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Abstract In this paper we model the role of a government of a large population as a
mean field optimal control problem. Such control problems are constrained by a PDE
of continuity-type, governing the dynamics of the probability distribution of the agent
population. We show the existence of mean field optimal controls both in the stochastic
and deterministic setting. We derive rigorously the first order optimality conditions
useful for numerical computation of mean field optimal controls. We introduce a novel
approximating hierarchy of sub-optimal controls based on a Boltzmann approach,
whose computation requires a very moderate numerical complexity with respect to
the one of the optimal control. We provide numerical experiments for models in opinion
formation comparing the behavior of the control hierarchy.
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1 Introduction

Self-organization in social interactions is a fascinating mechanism, which inspired
the mathematical modeling of multi-agent interactions towards formation of coherent
global behaviors, with applications in the study of biological, social, and economical
phenomena. Recently there has been a vigorous development of literature in applied
mathematics and physics describing collective behavior of multiagent systems [41—
43,52,56,58,82], towards modeling phenomena in biology, such as cell aggregation
and motility [21,59,60,73], coordinated animal motion [12,27,34,37-39,43,66,70,
71,74,79,85], coordinated human [40,44,76] and synthetic agent behavior and inter-
actions, such as cooperative robots [35,63,72,77]. As it is very hard to be exhaustive
in accounting all the developments of this very fast growing field, we refer to [28—
30,33,81] for recent surveys.

Two main mechanisms are considered in such models to drive the dynamics. The
first, which takes inspiration, e.g., from physics laws of motion, is based on binary
forces encoding observed “first principles” of biological, social, or economical inter-
actions. Most of these models start from particle-like systems, borrowing a leaf from
Newtonian physics, by including fundamental “social interaction” forces within clas-
sical systems of Ist or 2nd order equations. In this paper we mix general principles
with concrete modeling instances to encounter the need of both a certain level of gen-
erality and to provide immediately concrete applications. Accordingly, we consider
here mainly large particle/agent systems of form:

N
1
dx; = NZP(xi,xj)(xj—xi) dt +~20dB!, i=1,...,N, t>0,
j=1

(1.1)

where P (-, -) represents the communication function between agents x; € R? and Bit
is a d-dimensional Brownian motion.

The second mechanism, which we do not address in detail here, is based on evolutive
games, where the dynamics is driven by the simultaneous optimization of costs by the
players, perhaps subjected to selection, from game theoretic models of evolution [54]
to mean field games, introduced in [62] and independently under the name Nash
Certainty Equivalence (NCE) in [55], later greatly popularized, e.g., within consensus
problems, for instance in [67,68].

The common viewpoint of these branches of mathematical modeling of multi-agent
systems is that the dynamics are based on the free interaction of the agents or decen-
tralized control. The wished phenomenon to be described is their self-organization in
terms of the formation of complex macroscopic patterns.

One fundamental goal of these studies is in fact to reveal the possible relationship
between the simple binary forces acting at individual level, being the “first principles”
of social interaction or the game rules, and the potential emergence of a global behavior
in the form of specific patterns.

For instance one can use the model in (1.1), ford = land x; € I = [—1,1],a
bounded interval, to formulate classical opinion models, where x; represents an opin-
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ion in the continuous set between two opposite opinions {—1, 1}. According to the
choice of the communication function P(-, -), consensus can emerge or not, and dif-
ferent studies have been made in order to enforce the emergence of a global consensus,
[5-7,45,80]. The mathematical property for a system to form patterns is actually its
persistent compactness. There are actually several mechanisms of promotion of com-
pactness to yield eventually self-organization. In the recent paper [65], for instance,
the authors name the heterophilia, i.e., the tendency to bond more with those who are
“different” rather than those who are similar, as a positive mechanism in consensus
models to reach accord. However also in homophilious societies influenced by more
local interactions, global self-organization towards consensus can be expected as soon
as enough initial coherence is given. At this point, and perhaps reminiscently of biblic
stories from the Genesis, one could enthusiastically argue “Let us give them good
rules and they will find their way!” Unfortunately, this is not true, at all. In fact, in
homophilious regimes there are plenty of situations where patterns will not sponta-
neously form. In Sect. 5 below we mathematically demonstrate with a few simple
numerical examples the incompleteness of the self-organization paradigm, and we
refer to [18] for its systematic discussion. Consequently, we propose to amend it by
allowing possible external interventions in form of centralized controls. The human
society calls them government.
The general idea consists in considering dynamics of the form

N
1
dx; = NZP(xi,xj)(xj—xi) di+fidt +v20dB!, i=1,...,N, 1>0,
j=1
(1.2)

where the control f = (f1,..., fy) minimizes a given functional J(x, f). As an
example we can consider the following variational formulation

: . T1gn(1 -2
f=argggbr{1J(x,g) =K /0 NZI:(EIM—XI +)/‘11(gi)> dr|,  (13)

where x represents a target point, y is the penalization parameter of the control g,
which is chosen among the admissible controls in I/, and ¥ : R? — R, U {0} is
a convex function. The choice of this particular cost function, and especially of the
term fOT % [ 1x — %[> 1(x, 1) dx is absolutely arbitrary. It is consistent with our wish
of mixing general statements with instances of applications, and the cost function is
so given to provide immediately a specific instance of application oriented to opin-
ion consensus problems. Similar models as (1.3) have been studied recently also for
the flocking dynamics in [4,17,24,51] and one can of course consider many more
instances, as soon as one ensures enough continuity of the cost, see, e.g., [51].

As the number of particles N — oo, the finite dimensional optimal control problem
with ODE constraints (1.2)—(1.3) converges to the following mean field optimal control
problem [1,15,51,61]:
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Op+ V- ((Plul+ fHw) =olpu, (1.4)

where the interaction force P is given by

Plu]x) =/P(x,y)(y—x)u(y,t)dy (1.5)

and the solution w is controlled by the minimizer of the cost functional

Tr1
J(u, f):/() (E/Ix—X|2u(x,t)dx—i—y/ﬂ’(f),u(x,t)dx) dt. (1.6)

To a certain extent, the mean field optimal control problem (1.4)—(1.6) can be viewed as
a generalization of optimal transport problems [14] for which the term P = 0, the term
fOT % f lx — X2 (x, t) dx does not appear in the cost, and final conditions are given.
Differently from mean field games [62] the goal here is not to derive the equilibria
of a multi-player game, rather to compute mean field optimal government strategies
for a population so large that the curse of dimensionality would otherwise prohibit
numerical solutions. The mean field optimal control problem (1.4)—(1.6) provides an
artificial confinement vector field f, inducing the right amount of compactness to have
global convergence to steady states (pattern formation). Local convergence towards,
e.g., to global Maxwellians, is provided for certain second order mean field-type of
equations in [32,46]. Hence, our results can be also interpreted as an external model
perturbation to induce global stability.

In this paper we provide a friendly introduction to mean field optimal controls of the
type (1.4)—(1.6), showing their main analytical properties and furnish a simple route
to their numerical solutions, which we call “the control hierarchy”. Although some
of the results contained in this paper are certainly also derived elsewhere, see, e.g.,
[15,51], we made an effort to present them in a simplified form as well as providing
rigorous derivations.

In particular, in Sect. 2, we show existence of mean field optimal controls for
first order models in case of both stochastic and deterministic control problems. We
also derive rigorously in Sect. 3 the corresponding first order optimality conditions,
resulting in a coupled system of forward/backward time-dependent PDEs. The forward
equation is given by (1.4), while the backward one is a nonlocal integro-differential
advection-reaction-diffusion equation. The presence of nonlocal interaction terms in
form of integral functions is another feature, which distinguishes mean field optimal
control problems from classical mean field games [62] and optimal transport problems
[14], where usually P = 0. The nonlocal terms pose additional challenges in the
numerical solution, which are subject of recent studies [22].

Although mean field optimal controls are designed to be independent of the number
N of agents to provide a way to circumvent the curse of dimensionality of N — oo, still
their numerical computation needs to be realized by solving the first-order optimality
conditions. The complexity of their solution depends on the intrinsic dimensionality
d of the agents, which is affordable only at moderate dimensions (e.g., d < 3). For
this reason, in Sect. 4 we approach the solution of the mean field optimal control,
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by means of a novel hierarchy of suboptimal controls, computed by a Boltzmann
approach: first one derives a control for a system of two representative particles, then
one plugs it into a collisional operator considering the statistics of the interactions of a
distribution of agents, and finally one performs a quasi-invariant limit to approximate
the PDE of continuity-type, governing the dynamics of the probability distribution
of the agent population. For the two particle system considered in the first step of
the Boltzmann approach above, we propose two suboptimal controls stemming from
the binary Boltzmann approach: the first level is given by an instantaneous model
predictive control on two interacting agents—we shall call this control instantaneous
control (IC), while the second stems from the solution of the binary optimal control
problem by means of the Bellman dynamical programming principle—we shall call
this control finite horizon control (FH). These two controls have the advantage that the
complexity of their computation is dramatically reduced with respect to the mean field
optimal control (OC) inits full glory, still retaining their ability to induce government of
the population. We describe in detail how they can be efficiently numerically computed.
In Sect. 5 we provide simple numerical approaches, easily implementable, for solving
one-dimensional mean field optimal control problems of the type (1.4)-(1.6). We
eventually numerically compare the control hierarchy with the mean field optimal
control in a model of opinion formation and we show the quasi-optimality of the
Boltzmann—Bellman (FH) control. To facilitate the reproducibility of our results and
to allow other scientists to easily access this very exciting field, we provide at the
link https://www-m15.ma.tum.de/Allgemeines/SoftwareSite the Matlab code used to
produce our numerical experiments.

