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1 Introduction

There has been a recent surge in the development of phase field models for tumor
growth. These models aim to describe the evolution of a tumor colony surrounded
by healthy tissues which experience biological mechanisms such as proliferation via
nutrient consumption, apoptosis, chemotaxis and active transport of specific chemical
species. For the case of a young tumor, before the development of quiescent cells, the
phase field models often consist of a Cahn—Hilliard equation coupled with a reaction-
diffusion equation for the nutrient [13,22,26,27,37]. One may also treat the tumor
cells and the healthy cells as inertia-less fluids, and include the effects of fluid flow
into the evolution of the tumor, leading to the development of a Cahn—Hilliard—Darcy
system [14,15,22,45].

Current treatments for cancer include surgery, immunotherapy (strengthening the
immune system), radiotherapy (using radiation to kill cancer cells) and chemotherapy
(using drugs to kill cancer cells). The latter three treatments are typically conducted
in cycles. A cycle is a period of treatment followed by a (longer) period of rest, so that
the patient’s body can build new healthy cells. The goal of these therapeutic treatments
is to shrink the tumor into a more manageable size for which surgery can be applied.
Further therapeutic treatments may be necessary in order to destroy the cancer cells
that may remain after the surgery.

In this work, we consider an optimal control problem involving a cancer treatment
with cytotoxic drugs. It is well-known that while cytotoxic drugs mainly target and
damage rapidly dividing cells such as tumor cells, the drugs can also accumulate in
the body and cause adverse side-effects to the immune system and various vital organs
such as the kidneys and the liver. In a worst case scenario, too much cytotoxic drugs
may allow tumor cells to mutate and become resistant to the treatment. Thus, from
the viewpoint of the patient, the shortest treatment time in which the objectives of the
chemotherapy are achieved is the most ideal. Therefore, the optimal control problem
we study involves finding the optimal drug distribution and the optimal treatment
time.

For T > 0, in a bounded domain  C R3 with C 3-boundary I', we consider the
following Cahn—Hilliard model for tumor growth,

00 = A+ (Po — A — au)h(p) inQx 0, 7T)=:0Q, (1.1a)
L= AV (¢) — BAg inQ x 0, T), (1.1b)
0,0 = Ao —Coh(p)+ B(osg — o) in 2 x (0, T), (1.1¢)
0y = dy = 0o =0 onI" x (0, T), (1.1d)
0(0) = ¢o, o(0) =0y in Q. (1.1e)

Here, « is a positive constant, ¢ denotes the difference in volume fractions, where
¢ = 1 represents the tumor phase and ¢ = —1 represents the healthy tissue phase.
The function p is a chemical potential associated to ¢, W'(¢) is the derivative of a
potential W(¢) with equal minima at ¢ = +1, ¢ denotes the concentration of an
unspecified chemical species acting as nutrient for the tumor cells, while u denotes
the concentration of cytotoxic drugs.

@ Springer



Appl Math Optim (2018) 78:495-544 497

The function i (¢p) is an interpolation function such that 2(—1) = 0 and i(1) =1,
and the parameters P, A, C, and BB denote the constant tumor proliferation rate, tumor
apoptosis rate, nutrient consumption rate, and nutrient supply rate, respectively. The
positive constants A and B are related to the thickness of the interfacial layer and the
surface tension, while 9, f = V f - v denotes the normal derivative of f where v is
the unit outward normal of I.

The term /(@) Po models the proliferation of tumor cells which is proportional to
the concentration of the nutrient, the term /(¢).A models the apoptosis of tumor cells,
and Ch(¢)o models the consumption of the nutrient only by the tumor cells. The term
auh(¢) models the elimination of the tumor cells by the cytotoxic drugs at a constant
rate . Meanwhile, og denotes the nutrient concentration in a pre-existing vasculature,
and B(os — o) models the supply of nutrient from the blood vessels if o > o and
the transport of nutrient away from the domain Q2 if o5 < 0.

In comparison with the models of [22], we have neglected the effects of chemotaxis
and active transport, but the new feature of (1.1) is the inclusion of the effects of
cytotoxic drugs via the term auh(¢), and in this work the function u will act as our
control. For realistic applications the control u: [0, T] — [0, 1] should be spatially
constant, where u = 1 represents a full dosage and u = 0 represents no dosage.
However, in the subsequent analysis, we allow for spatial dependence (see Assumption
2.1 below).

For positive constants », 8, and Br, and nonnegative constants 8o, Bq, and Bs,
we consider the objective functional J, given as

B u v =22 5 folo —gol” dxdi+ B [T o1 —al® dxdi
+B L [Vt ededr+ BT [P dxde + Brr. (1.2)

In particular, (1.2) can be seen as the relaxation of the following more natural objective
functional

T u,v) =52 [T ol — ol dxdi+ 5 [olo() - pal? dx
+8 fol+o@ydy + B [ [ |u? dxdt + Brr.  (13)

Here, T € (0, T] represents the treatment time, ¢ represents a desired evolution for
the tumor cells while ¢g represents a desired final distribution. The first two terms of
J are of standard tracking type that are often considered in the literature of parabolic
optimal control, and the third term of J measures the size of the tumor at the end of
the treatment. The fourth term penalizes large concentrations of the cytotoxic drugs,
and the fifth term of J penalizes long treatment times.

Let us make the following comments:

(1) A large value of |g0 — @0 !2 would mean that the patient suffers from the growth
of the tumor, and a large value of |u|> would mean that the patient suffers from
high toxicity of the drug.
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(2) The function ¢q can be a stable configuration of the system, so that the tumor
does not grow again once the treatment is completed. One can also choose ¢gq as
a configuration which is suitable for surgery.

(3) The variable t can be regarded as the treatment time of one cycle, i.e., the amount
of time the drug is applied to the patient before the period of rest, or the treatment
time before surgery.

(4) It is possible to replace 7t by a more general function f(r) where f:R>o —
R is continuously differentiable and increasing.

(5) We consider 7' € (0, 00) as a fixed maximal time in which the patient is allowed
to undergo a treatment obtained from this optimal control problem.

For technical reasons highlighted below, we consider an optimal control problem
with the relaxed objective functional (1.2) and the state equations (1.1). We denote
the space of admissible controls as Uyg (see Assumption 2.1 below) and the optimal
control problem we study in this work can be expressed as follows,

minimise J, (¢, u, 7) subjectto (1.1), u € Upg, T € (0, T). P)

The optimal control problem (P) is a problem involving a free terminal time, and we
say that (u,, t) is a minimizer of (P) if

Jr((p*5 Uy, T*) = lnf Jr(¢7 w, S),

where the infimum is taken over triplets (¢, w, s) such that w € Uyg, s € [0, T]
and ¢ solves (1.1) with datum w. In ODE constrained optimal control where the cost
functional depends on the free terminal time, the necessary optimality condition can
be derived with the help of the corresponding Hamiltonian function, see for instance
[35, Chap. 20] and [25,33,38]. One may use the notion of Hamiltonian functional to
derive the optimality condition for the free terminal time when the state equations are
partial differential equations, see in particular [2,39,40] for semilinear parabolic state
equations.

Below we illustrate with an example the optimality conditions obtained with the
Hamiltonian from ODE theory and with the Lagrangian method for PDE-constrained
optimization, see for instance [44, §2.10] and [32, §1.6.4]. Suppose the objective
functional is of the form

T
/ / F(t, o(t, x), u(t, x))dx dt +/ L(z, ¢(z, x)) dx,
0 Ja Q
and g satisfies for example

0 = Ap + f(t, @, u).
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Let u, denote an optimal control with corresponding state ¢,. The Hamiltonian H is
defined as

H(t, ¢, u, p) :=/ F(t, ¢, u)dx+/ PAg + pf(t, ¢, u)dx,
Q Q

where p act as the adjoint variable to ¢,. From the works of [2,39,40] and also from
the theory of ODE-constraint optimal control, the optimality condition for the optimal
time Ty 1S

0= H(te, i), us(w), p(t) + o G5 (T ¢:(12) dx. (1.4)

Now, let us define the Lagrangian

£:=/ / F(t, o, u)dxdt—i—/ L(z, ¢(t))dx
0o Ja Q

—/ /p(fw—Aso—f(t, @, u)) dxdt,
0 Q

then one obtains from formally differentiating £ with respect to t the optimality
condition for 7., which is

oL

B_T(T*’ D Us)

oL oL
2/ F(Ty, 0u(T4), us(ty)) + 3_(7:*’ 5(T4)) + — (Tu, 0s(T4)) 0,04 (T4) dx
Q t de

- /Q P02 (hpe(Ts) — Agu(t) — f(Ter @u(Ts), n(z)) dx = 0.

The adjoint equation for p is a terminal time boundary value problem:

af oF oL
—hp=Ap+_—p+—, P(t) = (T 0x(T4)).
de d¢p dp

Using the terminal condition for p in the expression for %(r*, @¥x, Ux) We see that
oL
%(T*, @5 (T4)) 01 @+ (To) — P(T4) 01 s (T4) = 0,

and thus %(r*, ©«, Uy) = 0 is equivalent to (1.4). That is, the optimality conditions
for the free terminal time obtain from the Hamiltonian formulation and the Lagrangian
formulation coincide.
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Let us briefly explain the issues with the objective functional (1.3). Formally dif-
ferentiating (1.3) with respect to T, we obtain

0J
L e 1) = Fo / l0x (000 (2> dx-tBa / (02(5) — 92) Dru(t2) dx
T 2 Ja Q

+@/ atgo*(r*>dx+@/ s (t)|? dx + Pr. (15)
2 Ja 2 Jo

and in order for the terms in (1.5) to be well-defined, we need that

s, 90, Gs Dps € CO ([o, T]: LZ(Q)).

Furthermore, to rigorously establish the Fréchet differentiability of J with respect to
7, it turns out that we require

s € L2 (o, T LZ(Q)), and u,, pp € H' (0, T L2(Q)).

Thus, the main mathematical difficulties arise from establishing high temporal regular-
ity for the state variables. A preliminary analysis shows that it is possible to derive such
regularity but only under rather strong assumptions such as gy € H>(Q2), oo € H*(Q)
and [|9;ull 20, 7: 12(@)) < K for some fixed K > 0. The assumption on the a priori
boundedness of d;u is not meaningful as in applications it will be hard to verify this
condition. Furthermore using the Lagrangian method, one can compute that the ter-
minal condition for the adjoint variable p to ¢, is p(tyx) = Ba(p«(t4) — Q) + %S
and so we can write (1.5) more compactly as

aJ

B Bu
E(@*, Uy, Ty) = /Q 7Q ‘W*(T*) - wQ(T*)|2 + 7 |u*(f*)|2 dx

+/QP(T*)3z¢J(T*)dx+,3T-

But this would mean that we require the weak formulation for the equation of ¢, to
be satisfied pointwise in [0, 7], that is,

/;ZP(I)arw*(t) + Vs (t) - Vp(t) — h(@«(1)) (Pos(t) — A — aus(t)) p(t) dx = 0,
holds for all € [0, T']. This in turn implies that we need

pec® ([0, T: Hl(sz)), s € C° ([0, Tl LZ(Q)>,

e e CO(10. T3 H'(@).

These difficulties motivates the current study with the relaxed objective functional J,
(1.2).
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There have been many recent contributions regarding the well-posedness and
asymptotic behaviour for phase field type tumor models, see for example [7-9,17,20,
21] for the Cahn—Hilliard variant, and [3,15,19,34,36] for the Cahn—Hilliard—Darcy
variant. From the aspect of optimal control, we mention the works of [5,6,11,12,29,47]
for the Cahn—Hilliard equation, [41,46,48,49] for the convective Cahn—Hilliard equa-
tion and [18,28,30,31] for the Cahn—Hilliard—Navier—Stokes system. In the context
of PDE-constraint optimal control for diffuse interface tumor models, we have the
recent work of [10], where the objective functional (1.3) with B¢ = Br = 0 and no
dependence of J on 7 is studied with state equations given by the model of [27] and
the control enters the nutrient equation as a source term, similar to the term B(os — o)
in (1.1c). With this work we aim to provide a contribution to the theory of free terminal
time optimal control in the context of diffuse interface tumor models.

