3.13)

Indeed, the restriction N/(p8’) < s follows directly from the fact that 1 < 6 <
p¥/p = N/(N — ps). By using (M3), (3.12) and (3.13), we obtain

pr p\N/ps pO—1) N/ps 1/6 ps9+6(9—1)
e > (s M)V > (Smou ) > (mo S) . (.14)
Now, by (M) for any n € N we have

1, 1 1
T (up) — ﬁ (jx(un)a Mn) = ;%([un]f,p) - EM([Mn]gp)[un]f,p

S BLINERA NPT GLISENLI NPT
— —— ) lu — — — ) lunll’ s
po q) Y S \po pr) R

1 1 1 *

@ Springer



Appl Math Optim (2019) 80:63-80 73

From this, as n — oo, by (3.1), (3.4), (3.9), (w), the Holder inequality and Young
inequality

> ———) (P B)=al=——= q
= (5 = 3p) (74 ) =2 (5 - g .

1 1 * 1 1
> (p_9 — F) (el’v n ||u||§%) —A <c—] - p—9> lwll, Nl

s

A * o (3.15)
> (=) (e ) = (=5 — = ) il

po s : 0 Py

1 1 Pe—q 1 1 !’viq

~(=-= M—=———=)lwl
P p; q pY

Finally, by (3.14) we get

LI = RN 11 £
0>c> (* — —*> (m(l)/e S) ps—po _ (7 _ 7) Ps—4q |:k (7 . 7) ”w”r] Ps—4 ~0.
po s po  p; g po

where last inequality follows from (3.2). We obtain our contradiction concluding the
proof of the first subcase.
e Subcase u > 1. Here, by (3.12) and (M;) with T = 1, we obtain

05 > (e NP,

with k = k(1) > 0. Thus, (3.15) yields

* q P.;k
1 1 s 1 1\ o= 1 1 ¥
0>cz<———*)(x8>ﬁx-P—(———*> ! "[x(f——>nwnr]” ' >0
pd  ps po  ps qg po

where again last inequality follows from (3.2). We still have a contradiction which

concludes the proof of the first case.

e Case inlf\l [un]s,p = 0. Here, either 0 is an accumulation point for the real sequence
ne

{[unls, p}n and so there is a subsequence of {u,}, strongly converging to u = 0, or O is
anisolated point of {[u, |5, p}». The first case can not occur since it implies that the trivial
solution is a critical point at level ¢. This is impossible, being 0 = 7, (0) = ¢ < 0.
Hence only the latter case can occur, so that there is a subsequence, denoted by
{[uni]s,p}k> such that ,Z‘;g[“"k]w = d > 0 and we can proceed as before. This

completes the proof of the second case and of the lemma. O

4 A Truncation Argument

We note that our functional 7 is not bounded from below in D%-?(RY). Indeed, by
fixing & > 0 in (2.4) we see that for any u € D*?(R")
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)\. * 1 *
T (tu) < 17’ 8[ 125 E el = 175 — Nlull}t — —o0 ast — oo,
s :

since g < p < pd < pi.
For this in the sequel we introduce a truncation like in [1], to get a special lower
bound which will be worth to construct critical values for 7,. Let us denote

Gy = LD o _*og g 1
p q pesS

tp:

where C,, comes from (2.1), while § is defined in (2.2). Denoting k = « (1) the
constant given by (M3) with T = 1, we can take R € (0, 1) sufficiently small such
that

(1 1 *
X gp s LD e —RI", 4.1)
p@ p Ps S
since p < pO < p¥, and we define
q (L) o Ly
A*:Zcq Rq( Ry — *SRl , 4.2)
w I p Py

so that Gy« (R1) > 0. From this, we consider
Ry =max{r € (0,R)): Gx(t) <0}.

Since by ¢ < p we have G, () < 0 for ¢ near to 0 and since also G+(R1) > O, it
easily follows that G,=(Rp) = 0.