2 Existence of Mean Field Optimal Controls
2.1 Deterministic Case

In this section, we study global existence and uniqueness of weak solutions for Eq.
(1.4)in RY without the diffusion, i.e., o = 0, namely

du+V-(Plul+ Huw =0, xeR? 1>0. 2.1

We also investigate the mean field limit of the ODE constrained control problem (1.2)—
(1.3) in the deterministic setting. Let us denote by M@®R4) and M p(]Rd) the sets of
all probability measures and the ones with finite moments of order p € [1, 00) on R?,
respectively. We first define a notion of weak solutions to the equation to (2.1).

Definition 2.1 For a given T > 0, we call u € C([0, T']; M (R%)) a weak solution
of (2.1) on the time-interval [0, T'] if for all compactly supported test functions ¢ €
CX(R? x [0, T)),

T
/w(x,T)uT(dx)—f / 0@ + (Plpel + f) - Vo) i (dx)dt
R4 0 JRd

= / @o(x) o (dx).
]Rd
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We also introduce a set of admissible controls F; ([0, T']) in the definition below.

Definition 2.2 For a given T and ¢ € [1, 00), we fix a control bound function £ €
L9(0,T). Then f € F¢([0, T]) if and only if

(i) f:R4 x [0, T] — R is a Carathéodory function.
@) f(,r) e Wllo‘fo (Rd) for almost every ¢ € [0, T'].
(i) £, D]+ 1 fC, llLip < €(¢) for almost every ¢ € [0, T].

For the existence and mean field limit, we use the topology on probability measures
induced by the Wasserstein distance, which is defined by

1/p
Wp(u, v):= inf </ lx—y|? m(dx, dy)) for p>1and p,v e M(R?),
mel'(in,v) R2d

where T'(it, v) is the set of all probability measures on R*¢ with first and second
marginals ;1 and v, respectively. Note that M (R?) is a complete metric space endowed
with the W, distance, and W is equivalently characterized in duality with Lipschitz
continuous functions [84].

The following result is a rather straightforward adaptation from [51] and we shall
prove it rather concisely. For more details we address the interested reader to [51],
which has been written in a more scholastic and perhaps accessible form.

Theorem 2.1 Let the initial data j19 € M(RY) and assume that o is compactly
supported, i.e., there exists R > 0 such that

supp jro C B(0, R),

where B(O,R) := {x € R? : |x| < R)}. Furthermore, we assume that P €
WLoo (R, Then, for a given f € Fy([0, T]), there exists a unique weak solu-
tion u € C([0, T1; M1 (R%)) to Eq. (1.4) with o = 0. Furthermore, | is determined
as the push-forward of the initial measure Lo through the flow map generated by the
locally Lipschitz velocity field P[] + f. Moreover, if u*,i = 1,2 are two such with
initial data uf) satisfying the above assumption, we have

Wi(ul, u?)y < O, 1d) for 1 €10, T,

where C > 0 depends only on || P|yi,, R, T, and ||€||Lq.

Proof e Existence and Uniqueness Let i € C([0, T1; M (R?)) with compact support
in B(0, R) for some positive constant R > (. Then we can easily show that the
interaction force P is locally bounded and Lipschitz:

[Plul)] < CUIP L, R + |x]),

and

IPlrl(x) = Plul] = CUIPllwiee, RYA + [xD]x — yl.
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On the other hand, since f € F; ([0, T]), we obtain that the vector field P[u] + f is
also locally bounded and Lipschitz. Then this together with employing the argument
in [23, Theorem 3.10] and existence theory for Carathéodory differential equation in
[50], we can get the local-in-time existence and uniqueness of weak solutions to the
system (1.4) with o = 0 in the sense of Definition 2.1. Note that those solutions exist
as long as that solutions are compactly supported. Set

R(t) := max [x —y| for rel0,T].
X, yeSupp (i)

Letus consider the following characteristic X (1) := X (¢; 5, x) : Ry xRy xR? — R?:

dX(t;s,x)

I =PluJ(X(t;5,x), )+ f(X(t;5,x),t) forall ¢,s €[0,T], (2.2)

with the initial data Xo = x € R?. We notice that characteristic is well-defined on
the time interval [0, 7'] due to the regularity of the velocity field. A straightforward
computation yields that for x, y € supp(uo)

dIX() —Y@)?

dt
dX®)—-Y
=X@®)-YQ)- w

= |1X(@) = YOI Plu (X (@), 1) = Pl 1Y (1), )]
+I1X@) = YOI f (X @), 1) = f(X (), 0)]

<2/ Pllpee| X (1) — Y ()] /Rd 2 — X(Olp(z, ) dz + | Pl X (1) — Y (1))
+1£C DllLipl X (@) — YO
This deduces

dR(1)
dt

< (BIPILe + 1 £ DllLip) R(@) < BIIPILe + £(1)) R(1),
and
R() < CRy for te€]0,T],

where C depends only on T, || P| 1>, and ||£]||L«. Thus, by continuity arguments, we
have the global existence of weak solutions. We can also find that for & € C2° (RY)

f w(x,Hh(x)dx = / no(x)h(X(0;¢,x))dx for te€[0,T].
R4 R4

This implies that u is determined as the push-forward of the initial density through
the flow map (2.2).
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e Stability Estimate Let T > 0 and ,ui,i = 1,2 be the weak solutions to Eq.
(1.4) with 0 = 0 obtained in the above. Let X; be the characteristic flows defined in
(2.2) generated by the velocity fields P[] + f, respectively. For a fixed #y € [0, T,
we choose an optimal transport map for W denoted by 7°(x) between /L}O and /,LIZO,

ie., utzo = ’TO#,utlo. It also follows from the above that pL; = X;(t; to, ~)#,u§0 for
t > to. Furthermore, we get 7'#u! = u? with 7! = X2(t; 10, -) 0 7% 0 X (t0; 1, )
fort € [tg, T]. Then we obtain

AWt ud)
dt t=to+

< [ [Pueh s 0,000 = Pl I 10, TG, 0 s )|
R4 t=t)+

+/ £ 10,%),0) = F(Xa(t: 10, TO0), 0]l (@)
e t=to+
=hL+Dh,

where [;,i = 1, 2 are estimated as follows.

I < /R . \P(x, Ny —x) = P(T°@), T°GN(T () — To(x») g, (dx) g (dy)
< /ﬂ; 1P (x,y) — P(T0x), T°G))Ily — x|uf (dx) g (dy)
+ [P0, T (Iy = T+ 1k = T @) s e )
< ClIPIlyr Wi (1t 13y)-
L= /R ) \f(x, n— f(Tx), r)\ 1 (dx) < 1Lf G OlLipWa (g s i)

< LOWI (. 1)

where we used the fact that  has the compact support for the estimate of /1. We now
combine the above estimates together with being ¢ arbitrary in [0, 7] to conclude

AW (), 2
% < C(IPllyro +€O)Wi(u!, u?), for tel0,T1.

This completes the proof. O

In Theorem 2.1, we show the global existence and uniqueness of weak solutions p
to Eq. (1.4) with o = 0 for a given control f € F;([0, T]). In the rest of this part, we
show the rigorous derivation of the infinite dimensional optimal control problem from
the finite dimensional one as N — oo. Let us recall the finite/infinite dimensional
optimal control problems:
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e Finite dimensional optimal control problem:

in J(x, f) i /T 1 ﬁ:(ll R+ y W r))) dr, (2.3)
min J(x, = min — —|xi — x Xi, , .
feFe feFeJo N P 2 4

where x; is a unique solution of

N

. 1 .

xi:ﬁg Pxi,xj)(xj —xi))+ f(xi,0), i=1,...,N, t>0, (24)
J=1

e Infinite dimensional optimal control problem:

T
mme%f%=mm/1<—/ M—XFMWﬂ+V/TWUNMM@>m,
feFy 0o \2 Jpd Rd

feF
(2.5)
where u € C([0, T]; M1 (R%)) is a unique weak solution of
dp =V - (Pl + ), (x, 1) € R x [0, T],
Plud(x) = /Rd P(x, y)(y = x)pe(dy). (2.6)

For the convergence from (2.3)—(2.4) to (2.5)—(2.6), we need a weak compactness
result in F; whose proof can be found in [51, Corollary 2.7].

Lemma 2.2 Let p € (1, 00). Suppose that (fj)jen € Fo with £ € L9(0,T) for
1 < g < oo. Then there exists a subsequence (f)xen and a function f € Fy such
that

fi — f weakly*in L0, T; W'P(RY)) as k — oo, 2.7

T
lim / / o, )(fj(x,t) — f(x,1))dxdt =0
0 R4

k—o00
forall ¢ € L9, T; W=7 (RY)).
Define the empirical measure "V associated to the particle system (2.4) as
| N
N
= — Sy for +>0.
g N Z xi (1) =

i=1

Then we are now in a position to state our theorem on the mean field limit of the
optimal control problem.
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Theorem 2.3 Let T > 0. Suppose that P € WL (R>?) and W satisfies that there
exist C > 0and1 < g < o0

Lip(¥, B0, R)) < CR?™" forall R > 0.

Let £(t) be a fixed function in L9(0, T). Furthermore we assume that {x?}lNzl C

B(0, Ry) for Ry > 0 independent of N. For all N € N, let us denote the control
function fn € Fy as a solution of the finite dimensional optimal control problem
(2.3)—~(2.4). If there exits a compactly supported initial data g € M (R?) such that
limy— 00 Wi (uév , 1L0), then there exists a subsequence ( f,N")keN and a function f>°

such that ftNk — f7° in the sense of (2.7). Moreover, f>° and the corresponding ji;°
are solutions of the infinite dimensional optimal control problem (2.5)—(2.6).