Let us provide some future directions of research motivated by this study:

(1) An optimal control u that is periodic in time, reflecting the cyclic nature of ther-
apeutic treatments.

(2) A feedback mechanism taking into account the patient’s response to the therapy,
and the tumor’s resistance to the drug.

(3) Analysis and identification of stable equilibria for diffuse interface models of
tumor growth.

Plan of the paper the rest of this paper is organized as follows. In Sect. 2 the general
assumptions are outlined and the main results are stated. The well-posedness of the
state equations (1.1) is established in Sect. 3. The existence of a minimizer to (P) is
proved in Sect. 4, while the unique solvability of the linearized state equations and
the Fréchet differentiability of the control-to-state mapping and of the functional J;.
are contained in Sect. 5. In Sect. 6, the unique solvability of the adjoint equations is
studied and the first order necessary optimality conditions are derived.

2 General Assumptions and Main Results

Notation for convenience, we will often use the notation L? := LP(Q) and WP :=
wkP(Q) for any p € [1, oo], k > 0 to denote the standard Lebesgue and Sobolev
spaces equipped with the norms ||-||z» and |[|-||y«.». In the case p = 2 we use HF .=
W2 and the norm ||-|| . Moreover, the dual space of a Banach space X will be
denoted by X*, and the duality pairing between X and X* is denoted by (-, -)x. The
space—time cylinder 2 x (0, T') will be denoted by Q, and we use the notation L” (Q)
to denote the spaces L?(2 x (0, T)) for 1 < p < oo. Using Fubini’s theorem we
have the isometric isomorphism L” (0, T'; L?) = LP(Q) for p € [1, co). We point
out that L°°(0, T; L*°) C L*°(Q), but the converse inclusion is not true in general
due to measurability issues (see for instance [42, Ex 1.4.2]).

Useful preliminaries the following Gronwall inequality in integral form will often be
used (see [21, Lemma 3.1] for a proof). For W, X, Y, Z real-valued functions defined
on [0, T]such that W is integrable, X is nonnegative and continuous, Y is continuous,
Z is nonnegative and integrable. If Y and Z satisfy the integral inequality
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A

Y (s) +/S Z(@t)ydt < W(s)+ / X(@®)Y(t)dt fors € (0, T],
0 0

then it holds that

N

s t
Y (s) +/ Z(t)dt < W(s) +/ X)W (1) exp (/ X(2) dz> dt. 2.1)
0 0 0

The following Taylor’s theorem with integral remainder will be used to show the
Fréchet differentiability of the control-to-state mapping. For f € C?(R)anda, x € R,
it holds that

1
fx) = f@+ fl@)(x—a)+ (x — 61)2/0 ffla+z(x —a)(l —2)dz. (2.2)

The Gagliardo—Nirenberg interpolation inequality in dimension d is also useful
(see [16, Theorem 10.1, p. 27]): let Q2 be a bounded domain with C™ boundary, and
fe Wt (@) nNLi(R), 1 < q, r < oo.For any integer j, 0 < j < m, suppose
there is an @ € R such that

1 j+ 1 m +1—Ol j< <1
— == -—— | , —<ac<l.
d r d m

Ifre(,oco)andm — j — ‘;i is a nonnegative integer, we in addition assume o #*

1. Under these assumptions, there exists a positive constant C depending only on
Q, m, j, q, r, and « such that

1D fllzr@) < CIE ISme oyl F 12 2.3)

We consider the following assumptions.
Assumption 2.1

(A1) The initial conditions satisfy gy € H?> with the compatibility condition 8,9 = 0
onl', o0 € H 1 with 0 < oo < l a.e. in 2, while the target functions satisfy
Yo, Yo € L?(Q). The vasculature nutrient concentration o satisfies 0 < og <
lae.in Q.

(A2) The interpolation function h: R — [0, 1] is twice continuously differentiable
and Lipschitz continuous (with Lipschitz constant Ly,). The parameters P, A, C
and B are nonnegative constants, and « is a positive constant.

(A3) The space of admissible controls is given as

Ug ={u e L®(0, T; L*):0 <u < lae.in 0}.
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(A4) The potential W: R — R is three times continuously differentiable and satis-
fies for some positive constants {k ; }320,

|W'(5)| < koW (s) + ki, (2.4)
W(s) > ko |s| — k3, (2.5)
W ()] < k4 (1 + |s|2), 2.6)
(W'(s) = W'(D)| < ks (1 +1s® + |z|2) Is — 1], .7

forall s, t € R.

We point out that as 2 is abounded domain, there exists an open setif C L?(Q) such
that U,g C U. In this work, we consider quartic potentials W for the state equations,
for which the classical double-well potential W(s) = %(1 — 552 is one example. The
well-posedness of the state equations with higher polynomial growth for W is also
possible, see for instance the procedure in [17, Proof of Theorem 1], but we restrict
our current analysis to that of quartic potentials to simplify the computations.

Theorem 2.1 (Well-posedness) For every T € (0, 00) and given data (¢g, 09, u),
under Assumption 2.1 there exists a unique triplet of solutions (¢, [, o) with

gel™® (0, T H2) nL> (o, T H3) NH' (0, T L2) nc(0),
e lL? (0, T H2> nL® (o, T L2),
oel® (o, T H1> nL? (o, T H2) nH! (0, T Lz), 0O<o<laeinO,

such that ¢(0) = ¢, 0(0) = o9, and for a.e. t € (0, T) and for all ¢ € H',

0= / 99 +Vu-V¢ — (Po— A—au)h(p)t dx, (2.8a)
Q

0= f ue — AV (9)¢ — BVe - Vi dx, (2.8b)
Q

0= / 0,0 + Vo -V + (Ch(p) + B)ol — Bost dx. (2.8¢)
Q

Furthermore, it holds that

lello©, 7; HHnL20, 7; B)NE O, 7; 1) T Il 220, T3 HHYAL> 0, T; L2)
+lloliz20, 7; v2)nL=©, 7: HHYNE 0. T: 12) = €,
for some positive constant C not depending on (¢, w, o, u). Let (¢;, i, 0i)i=12

denote two weak solutions to (1.1) satisfying (2.8) corresponding to {u;};=1 2 with the
same initial data ¢y and oq. Then, there exists a positive constant Cqs depending only
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on |¢illL~©, 1: L), A, B, P, A, C, a, ks, T and the Lipschitz constant Ly, such
that forall s € (0, T1,

lo1(s) = 92091172 + llor(s) — o2() 171 + et — 12ll72 9 4.2,

2 2 2
+||atal - alo—2|lL2(0’s;L2) + ||§01 - (p2||L2(O,S;H2) = CCtS”u] - uz”Lz(O,S;Lz)'
2.9)

The existence of solutions to the state equations (1.1) is proved via a fixed point
argument, see also [15] for a similar argument applied to a multispecies tumor model.
One may also use a Galerkin approximation, which has been applied to similar systems
in [7,17,19-21,34,36]. The key difference here are that we establish boundedness of
the nutrient concentration o, which comes from the application of a weak comparison
principle. Here we also point out that the gradient Vg is continuous on the bound-
ary up to initial time by the embedding ¢ € L>®(0, T; H>) N H' (0, T; L?) cC
C O([O, T1; H?) for B < 2 and the trace theorem. Hence, the initial condition ¢
needs to fulfill the boundary conditions.

The unique solvability of the state equations (1.1) allows us to define a solution
operator S given as

Swu) = (¢, n, 0),

where the triplet (¢, u, o) is the unique weak solution to (1.1) with data (¢g, og, u)
over the time interval [0, T']. We use the notation ¢ = Sj(u) for the first component
of S(u). Then, we deduce the existence of a minimizer to (P).

Theorem 2.2 (Existence of minimizer) Under Assumption 2.1, there exists at least
one minimizer (Qx, Uy, Ty) to (P). That is, ¢, = S} (ut4) with

Jr (O, Uy, Ty) = inf Jr (@, w, s).
(w, s) € Uygx[0, T]
s.t. ¢ =S (w)

Note that we cannot exclude the trivial cases where 7, = 0 or T. To establish
the Fréchet differentiability of the solution operator with respect to the control u, we
first investigate the linearized state equations. For arbitrary but fixed u € Uy, let
(@, &, ©) = S(u) denote the unique solution triplet to (1.1) from Theorem 2.1. For
w € L?(Q), we consider the following linearized state equations,

3P =AE+h@(PT —aw) +h (@) PPs — A—au) inQ, (2.10a)
E=AV/(g)® — BAD in 0, (2.10b)
#X = AT — BX — C(h(@)X + h'(¢) Do) in 0, (2.10¢)
0=0d,®=03E =% onT x (0, T),
(2.10d)
0= d(0) = X(0) in Q. (2.10e)

The unique solvability of (2.10) is obtained via a Galerkin procedure.
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Theorem 2.3 (Unique solvability of the linearized state equations) For any w €
LZ(Q), there exists a unique triplet (P, B, X) with

*
® e L™ (0, T H‘) nL2 (o, T H3) nH! (o, T (H‘) )
Zel? (0, T Hl),

T e L™ (0, T; H1> nH' (0, T; L2> N L2 (0, T; HZ),
such that for a.e.t € (0, T), and forall ¢ € H',

0=(0;P, )y +/ VE Vi — (h(@)(PE —aw) + h' (@) (Po — A — au)®)¢ dx,
Q

(2.11a)

0= f Bt — AV (@)®¢ — BV® - Vi dx, (2.11b)
Q

0= / XL+ VE -V +BXl+Ch(@)X + h' (9)@5)¢ dx. (2.11¢)
Q

Furthermore, there exists a constant C > 0 not depending (®, B, X, w) such that

1Pl Lo, 7: HYNL20.7: B ©O,7: (1Y) T 1Bl 20, 7: 11

+ 1% Loe 0.7 )nm 1 0.7 120 L20.7:52) = Cllwll20,7:22)-

The expectation is as follows. Letu, &1 € Uyq C U be arbitrary, with (g, @, o) = S(u)
and (¢, i, 0) = S(&) denoting the unique solution triplets to (1.1) corresponding to
u and 7, respectively. Denote by w := @i —u € L>(Q) and let (¥, E¥, £¥) denote
the unique solution to the linearized state equations (2.10) associated to w. We define
the remainders to be

o= —F— DY elL? (o, T: H3) nL>® (o, T H‘) nH' (0, T: (Hl)*) :
(2.12a)

V= —T—EY elL? (0, T H‘) , (2.12b)

V=G —G -3V L™ (o, T Hl)mL2 (0, T H2)mH1 (o, T Lz).

(2.12¢)

If, for a suitable Banach space ) yet to be identified, we have

16™, p*, &)y
lwllz2(g)

— 0 as ||w||L2(Q) — 0,

then, it holds that the solution operator S is Fréchet differentiable at u, the Fréchet
derivative with respect to the control u, denoted as D, S, belongs to L(L2(0), ),
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and satisfies
D, S@w = (®*, ¥, =").

With the unique solvability of the linearized state equations, we have the following
result on the Fréchet differentiability of the solution operator.

Theorem 2.4 (Fréchet differentiability with respect to the control) Under Assumption
2.1, the solution operator S is Fréchet differentiable in U as a mapping from L*(Q)
to the product Banach space

V= [L2 (0, T H2) nH' (0, T (HZ)*) nc® ([0, T1: L2)]

% L2(0) x [LOO (0, T H‘) nH' (o, T Lz)].