We can choose ¢ € C3°([0, 00), [0, 1]) such that ¢ (1) = 1if t € [0, Ro] and
¢(t) =0if t € [Ry, 00). Thus, we consider the truncated functional

1 *
) = —///([u]sp) qnunqw @ (luls.p)— el

N

It immediately follows that 7, (1) — oo as [u]s,, — oo, by (M) and (M>). Hence,
T, is coercive and bounded from below.

Now, we prove a local Palais—Smale and a topological result for the truncated
functional Z; .

Lemma 4.1 There exists . > 0 such that, forany X\ € (0, X)

(1) if Ly (u) < Othen [uly,, < Ro and also J,.(v) = I, (v) for any v in a sufficiently
small neighborhood of u,
(1) Z, satisfies a local Palais—Smale condition for ¢ < 0.

Proof Considering Ao and A* _given respectively by Lemma 3.1 and (4.2), we choose
A sufficiently small such that A < min {Ag, A*}. Let A < A.
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For proving (i) we assume that 7, (#) < 0. When [u]s , > 1, by using (M), (M>)
with T = 1, (2.1) and A < A*, we see that

K ¥
Ty (u) > E[u]xp,p - ;Cf{)[u]?,p >0

where the last inequality follows by ¢ < p and because by G+ (R1) > 0 and (4.1) we
have

)\‘*
%R‘f ~ 2 CaR? = 0.
P q

Thus, we get the contradiction 0 > Z; (u) > 0. Similarly, when Ry < [u];,, < 1, by
using (2.1), (2.3) and A < A*, we obtain

A (1)
p

T(u) =

9 A
lfy = - Chlull > 0

where the last inequality follows by g < p < p6 and because by G,»(R;) > 0 we
have

PAC P
D gro 2 ca gt o,
p q

We get again the contradiction 0 > Z; (u) > 0. When [u]y,, < Ry, since ¢ () < 1 for
any ¢t € [0, 00) and A < A*, we have

0>7Z5(u) > gk([u]s,p) = gk*([u]s,p)v

and this yields [u]s,, < Ro, by definition of Ry. Furthermore, for any u € B(0, Ro/2)
we have 7, (u) = J.(u).

To prove a local Palais—Smale condition for Z;, atlevel ¢ < 0, we first observe that
any Palais—Smale sequences for 7, must be bounded, since Z, is coercive. Thus, since
A < Ao by Lemma 3.1 we have a local Palais—Smale condition for 7, = 7, at any
level ¢ < 0. O

Here, in order to get the next technical result, we need a finite dimensional subspace
of D*P(RN). For this, since D*?(R") is a separable and reflexive Banach space, see
for example [26], there exists {¢,}, € D*?(R"). Then, for any n € N we can set
X, =span{g,}and ¥, = ©F_ | X;.

Lemma 4.2 Forany A > 0 andn € N, there exists ¢ = (A, n) > 0 such that

y(Z°) = n,

where I, © = {u e DSPRN): T, (u) < —8}-
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Proof Fix A > 0,n € N. Since Y, is finite dimensional, there exists a positive constant
c(n) such that

cmulf p < llullgw

for any u € Y. Thus, for any u € Y, with [u]s , < Ry we get

* *
s

p g _ 1 p;
Th(u) < —luls,p — 7 lleellg,w or llaell
M* A
< 7[u]§p — gC(n)[u]?,p,
with M* = %a;g ]M (r) < oo, by continuity of M. Finally, let p and R be two
7€|V, Ko
positive constants with
»e(n) 1
P—q
p<R<min{Ro,[ cnpi| }, 4.3)
g M*

and let
Sn = {M (S Yn . [M]S,p = p} .

Of course, S, is homeomorphic to the n — 1-dimensional sphere $"~!. Moreover for
any u € Sy,

Tyu) < pf (%*p”‘q - “(”))

q
*
< R4 (%Rp—q_}‘c_(")> <0
p q

where the last inequality follows by (4.3). Thus, we can find a constant & > 0 such that
T, (u) < —gforany u € S,. Hence S,, C Z, °, by parts (2) and (4) of Proposition 2.1
we get ¥ (Z, ©) = y(S,) = n. O

5 Main Results
Here we define for any n € N the sets

={Ac D@\ (0): Alsclosed, A = —Aand y(4) = 0},

Xy
K.