Proof We first notice that the existence of an optimal control ftN on the time interval
[0, T'] for the finite dimensional optimal problem (2.3)—(2.4) can be obtained by using
the weak compactness estimate in Lemma 2.2 together with the strong regularity of
velocity field P + f, see [51, Theorem 3.3]. For any f € F;([0, T']), let us denote
(,uf)gv by the solution to the equation (2.4) with the initial data (/Lf)(j)V satisfying

limy— oo Wl((uf)év , o) = 0. Let denote also by u;' is a solution associated to
(2.6) with the control f; and that initial data po, which is ensured by Theorem 2.1.

Moreover, by Theorem 2.1, limy_, oo Wi (1 f)fv , /L,f ") = 0. On the other hand, it

follows from Lemma 2.2 that there exists a subsequence f,N" such that f,N" -
weakly* in L1(0, T; WP (R%)) ask — oo for some f7° € Fe.Let uf® is the solution
to (2.6) with the control function f,>°. Then, by the lower-semicontinuity of the onset
functional, we get

timinf J (', fN) = T, £,

k—o00

where uiv ¥ is a solution to the particle equation (2.4) with the optimal control ftN".
Then, due to the minimality of f,Nk , it is clear that

J ((Mf)ﬁvk, ﬁ) > (MtNk, f,N"> foreach k € N.

We finally use the convergence of limy_, oo W1 ((t f)ﬁv", ,utf ) = 0 together with the
compactly supported solution u; to have

T, £y = tim J ((M),Nk, f,) > lim inf J (M,Nk, ,Nk) > J (1, £).
k— o0 k—o00
Since f; is arbitrarily chosen in F¢ ([0, T']), this concludes

ml:g J(H’la fl) = J(M?oa f[oo 5

freFe

i.e., f° is the optimal control for the problem (2.5)—(2.6). O
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2.2 Stochastic Case

In this section, we study the parabolic optimal control problem in a bounded domain.
In this section we are to a certain extent inspired by the work [20]. As we are deviating
from that in certain estimates, we take the burden somehow of presenting the results
in more details than in the previous section.

Let €2 denote an open, bounded, smooth subset of R9. We first introduce function
spaces:

Vi=L20,T; H(Q)NH O, T; H-'(2)), and H_ '(Q) = H'(Q),
and the set of admissible controls
Oy = {||f||L2(0,T;L°°<Q)) <M: feL*0,T; LOO(Q))},

for a given M > 0. Then our optimization problem is to show the existence of

T
min J(u, f):= min / (l/ |x—)€|zu(x,t)dx+y/ \D(f)u(x,t)dx> dt,
fe0u 0o \2Ja Q

fe0m
(2.8)
where p is a weak solution to the following parabolic equation:
Op+ V- (Plulp+ fru) =clp, (x,t) € Qr:=Qx|[0,T], (2.9)

with the initial data
p(-,0) = po(x) x €€,
and the zero-flux boundary condition
oV — (Plul+ fHm, n(x)) =0, (x,1) € 92 x [0, T],

where n(x) is the outward normal to 92 at the point x € 9€2. Here the interaction
term is given by

P[u](x,t)=/S2P(x,y)(y—X)u(y,t)dy.

We next provide a notion of weak solution to Eq. (2.9).

Definition 2.3 For a given T > 0, a function i : Q7 — [0, 00) is a weak solution of
Eq. (2.9) on the time-interval [0, T'] if and only if

1. we L*0,T; H' () and d,u € L0, T; H;1(RQ)).
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2. Forany ¢ € C'(Qr) with ¢(-,0) = ¢(-, T) =0,

T
f /M3z¢+(7’[u]u+fu—0vu)-dexdt=0-
0 Q

Theorem 2.4 Foragiven T, M > 0, let f € Qy and o € L*(R2). Furthermore, we
assume P € L®(Q2). Then there exists a unique weak solution u to Eq. (2.9) in the
sense of Definition 2.3.

Proof Existence.- We first employ the following iteration scheme: Let ! (x, 7) :=
wo(x) for (x, 1) € Q7. Forn > 1, let u"**! be the solution of

du" T+ V- Pl + T = o Ap ! (2.10)

with the initial data u"(x)|;=0 = po(x) foralln > 1 x € Q and the zero-flux

boundary conditions. It is clear that f qM'(x,)dx = f o Mo(x) dx. Note that for given
u" € V we can have a unique weak solution to Eq. (2.10) since P[u"] € L*°(£2) and
f € L>®(R). We next show that u"+! € V. A straightforward computation yields

1d

- (/L"+1)2dx+a/ |V,u"+1|2dx :/ V/Ln+1 . (P[Mn]'un-‘rl +f/’L”+1) dx
2 dt Q Q

=11 + Dy,
where I, can be easily estimated as

I 5/ V|l dx < %f IVM”+1|2dx+Ce||f||ioo/(u”+l)2dx.
Q Q Q

For the estimate of /1, we use the fact that
Pl Moo < diam ()| Pz ol < oo, (2.11)

to obtain
| 5/ VI PL dx < 2/ IV Pdx + C /(u”+1>2dx.
Q

Combining the above estimates and choosing € < o, we find

Zdt/(u"+1)2dx+(0—6)/ Vi P < C (141 1) /(u”“)zdx

Applying Gronwall’s inequality to the above differential inequality deduces
t
/ (W2 dx + / / Vi P dxds < C(T.o, moll2 M), (2.12)
Q 0 Ja
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We also get that for all € H!(RQ)

19" Myt = sup 1@ )
[Vl =<1

IA

Sup ‘<P[Mn]un+l +an+l +GV,IL”+1,VI,0>‘
1911 <1

(P oo + 1 Fllzee) 12 + o IV 2.

IA

Thus we obtain 8, u" ! € L2(0, T; H_'(R2)) due to (2.11) and (2.12). This concludes
w' € V foralln > 2. Note that this also implies ©"* € C([0, T']; L2(Q)) foralln > 2.
Indeed, we have

n n n
OréllaSXT ll e (t)”L2 <C (”,LL ||L2(0,T;H1) + |0 ||L2(0,T;H*_1)> foralln > 2,

where C only depends on 7'. Then, by Aubin—Lions lemma, there exist a subsequence
w™ and a function u € L?(Q27) such that

W™ = w in L*(Qr) as k — oo. (2.13)

We next show that the above limiting function u solves Eq. (2.9) in the sense of
Definition 2.3. For this, it suffices to take into account the interaction term P[u]u
since the other terms are linear with respect to . Using the linearity of the functional
P together with (2.11) and the following fact

IPLf Lo < diam(2)[| P oo/ 121 f Nl 225
we get
r 2
/ flu”"“P[/L""]—MP[u]| dxdt
o Ja
g N1 2 ng112 g 2 ng 2
<2 |t — |7 P dxdt + 2 W Plw™ — wll” dxdt
o Ja o Ja
T
< Co/ / |t —/L|2 + | — u|2 dxdt - 0 as k — oo, (2.14)
o Ja
where Cy > 0 is given by

Co = 2diam()?1 P13 (Itol2, + 120Kl g 7,12 ) -

Hence we have that the limiting function p satisfies

T
/0 /Quazw + (Plplp + fo —oVp) - Vedxdr = 0.
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Uniqueness.- Let u;, i = 1, 2 be two solutions to Eq. (2.9) with initial data u; (0) €
L?(2). Then, by using the similar estimate as in (2.14), we find

1d
2dt

= /QV(MI —u2) - (Plpr — palpr + Pluzl(per — p2) + f (1 — p2)) dx

f i1 — pal? dx +o/ V(w1 — p2)|? dx
Q Q

se/ VGur = Py + C (1+171) [ = o,
Q Q

where Cc depends only on €, €, ||i1ll 1, 7:12), and [|u2(0)],1. Finally, we apply
the Gronwall’s inequality to the above differential inequality to get

it = 12l oo 712y + IV (1 = 1211320 712y < Cill1(0) = w2(0)175

where C; depends only on T, o, |u2(0)||z2, M, €2, and |1l oo, 7:12)- This com-
pletes the proof. O

Theorem 2.5 For a given T, M > 0, let us assume (1o € L2(Q). Furthermore, we
assume that P € L™ (Q?) and WV satisfies that for all R > 0

Wl W, B(0, R)) < CR,

for some C > 0. Then there exist f*° € Qpu and the corresponding density
solving the optimal control problem (2.8)—(2.9).

Proof For f € Qy, by Theorem 2.4, there exists a weak solution u in the sense of
Definition 2.3. Note that 0 € Qs and

1 (T .
J0,0) = 5/0 /Q b — %P, 1) dxdi < C(T, ol 1y < C.

where y,o is a weak solution of Eq. (2.9) with‘f = 0. Since J(u, f) = 0 for all
(u, f) € V x Qpy, there exist a sequence (f/);en € Oy and the corresponding
density (1/) jen € V solving (2.9) such that

lim J(u/, f/)y = inf J(u. f).
J—00 felm

On the other hand, since (/Lj , f J )jen € V x Qpy, by Banach—-Alaoglu theorem,
there exist a subsequence (u’/k, f/*) € V. x Qp and (u*°, f*°) € V x Q such that

Wi = u™® in L2(Qr) and i S £ in L2(0, T; L(Q)). (2.15)
We next show that (1, £°°) is a solution to (2.9). Since the term involving P[]

can be easily handled by using the similar estimate to (2.14) and the above strong
convergence (2.15), it is enough to show that
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T
I :=f / (f/k,,uk - f°°p,°<>)¢dxdz 0 as k— oo,
0 Ja
for ¢ € L*(0, T; H'(Q)). For this, we decompose [ into two parts as
T . . T .
ho= [ [t ot dndit [ [ G- ) g dnds =1+ 1.
0o Ja 0o Jo
Since
/ .
L*(0, T; L¥(Q) = (Lz(o, T; L1<sz>)) and ph¢ e 120, T; L' (Q)),
it is clear from (2.15) that Ik1 — 0 as k — oo. For the convergence of 2, we get
2 ! i
= [0S = el de

< NPl peoo.7:22) 1 f Ml 20, 7: L0y 1% — 1N L20,7:02) = 0 as k — oo.