That is, for any i, @ € Upg C U with w = &t — 1 € L*(Q), there exists a positive
constant Cgigr ,, not depending on i, u and w such that

16", p", )13 < Caitr.ullwll}> ) (2.13)
where (0%, p%, V) are defined as in (2.12).
We now define a reduced functional
Tu, )= Jr (S1(u), u, 7).
Foranyu € Uyg CU, setw =u —uy € Lz(Q) and let (&%, E", ") be the unique
solution to (2.10) corresponding to w, the optimal control u, and the corresponding

state variables (¢, W«, 0%). By Theorem 2.4, 7 is Fréchet differentiable with respect
to the control with

Dy T (s, T)) w
—,BQ/ /(90* ¢Q)¢wdxdt+ﬂ—9/ / (0 — @) @V dx dt

/ /<I>wdxdt+,8M/ /u*wdxdt (2.14)
To—F

Next, we make use of the following adjoint equation to eliminate the presence of the
linearized state variable ®¥ in (2.14),
—0;p+ BAg = AV (9.)q — Ch'(9)owr + h' (9.)(Poy — A — auy) p

+ Bo (@« — 9g)
+ 2 Xwemro (1) 2Ba (05 — ¢0) + Bs) in Q x (0, 7),
(2.152)
g =Ap in Q2 x (0, 7,
(2.15b)
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—3r = Ar — Br — Ch(p:)r + Ph(ps)p in €2 x (0, 7o),
(2.15¢)

0=0yp = 0yq = 0yr onI" x (0, 7y),
(2.154d)

r(ty) =0, p(te) =0 in Q. (2.15¢)

Note that the adjoint system is supplemented with terminal conditions at the optimal
treatment time 7. We now state the unique solvability result.

Theorem 2.5 (Unique solvability of the adjoint equations) Under Assumption 2.1, for
any u € Uyq there exists a unique triplet (p, q, r) associated to S(u) = (¢, 1, o)
with

pel? (0, T H2> nH! (0, T (H2>*> nce ([o, .l Lz),
q € L? (0, Ty; L2> ,

reL? (o, T Hz) nL® (0, T H1> nH! (0, T L2) nco ([0, T.; L2> :
satisfying
0=(=0,p, L)y + [Q BqA¢ + 1 (9)(Cor — (Po — A — au)p)¢ dx (2.16a)
- /Q (AV"(©)q+Bo (¢ = 90) + 27 X(za—rrn () B2 (9 — 90) + Bs)) £ dx,

oz/ gn+Vp-Vedx, (2.16b)
Q

0= / —0irn + Vr - Vn+ Brn+ Ch(p)rn — Ph(e)pndx, (2.16¢)
Q

forae.t € (0, t,) and forall n € H! and ¢ € HZ.

The first order necessary optimality conditions for the minimizer (u,, tx) of The-
orem 2.2 also requires the Fréchet derivative of (7 with respect to t, and for this we
make the additional assumption on the target functions ¢ and ¢gq.

Assumption 2.2 We now assume that gp € HI(O, T; L2) and g € Hl(—r, T;
L?).

Furthermore, we extend ¢ to negative times using the initial condition, i.e., ¢ (t) = ¢o
fort < 0.

Theorem 2.6 (Fréchet differentiability of the reduced functional with respect to time)
Under Assumptions 2.1 and 2.2, let u € Uyq be arbitrary with corresponding state
variables S(u) = (¢, w, o). The reduced functional J (u, t) is Fréchet differentiable
with respect to T with
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D.J(u, ) = fr + %an(r) — oI,
Bs
o

B
2r

/ ¢(t) —@(t —r)dx
Q

+ 22 (0 = 92) @122 — 0 = 9) (r = NI3:) -

The first order necessary optimality conditions to (P) for the minimizer (uy, T4)
are given as follows.

Theorem 2.7 (First order necessary optimality conditions) Under Assumptions 2.1
and 2.2, let (uy, T4) € Uag X [0, T] denote a minimizer to (P) with corresponding
state variables S(uy) = (@«, U, 0x) and associated adjoint variables (p, q, r).
Then, it holds that

T Ty
/ / But(u — uy) dx dt — / / h(gp)ap(u —uy)dxdt >0 Yu € Uy,
0 Q 0 Q

(2.17)
and
Br + 'BTQ”(‘P* - §0Q) (T*)”%z + % /Q 05 (T) — Pu (T — 1) dx
Ba >0 ift, =0,
+, (||<¢* — 00) (72 — (@ — p0) (T — r)||iz) =0ift. € (0, T),
r <0 ift, =T.
(2.18)

Remark 2.1 1f we extend p by zero to (74, 7], then we can express (2.17) as

T
/ f (Butts — h(ps)ap) (u —us)dx dt > 0 Vu € Uy,
0 Q

which allows for the interpretation that the optimal control u,, is the L(Q)-projection
of /3u_lh(<p*)ozp onto Uyg.

3 Results on the State Equations
We show the existence of strong solutions to the state equations (1.1) by means of a
fixed point argument. The idea is to consider the following two auxiliary problems.

Let ¢ be given, we define the solution mapping M by 0 = M (¢), where o is the
unique solution to

0,0 = Ao —Ch(¢p)o + B(os — o) in Q, (AP1)
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with homogeneous Neumann boundary condition and initial condition 0. Then, we
define the solution mapping M by ¢ = M(¢), where ¢ is the unique solution to

09 = Ap + h(p) (PMi(¢p) — A —au) in Q,
w= AV (p) — BAgin O, (AP2)

with homogeneous Neumann boundary conditions and initial condition ¢g. If ¢ is

a fixed point for M, with 6 = M (@) and & = AV'(¢) — BA@, then the triplet
(¢, 1, ) is asolution to (1.1).

3.1 Auxiliary Problems

Lemma 3.1 Let ¢ € L*(Q) be given. Under Assumption 2.1, there exists a unique
solution

oel? (o, T H2) nL® (0, T H1> nH! (0, T L2>,

to (API) such that 6 (0) = og and 0 < o < 1 a.e. in Q. Furthermore there exists a
positive constant Capy not depending on ¢ such that

loll 20, 7: 52N 0,7: HHNH 0,7:12) < CAPI- 3.1

Proof As (AP1) is a linear parabolic equation in o, the existence of weak solutions
can be shown using a Galerkin approximation, and we will only present the derivation
of a priori estimates here. The weak formulation of (AP1) is

/ 0,0, +Vo -V¢+Ch(p)ot +Bot — Bos¢dx =0, 3.2)
Q

fora.e.r € (0, T)andforallz € H'.
First estimate substituting { = o in (3.2) yields

1 d B2 1
3l +1Velg. + [ch) o1+ Blo|? dx < —-lloslz. + S llol7..

Neglecting the nonnegative term Ch(¢) lo|> + Blo|?, and the application of the
Gronwall inequality leads to

10175 0.7:22) + IV N7 20.7:12) < C (T, lloslizagys lloollz2) . (3.3)

Second estimate substituting { = 9,0 in (3.2) yields

1 d 1 1
0117, + Eznwniz < 5 (€+B)loliz2 + Blosliz2)” + 10117,
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where we used the boundedness of 4. Integrating in time and using that oy € H!, og €
L?(Q) we have

19:0 132y + VO oo 7212y < C (T, C, B, llosllzacgys loollg) . (3.4)

Third estimate note that (3.2) can be seen as a weak formulation for the following
elliptic problem,

—Ao +0 =—0,0 —Ch(¢p)o + B(os —0)+o0 in 2,
dyo =0 onl. 3.5)

As the right-hand side of (3.5) belongs to L? for a.e. t € (0, T), elliptic regularity
theory [24, Theorem 2.4.2.7] yields that o (t) € H? for ae. t € (0, T), with the
estimate

2 2 2 2
o1z = € (100132 + o 12 + llos 12 )

where C is a positive constant not depending on o and ¢. Integrating in time gives

1012207722, = € (1001329, + 101329y + 05122 0)) - B6)

The a priori estimates (3.3), (3.4) and (3.6) are sufficient to deduce the existence of
a strong solution o satisfying (3.2). The initial condition is attained by the use of the
continuous embedding L>(0, T; HY)YNH' (0, T; L*) c C°([0, T]; L?), and using
weak/weak-* lower semicontinuity of the norms, we obtain (3.1). We now establish
the boundedness property and continuous dependence on the data ¢.

Boundedness substituting ¢ = o~ := max(—o, 0) in (3.2) leads to

1 d
Ezllcfniﬁ/ Vo[> +Chi@) |o~|" + Blo~ | + Boso~dx =0. (3.7)
Q

As the integrand is nonnegative, we neglect the second term on the left-hand side and
upon integrating yields

lo~ @17, < llo” ()7, =0 Vi e (0, T,

where we used that op > 0 a.e. in 2, and so 0 ~(0) = 0 a.e. in Q. Thus 0 > 0 a.e.
in Q. On the other hand, consider ¢ = (¢ — 1)* = max(c — 1, 0) in (3.2), which
yields

1 d
PTG 2 +fQ V(o = D*[* + Chi@) + B) |6 — D*|* dx

+/ Chip)(c — DT +B(1—o05)(c — D dx =0. (3.8)
Q
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Using that % is nonnegative and o5 < 1 a.e. in Q, so that (1 — og)(c — 1) is
nonnegative, we find that the integrand is nonnegative. Thus, after integrating from 0
to ¢, we obtain

e — D@12 < 1o = DFO)2, =0 Ve (T,
where we used that op < 1 a.e. in 2. This implies that o < 1 a.e. in Q.
Continuous dependence let {o;};—1 2 denote two functions satisfying (3.2) correspond-

ing to {¢;}i=12 C L%(Q), respectively, and with the same initial condition oy and
nutrient supply os. Then the difference o := o] — o> satisfies

/QatUC-FVO'-VC+(C(h(¢1)—h(¢2))U1 +Ch(¢2)0)¢ +Bogdx =0,
(3.9)

for a.e. r € (0, T) and for all ¢ € H'. Substituting ¢ = o in (3.9), neglecting the
nonnegative term Ch(¢») |(7|2 + B |(7|2 , and integrate over [0, s] fors € (0, T'], we
obtain

(CLy)?

1 1
SNoOIZ2 + 1V 1720 422y < =501 = 202200 5i12) + S 191720120

where we have used the boundedness of o and the Lipschitz property of . Applying
Gronwall’s inequality (2.1) yields

lo (172 +20V0 172,012 < CLD 191 = P2l 720 . 12)¢" fors € (O, T1,
(3.10)

where we used that
: 2 2
[) ”¢1 - ¢2||L2(O,I;L2)et dt = ”¢1 - ¢2”L2(0,X;L2) (es - 1) .
Next, substituting { = ;0 in (3.9) and integrate over [0, s] leads to
30112 1 v 2 B 2
18601720, + 5 1VO @72 + S o @)l
2
< CL? 191 = Balljag 012y + CP IO Wa0,5i12) + 1001 2010
From (3.10) we have
2 * 2 2 [* 2
“0||L2((),x;L2) = \/0 ”U(t)llLZ dt =< (CLh) [) ”¢1 - ¢2”L2(0,t;L2)€t dt
< (CL1)* (¢ = 1) 1 — 27219 4. 12)» B:1D)
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and so this yields

10001220 412y + IVE @122 < 2€L1 (1+C2 (¢ = 1)) g1 = 8213012,
(3.12)

O

Remark 3.1 The main reason we do not employ a Galerkin approximation for the
state equation (1.1) is that the computations in the weak comparison principle seems
not to apply to the Galerkin solutions, in particular we cannot show that the Galerkin
solutions to o is nonnegative and bounded above by 1. Indeed, for Galerkin solutions
¢n and o, belong to some finite dimensional subspace W,, of H! satisfying

O:/ d;0nv + Vo, - Vv + Ch (¢,) 0,v + B (0, — Bog) vdx,
Q

for all v € W, if we test with v = I1,,(0,,) € W,, where II,, denotes the orthogonal
projection to W,,, we have

_ _ d _
/ 0;0, 11, (O’n ) dx =/ 0;0,,0, dx = —7”0" ||%2,
Q Q t
but we cannot deduce if
/ h (¢n) 0,11, (Un_) dx = / I, (h (¢n) Gn)an_ dx,
Q Q

is nonpositive. There is also a similar issue with the nonnegativity of

/ (Ch (¢n) (00 — 1) +Ch () + B (1 = 05)) M ((0p — D7) dx,
Q

as it is not guaranteed that the projection of a nonnegative function is nonnegative.