{u e D*P(RY) : T)(u) = 0 and Ty (u) = c},
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and the number

¢y = inf supZ, (u). 5.1

A€Tn yeA

Before proving our main results, we state some crucial properties of the family of
numbers {c, },.

Lemma 5.1 Forany ) > 0 and n € N, the number c, is negative.

Proof Let A > 0and n € N. By Lemma 4.2, there exists ¢ > 0 such that y (Z, °) > n.
Since also 7, is continuous and even, 7, ¢ € ¥,. From 7, (0) = 0 we have 0 ¢
I, ¢ Furthermore SUp, 7 Z)(u) < —e. In conclusion, remembering also that Z; is
bounded from below, we get

—00 < ¢, = inf supZ(u) < sup 7Z,(u) < —e < 0.
A€Zy yeA MEI)L_E

Hence the proof is complete. O

Lemma 5.2 Let 1 € (0, X), with A given in Lemma 4.1.
Then, all ¢, given by (5.1) are critical values for I, and ¢, — 0 asn — oo.

Proof 1t is clear that ¢, < ¢,+1, By Lemma 5.1 we have ¢, < 0. Hence ¢, — ¢ < 0.
Moreover, by Lemma 4.1 the functional Z,,_ satisfies the Palais—Smale condition at ¢,,.
Thus, it follows from standard arguments as in [28] that all ¢,, are critical values of 7.
We claim that ¢ = 0. If ¢ < 0, then still by by Lemma 4.1, we have K¢ is compact.
From part (5) of Proposition 2.1 it follows that y (Kz) = ng < oo and there exists
6 > O such that y (Kz) = ¥y (Ns(K¢)) = no.

By Theorem 3.4 of [3] there exist ¢ € (0,¢) and an odd homeomorphism 7 :
DSP(RNY - D*P(RN) such that

n(ZiTe\ Ns(Kg)) C Io . (5.2)

Since ¢, is increasing and converges to ¢, there exists n € N such thatc, > ¢ — ¢
and ¢, 4n, < ¢. Choose A € X,1,, such that supZ, (u) < ¢ + &. By part (3) of

. ucA
Proposition 2.1, we have

y(A\ Ns(Kz)) = y(A) — y(Ns(K), y(n(A\ Ns(Ko)) =n.  (5.3)
Therefore, we have
n(A\ Ns(Kz)) € =.
Consequently

sup Iy(u) >c, >¢—e€. 5.4
uen(A\Ns(Kz))
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On the other hand, by (5.2) and (5.3), we have
n(A\ Ns(K2) C n(Z; T\ N5(Kz)) C T, €, (5.5)

which contradicts (5.4). Hence ¢, — 0 asn — oo. O

Now, we are ready to give the proof of Theorem 1.1, as follows.

Proof of Theorem 1.1 By Lemma 4.1, 7, (u) = J,(u) if Z, (u) < 0. Then, by Lem-
mas 4.1, 4.2, 5.1 and 5.2, one can see that all the assumptions of Lemma 2.1 are
satisfied. This completes the proof. O

We conclude proving our second main result.

Proof of Theorem 1.2 The proof is substantially similar to the one of Theorem 1.1.
We just observe that, to prove Lemma 3.1 we must consider A € (0, Ag) with Ag
sufficiently small such that

R 11 & e
e
P9 p; q po

where ¢ < pf < p¥, b comes from (1.4) and § is given in (2.2). While, in order to
state our truncation argument as in Sect. 4, we must take R € (0, 1) sufficiently small
and A* > 0 as follows

0<—RM"— — R and »*=—2 (2RI - —RP").
po pis 2CH RY \ po pEs
Hence, by considering g € (1, pf) we can argue as in Theorem 1.1. O
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