Thus we conclude that (u®°, f°°) is a solution to (2.9). Furthermore, we obtain

T T
/ / Ix — x>t dxdt — / / Ix — X)’u>®dxdr as k — oo,
0 Q 0 Q

due to |2| < co. We also find

T T
lim/ /\ll(fjk)ufk dxdtz/ /‘ll(foo)uoodxdt. (2.16)
0 Q 0 Q

k— 00

More precisely, we estimate

T
/ / (W — W) dudr
0 Q
T . . .
_ / / (w0 = w () i 4w () (wh - ) dxdi
0 Q
T . B T B
> / / VW) - (fF — f)yudxds + / / () (wh - ) dxdi
0 Q 0 Q
= J + J2,

where we used the convexity of W and the positivity of u/%. We then claim that
limg s o0 Jkl > 0 and limy_ o sz > (), and for this, we show that

V(o). flple Sva(Fo) . fouk
and W (f®)uk X W(f)u>® in M(Qr) as k — oo.
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For ¢ € C.(27), we get

T T
fo fQ W)k — u®)pdrdi < Clglley) /0 1l — |2 d

< M|pll@plln™ — 1™l 2,
thus sz — 0 as k — oo. Similarly as before, for the estimate of J, ! we use the
fact that VW () uk ¢ € L*(0, T; L'(Q)) uniformly in k and (L?(0, T; LY)) =

L2(0, T; L) to obtain Jk1 — 0 as k — o00. Then, this and together with de la
Vallée—Poussin’s theorem, provides the semicontinuity (2.16). This yields

liminf J (', f%) > J(u®™, ).
k—o00
Hence we conclude

inf J(u, )= lim J(u/, f7) = liminf J(u', f*) > J(u™, £>). o
feOm Jj—00 k—o00

3 First Order Optimality Conditions

In this section, we derive first order optimality conditions for the mean field optimal
control problem studied in Sect. 2:

I+ V- (Pl + fHm) =oAu, xe, t>0, 3.1)

where the control f is the solution of the minimization of the following cost functional:
T
J(w, f) = / (5 / lx — [P px, ) dx +y / Y(Hux, 1) dX) dr. (3.2
0 Q Q

3.1 Formal Derivation of the Optimality Conditions

Let us first write the Lagrangian of the mean field optimal control defined by (3.1) and
(3.2), as follows

T
Lo, v, f)=/ (5/ |x—ﬂ2u<x,z)dx+y/ \I'(f)u(x,t)dx)dt
0 Q Q

T
—/O [/Qw(x,t)(am(x,t)JrV-(P[u(x,t)]
FF G D) (x, 1) — o A (x, 1)) dx]dr. (3.3)
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Integrating by parts and taking the terminal data v (x, T) = 0, we get

T /1
Lo, v, f>=/ (5/ |x—ﬂ2udx+y/ ‘I’(f)udx> dr
0 Q Q

T
+f w(x,O)u(x,O)dx+f /atlﬂudxdt
Q 0 Jo
T
+/ /VW‘(P[M]M)dXdI
0 Q

T T
+/ / Vi - (fr)dxdt —I—o/ / UAY dxdt, (3.4)
0 Jo 0o Ja

where we omit the dependency on (x, ) where not necessary. We compute the func-
tional derivatives of the Lagrangian with respect to the state function p and the control

/s

3L

5 yVU(Hu+Vy u = (yVV(H+Vy)u, (3.5
o _ lIx—)?Iz-1-1/‘1’(f)-i-3z1ﬂ-|-V1/f'f+<fA1/f

S 2

+/Q (P, VY (x, 1) = P(y, )VY(y, 1) - (y = x)u(y, t)dy.  (3.6)

Let (u*, ¥*, f*) be the solution to the optimal control problem. Then we have
P p

Bﬁ‘
Sf Ty, f=(u* v, %)

i =0
Sy, =y, f)

This yields from (3.5) that
yVW(f*) = —Vy* on the support of p*. 3.7
We also find from (3.6) that ¢* satisfies
oy + %|x — TPy W)+ VY oAyt
+ [ (PETIwD) = PO 00) - & =0 1 dy =0,
or equivalently
Iy g = TRy (W -VR( - ) o ay?

+/Q (PG, VY (x, 1) = P(y. )VY*(y, 1)) - (y — ) (y, ) dy = 0,
(3.8)

@ Springer



110 Appl Math Optim (2017) 76:93-135

due to (3.7), where u* satisfies

1
W'+ V(P l1+ fHu") = o Ap* with VU(f*) = —;Vlﬂ*-

3.2 Rigorous Derivation of the Optimality Conditions

The first order optimality conditions (3.10) are of utmost relevance as they are often
used for the numerical computation of mean field optimal controls and we show how
to proceed for that in Sect. 5. Although they are very often formally derived, as we do
above, and used in several contributions, see, e.g. [15], as a relatively straightforward
consequence of the Lagrange multiplier theorem, we feel that presenting their rigorous
derivation can be useful for a reader not familiar with such derivations. Moreover, by
doing so, we highlight more precisely certain technical difficulties and aspects, which
one may in fact encounter along the process, and are often left to a certain extent as
for granted. Let us recall then the Lagrange multiplier theorem in Banach spaces.

Let X and Y be Banach spaces, and let a functional J : U(x*) € X — R
and a mapping G : U(x*) € X — Y be continuously differentiable on an open
neighbourhood of x*. Consider the following optimal problem:

J(x) — inf, G(x) =0. (3.9)

Then we recall the following first order optimality condition whose proof can be found
in [86, Sect. 4.14].

Theorem 3.1 Let x* be a solution to the problem (3.9), and let the range of the
operator G'(x*) : X — Y be closed. Then there exists a nonzero pair (A, p) € Rx Y’
such that

L (x* A, p)(x) =0 forallx € X,
where

Lx, A, p)=AJ(x)+ Gx)(p).

Moreover, if Im G'(x*) = Y, then ) # 0 in the above, thus we can assume that ). = 1.

In order to apply the above theorem, we set
X=VxL*Qr)., Y=L0.T:H (Q),

T
J(u,f>:/ (5/ |x—ﬂ2u<x,z>dx+yf w(f)u(x,ndx)dr,
0 Q Q

and
T T
G, W) =—/ /a,wdxdr+/ /Vllf-(P[M]u)dxdt
0 Q 0 Q
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T T
+/ /Vlﬂ~(f,u)dxdt—c/ /V;L~V1//dxdt,
0 Q 0 Q

for y € Y' = L?(0, T; H} (). Then straightforward computations yield

T
Gl ), w>=—f0 /Qatl/fvdxdt

T
+ / / Vo - (PIvli + Plulv + fv) dxdi
0 Q

T
—a/ / Vv - Vi dxdt,
0o Ja

for (v, ) € V x Y/, and

T
s (&0 ) = /0 fQ VY (gu)dxdt for (g,) € Oy x V.

Note that the interaction terms on the right hand side of the equality for G;L (ws £, )
can be rewritten as

/OTfQWf - (Plvlp + Plulv)dxdt
= /OT /92 Vi (x)P(x,y) - (y — x) (00 (x) + w(y)v(x)) dxdydt
= /OT /Qz VY () P(y,x) - (y —x)(u(x) + n(y)v(x)) dxdydt
- %fOT /Q (P, )V (x) = P(y. )V ()

(v =) v)u(y) + nx)v(y)) dxdydt.

We now present our main result on the first order optimality condition in the theorem
below.

Theorem 3.2 Let (u*, f*) € V x Quy be a solution to the problem (3.1)—(3.2).
Suppose that there exists a 1y > 0 such that u* > g for all (x,t) € Q. Then there
exists y* € Y’ such that

G (" [0, Y™ = T, fH0), forall veV,
FL ) = T ) (). forall g e LAQr).  (3.10)
Before presenting the proof of the first order optimality conditions (3.10), let us

comment the positivity principle on the existence of py > 0 such that u* > p, for
all (x,1) € Qr. If we assume that uq, f, P € C? and g is bounded from below by
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a positive constant, then by Feynman—Kac formula, we can show that u is bounded
from below by some positive constant until the fixed time 7. However, we a priori
assume it to avoid any further stronger regularity assumption for the control f. Later,
we will verify this property numerically in Sect. 5.

Proof For the proof, we show that linear operators G;L(,u*, f* V. — Y and

G/f (w*, f*: LY2(Qr) (2 QOwm) — Y are surjective. Then, by Theorem 3.1, we con-
clude our desired results.

Surjectivity of G/M(u*, f*). Let (u*, f*) € V x Qy be asolution to (3.1)—(3.2).
We want to show that for any n € Y there exists a v € V such that

G, (1" fHW) =n, ie, G,u" v, ¥)=n) forall ¢ Y

Note that finding the above equality is equivalent to show that for given (u*, f*, n) €
V x Qup x Y, there exists a solution v € V to the Cauchy problem:

v+ V- (Pln* +Plu* v+ ffv)=cAv—n, x€Q, >0 (3.1
with the initial data vy € L?(2) and the boundary condition:
<0Vv — Phviu* — (P[u*] + f*) v, n(x)) =0, (x,1) € xR,.
We notice that (3.11) is linear parabolic equation of v. Thus the existence of v € V

is enough to show the following a priori estimates which are very similar to that in the
proof of Theorem 2.4:

LR MR

IA

199122 (P12 + DLl 2 + £l 22) + Dl g 9]

< ZU9I3: + € (PG I + (IPU Wi + 113 V22
HlinllZ,— + VI3,

< ZUVVIE + € (I 12 + 171 + 1) VI + Il .