Due to the estimate (3.11), we can define a continuous mapping
M L2(Q) — L®(Q)NL? (o, T Hz) nL® (0, T H‘) NnH! (0, T L2)
10} — o given by Lemma 3.1.

Lemma 3.2 Let ¢ € L*(Q) be given. Under Assumption 2.1, there exists a unique
solution pair

9eL™® (0, T H2) nL? (0, T H3) NnH' (0, T L2) nc'(0),

e L (0, T H2) nL® (0, T Lz),
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to (AP2) such that ¢ (0) = ¢g and satisfy

0:/ 09l +Vu -V — (PMi(¢p) — A — au) h(p) dx, (3.13a)
Q

0= [ nt — AV (p)¢ — BVg - V¢ dx, (3.13b)
Q

for a.e. t € (0, T) and for all ¢ € H'. Furthermore, there exists a positive con-
stant Capa depending only on T, Q, ko, k1, k2, k3, ks, A, B, P, A, o, |l¢ollg3
and Cap1, such that

lellLooo.7: H2ynL20.7: HHnE ©0.7:02) T 1l L20.7: H2)AL2 0. 7:12) < CAP2.  (3.14)
That is, Capa does not depend on ¢.

Proof Let {w;};cn denote the eigenfunctions of the Neumann—Laplacian with corre-
sponding eigenvalues {};};eN:

—Aw; = Aw; in 2, d,w; =0onT.

Then, itis well-known that {w; };cxy forms an orthonormal basis of L% and an orthogonal
basis of H!. As constant functions are eigenfunctions, we take w; = 1 with A} = 0.
Letn € N be fixed and we define W,, := span{wy, ..., w,} as the finite dimensional
space spanned by the first n eigenfunctions, with the corresponding projection operator
IT,,. We consider sequences {¢,}neN, {Unltnen C ([0, T1; L?). such that ¢On — @
and u,, — u strongly in L2(O, T; Lz) and look for functions of the form

onx, 1) =Y ani(Owi(x), palx, 1) =Y by i(O)w;(x),

i=1 i=1

where the coefficients a, := {a,;}]_, and b, = {b,;}]_, satisty the following
initial-value problem

a, = —Sb, + PM, — AH, — aU,, (3.15a)
b, = AY, + BSa,, (3.15b)
n
a,(0) = (I, p0)_, = (/Q Pow; dx) , (3.15¢)
i=1
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with prime denoting the time derivative and for 1 <i, j < n,

Sij = / Vw; - Vw; dx, (H,,)j ::/ h(pp)wjdx,
Q Q
(Un)j = f h(gn) upw; dx, ('/’n)] = f W' (@) w;dx,
Q Q
(My);; ¢=/Qh(</)n)/\/11 (¢pn) wjdx. (3.16)

Without loss of generality, we assume that 0 < u, < 1 a.e.in Q foralln € N and from
Lemma 3.1 it holds that 0 < M (¢,) < 1 a.e.in Q and M (¢,) € C°([0, T]: L?)
for all n € N. Substituting (3.15b) into (3.15a) leads to a system of ODE:s in a, with
right-hand side depending continuously on ¢ and a,,. By the Cauchy—Peano theorem
[4, Chap. 1, Theorem 1.2], there exists a t, € (0, T] such that (3.15) has a local
solution @, on [0, 1,) with a, € C'([0, t,); R"). Then, b, can be defined by the
relation (3.15b), and we obtain functions ¢,, u, € C'([0, t,); W,) satisfying

0ron = Apn + Iy (B (9n) (PMy (@) — A — auy)), (3.17a)
pn = ATL, (W' (¢n)) — BAgy, (3.17b)
©n(0) = I, (¢o) - 3.17¢)

In the following we will derive a series of a priori estimates leading to the uniform
boundedness (in n) of (¢,, wu,) in the following Bochner spaces:

(1) W(g,) € L=, T; LY, ¢, € L*O, T; HY), p, € L*0, T; HY),

(2) ¢ € L%(0, T; H),

() uy € L®O, T; LH N L2, T; H?), ¢, € L0, T; H?), d,¢n € L*(0, T;
L?).

In particular for the third estimate, we have to differentiate (3.17b) in time to obtain
a system of ODEs involving 9;t,,. Thus, we prescribe additional initial conditions,
namely we set

wo == AW (go) — BAgo, 1 (0) := T, (o) -

Note that by Assumption 2.1, there exists a positive constant Cijp;, not depending on
¢ and n, such that

[1n Ol z2 < lollz2 < Cinill@oll g3

Furthermore, to approximate ¢o by a linear combination of eigenfunctions of the
Neumann—Laplacian in H?, we require that ¢ satisfies zero Neumann boundary
conditions.

First estimate multiplying (3.17a) with u, and (3.17b) with 0;¢,, integrate over 2
and integrate by parts, upon adding and using the boundedness of &, M(¢,) and u,,,
we obtain
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4 (A1 @Dl + 519612, ) dx + Vi 12, < (P + A+ @)ltall .
(3.18)
Let C, := P + A+ «, then by the Poincaré inequality in L' (with constant C »>0

depending only on €2), Holder’s inequality and Young’s inequality, the right-hand side
of (3.18) can be estimated as follows,

1
Cullinllr < Cu un——/ pndx| +C, /undx
12| Jo L Q
1 1
< CCp 121 Va2 + Co /undx < 3 IVinls
Q
C:Cr 19|
T AL B / i x|. (3.19)
2 Q
From integrating (3.17b) over €2, and (2.4), we find that
f undx| < AV (@)l < Ako/ W (@n) dx + Aky |L2]. (3.20)
Q Q

Hence, we obtain the following differential inequality

d B ) 1 5
= \ AV @l + Z1Venlly | = AkoCullW (@)Lt + SIVinlly

22 | |
< Ak 19| C,, + % =: dy.
By the Sobolev embedding H' < L° and the growth assumption (2.6), it holds

that [ W(go)ll,1 < C(1+ llgoll}s) < CA + llgoll4,)). Thus co == A[|¥ (o)1 +
%HV(/)OHiz is bounded. Integrating over [0, s] for s € (0, T] yields

B 1
<A||\lf (@n ()1 + Euwn(s)uiz) + 3 IVHRl2 5,12
s B 5
< kocufo (An\v (@wllzr + Enwnan) dt + (co + dos) .

Applying the Gronwall inequality (2.1) gives

B 2 1 2 koCus
AN @)L + SITnOIE ) + 21T salEa 2y = (€0 + doT) koo,

(3.21)

for all s € (0, T]. Taking supremum in s leads to

”"IJ (‘pn)“LOO(O,T;Ll) + ”V(pn”ioo(o)T;LZ) + ”V/JLVL”iZ(())T;l}) =< Cv (322)
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where the constant C depends only on T', C,,, Cp, ko, k1, A, B, ||, and [l¢oll g1.
From (3.20) and (3.22), the mean of w, is bounded in L°°(0, T'), and the Poincaré
inequality gives that s, is bounded in L?(0, T; L?). Meanwhile, by (2.5) we see that

/ Y dx
Q

and thus by (3.22), the mean of ¢, is bounded in L*°(0, T), and by the Poincaré
inequality we obtain that ¢, is also bounded in L*°(0, T’; L2). Thus, there exists a
positive constant C, not depending on ¢,, and n such that

1 k3
< / lonl dx < — IV (@)l + — 2], (3.23)
Q ka ko

2 2
”w””LOC(O,T;Hl) + ”M””LZ(O,T;HI) S Ca

and as a result, this guarantees that the Galerkin solutions (¢,, 1,) can be extended
to the interval [0, T'], and thus t, = T for each n € N.
Second estimate from (2.6) and the Sobolev embedding H I'c L%, we have that

19" @032 = € () (1920 + llelSe) = € (1+ llenly))

where C is a positive constant depending only on k4 and €2. Since || T1,, (W' (¢) 12 <
W/ (@n)l 2, applying elliptic regularity to (3.17b) yields that ¢,(t) € H? for a.e.
t € (0, T) and satisfies

2 2 2 2
||§0n ||L2(O,T;H2) = c <||'LL””L2((),T;L2) + ||¢n||L2(O,T;L2) + ”\Il/ ((p")”LZ((),T;LZ)) )

with a positive constant C depending only on €2, A and B. Then, by the Gagliardo—
Nirenburg inequality (2.3) withd =3, p =10, j =0, r =2, m =2, g = 6 and

a =z, we have

1 4
”f”LlO(Q) S C||f||[5,2(0,T;H2)”f”zoo((),T;L(’)

=g, elL’? (O, T; H2> nL® (0, T; H‘) c L"),

and withd = 3, p:%,j:O, r=2,m=1,q=2, anda:%,wehave

3 2
“f”L¥(Q) E Cl|f||22(O,T;Hl)||f||zm(0,T;L2)

= Vg e L2 (0, T; Hl) nL® (0, T: L?) c L3 (Q).
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Then, by (2.6) we have

1

T 2
2
||V(\Iﬂ(<pn))||Lz(o,T;Lz)=< /O /Q W ()| IVeul? dxdt)

" 2
< IV @l @I Vel 10 ) = € o) (14 Il o)) 190l 10

and so W'(g,) € L*>(0, T; H'). Application of elliptic regularity yields that ¢, (t) €
H3 forae.t € (0, T) and

lenl 320 73y < € (||un 1220711y F ol 320 gy + 19/ (gon)nizm;m)) :

for a positive constant C not depending on ¢, and n.
Third estimate differentiate (3.17b) in time and we obtain

Orpn = Ally (“I’H (®n) 81§0n) — BAdipp. (3.24)

Multiplying (3.24) with u, and (3.17a) with B9, ¢,, integrating over 2 and we obtain
upon summing

1d
2 dt
= /;2 Bh (¢n) (PMy (¢n) — A— Quy) drpn + AV (@n) s npin dx. (3.25)

lnll3s + Bllorgallss

From (2.6), we find that
19" @) o o1y = € Kko) (1214 Il 716)) = € (14 lonlSeo o)

and so W’ (g,) is bounded in L>(0, T; L3). Applying Holder’s inequality on the
right-hand side of (3.25) yields

1 d
5Enunniz + Bl3ignll32 < BCu3r@nll 1 + AN (@)l 131180l 21l | 6

2Csob
B

2 2B 2 A " 2 2
< Bcu |Q| + T”at(/)n”Lz + ”\I} ((pn)||LOC(O’T;L3)||l‘LI’l||H17

where we recall C, = P + A + o and Csy, is the positive constant from the Sobolev
embedding H' C L° depending only on 2. Then, integrating in time and using that
ftn is bounded in L*(0, T; H'), and |11, (0)]|2, < Cinill@0l|3,5, we have

L2

2 2
”,un ”LC’O(O‘T;LZ) + ”8[(le ||L2(0,T;L2) = Cv
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where the positive constant C depends only on 2, Cy, A, B, ||¢xll L®O,T:H')>
lnllz20,7: 11y, ka, and [lgo|| 3. Furthermore, by (2.6) we have that

”\IJ/ (wn)”ioom’]";l}) S C (k4) <|Q| + ||¢"||gm(0,T;L6)> .

Together with the improved regularity u, € L*°(0, T; L2), when we revisit the
elliptic equation (3.17b) we find that

”(p"”%m(O,T;HZ) S C (”MVLHiOO(O’T;LZ) + ”(p"”ioo(O,T;Lz) + ”"IJ/(gon)”ioo(o’T;LZ)) )
(3.26)

with a positive constant C not depending on ¢, and n. Similarly, viewing (3.17a) as an
elliptic problem for j,, and as 8,9, € L*>(0, T; L?), we have by elliptic regularity

2 2 2
”,un ||L2(O,T;H2) = C <1 + ”M””LZ(O,T;LZ) + ||at(/’n||L2(O’T;L2)> )

where the positive constant C does not depend on ¢,, or n.
Compactness from the above a priori estimates, we obtain for a non-relabelled subse-
quence,

on — ¢  weakly* in L? (0, T; H3> N L*® (0, T; Hz) NH! (0, T; L2) ,
iy — o weakly* in L™ (0, T; L2) nL? (O, T; Hz),
and thanks to the compact embedding [1, Theorem 6.3 part I1I]
witmr(Q)y cc ¢/(Q) ifmp >d,

where d is the space dimension, we find that H 2(2) is compactly embedded into
C O(Q). Hence, by [43, §8, Corollary 4] we have the following strong convergences

¢n — ¢ strongly in L? (O, T; W2’r> nco ([0, Tl; Wl’r) Nnc’(0),

for any 1 < r < 6. The initial condition ¢q is attained from that fact that ¢ €
coo, T1; HY. 1t follows from standard arguments that the pair (¢, @) satisfies
(3.13), see for instance [20,21]. Furthermore, by weak/weak* lower semicontinuity
of the norms, we obtain (3.14).

Continuous dependence let {(¢;, (t;)}i=1,2 denote two solution pairs satisfying (3.13)
with the same initial condition ¢g and corresponding data {(¢;, u;)}i=1.2, respectively.
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Then, it holds that the difference ¢ := ¢ — @2 and p := | — uy satisfy

0= /Qa,wc + ViV —h(g) (PMy — i) {—h (PM; (¢1) —A — auy) ¢ dx,
(3.27a)

0= [ e =AW ()= ¥ tg0) ¢ — BV - Ve dr, (3:270)
where

My = My (91) — My (¢2), U:=ui—uz, h:=h(p))—h(g).

Substituting { = B¢ in (3.27a) and { = u in (3.27b), integrating over [0, s] for
s € (0, T] and upon adding we obtain

B
5I|</)(S)|I 2+ 1l 720,0:12)
:/0 /QA (V' (p1) — W' (92)) 1+ h (92) (PM — o) Bo dx dt

+// R (PMi (¢1) — A — aur) Bodx dt. (3.28)
0 JQ

By the boundedness of M (¢1) and u, the Lipschitz continuity of &, we obtain

‘ /0 fQ (h (92) —h (1)) (PMy (1) —A—auy) Bodx di

2
=< BLhCu ”(0”1‘2(0’3;]42),

while by Holder’s inequality and Young’s inequality, and the boundedness of &, we
have

‘/C/ h (¢2) (”Pm—aﬁ) By dxdt
0 JQ

(Ba)? + (BP)?

1 [
= EHM”LZ(O,S;LZ) + E”Ml ||L2(0,S;L2) + ) ||(P||L2(O’S;L2)~

Using (2.7) and the fact that ¢; € C 9(0), we find that

‘/ / (V' (p1) — V' (92)) ndx di

<Ak5f/ (14112 + 102 Il 1l dxar

2
5

1
(14 o110 + ||<pz||Loo(Q)) 1013 200,12) + 1802 0 512,
(3.29)
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Then, substituting the above three estimates into (3.28) we obtain for s € (0, T],

2 2 2 —2 AL N2
B”(P(S)”Lz + ”M”LZ(O,S;LZ) S Q”gollLZ(O’S;LZ) + ”u”LZ(O,S;Lz) + ”Ml ”LZ(O,S;LZ)’

(3.30)
where
2
Q= (B + (BP)* + A% (1+ gt ) + 02l (0)) -
is a positive constant. Applying (2.1) yields for any s € (0, T],
Bllgi(s) = ¢2()1172 + ller — 2l
L2 L2(0,s;L?)
o}
< (llr = w2329 412+ 1M1 @) = My @D 12 €57
where we used that W(¢) := ”ﬁ”?}(o,z;Lz) + ”'ATlHiZ(O,t;LZ) is a nondecreasing func-
tion of ¢, and thus
N N
W(s) + / W 2e$ dr < wes) (1 + f Q% dt) = W(s)eF".
0 B 0o B
O

We point out that although the source term in (1.1a) closely resembles that of
[21], we obtain a priori estimates for potentials W with quartic growth (see (2.6)),
which is in contrast to the quadratic potentials considered in [21]. The main difference
is that here we have the boundedness of the nutrient, and thus we only require a
bound on the mean of u (see (3.19)). But in [21], the presence of the active transport
mechanism [modeled by the term div (n(¢) x V) in the nutrient equation] prevents us
from applying a weak comparison principle to deduce the boundedness of the nutrient.
Without the boundedness of the nutrient, we have to control the square of the mean of
W in order to estimate the source term A (g, ) (Po, — A — auy) iy.

3.2 Existence by Schauder’s Fixed Point Theorem
Note that if {¢,, },en 1s a bounded sequence in L%(Q), by Lemma 3.1 the corresponding

sequence {0y, := M (¢p)}nen satisfies 0 < 0, < 1 a.e. in Q, and by Lemma 3.2 we
have that the corresponding solution pair {¢;, t,}sen 1s bounded uniformly in

(L°° (o, T Hz) ne? (0, T H3) nH' (o, T L2)>

x (L2 (0, T H2> N L™ (0, T; L2>),
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which yields a strongly convergent non-relabelled subsequence {¢,}nen in L2(Q),
due to the compact embedding

L2 (o, T H‘) nH' (o, T L2) cc LXQ).
Thus, the mapping

M:L*(Q) - L*(Q),
1) — @ satisfying (3.13),

is compact. To apply Schauder’s fixed point theorem [23, Theorem 11.3] and deduce
the existence of a fixed point of the mapping M, we need to check that if there exists
a constant M such that

Pl 20y <M forallg € L*(Q) andforall A € [0, 1] satisfying ¢ = AM(¢h).
The problem ¢ = A M (p) translates to

09 = Ap+ (Po — A — au)h(y),
w=A¥(p) — BAg,
0,0 = Ao — Ch(hp)o + B(og — o).
By Lemma 3.1 we have that 0 < o < 1 a.e. in Q for all A € [0, 1], and thus we
can choose M to be the constant Capo in (3.14) which does not depend on ¢ and

A € [0, 1]. Thus Schauder’s fixed point theorem yields the existence of a strong
solution (¢, u, o) to the state equations (1.1) with0 < o < 1 a.e.in Q and

loll oo o,7; H2)nL20.7; H3)NH! 0.7:L2)

Hlleell L20.7;52)nL0.7:22) F 1200, 7 52) L 0.7 ) H 0.7:22) < €
(3.31)

for some positive constant C not depending on (¢, u, o, u).

3.3 Continuous Dependence
We now establish continuous dependence on the control u. For this purpose, let
uy, uy € Uyg be given, along with the corresponding solution triplet (¢1, ©1, o1) and

(92, 12, 02) satisfying the same initial data g and 0. Let o = @1 —¢2, 0 = 1 —u2
and 0 = o1 — 0, then from (3.11) we obtain

N
2 2
”U”LZ(O,S;LZ) = f() ||G(t)||L2 dt

N
<cL, /O 1002512, dt < CLi (¢ = 1) 1912201
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Substituting this into (3.30) leads to

Bllo@II72 + 111720 412 < QN@l7 20512 + 1t —12l1720 12y + 101720012,

< (Q+CLy (¢ =) 191720 12 Fllur w2172 g . 12)-
Setting

Q+CLy(ef = 1)
— gy X) = S

Y(s) = Bllo®)72, Z@) = llull3..

W(s) = llu;

we obtain from (2.1) that

BlloI7> + 11172 4. 12,

Q+CLp(e* = 1)
< lluy — MZHiZ(O,x;LZ) exp (s <T fors € (0, T1.

Combining with (3.10) and (3.12), we find that there exists a positive constant C1,
depending only on B, Q, C, Ly, T such that

o172 + oI5 + 117 20.5 20 + 18017200 .12y < Cillur = ualifagg .12
(3.32)

for s € (0, T]. Next, we find using (2.7) and the fact that ¢; € CO(E) fori =1, 2,

4
19" (01) = W' @) 172.5:12) = K3 (1+ llotllzeco) + I92l22(0) " 19172.5:12):

and so viewing (3.27b) as an elliptic problem for ¢, we obtain by elliptic regularity

10122 0. sc12) = € (1003205012 + 19/ 01 = ¥/ @) 2q 1) + 18820 012

2
= C2||M1 - u2||L2(0,s;L2)’

where C; is a positive constant depending only on 2, A, ks, |l¢;[lL~(g), T and Cy.

4 Existence of a Minimizer

From (3.31) it holds that
1 [F 1 _
- pdxdt = ——l¢llpio7:01) = —C,
rJe—rJQ r
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where C is a positive constant independent of (¢, u, o, u). Hence, we obtain that

1 (7 _
Jr (@, u, r)zﬁ—/ fwdxdtz—&C>—m.
2r )i Ja 2

As J, is bounded from below, we can consider a minimizing sequence (i, Ty)neN
with u, € Uy, t, € (0, T) and corresponding solutions (¢,, Ln, On)neN ON the
interval [0, T'] with ¢, (0) = ¢ and 0, (0) = o9 for all n € N, such that

lim J, (@n, U, Tn) = inf Jr (@, w, s).
n— 00 (w, s) € Uygx[0, T]
s.t. ¢ = Sp(w)

In particular, u,, € U,g implies that0 < u,, < l a.e.in Q forall n € N. As {t,},en is
a bounded sequence, there exists a non-relabelled subsequence such that

T, > T+ € [0, T] asn — oo,

u, — uy, weakly* in L*(Q),
On — ¢x  weakly*  in L% (o, T HZ) nL? (0, T H3) NH' (o, T Lz),
On — @« strongly in c? ([0, TI; L2) NL? (0, T; L2) ,
tn — s weakly®  in L2 (O, T; H2) NnL*® (0, T; L2> ,
op — o, weakly® in L™ (O, T; Hl) NnL? (O, T; H2>
nH! (o, T L2) NL®(Q),

where (¢, Wx, Ox, Uy) satisfy (2.8) with 0 < u,, o, < 1 a.e. in Q. Note that by the
dominating convergence theorem, for all p € [1, 00),

X10.5,1@) = X100, Xir,—r.t, 1) = Xir.—r.r,) () strongly in L7 (0, T).

Then, by the strong convergence of ¢, — ¢ to ¢, — @g in L?(Q) and the strong
convergence x[o,z,](*) to x[0,z,](t) also in L2(Q), we have

T T
2
fo fQ lon — 90|~ dxdt = /0 lpn — @032 X10.5,(8) dt

T Tx
2
> / [l _‘PQ”%;X[O,I*](I)CZI :/ / “P* _¢Q| dxdt asn — oo.
0 0 Q
“.1)
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A similar argument yields

1 [ Ba 2 Bs
- — - — | 1 dx | dt
r/r,,r( B l@n (PQ||L2+ ) /Q + @ndx

1 [%™
—>—f (ﬁ—Q”(p*—@QHiz—i—%/Ql—i—(p*dx) dt asn — oo. (4.2)
T.

rJe—r \ 2

Then, by passing to the limit n — oo in J,(¢,, u,, 7,) and using (4.1) and (4.2), we
have

inf Jr (@, w, s) = lim Jr (@n, Un, Tn) = Jr(@x, Uy, Ts),
(w, s) € Upax[0,T] n—00
st =S1(w)

which implies that (u,, 74) is a minimizer of (P).

5 Fréchet Differentiability of the Solution Operator
5.1 Unique Solvability of the Linearized State Equations

Recalling the set {w; }; e of eigenfunctions of the Neumann—Laplacian from the proof
of Lemma 3.2, we look for functions of the form

Dp(x, 1) 1= Y yuiOwWi(x), Enlx, 1) =Y 8ui(OHwi(x),
i=1 i=1

Ta(x, 1) =) mai(Ow;(x),

i=1

satisfying

0:/ 3P, v+ VE, Vv —h®) (P, —aw)v—h (@) (Poc — A—au)d,vdx,
Q

(5.1a)

0= / E.v — AV (@)®,v — BV, - Vvdx, (5.1b)
Q

0= / X, v+ VY, -Vv+BX,v+C (h(g?)En + h’(E)CID,,E) vdx, (5.1¢)
Q

for all v € W,,. Substituting v = w; leads to

Yp=—S8 +MiPy, — Jy+ K,y (5.22)

8, = A, + BSy,, (5.2b)

n, = —Sn, — By, —CM"y, —CL,y,. (5.2¢)
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where the matrix S has been defined in (3.16), and for 1 < i, j <n,

(Mﬁ) 32/ h(@)w;w;dx, (Jn); :=/ h(@)aww; dx,
1y Q Q
(Kn)ij :=f9h’(¢)(7’E—A—aﬁ)wiwjdx, (@), :=/Q\p”(¢)c1>,,w,-dx,

(Ln)ij :=Lh’(¢)5wiwj dx.