18l -1 < 1Pz w2 + (P zee + 1 fNeee) vl L2
+olVvligz + Il g
S (¥l + 1 zee) Ivllg2 + o IVll2 + Il -1

A

Here we used
IPvIllLee < diam(S2)+/ Q[ PllLeellv]l2,
and similarly

1PN Lee < diam(Q)y/ 12U Pl Loe | * | L2
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This yields
2 ' 2
||v<~,r>||L2+/ IV (., )12 ds
0

T
< (||vo||iz + ||n||iz(o,r;,,_l)) exp (C fo (||u*(-, 72+ 1F5C9) e + 1) ds)

and

1y S llzeo. 72 (I 1 2@py + 15 12 0.7:0))

+olVvlirzp + Inlliz2o, 7 2-1-

10Vl 20, 7: H-

Surjectivity of G’f(,u*, f*). For & € Y, we first consider the following weak
formulation of Poisson equation:

t t
/ / Vi - Vudxds = / / &y dxds, forany ¢y € HOI(Q), (3.12)
0 JQ 0 JQ

where we already took account the space—time decomposition of the test function.
Note that solving Eq. (3.12) is equivalent to finding u € L(0, T’ HO1 (£2)) such that

a(u,v) = (f,v) forall LZ(O, T; H(} (2)),
with

T
a(u,v) := (Vu, Vv) = / / Vu - Vuvdxdt,
0 Q

and (-, -) is the inner product in L2(Q27). Due to Poincaré inequality, we find that
a(-, -) is an inner product on L0, T; H& (€2)) with the induced norm:

2 —
”v”LZ(O,T;HOl) - a(vv 'U).

Define
T
F(v) :=/ / fudxdr for ve L*0,T; Hi ().
0 Ja
Then this functional is continuous on L2 (0, T'; HO1 (€2)) since |F ()| < I f |20, 7: 51y

vl L2(0.T: H))" Thus, by Riesz representation theorem, there exists a unique u €

L?(0, T; H} (Q2)) solving Eq. (3.12).
We now get back to our original problem. Our goal was to show that for given
w* € Vand & € Y, there exists a function g € L2(27) such that

T T
/ / V- (gu™) dxdt = / / £y dxdt forany ¢ €Y.
0 Ja 0 Ja
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Then we now construct the solution g to the above equation by
* . Vu *
gn” =Vu, ie., g= — on the support of ©™,
I

where the existence of u € L2(O, T; HO1 (£2)) was guaranteed in the beginning of the
proof. Moreover, by the assumption u*(x, 1) > g > 0in Q x [0, T'], we have

T Vu(x, t
/ / e, ) dxdr = ALY
0 Jo 7 (x 1)
< —2/ / [Vu(x, t)|2dxdt < 00,
Mg JO JQ
duetou € L*(0, T; Hé (£2)). This completes the proof. O

4 Hierarchy of Controls via Boltzmann Equation

For large values of N, the solution of finite horizon control problems of the type
(1.2)—(1.3) through standard methods stumble upon prohibitive computational costs,
due to the nonlinear constraints and the lack of convexity in the cost. Although mean
field optimal controls (1.4)—(1.6) are designed to be independent of the number N of
agents to provide a way to circumvent the course of dimensionality of N — oo, still
their numerical computation needs to be realized by solving the first-order optimality
conditions. The complexity of their solution depends on the intrinsic dimensionality
d of the agents, which is affordable only at moderate dimensions (e.g., d < 3). In
order to tackle these difficulties, we introduce a novel reduced setting, by introducing
a binary dynamics whose evolution can be described by means of a Boltzmann-type
equation, [3,69]. Hence we will show that this description, under a proper scaling
[80,83], converges to the mean field equation (1.4), [6,36,80]. This type of approach
allows to embed the control dynamics into two different ways:

(i) we can assume the control f to be a given function, possibly obtained from the
solution of the optimal control problem (1.2)—(1.3);

(ii) alternatively, the control is obtained as a solution of the reduced optimal control
problem associated to the dynamics of two single agents. We refer to this approach
as binary control.

Similar ideas have been used in a control context in [5-7,45,49]. We devote the
forthcoming sections to show different strategies to derive such binary controls. Thus
we want to approach the mean field optimal control problem (1.2)—(1.3) as the last
step of a control hierarchy, starting from an instantaneous control strategy and going
towards a binary Hamilton—Jacobi—Bellmann control.
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4.1 Binary Controlled Dynamics

We consider the discrete controlled system (1.2)—(1.3) in the simplified case of only
two interacting agents (x;(¢), x;(¢)) and in absence of noise, i.e. 0 = 0. Hence, by
defining the sample time At such that#,, = mAt,sothat0 =7 < - - <t, <--- <
ty = T and introducing a forward Euler discretization, we write (1.2) as follows

1 A
X = m o SLp(a, X =Xt + Arug
m+l _ m At m .m m __ .m m
FT = FPOTL x( = X 4 At 4.1

Y

where from now on we denote the control pair u := (u;, u;) associated to the state
variable x := (x;, x;), and having used the compact notation for x!" = x; (t,), u}' =
ui(ty).

The discretized form for the functional (1.3) for the binary dynamics (4.1) reads

M-1 tm+1
Iy (x, ) = Z/ L (x(t), u(t)) dt, 4.2)
Im

m=0

where the stage cost is given by

1
Lew) =5 (|x,- —E2 A+ x; —)z|2) +y (W) + W), (4.3)

In the following we propose two alternative methods in order to characterize u;, u
as (sub-)optimal feedback controller. In both cases, we will consider the controlled
dynamics in the deterministic case. Nonetheless, we will show in Sect. 5.3 that such
controls are robust with respect to the presence of noise, (o > 0) and they shall be
employed in the corresponding stochastic setting as well.

4.1.1 Instantaneous Control

A first approach towards obtaining a low complexity computational realization of the
solution of the optimal control problem (4.1)—(4.2) is the so-called model predictive
control (MPC). This strategy furnishes a suboptimal control by an iterative solution
over a sequence of finite time steps, representing the predictive horizon [6,8,64]. Since
we are only interested in instantaneous control strategies, we limit the MPC method
to a single time prediction horizon, therefore we reduce the original optimization into
the minimization on every time interval [t,,, t,,+1] of the following functional

2 1
+y (\If(u;.") + q/(u;f’))) . “.4)

1
Tarx™ u™) = AtL(x(tny1). u(tw)) = At (— (|xf"+l — E[7 4 T — ilz)
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Note that from (4.1) we have that x”+! depends linearly on «™, thus

Ulf = U(xi, xj, ty) = argmin Ja, (x", u™)
u’)’l

can be directly computed from the following system

At?
AU + 2y Vi, WU + At(x]" = %) + TP(x;", X =X =0,

Ar?
AU+ 27V WU + At (] = %) + —— P}, x) (] — x7) = 0.

2
4.5)
In the case of a quadratic penalization of the control, i.e. W(c) := |c|?/2, we can
furnish the following explicit expression for the minimizers
At _ At
U = gz (G0 = 5 Par ey~ ).

At _ At

Uj’-’; = 2V+—At2 ((x — x;?’) — TP(x;”,x;")(x;" — x}")) , 4.6)

hence (4.5) gives a feedback control for the full binary dynamics, which can be plugged
as an instantaneous control into (4.1).

Remark 4.1 Note that the instantaneous control (4.6) embedded into the discretized
dynamics (4.1), is of order o(At). To obtain an effective contribution of the control in
the dynamics we will assume that the penalization parameter y scales with the time
discretization, in this way the leading order is recovered, [6,8], e.g. for y = Aty we
have

1 _ At
Ul = A <(x —x") — 7P(xlm,x;-”)(x;" — x;")) . 4.7

4.1.2 Finite Horizon Optimal Control

The instantaneous feedback control derived in the previous section is the optimal
control action for the binary system with a single step prediction horizon. An improved,
yet more complex optimal feedback synthesis can be performed by considering an
extended finite horizon control problem. Let us define the value function associated
to the finite horizon discrete cost (4.2) as

M—1
V(xi, X, tn) o= inf > AtL(x (), x;(0), (), form =0,....M —1,
ueld

k=m

(4.8)
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with terminal condition V (x;, x, fp7) = 0. Itis well-known that the application of the
Dynamic Programming Principle [13] with the discrete time dynamics (4.1) charac-
terizes the value function as the solution of the following recursive Bellman equation

V(xi, xj, tm) =0,
V(xi, xj, tw) = inzg{AlL(xi,xj, u) + Vx + At(F(xi, xj) +u), tme1) )
UEN

m=M-—1,...,0, (4.9)

wherex = (x;, xj),u = (u;, uj),and F(x;, x;) := (P(x;, x;)(xj—x;), P(x;i, xj)(x;—
x;)). Once this functional relation has been solved, for every time step the optimal
control is recovered from the optimality condition as follows

U(xi, xj, ty) = argmin {AtL(x;, X, u) + V(x + At(F(xi, x;) + 1), tm1) } -

ueld
(4.10)
As in the expression (4.5), this optimal control is also in feedback form, depending
not only on the current states of binary system (x;, x;), but also on the discrete time
variable t,,.

Remark 4.2 The system (4.9) is a first-order approximation of the Hamilton—Jacobi—
Bellman equation

BV 0,0+ inf (L0 )+ YV 00 - [F G0 +ul) =0, .11
ue

related to the continuous time optimal control problem. In fact, this latter equation
corresponds to the adjoint (3.6) when the nonlocal integral terms are neglected, and
therefore this approach although optimal for the binary system, cannot be expected
to satisfy the optimality system (3.5)—(3.6) related to the mean field optimal control
problem.

4.2 Boltzmann Description

We introduce now a Boltzmann framework in order to describe the statistical evolution
of a system of agents ruled by binary interactions, [8,69].

Let u(x, t) denote the kinetic density of agents in position x € 2 at time r > 0,
such that the total mass is normalized

p(t)=/ n(x, 1) dx =1,
Q

and the time evolution of the density u is given as a balance between the bilinear gain
and loss of the agents position due to the binary interaction. In a general formulation, we
assume that two agents have positions x, y € © and modify their positions according
to the following rule

X = x4+ aP, )y —x)+aUyx, y, 1) + 20,
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Y=y +aPy, 0@ = y) +alu(y, x, 1) + V208, (4.12)

where (x*, y*) are the post-interaction positions, the parameter « measures the influ-
ence strength of the different terms, (&, ¢) is a vector of i.i.d. random variables with a
symmetric distribution ®(-) with zero mean and variance o, and U, (x, y, t) indicates
the forcing term due to the control dynamics.

We consider now a kinetic model for the evolution of the density u© = u(x, r) of
agents with x € R? attime # > 0 and ruled by the following Boltzmann-type equation

Op(x, 1) = Qo (p, 1)(x, 1), (4.13)

where the interaction operator Q4 (i, i) in (4.13), accounts the loss and gain of agents
in position x at time ¢, as follows

1
Ou(p, W) (x,t) =E [/Q <B*7u(x*, (s, t) — Bu(x, )y, t)) dy] ,
(4.14)

where (x,, y,) are the pre-interaction positions that generate arrivals (x, y). The bilin-
ear operator Q (-, -) includes the expectation value with respect to £* and £, while 7,
represents the Jacobian of the transformation (x, y) — (x*, y*), described by (4.12).
Here By = Bix,,y,)—(x,y) and B = By y)- (x*,y*) are the transition rate functions.
More into the details we take into account

B y)— @y = nxe(@x ") xa ("),

as the functions with an interaction rate n > 0, and where g is the characteristic
function of the domain 2. Note that in this case the transition functions depends on
the relative position, similarly to [80], as we introduced a bounded domain €2 into the
dynamics. A major simplification occurs in the case the bounded domain is preserved
by the binary interactions itself, therefore the transition is constant and the interaction
operator (4.14) reads

1
Qo (b, W)(x, 1) =nkE [/Q <7M(x*, D(ys, 1) — u(x, Hu(y, t)) dy] . (4.15)

In [6,80] authors showed that in opinion dynamics binary interactions are able to
preserve the boundary, according to the choice of a small support of the symmetric
random variable £ and introducing a suitable function D(x) acting as a local weight
on the noise in (4.12).

In the next section we will perform the analysis of this model in the simplified case
of @ = R¥ and constant rate of interaction 7.

Remark 4.3 Note that the binary dynamics (4.12) is equivalent to the Euler—Maruyama
discretization for Eq. (1.2) in the two agents case
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omtl X" %p(xl.’”, X = x") + AtU[} + 20 ABT",
K= BLP (X (et — X 4+ AtUT + V26 ABT, (4.16)

where we impose that o = At/2, aUqy(x;, x;) = AtUl.’;', and +/2aé = «/ZGAB;”
is a random variable normally distributed with zero mean value and variance At, for
AB!" defined as the AB!" = B;(ty11) — Bi(tn)-

4.2.1 The Quasi-Invariant Limit

We consider now the Boltzmann operator (4.15) in the case Q2 = R?, and in order
to obtain a more regular description we introduce the so-called quasi-invariant inter-
action limit, whose basic idea is considering a regime where interactions strength is
low and frequency is high. This technique, analogous to the grazing collision limit
in plasma physics, has been thoroughly studied in [83] and specifically for first order
models in [36,80], and allows to pass from Boltzmann equation (4.13) to a mean field
equation of the Fokker—Planck-type, [5,6]. In order to state the main result we start
fixing some notation and terminology.

Definition 4.1 (Multi-index) For any a € N? we set |a| = 2;1:1 aj, and for any
function & € CY9(R? x R?, R), with ¢ > 0 and any a € N? such that |a| < g, we
define for every (x, v) € RY x R?

Ih(x) = ———(x),

x T9ax ... 0%x
with the convention thatif a = (0, ..., 0) then 0¢A(x) := h(x).

Definition 4.2 (7est functions) We denote by 7 the set of compactly supported func-
tions ¢ from R? to R such that for any multi-index a € N¢ we have,

1. if |a|] < 2, then 0¢¢(-) is continuous for every x € R,
2. if |a] = 2, then there exists C > Osuchthat, 8¢ ¢(-) is uniformly Holder continuous
of order § for every x € R4 with Holder bound C, that is for every x,y € R4

[8%0(x) — 3| < Cllx — yII°,

and [|0¢¢(x)|| < C for every x € RY.

Definition 4.3 (§-weak solution) Let T > 0, § > 0, we call a §-weak solution of the
initial value problem for Eq. (4.13), with initial datum x® = 1 (x,0) € Mo(R?) in
the interval [0, T1, if u € L*([0, T1, Mo(R%)) such that, uu(x, 0) = u°(x) for every
x € RY, and there exists Ry > 0 such that supp(u(t)) C Br,(0) forevery ¢ € [0, T]
and p satisfies the weak form of Eq. (4.13), i.e.,

d
o (m, 9) = (Qalu, 1), @), 4.17)
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forallz € (0, T] and all ¢ € 75, where

(Qul(p, ), @) =E [/de n((x*) — 9(x0) n(x)u(y) dx dy} - (4.18)

Moreover, we assume that
(a) the system (4.12) constitutes invertible changes of variables from (x, y) to
(x*, y%);
(b) there exists an integrable function K (x, y, ) such that the following limit is well
defined

lim Uy (x, y,1) = K(x, y,1). 4.19)
a—0

In the case of instantaneous control of type (4.6), we can explicitly give an expres-
sion to the limitas K(x, y,7) = (x — x)/y.

We state the following theorem.

Theorem 4.4 Let us fix a controlUy €e U and e > 0, and T > 0,5 > 0, ¢ > 0, and
assume that density ® € Moy (R?) and the function P(-,-) € L forqg=2,2+4+56

loc

and for every t > 0. We consider a §-weak solution  of Eq. (4.13) with initial datum
wo(x). Thus introducing the following scaling

a=¢, n=1/e, (4.20)
for the binary interaction (4.12) and defining by u®(x,t) a solution for the scaled

equation (4.13), for ¢ — 0 u®(x,t) converges pointwise, up to a subsequence, to
w(x,t) where u satisfies the following Fokker—Planck-type equation,

dp+ V- (Plpl+ Kluhp) = o Ap, (4.21)

with initial data po(x) = (x, 0) and where P represents the interaction kernel (1.5)
and I is the control.

KlplCx, 1) = /Rd K(x,y,Ou(y, 0)dy. (4.22)

with K (x, y, t) defined as in (4.19).
Proof e Taylor approximation We consider the weak formulation of the Boltzmann

equation (4.17) and we expand ¢(x*) inside the operator (4.18) in Taylor series of
x* — x up to the second order, obtaining

(Qa(p, ), @) =T + T + R, (4.23)

@ Springer



Appl Math Optim (2017) 76:93-135 121

where the first and second order terms are

T¢ nE[ /R Vo0 (v = x) mR() dxdy} (4.24)
d PR
Tf == JE /R y 'X_jl e (¢ = x), (x* = x); | pEOR() dxdy |
T (4.25)

and R‘f (&) is the reminder of the Taylor expansion, with a form

¢ .
RY := 2E

1
2
d

/de Z (8§i’j)§0(x) - 3)?"/)90(7)) (x* =x), (x* = x), | pu(y) dxdy |,

J
i,j=1

with X := (1 — 0)x™ + 6x, for some 6 € [0, 1]. By using the relation given by the
scaled interaction rule (4.12), i.e.

Xt —x =aFy(x,y) + 2k

where for the sake of brevity we denoted Fy(x, y) := P(x, y)(y — x) + Uy (x, y).
Note that from the hypothesis it follows that Fy, € quo .- Thus we obtain

Y = nE[a /RM Vo(x) - (Fa(x, ¥) ++/2/a S) () (y) dxdy]
= na/ Vo(x) - Fo(x, y)u(x)u(y)dxdy
RZd

where the noise term, & is canceled out since it has zero mean. For the same reason in
the second order term T2<p all the mixed products between F,, and & vanish, the same
hold for all the crossing terms &;&; since &; are supposed to be independent variables.
Hence the only contribution we have reads

d

o _ 1N 2 (. J) 32
ry =Tk /ﬂwa ;ax o) (Fulx. y)})
d PR
+ | o) (2087) | meOn(y) dxdy
j=1

= na/ o Ap(x)pu(x)u(y) dxdy
R2d
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2 d
no . 2
+ 5 >0 o) (Fax. ;) | won(y) dxdy.,
R2d j=1
= T2(p2 + R;.

e Quasi-invariant limit We now introduce the scaling (4.20), for which we can
substitute in the previous equations, no = 1 and 770(2 = ¢, thus we have that terms
T/ and T, represent the leading order and R¥(¢) := R{ + R} areminder, so we can
recast the scaled expression (4.23) as follows

/de (Vo - Fe(x,y) + 0 Ap((x)) w(x)u(y) dxdy + R?(e). (4.26)

Let us now consider the limit ¢ — 0, assuming that for every ¢ € 7

lim R(e) =0 (4.27)
e—0

holds true, we have thanks to (4.19) and (4.26) that the weak scaled Boltzman equation
(4.17) converges pointwise to the Fokker—Planck-type equation (4.21) as follows

d

ar (1, @) = (u, Vo - (P[] + KluD) + o Ag), (4.28)

where the operators P[] and KC[ ] are defined in (1.5) and (4.22). Since ¢ has compact
support, Eq. (4.28) can be revert in strong form by means of integration by parts, we
eventually obtain system (4.21).