Taking an approximating sequence in C%([0, T]; L?) for %, which we will abuse
notation and reuse the variable %, and then supplementing (5.2) with the initial con-
ditions y,(0) = 0 and 5,(0) = 0 leads to a system of ODEs with right-hand
sides depending continuously on (¢, y,, ,,). Thus, by the Cauchy—Peano theo-
rem, there exists #, € (0, 7] such that (5.2) has a local solution (y,,, 8,, n,) on
[0, t,] withy,, 8,, 0, € C1([0, 1,); R™). Then, we obtain functions ®,, E,, I, €
cl([0, t,); W,) satisfying (5.1).

First estimate substituting v = @, in (5.1a), v = AP, in (5.1b) and v = %, in
(5.1c), integrating over [0, ¢] fort € (0, T], and integrating by parts, we obtain after
summation

1
S (10O + 1T 0132) + BIA® 20 12, + IVEul 2012,

t
5/ /h(@ (PE0 — aw) &y + 1 @)(PT — A — aid) |y
0 Q
+ AV (@)D, AD, dx dt

t
— / / Ch (@)o®, X, dxdt
0 JQ

=1+ DL+ I3+ 1,

where we used that £,(0) = ®,(0) = 0 and have neglected the nonnegative term
(B+Ch(@)) |=p|* . From Theorem 2.1, we have g € CY(Q), and as W, W, h' and
k" are continuous with respect to their arguments, it holds that there exists a constant
C, > 0 such that

sup (|1 @(x, )|+ [B"@(x, )] + [V @&, )|+ [¥"@(x, D)]) < C..
(x,neQ
(5.3)

Then, applying Holder’s inequality and Young’s inequality we obtain

1
[l = CCIPul T2 o2y + 7 1En 720 012y

(ACy)

B 2
51 = SIA®RIT 20,012 + 5 1®nllT2 .2,
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L] < CuP + A+ )| Dl 320,12

1 o?
11 = (P24 1) 191220 1) + 1B 20,02+ 5 10020 12

Using the estimates for 11, I, I3 and 14, we obtain

1n (172 = CsllPall 720 4. 12) + 1E DI = CSIZnllZ g 12,

2 2 2
+ ” Aq)n ||L2(0,z;L2) + ”Vzn ”LZ(O,I;LZ) S C6”w ||L2(0,Z;L2)’

where Cs5, C¢ > 0 are positive constants depending only on Cy, A, B, P, A, C, and
a. Applying the integral form of Gronwall’s inequality we obtain that

” (Dn ||%OO(0’T;L2) + ” En ”200(0!7';[‘2)

HIZall 720 7.1y F 1APHIT2. ) < DillwliZs g (5.4)

for some constant D not depending on #, which in turn implies that

{®,},en  is bounded uniformly in L™ (0, T; L2) ,
{A®,},ex  is bounded uniformly in L2 (o, T; L2>,

{Zu}hen 1S bounded uniformly in L*° (0, T; L2) NL? (O, T; Hl) .

Second estimate substituting v = 9; X, in (5.1c), we obtain

1 d _ _
Eznvmiz + 19 a7, = — / BEnd; S +C (h(@) Zndy S+ @) nd; ) dx
Q

3
< S10Eal} + (B2 +C?) 1%l +C2CUPu.
Applying Gronwall’s inequality yields that
a7 oo 072201y + 18 Z0l72(0) < D2llwl7a ) (5.5)
where D; is a positive constant not depending on n. Hence,

{Z1}en  is bounded uniformly in L™ (O, T; Hl) NH' (O, T; LZ) .

Furthermore, since C(h(@)Z, + h'(@)®,0) — 0, %, € L? for ae. t € (0, T), we
obtain from elliptic regularity theory that
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120 i) = € (1201200 + 10502, + 191220, ) < Dllwls ).
(5.6)

where C and D3 are positive constants not depending on n. Thus,
{X,},ey 1s bounded uniformly in L? (O, T; H2> .

Third estimate substituting v = 1 in (5.1b) yields

/ Z,dx
Q

Then, by the Poincaré inequality we find that

/ 8, dx
Q

1
< AC*“(Dn“Ll < AC. 2|2 ||q>n||L2'

= V AV (@) ®, dx
Q

1
IEnll2 = CpllVERIL2 + T = CplVEnllp2 + AC[|Pall 2,

€22
and thus
1Enl7200022) < 2C5IVEAlT20 12y +2A°CEI®ull a0 0y (BT
Substituting v = E, in (5.1a) and v = —09;9P;, in (5.1b), and upon summing and

integrating over [0, ] for ¢ € (0, T], we obtain

B 2 = 2
EHVCDn(t)”Lz + “VC‘VIHLZ(O)Z;LZ)
t
= / / — AV (@)®,0,P, + h(p) (PZ, —aw) E,dxdt
0 JQ

t
+/ / h'(@)(PG — A — au)®, B, dx dt
0 Jo
= J1+ 4+ /s (5.8)
Applying Holder’s inequality and Young’s inequality and (5.7), we observe that
|J3| S C*(P + A + (X)”(Dn ||L2(0,I;L2) ” En ||L2(0,I;L2)
1
< VB2 0,022 + CrlPal a0 pir2),
1] <2C2 (P|IS Yt s
2l = 2C, (PlZall20.022) +@llwliz2.:02))” + 32 1Enll720.0:12)
P

1
< 2IVE 2 2y + Cs (19al3200 1) + 1Z 20 10y + 100320 12, )
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where C7, Cg > 0 are positive constants depending only on C,, Cp, P, A, and
. To estimate J; we first obtain an estimate for [[9; Py || 12(0,:(m1)+) by considering
veL?0, T; H) in (5.1a) and integrating over [0, ¢]. Then, we obtain that

10: @20, mtysy = IVEnlp200,:22) + PIZnllz20,,02) + @llwllz20,:12)
+C(P + A+ )Pl 20,4 12)- (5.9

Thus, for J; we have

111 < AC (19ull 12¢0.0:22) + IV Pl 2200.0:22)) 10 Pull 20,1 c1r1y%)
1
= Co (101 20,12+ IVOU 2012)) + 1V Bl 2002,

+Co (IZal3200,12) + 1012200 12) + 190220 112))

where C9 > 0is a positive constant depending only in A, P, «, C,, and A. Returning
to (5.8) we have

1
BIV®, ()72 = ColVPulza0 12 + 31V EnlZ20.:12)
= C(Cr, Cs, €o) (Il gy + 10120 1) + 1901320 12, ) -

Applying the integral form of Gronwall’s inequality and recalling (5.7) and (5.9), we
find that

”q)rl”im(o’T;HI) + ” E””2L2(0,T;H') + ”at(DHHiZ(O’T;(HI)*) = D4||w||iZ(Q)7
(5.10)

where Dj is a positive constant not depending on n, and so
{En},en  1s bounded uniformly in L? (O, T; Hl) ,

*
{®,},en  is bounded uniformly in L™ (O, T; H1> NnNH' (0, T; (Hl) )

Furthermore, as , — AW" (g)®, € H! fora.e.t € (0, T), applying elliptic regularity
to (5.1b) yields that

19u 1220 713y = € (1B sty + 19a13200 7)) = Dsllwla g,
(5.11)

where C and Ds are positive constants not depending on n. This implies that

{®,} is bounded uniformly in L2 (0, T; H?).
neN y
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The a priori estimates (5.4)—(5.6), (5.10) and (5.11) imply that (®,,, E,, X,) can be
extended to the interval [0, T'], and thus #, = T for each n € N. Furthermore, there
exists a non-relabelled subsequence such that

*
®, — ® weakly* in L™ (0, T Hl) nL? (0, T H3) nH! (o, T (Hl) )

[1]

n — & weakly in L2 (O, T; Hl) ,
%, — 3 weakly*  in L™ (0, T L2> nL? (0, T H2> NH! (o, T L2>,
and a standard argument shows that the limit functions (&, E, X) satisfy (2.11).
Uniqueness let (®;, E;, X;);=1,2 denote two weak solution triplets to (2.10) with
the same data w € L2(Q). Then, as (2.10) is linear in (®, &, %), the differences
D =P — Py, E:=E| — Erand ¥ := ¥ — X satisfy (2.10) with w = 0. Due
to the regularity of the solutions, the derivation of (5.4)—(5.6) remain valid, which
implies that

17 +IZ117 <0

L®(0,T;L2) L0, T; HHYNH(0,T;L2)NL2(0,T; H2) =

and so ® = ¥ = 0. Substituting ® = 0 in (2.11b) yields that E = 0.
5.2 Fréchet Differentiability with Respect to the Control

In this section we use the notation ¢ = ¢, u* = 1, o¥ = 6. The remainders
@v, p*, £Y) from (2.12) satisfy

0= (3,0",¢)y1 + /Q Vo Vi —h(p") (Po" — A— @@+ w)) ¢ dx
+ /Q h(@) (P(@+2") - A—a@+w)) ¢ +h'@"(Po — A— o) dx,
0= /Qp“’; —BVO" Vi — A (V' (¢") - V(@) - ¥ (@") ¢ dx,
0= /Qa,gw; + VEY -V + BEY¢ +C (h (") o™
—h@) (6 + ") — h'(@5T®") ¢ dx,
fora.e.r € (0, T) and forall ¢ € H' with
6v(0) =0, &£Y(0)=0.

Using the Taylor’s theorem with integral remainder (2.2) we see that
5 !
f@") =@+ 1@ (" -9+ (" -7 fo 1@ +z(e" = 9)) dz,
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and so for ¢ —p = ®¥ 4+ 0¥, we have
V(") - V@ -V @O" = W @0" + (¢" — )’ RY.
— _ _ —\2
h(e") = h@ —h @ =1 @6" + (¢" —9)" R,

where
1
R" :=/ V(G4 2 (" — 7)) (1 - 2)dz.
0
1
RY :=/ R (g +z (9" —9)) (1 —2)dz.
0

Thanks to the fact that @, ¢ € C°(Q) and the continuity of W'’ and 4", we see that
there exists a constant Cy, > 0 such that

IR L) + IR} lL(0) < Cs- (5.12)
Furthermore, we can express

h(¢")o"” —h(@37 —h@E" —h'(@)P"5
= (1 (¢") —h@) (" -7)
+3 (h(¢") — h(@) —h' @P") +h(@) (¢ —7 — )

= (h(¢") — h(®) (¢ —7) +E(h’(¢)9w + (¢" — a)z Rg’) + h(@)EY.
(5.13)

Let X* := Po¥ — A — a(u + w) and X := P5 — A — au. Then, it holds similarly
that

h(e") X" — h(@X — h(p) (PE" — aw) — h'(@)®"'X
= (h(¢") —h@) (X* = X) + X (h (¢") = h(@) — ' @) P")
+h(@) (X¥ — X — P +aw)

= (h(¢") = h@) (X" = X) + X (W @0" + R} (¢" ~9)°) + h@PE",
(5.14)

and thus, we see that (0%, p¥, &) satisfy
0=1(3,0". ) + /Q Vo' Ve —(h(e") —h@®@) (X" — X) ¢ dx (5.152)
- [ (X (W @0 + (" ~9)’ B + n@PE") ca
Q

0= / pV¢ — BVOY . Vi — A (w”(a)ew + (" —9) R}“) ¢ dx, (5.15b)
Q
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0= / HEVL + VEY -V + BEVL +C(h(¢") — h(@) (¥ —F) ¢ dx (5.15¢)
Q
(1= —\2 _
+ [ (@ (W@ + (0"~ 9) RY) + h@E") cav.
Q
forae.t € (0, T)andforall¢ € H'.
First estimate let us first compute the following preliminary estimates, using the con-

tinuous dependence estimate (2.9), the Lipschitz continuity of /2, Holder’s inequality,
Young’s inequality and the embedding L2(O, T; HZ) C L2(O, T; L°°), we have that

S
/ / C|h (") — h@)||o” — 7| |6¥] dxds
0 Q
5
<crL, /0 17 2 llo® — 2 lle” — Pl dr
< CLiCsobllE™ N 1200.5: 1) 16" = TNl oo (0.5:02) 10" — Pl 12(0.5: 12)

4 1 w
= CIOHw”LZ(O’S;LZ) + Z”é ”LZ(O,X;LZ)’

where Cjg is a positive constant depending only on C, Csop and Lj. Meanwhile,
using the boundedness of &, 4’(p) and Ré” in Q, we see that

[ [ew

N
=< C/O CellO N2 1E" 22 + Cocll@® = @l ll@™ — @l 211671l 2 di

W @)0"E" + (9" —9) Rg]g")’ dx di
2
< zczci ”6w ”iz(O,S;LZ) + g ”Ew ”iz(O,S;Lz)
Zczcz w __ = 2 w __ = 2
+ **”(p ¢||L°°(0,S;L2)||(p (p”Lz(O,s;Lw)
1
<202 CN0" W 2(0,,12) + 716" W220.5:12) + 2CaC7Clts

4
” w ”LZ(O,S;LZ)'

Thus, when we substitute ¢ = £ in (5.15c¢), integrating over [0, s] for s € (0, T],
and neglecting the nonnegative term 5 |§% 1>+ Ch(p) |E" |2, we obtain

%us%)niz +IVE 720, 4.12)
<c[ [ 0@ -ni) e -a)er
+7 (W @0"s" + (¢ —7°) RYE") dxdr
< (clo + 2Cf*CZC§tS> 1wl iz,

1
+2C2CIN0" 12 0502 + 316" 12002 (5.16)
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Next, substituting ¢ = 6" in (5.15a), ¢ = 6" in (5.15b) and ¢ = " in (5.15b),
integrating by parts and integrating over [0, s] fors € (0, T], and upon adding leads
to

1 1
107 @52 + BIVO" 212 + 510" 1720522

S
5/ /’ qf’/(a)eer((pW—a)zR}”))‘AQW+%pw +[p"6" | dx dr

/ / |(n —h(@) (X* —X)0"| dxdt

f/‘ h(¢)9w +(e" ~9)" R )+h(<p)7’é >‘|9w|dxdt

=: K1+ Ky + K3. (5.17)

Using (2.9), Holder’s inequality, Young’s inequality, the boundedness of W (@) and
R}’ in Q, we have

Ky < Enp 120502 + BIO" I7200,5:12)
+ (C*||9w||L2(0,s;L2) + C**Ccts”w”LZ(O,s;Lz))
A
<A”9w“L2(0,s;L2) + _”pw“LZ(O,S;Lz)>
=728 L 1Z20,5:22) + Ci (||9“’||L2(0 sy 10l Lz))

where C1j is a positive constant depending only on Cy, Cyy, Ces, A and B. Mean-
while, by the Lipschitz continuity of %, and the fact that

xv —X:’P(aw —E) —aw,
we see that

S
Kzgf /Lh|<pw—¢| |P (0" —7) —aw||0"| dxdt
0 JQ

< LuPlle" =@l 1200.5:0) 16" =Tl ooco.5:22) 16" 1 12(0.5:2.2)

+ Lha||w||L2(0’S;Lz)||g0w - E”m@({),s;m)”ew l22(0,s:15)

B
< Coalwlfagz + 5 (10" 1F20,002) + 199" 13205.02))

for some positive constant C12 depending only on B, Lj, P and . Furthermore, using
the boundedness of X, A'(¢), Ry and h(p) in Q, we have
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K3 < (P+A+a)Cy ||9w ||%2(0,s;L2) + 73”5“) ”LZ(O,s;LZ) ||9w ||L2(0,s;L2)
+ P+ A+ a)Cosll9” = @llr20.5:05) 19" = @l Loo0.5:22) 10 1 22(0.5:22)

1 2 2 2 2,2 ~2 4
5 <CMC>|< + E) ”6w ”LZ(O,X;LZ) + P ”%‘w”LZ(O’S;LZ) + Cu C**CCtS”w”LZ(O,s;LZ)’

where we recall C, = (P + A + «). Substituting the above estimates into (5.17) we
obtain

SI0" O+ IV 122 12+ 10"
< (Cu +CuCat %) 10" 122104.22
+(Cn+ Cio+ C2CLCE ) Il o)
+APEM 720,42 12)- (5.18)
Then, adding (5.16) and (5.18) we have for s € (0, T1],

1Y 72 + IVE 17200 5.2y + 16V 172 + 1V 1720412 + 10" 17 20.5:22)

< Cuallwl}s g py + Cra (10" a0 sep) + 167 120,12 ) - (5.19)

where the positive constants Ci3, C14 depend only on C, Cgs, Cx, Cyx, Cio,
Ci1, Ci2, P, A, «a, A and B. Applying Gronwall’s inequality to (5.19) we have that

IEY ()75 + 1072
HIVO 17200 512y + IVE 1720 5:12) + 107 1720 4 12) < CusllwlFagg .2
(5.20)

for some positive constant C5 depending only on C13 and Cy4.
Second estimate substituting ¢ = 9,£" in (5.15¢), integrating over [0, s]fors € (0, T]
leads to

19:8 1172 0,42 12y + IVEV )17 + BIE” (9117
5/ /cyh (") — h@)|[o" — ] |€"| dux dr
0 JQ

+f/ C)E (h/(a)ew + (0" —9) Rg)) +h(¢)s“" 0,67 dx dt.
0 Q

Using the Lipschitz continuity of 4, the boundedness of &, h(g), h'(@), and RY in
0, Holder’s inequality, Young’s inequality and (5.20), we obtain
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1
SN0 W20, + IVE" @I
< (CXCALE + CLLPCE) 1w} g g1y + CCHO g 1) + 167 120 4.1

< Cisllwll}, (5.21)

(0,5;L2)°
for some positive constant C1g depending only on 7', Ly, C, Cs, Cx, Cyy and Cys.
Third estimate viewing (5.15b) as the weak formulation of an elliptic problem for 6%,
by elliptic regularity we obtain
16" 1720 .12y < C17 (||p“f||iz(O,S;Lz) + ||0“)||12(O,S;L2))
— —\2
+CurlA (W@ + (0" = 8) RY )2 pir2):

for some positive constant C17 not depending on 6%, p* and w. Applying (5.20), the
boundedness of W” (@) and R} in Q, we have

4
6" < Cillwl;2

2
||L2(0,S;H2) = (0,5;L2)

for some positive constant C1g depending only on Ci5, C17, Cyx, Cyy, Ces, A and
B. Then, upon integrating (5.15a) over [0, s] fors € (0, T], integrating by parts then
yields

/0‘ |(319“ag>H1|dt5f0‘ /Q|pW||A;|+L,,|¢W—¢} [P (0" —5) +aw||¢| dx di

+ /S/ ’Y (h’@)O“’ + (@" —¢)2 Rgf) +h(¢)PfgW‘ 2| dx dt
0 JQ

=:Li+ L.

By Holder’s inequality, the boundedness of X = P& — A —ai, (@), RY, and h(p)
in Q, (2.9), and (5.20) we have that

L, <Cy (C*Hew”L?(O,s;LZ) + Cixll@™ — ¢||L°°(0,S;L2)”‘pw - ¢"L2(O,S;L°O))
11 20.5:22) + PUE N L2¢0.5:22) 1€ I L2¢0.5: 12)
< Coollwllfagg o2y 16112205225

for some positive constant C19 depending only on P, A, «, Cy, Cyy, Ces, T and
Ci5. Meanwhile,

Ly =10 1 20.5::) 18 120,552 + LaPl@"™ = @l 12(0,5:00) 10" — T ll oo g0,5:22)
11 2200,5:22) + Luellwll 20 5:22) 10" = @l Loogo,5:3) 1€ 1 L2(0.5: L6)

2
< Coollwllz2 g . 12y 18 1220.5:12)
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where Cyg is a positive constant depending only on Cy5, Lj, P, o, Ces and 2 (via
the Sobolev embedding H!  L%). Hence, we see that

19:6% 1 20.5: (1127 < (C19 + C20) [WlF g 5. 12,
By the continuous embedding L300, T; HH)NH'Y 0, T; (H)*) c c°([0, T1; L?),

we find that there exists a positive constant C»; depending only on C1g, C19 and Cyg
such that

2
16N L20,5; m2H 0,5 (200,51 £2) < CatllwllTag . p2) Vs € (0, T1.

Combining this with (5.20) and (5.21) yields (2.13).

5.3 Fréchet Differentiability of the Objective Functional with Respect to Time

In this section, we assume that Assumption 2.2 holds. Using the relation

T T 0
/ / f(s)dxds =/ / f(s)— f(s—r)dxds +/ / f(s)ds, (5.22)
T—r JQ 0 JQ —rJQ

for f € L'(—r, T; L") and 7 € (0, T), we can define
1 2
Ft, 9) =5 | Bole—¢0)®
Q
Ba
+ 22 (10 = 00O — (0 = ¢) (1 = )I?) dx
1 [ Bs
+ 5/ — (p(t) — @@t —r)) dx,
Qr
and upon setting ¢(¢) = ¢q for t < 0, we can express (1.2) as
_ Bu 2 0 Ba 2 Bs
Jr((ﬂ, u, T) - 7|Iu||L2(Q) + e 5 |‘PO _(p§2| + ; (1 +(PO) dx dt
T
—i—/ F(t, ¢p)dt + Brr.
0

Note that only the last two terms on the right-hand side are dependent on t, and
thus the first three terms on the right-hand side will vanish when we compute the
Fréchet derivative of J, with respect to 7. We now compute for any f € H'(0, T) C
L, T),andt € (0, T), h > Osuchthatt +h € (0, T),

T+h
/ FOP = Lf @ di

T+h T
‘/0 P dt—/o FOP di — B f)P
T+h

=

/ Lf @) = fFOIfO+f ()] dr
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T+h
/r

T+h | 3
< 2||f||Loo(o,T>/ 10 fll L2(r.0y @ — T)2 dt < 2h2 || fllLooo.7) 19 f 1l 20, 7)-
T

< 2| fllL>.1) dt

1
/ o f(s)ds

This shows that

D, (/0 )P dr) —f P,

and a similar argument also yields

D (fo f(t)dt) = f(0).

Using the fact that g € Hl(O, T; Lz), Ox, PQ € Hl(—r, T; L2), we obtain that
the optimal control (i, T) satisfies

D:J(uy, t:)(s — 1) >0 Vs € [0, T], (5.23)

where
D:J (ux, te) = Br + IBTQ”‘P*(T*) - WQ(T*)”iz + %/‘ 05 (T4) — @i (T4 — 1) dx
rJQ

Ba

o

(1@ = 92) @13 = e = 02) (@ = PIT2)

We can simplify (5.23) with the following argument. If 7, € (0, T'), chooses = t,+h
for h > 0 to deduce that D; 7 (uy, ) = 0. If 7, = 0, then from (5.23) we obtain
D.:J (uy, t4) > 0. Meanwhile, if t, = T, then s — t, < 0 for any s € [0, T], and
thus D; J (uy, t4) <O.