o Estimates for the reminder In order to conclude the proofitis sufficient to show that
the limit (4.27) for R? (&) vanishes. From the definition of x it follows that ||[x — x|| <
lx* — x||, then for every ¢ € 75 we have

o0 — ol Ve = CIF - x)° = € a* = x|

Hence for R‘f we get

C
~E [ / = x 77 non ) dxdy}
& R2d

C
_Cwg [/ ’
2 R2

from the inequality |a + b|?T0 < 22+ (|a|>+® + |b|>+?) for some a, b we obtain

| &Y

IA

246
oty +y2/e | nn) dxdy}

|&Y] =27

(s‘” /R FGe P p@n(y) dxdy +2'7072602E [II&IIHD :
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Analogous computation can be yield for Rg for which we have the following inequality

eC

¢
IR < &

/ 1Fu (e I COR(y) dxdy.
RZd

Since F; € L;foc forq =2,2+5and ® € My (R9) we can conclude that fore — 0
the limit (4.27) holds true. ]

Remark 4.4 Note that in the case Uy(x, y,t) = Uy(x,t), namely if the feedback
control depends only by the position x of the agents at time ¢, then the kernel C[ ] (x, 1)
reduces to K (x, t). This observation holds also if we consider a sampling from the
optimal control,i.e. Uy (x, v, 1) = f(x, t),thusEq. (4.21) becomes exactly the original
equation (1.2).

5 Numerical Methods

In this section we are concerned with the development of numerical methods for the
mean field optimal control problem (1.2)—(1.3). First, we present direct simulation
Monte Carlo methods for the constrained Boltzmann-type model (4.13), and discuss
the implementation of the binary feedback controllers introduced in Sect. 4.1. Next,
we describe a sweeping algorithm based on the iterative solution of the optimality
system, (3.1)—(3.8).

5.1 Asymptotic Constrained Binary Algorithms

One of the most common approaches to solve Boltzmann-type equations is based on
Monte Carlo methods. For this, we consider the initial value problem given by Eq.
(4.13), in the grazing interaction regime (4.20), with initial data p(x, t = 0) = uo(x),
as follows

d o 1ro
0D = [0 (s Wk, D) — .0,
w(x, 0) = po(x).

5.1)

Here we have made explicit the dependence of the interaction operator Q; (-, -) on the
frequency of interactions 1/&, and decomposing it into its gain and loss parts according
to (4.15). With Q7 (-, -) we denote the gain part, which accounts the density of agents
gained at position x after the binary interaction (4.12).

We tackle the Boltzmann-type equation (5.1) by means of a binary interaction
algorithm [3,69], where the basic idea is to solve the binary exchange of information
described by (4.12), under the grazing interaction scaling (4.20), in order to obtain
in the limit an approximate solution of the mean field equation (4.21). Note that the
consistency of this procedure is given by Theorem 4.4.

Let us now consider a time interval [0, T'] discretized in M, intervals of size At.
We denote by u™ the approximation of p(x, m At), thus the first order forward scheme
of the scaled Boltzmann-type equation (5.1) reads
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At At
pmt = (1 - ;) Ry R TN} (5.2)

where, since u™ is a probability density, thanks to mass conservation, and also
OF (u™, ™) is a probability density. Under the restriction Az < &, W tlisa proba-
bility density, since it is a convex combination of probability densities.

From a Monte Carlo point of view, Eq. (5.2) can be interpreted as follows: an
individual with position x will not interact with other individuals with probability
1 — At/e and it will interact with others with probability At/e according to the
interaction law stated by QF (1™, u™). Note that, since we aim at small values of &
and we have to fulfill the condition At < g, the natural choice is to take At = ¢. At
every time step, this choice maximizes the number of interactions among the agents.

For the numerical treatment of the operator Qj (u™, u'™), we have to account that,
every interaction includes action of the feedback control. In the case of instantaneous
control this can be evaluated directly, for example in the case of quadratic functional
defining the scaling version of (4.7) as

(= x) +aP(x, y)(y —x)).

1
Us(x,y,t) =
e (X, y, 1) Y +e

On the other hand, the realization of the optimal feedback controller in the finite hori-
zon setting requires the numerical approximation of the Bellman equation (4.9). This
approximation is performed offline and only once, previous to the simulation of the
mean field model. For a state space of moderate dimension, such as in our binary model,
several numerical schemes for the approximation of Hamilton—Jacobbi—-Bellman equa-
tions are available, and we refer the reader to [47, Chap. 8] for a comprehensive
description of the different available techniques. Since the binary model is already
introduced in discrete time, a natural choice is to solve eq. (4.9) by means of a sequen-
tial semi-Lagrangian scheme, following the same guidelines as in the recent works
[11,48,57]. Once the value function has been approximated, online feedback con-
trollers can be implemented through the evaluation of the optimality condition (4.10).

We report in Algorithm 1 a stochastic procedure to solve (5.2), based on Nanbu’s
method for plasma physics, [3,16].

Where function IROUND(-) denotes the integer stochastic rounding defined as

IROUND(x) = el 41, ¢ < x =[x,
[x], elsewhere

with ¢ a uniform [0, 1] random number and [-] the integer part.

Remark 5.1 (Efficency) In general, computing the interactions among a multi-agent
system is a procedure of quadratic cost with respect to the number of agents, since
every agent needs to evaluate its influence with every other. Note that with the proposed
algorithm this cost becomes linear with respect to the number of samples introduced
O(Nj), since only binary interactions are accounted. A major difference compared to
standard algorithms for Boltzmann equations is the way in which particles are sampled
from QF (1™, u™) which does not require the introduction of a space grid [16].
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Algorithm 1 Asymptotic constrained binary algorithm

0. Pre-compute the feedback control Ug(x, y, t) on an appropriate discretized grid of the domain € x
[0, T].

N,
1. Given Ny samples {xo }k : . from the initial distribution g (x);

form =0to My — 1

a. set No = IROUND(Ng/2);

b. select N random pairs (i, j) uniformly without repetition among all possible pairs of individuals
at time level

c. evaluate P(x;, x;), P(x;,x;) and Ug (x;, Xj, tm), Ue (X}, X, tim )3

d. compute the post-interaction position x;“, xj for each pair (i, j) using relations (4.12) and &;, §;
sampled from a normal distribution (0, 0);

n+l _ % _n+l _ %

e. setx; —xi,xj _xj.

end for

Remark 5.2 (Accuracy) The choice At = ¢ isoptimalif ¢ is of the order of O (N; _1/2).
Indeed, the accuracy of the method will not increase for smaller values of A¢, because
the numerical error is dominated by the fluctuations of the Monte Carlo method. For
further details we refer to [3,69].

5.2 Numerical Approximation of the Optimality Conditions

As shown in Sect. 3, the solution of the mean field optimal control problem (3.1)-(3.2)
satisfies the optimality system

==V - (Plul+ fHu) + o Apu, (5.3)
Y = %|x — Iy + VY- f oAy
+ fﬂ (P(x, V)V (x,1) — P(y, x)VY (3, 1) - (v —0)(y, 1) dy, (5.4)

1
VW (f) = —;Vlﬂ, w(x,0) = po(x), ¥(x,T)=0. (5.5

5.2.1 Forward Equation

In order to solve Eq. (5.3), we consider a first order forward scheme the time evolution
and the Chang—Cooper scheme for the space discretization, [31]. The formulation is
based on the finite volume approximation of the density x and f. Defining the operator
glu, f1:= Flu, f14+ oVu, with Flu, f1 = Plu] + f, then we can write in the
one-dimensional domain [—L, L] the (semi)-discretized equation (5.3) as

d . f1—Gi_ , X172
LI Giv12lm, f1—Gic1pplu f]’ with (1) = _/ e 1) d,
dt §x Sx x—1/2

(5.6)
where we have introduced the uniform grid x; = —L + iéx,i = 0,..., N, with

dx =2L/N, and denoted by x;+1/2 = x; & 6x /2. Thus, the operator G; 1 1,2[u, f]in
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the case of constant diffusion o reads

Git12li, f1= (A = Gix1/2) i1 + Oig1/2mi) Flisivi2, fivr2] + W,
5.7
where the weights 6; 1,2 are in general depending on the solution and the parameters
of Eq. (5.3). Hence the flux functions are defined as a combination of upwind and
centered discretizations, and such that for o0 = 0 the scheme reduces to an upwind
scheme, i.e. 6;11/2 = 0. The choice of the weights is the key point of the scheme
(5.6), which allows to preserve steady state solutions and the non-negativity of the
numerical density. We refer to [9,19,31] for the details on the properties and analysis
of the Chang—Cooper scheme for similar Fokker—Planck models and to [75], and
references therein, for applications to control problems.
Alternatively, scheme (5.2) furnishes a consistent method to solve the forward equa-
tion (5.3), which we expect to be more efficient for problems with high dimensionality,
since it relies on a stochastic evaluation of the nonlocal operator P[ f1].

5.2.2 Backward Equation

The main difficulty of the integro-differential advection-reaction-diffusion equation
(5.4) resides on the efficient approximation of the integral term. We follow a finite
difference approach, which we describe in the following. First, with time parameter
4t as in the forward problem, we consider the first-order temporal approximation

1]ﬁm_wm—i-l 1 0 mtl
_ = —|x — i\
5 2|x X7+ W)

4 (fm+l+f P(X, y) . (y —X)M’n+1 dy) . V,(pm-i-l
Q

FoAymH_ /Q (P(y, x)vywm“)

y—0u"dy, m=0,....M

where 1//M = 0. At this level, f, u, and Vi are treated as external data available
at every discrete instance. In particular Vy (inside the integral) is reconstructed by
numerical differentiation. Then, the integral terms are evaluated with a Monte Carlo
method generating My samples according to the distribution p, and values of V¢
are obtained by interpolation of the reconstructed variable. The advection term is
approximated with a space-dependent upwind scheme, and diffusion is approximated
with centered differences.