6 First Order Necessary Optimality Conditions
6.1 Unique Solvability of the Adjoint System

We apply a Galerkin approximation and consider a basis {w; }; e of H? thatis orthonor-
mal in L2, and we look for functions of the form

Pax, 1) =) Pi(tw;(x),

i=1

Gn(x, 1) =) Qui(Dw; (x),

i=1

ra(x, 1) = R i (Owi(x),

i=1
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which satisfy

0= / 0, pav — BVgy - Vo — AW (@)gv
Q
+ h'(p) (Cory, — (Po — A —au)p,)vdx (6.1a)

- /;2 (Bo (¢ —w0) + zl—rX(rrr,z*)(t) (2B (¢ — o) + Bs)) vdx,

O=/ gnv + Vp, - Vudx, (6.1b)
Q
0= / —0rpv + Vry, - Vu 4+ (B + Ch(p))rpv — Ph(g) ppv dx, (6.1¢)
Q
forall v € W), := span{wy, ..., w,}. Substituting v = w; leads to

P,(t) = —BSQ,(t) = Zn(t) = X(r.—re) DG (1),  Q,(1) = —SPu(1), (6.2a)
R,(1) = SR, (1) + BR,(t) + Y ,(1), (6.2b)

where S is defined in (3.16), and

1
(Gn)j = /Q 5, 2Ba (90— 9a) + Bs) wj dx,

(Zy); = /Q (AV" (9)gn
—1' () (Cory — (Po — A—au)pa) + Bo (¢ — o)) wj dx,

(¥, = f Chig)raw; — Ph(g)paw; dsx,
Q
and we supplement the above backward-in-time system of ODEs with the conditions
rn(T*) = Ov pn(f*) = O

Once again, we consider approximating sequences in C°([0, T]; L?) for u, ¢ and
o and use the same variables to denote the approximating functions. Note that the
right-hand side of (6.2) depends continuously on (P,, Q,, R,) but due to the term
X(z.—r,z,) (1) Gy in the equation for P, we cannot apply the Cauchy-Peano theorem
directly. However, we can consider first solving (6.2) on the interval (t, —r, 4], that
is, P, and R, satisfy

P, (1) = BS*P,(t) — Zu(t) — Gy (1), P,(r,) =0,
R, (1) = SRy (t) + BR, (1) + Y (1), Ry(z) =0,  (6.3)

fort € (t, —r, t,], which would yield, via the Cauchy—Peano theorem, the existence

of t, € [t, —r, T4) and a local solution pair (P,,, R,) € (C'((tn, T:]; R™))? to (6.3).
The a priori estimates derived below will allow us to deduce that (P,, R,) can be
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extended to T, —r, thatis, t, = v, —r forall n € N. Then, we then extend the solutions
by solving the system

P, (1) = BS*P,(t) — Z,(1).
R, (1) = SR, (t) + BR, (1) + Y (1), (6.4)

with terminal conditions at time 7, — r. Overall, this procedure yields functions
Pns qns Tn € Cl((t,, tl; W) satisfying (6.3) for some #,, € [0, 7). We now derive
the a priori estimates.

First estimate substituting v = r,, in (6.1c) and integrating over [s, ,] fors € (0, 74)
leads to

1
Sz + 1972 12y < Plpallia,eaes Irnlli2g e, (6.5)

where we neglected the nonnegative term B |r, |2 + Ch(p) |rn |2 and used the bound-
edness of 4, and r,(7,) = 0. Then, substituting v = p, in (6.1a) and v = Bgj, in
(6.1b), integrating over [s, 4] for s € (0, 7,) and summing leads to

1 2 . p 2
2||pn(5)||L2 + ||61n||L2(s’T*;L2)
=< AC*HC]n”LZ(s,T*;U)||Pn||L2(s,f*;L2) + CC*””n||L2(s,f*;L2)||Pn||L2(S,r*;L2)

+P+ A+ Callpalliag o p2)

+ (1Bo(@ — 9l 12(0) + 3 112B2(@ — 92) + Bsllr20)) 1Pall 25 2 12)
(6.6)

where we used that h(¢p) < 1, 0 <1, u < 1 a.e. in Q, and (5.3). Combining (6.5)
and (6.6), and applying Young’s inequality and then Gronwall’s inequality, we see
that

P72 + 1172 + 190172, 7. 12) + 1970072 1012,

= C (IBolp — 00) gy + % 12B2(0 — 90) + Bsli2a ) fors € O, T,
6.7)
for some positive constant C depending only onC, P, A, «, Cy, A, B, and T. This
implies that (py,, gn, ) can be extended to the interval [0, 7.], and thus 7, = O for
eachn € N.
Second estimate viewing (6.1b) as the weak formulation of an elliptic problem for

pn, and using that g, is bounded uniformly in L?(0, 7,; L?), we have by elliptic
regularity that

||pn||L2(0,r*;H2) <C (||C]n ||L2(o,r*;L2) + ||pn||L2(0,r*;L2))v

for some positive constant C not depending on n.
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Third estimate substituting v = —d,r, in (6.1c), integrating over [s, 7.]fors € (0, )
leads to

1
5 (V@I + Blra@I3 ) + 10l .2,
= C””n||L2(s,r*;L2)||atrn||L2(g,f*;L2) + 7)||Pn||L2(s,T*;L2)||3trn||L2(s,r*;L2)~
Thus, by (6.7) we have that
IV 172 + 100072, .12y < € fors € (0, ),

for some positive constant C not depending on n. Furthermore, viewing (6.1c) as a
weak formulation of an elliptic problem for r,, and elliptic regularity yields that

lrnllL2,2,:m2) < C (||3t”n||L2((),T*;L2) +rallz20.7,:02) + ||Pn||L2(0,f*;L2)) ,

for some positive constant C not depending on 7.
Fourth estimate integrating (6.1a) over [0, 7.] and integrate by parts, by Holder’s
inequality we obtain that

Ty
/ / 0 pnvdx dt
0 Q

+ (AC*”qn||L2(O,r*;L2)+CC*“rn”LZ(O‘r*;Lz)_‘_C*ClA”pn”Lz(O,r*;Lz)) Ivll22(0,2,:12)
+ (||,3Q(‘P — @)l + %”259(‘0 —¢a) + /3S||L2(Q)) Ivll22(0,2,:12)>

< BllgnllL20,z.:. 1AV L2(0.7,: 12)

which yields that {9; p;, },eN is bounded uniformly in L2(0, ts; (HH*).
It follows from the a priori estimates that we obtain a non-relabelled subsequence
(pl‘ls Qn, rn) SllCh that

pn — p weakly®  in L0, t.; HH) N HY 0, 7o; (HH*) N L0, 7, L?),
qn — q weakly in LZ(O, Ty; L2),
rn — rweakly®  in L0, t,; HYNH' (0, 7.; L>) N L*(0, 7,; H?),

and by standard arguments the triplet (p, ¢, r) satisfies (2.16) and is a solution to the
adjoint system (2.15).

Uniqueness let p := p1 — p2, q ‘= q1 — q2 and r := r; — rp denote the difference
between two solutions to the adjoint system (2.15). Then, it holds that

0=(=0p. > +/Q BqAL =AYV (9)q¢ + H (¢) (Cor—(Po—A—au)p) ¢ dx,
(6.8a)
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0= / qgn —nApdx, (6.8b)
Q

0= / —0rn + Vr - Vn+ Bryn+ Ch(p)rn — Ph(p)pndx, (6.8¢)
Q

for ae. t € (0, t,) and for all n € H! and ¢ € H?, with p(t,) = r(r,) = 0.

Substituting ¢ = p € L?(0, T; H?) in (6.8a) and integrate by parts, substituting

n = Bgq in (6.8b) and n = r in (6.8¢c), summing and then integrate over [s, ] for
s € (0, ty) leads to

1
S (1P + Ir@IE) + BlglZag, 2y + 19712, 1

=< AC*”QHLZ(S,T*;H) ||P||L2(s,r*;L2) + CC*”’””LZ(S,T*;LZ) ”p”Lz(S,‘L'*;LZ)
+ C*CP + A + Ol) ||P||iz(s’,*;Lz) + P”p”Lz(s,r*;Lz) ”r”Lz(s,r*;Lz)’

where we neglected the nonnegative term B |r|2 + Ch(p) |r|2 and used that h(p) <
1,0 <1, u < 1ae.in Q, and (5.3). Estimating the right-hand side with Young’s
inequality and a Gronwall argument shows that

IPOITs + Ir72 + 1172 o, p2) + 197172 1,02y <O foralls € 0, w),

which yields that p = g =r = 0.

6.2 Simplification of the First Order Necessary Optimality Condition for the
Control

Let (u4, 74) denote the minimizer of (P) from Theorem 2.2, with corresponding

state variables (x, W+, 0x) = S(u,) and adjoint variables (p, g, r) associated to

(¢x, Ux, 0x). Forany u € Uy, let w :=u — u, € LZ(Q) and let (®, E, X) denote

the linearized state variables associated to w. Then, from (2.14), the optimal control
u, satisfies the following first order necessary optimality condition,

Dy T (s, 7)) (4 — uy) = DT (s, T4)) w

Ty Ty
Z.BQ/ /(w*—wg)d>dxdt+ﬂ—9/ /(go*—m)édxdt
0 Q rJe—rJQ

Ty T
+@/ / c1>dxdt+,3u/ /u*(u—u*)dxdt > 0. (6.9)
2r Je—rJa o Ja

Substituting ¢ = & in (2.16a), n = E in (2.16b) and n = X in (2.16c¢), integrate over
[0, 4] leads to
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Ty
0= f <(—a,p, D) 2 + / BgA® — AV (¢)q® + Ch' (¢s) 051 ® dx> dt
0 Q

(6.10a)
Ty
[ [ Koo, - A= aup® + botv. — porvdx
0 Q
Ty
—f f%(Zﬂg(w*—ch)+ﬂs)<Ddxdt,
Te—r JQ
Tx
0:/ /qE—i—Vp-Vdedt, (6.10b)
0 Q

Ty
0= / / —rS + Vr - VE + BrS + Ch(p)rs — Ph(ey) pS dx di. (6.10¢)
0 Q

Meanwhile, substituting ¢ = p in (2.11a), { = ¢ in (2.11b) and ¢ = r in (2.11c),
integrate over [0, 7] leads to

Ty
0=f <(3,©,p)H1 +/ VE-Vpdx) di 6.11a)
0 Q
Ty
- / / h@)(PE — alu — u))p + h () (Pos — A — au,)dp dx dt,
0 Q
Tx
O=/ /qE—A\IJ”(q)*)qCD—i—BqACDdxdt, (6.11b)
0 Q

Ty
0= / / 0, 2r +Vr VI + BXr + Ch(ps)Xr + Ch'(py) Poerdx dt. (6.11¢)
0 Q

Using that r(ty) = 0, p(ty) = 0, £(0) = 0, ®(0) =0, 8,® € L2(0, T; (H)*)
and p € LZ(O, T; Hz), we have that

Ty Ty Ty
/ (=3 p, @) 2 dt = f (p, & ®) 2 dt = / (p, 8 ®) 1 dt, (6.12a)
0 0 0

Tx Ty
/ / orXdxdt = —/ [ 0;Xrdxdt. (6.12b)
0 Q 0 Q

Substituting (6.12b) into (6.10c) and comparing with (6.11c) leads to

Ty
/ / CH (@) 0. ®r + Ph(gy) pE dx di = 0. (6.13)
0 Q

Meanwhile, substituting (6.12a) and (6.11b) into (6.10a), and using (6.10b) and (6.13)
leads to

0= / ’ <<p, 0 @) 1 +/ Vp-VE —Ph(p)pE — h (@) (Pos —.A—ozu*)p@dx) dt
0 Q

__/(;*/QﬂQ((P*—(/’Q)dxdt—/ ’ _/Q%(zﬂﬂ(‘/’*_(/’ﬂ)-i-ﬂsﬂbdxdt,
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Comparing the above equality with (6.11a) we obtain

/;/gﬂg(w*—wg)dwxdﬂrf* /Q%(Zﬁsz(w*—wsz)Jrﬂsdedt

= — /T*/ h(p)ap(u —uy) dx dt,
0 Q

and upon substituting this into (6.9) leads to (2.17).
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