5.2.3 Optimality Condition and Sweeping Iteration
Once the forward-backward system has been discretized, what remains is to establish a

coupling procedure in order to find the solution of the optimality system matching both
initial and terminal conditions. For this, a first possibility is to consider the full space—
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time discretization of the forward-backward system, together with the optimality
condition VW (f) = —%Vzﬂ, and cast it as a large-scale set of nonlinear equations,
which can be solved via a Newton method. This idea has been already successfully
applied in the context of mean field games in [2]. We pursue a different approach
that has proven to be equally effective, developed in [26], where the authors apply a
sweeping algorithm, which in our setting reads as follows.

Algorithm 2 Sweeping algorithm
0. Given initial guess fq, tolerance tol, and i = 0
1. while|lf;j — fi—1ll < tol

a. Perform a forward solve (5.3) with data f; for u;;

b. Perform a backward solve (5.4) with data f;, u;, for ¥;;
c. Update through VW (fi41) = —%vw,-;

d. seti =i+ 1.

end while

Our numerical experience is consistent with what has been already reported in
[26], in the sense that solutions satisfying the optimality system can be found after
few sweeps. Convergence of a similar sweeping iteration in the context of mean-
field games has been recently proven in [25]. An alternative approach is to follow a
gradient-type method, as in [20].

5.3 Numerical Experiments

In order to validate our previous analysis we focus on models for opinion dynamics,
[53,69,78,80], thus in the unidimensional case the state variable x € [—L, L] rep-
resents the agent opinion with respect to two opposite opinions {—L, +L}, and the
control f(x,t) can be interpreted as the strategy of a policy maker, [5,6].

Therefore we consider the following initial value problem

+L
O + Oy ((/L Px, y)(y = x)u(y)dy + f) M) =002, ux,0)=pu’x)

(5.8)
with no-flux boundary conditions, and where f denotes the control term, solution of

1 T +L
= arg min 5/0 / (|x P+ ygz) (x, 1) dx dt, (5.9)
-L

where we consider a quadratic penalization of the control, i.e. V(c) = lc|?/2.

For different interaction kernels P (-, -), we will study the performance of the pro-
posed controllers f = f(x, t), obtained through the following synthesis procedures:
instantaneous control (IC), finite horizon (FH), and the sweeping algorithm (OC).

We report in Table 1 the choice of the algorithms and parameters, indicating for
which method they have been used to compute (5.8)—(5.9).
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Table 1 Parameters choice for the various algorithms and optimization methods

Algorithm Ny & =6t 8x Tol
IC/FH Alg 1 5% 10° 2.5 %1073 2.5 x 1072 -
Uncontrolled/OC Alg 2 - 25x 1073 2.5x 1072 1073

5.3.1 Test 1: Sznajd Model

We consider the Sznajd model, [10,78] for which the interaction operator P (-, -) in
(5.8) is defined as follows

P(x,y) = B(1 — x?), (5.10)

for B a constant. Note that in this case the interaction kernel P (-, -) models the propen-
sity of voters to change their opinions within the domain €2 = [—1, 1], and for values
close to the extremal opinions {—1, 1} the influence is low, conversely for opinions
close to zero the influence is high. The dynamics is such that for 8 > 0 concen-
tration of the density profile appears, whereas for 8 < 0 separation occurs, namely
concentration around x = 1 and x = —1, see [10].

For our first test we fix 8 = —1 and we define in the time interval [0, T], T = 8. We
solve the control problem (5.8)—(5.9), with a bivariate initial data [,LO (x) == o0+(x +
0.75; 0.05,0.5) + 04+ (x — 0.5; 0.15, 1), where o (y; a, b) := max{—(y/b)2 +a, 0},
with diffusion coefficient o = 0.01, and desired state x = —0.5.

In Fig. 1 we depict the final state of (5.10) at time 7 = 8 for the uncontrolled and
controlled dynamics. The simulations show the concentration of the profiles around
the reference position x in presence of the control, instead in the uncontrolled case
the density tends to concentrate around the boundary. The left-hand side figure refers
to a penalization of the control y = 0.5, the right-hand side figure with y = 0.05.
As expected, with smaller control penalizations, the final state is driven closer to the
desired reference.

Figure 2 illustrates the transient behavior of the density w(x, ¢) and the control
f(x,t) in the [—1, +1] x [0, T] frame, respectively for y = 0.5 and y = 0.05,
and we report the values of the cost function J (i, f) corresponding to the different
methods. Note that that the action of the instantaneous control is almost constant in
time steering the system toward x but with the higher cost J(u, f), on the other hand
the optimal finite horizon for the binary dynamics (FH) produces a similar control
with respect to the optimal control obtained by the sweeping algorithm (OC), with a
small difference between the values of the cost functional.

5.3.2 Test 2: Hegselmann—Krause Model

In this second test we consider the mean field Hegselmann—Krause model [53], also
known as bounded confidence model, whose interaction kernel reads
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v=0.5 v =0.05
8 . ; , 8 : :
E J— LT R
1Ty Td 7 d
7 A - W(a) 1 s e p(2)
6 H —e—uncontrolled 6 —e—uncontrolled
H IC 1 [ : IC
5 ——FH - ——FH
H ——0C ——0C

-1 -0.5 0

0

Fig. 1 Test #1: Final states at time 7 = 8 of the Sznajd model (5.10) for 8 = —1 with initial data /J.O (x).
Concentration around the desired state X is observed in presence of the controls: instantaneous control (IC),
finite horizon approach (FH), optimal control (OC), separation is observed in the uncontrolled setting. Left
figure y = 0.5, right figure y = 0.05

P(x,y) = X{jx—y|<c} (). (5.11)

This type of model describes the propensity of agents to interact only within a confi-
dence range K = [x — k, x + «] of their opinion x, in the present experiment we fix
k& = 0.15. Thus we study the evolution of the control problem (5.8)—(5.9) up to time
T = 20 with initial data defined as ,uo(x) = Cp(0.5 + (1 — x?2)), fore = 0.01 and
Cy such that the total density is a probability distribution. The diffusion coefficient is
o =107, the penalization parameter y = 2.5, and the desired state x = 0.

The uncontrolled evolution of this model shows the emergence of multiple clusters,
as itis shown in the top picture of Fig. 3, due to the small value of x and small diffusion.
Figure 3 depicts the transient behavior of the density w(x, ) and the control signal
f(x,t) in the frame 2 x [0, T].

We observe in Fig. 3 that for the instantaneous control (IC), consensus is slowly
reached with a cost functional value of J;¢ (i, f) = 0.8807; the finite horizon control
(FH) and the solution of the optimality conditions (OC) are able to steer faster the
system towards x, respectively with cost Jrg (1, f) = 0.6079, and Joc = 0.5080.

These experiments are showing very clearly the hierarchy of the controls
(IC) — (FH) — (OC). In particular, it is evident the quasi-optimality of (FH), to the
extent that we can claim (FH)~ (OC). The intuition is that (FH) is an optimal control
on the binary dynamics of two particles, and, through the Boltzmann collisional oper-
ator, its binary optimality is “smeared” over the entire population. However, we have
no quantitative method yet to assess such an approximation. In fact, as commented
in Remark 4.2, although the (FH) fulfills a Hamilton—Jacobi-Bellman equation, its
synthesis by means of (4.22) to control (4.21) unfortunately does not fulfill the back-
ward equation (5.4) of the optimality conditions, even not approximately: by testing
(4.22) within (5.4), there a few useful cancellations, but, because of lack of symmetry,
certain terms remains, whose magnitude is still hard to estimate. We expect that those
terms are actually not so large and this would somehow justify the quasi-optimality
of (FH). This issue remains an interesting open problem.
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Fig. 2 Test #1: Transient behavior of the density (x, #) and the control f(x,t) in [-L,+L] x [0, T],
with L = 1, T = 8, for the Sdnajz’s model, (5.8)—(5.10). The rop picture depicts the transient density of
the unconstrained dynamics. Value of the cost functional are reported in correspondence of the choice of
the method and the penalization parameter y

f(z,1)
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uncontrolled
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3
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Fig.3 Test#2: Transient behavior of the density (x, ¢) and the control f(x, t) in [—L, +L] x [0, T], with
L =1, T =20, for the Hegelmann—Krause’s model, (5.8)—(5.9). The fop picture shows the emergence of
opinion clustering in the unconstrained dynamics. Value of the cost functional are reported in correspondence
of the choice of the method with penalization parameter y = 2.5

6 Concluding Remarks

In this paper, we have presented a hierarchy of control designs for mean field dynamics.
At the bottom of the hierarchy, we have introduced optimal feedback controls which
are derived for two-agent models, and which are subsequently realized at the mean field
level through a Boltzmann approach. At the top of the hierarchy, one finds the mean
field optimal control problem and its correspondent optimality conditions. In both
cases, we presented a theoretical and numerical analysis of the proposed designs, as
well as computational implementations. From the numerical experiments presented
in the last section, we observe that although the numerical realization of the mean
field optimality system yields the best controller in terms of the cost functional value,
feedback controllers obtained for the binary system perform reasonably well, and
provide a much simpler control synthesis. We expect to further proceed along this
direction of research, in particular in relation to the computation of feedback controllers
via Dynamic Programming and Hamilton—Jacobi—-Bellman equations for the binary
system, as it provides a versatile framework to address different control problems.
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