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Abstract The Klein Gordon equation subject to a nonlinear and locally distributed
damping, posed in a complete and non compact n dimensional Riemannian manifold
(M", g) without boundary is considered. Let us assume that the dissipative effects are
effective in (M\Q2) U (2\V), where 2 is an arbitrary open bounded set with smooth
boundary. In the present article we introduce a new class of non compact Riemannian
manifolds, namely, manifolds which admit a smooth function f, such that the Hessian
of f satisfies the pinching conditions (locally in €2), for those ones, there exist a finite
number of disjoint open subsets V free of dissipative effects such that | J, Vi C V
and for all ¢ > 0, meas(V) > meas(2) — ¢, or, in other words, the dissipative effect
inside 2 possesses measure arbitrarily small. It is important to be mentioned that if
the function f satisfies the pinching conditions everywhere, then it is not necessary
to consider dissipative effects inside €2.

1 Introduction

This paper addresses the well-posedness as well as sharp uniform decay rate estimates
of the energy related to the Klein Gordon equation subject to a nonlinear and locally
distributed damping, posed in a complete and non compact n dimensional Riemannian
manifold (M", g) without boundary:
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Fig. 1 When g(s) = s, the
exponential decay is expected

(1.1)

uyy — Au~+u+a(x)gu,) =0, in M x (0, +00),
u(x, 0) = uo(x); ur(x,0) =uy(x), x € M,

where A denotes the Laplace—Beltrami operator. The non-negative and essentially
bounded function @ = a(x), responsible by the nonlinear and localized dissipative
effect, lies properly in M\Q, where Q is an arbitrary open and bounded set in M
with smooth boundary 32, that is, a(x) > ap > 0 a.e. in M\Q.

The counterpart of the above problem (1.1) in the Euclidean setting is precisely when
M = R" endowed with the usual Euclidean topology. In this case, it is sufficient to
consider dissipative effects in R"\ Q2 as considered in the Fig. 1. See, for instance, the
following references [17,44].

This is well-known since in the Euclidean setting the bicharacteristics (which are the
graphs of unit-speed geodesics) or also called rays of the geometric optics, are straight
lines so that, roughly speaking, every ray of the geometric optics that intercepts the
region 2 never remains in 2. However, if one considers a non compact Riemannian
manifold (R", g), where g is a generic Riemannian metric, we have to be very careful
because of the existence of complete geodesics contained in €2, which severely violates
the law of the geometric optics due to Bardos et al. [5,33,34], namely: there exists a
time Ty such that any geodesic of length < 7 meets the open set {x; a(x) > 0}. In
this case it has been established by Rauch and Taylor [34] that the energy E(u,t) =
%fM (IVxul* + |us]*) dx associated to problem (1.1) (for g(s) = s and compact
manifolds without boundary) decays exponentially, and this result was extended to
the case of compact manifolds with boundary by Barbos, Lebeau and Rauch [5].
Consequently the existence of complete geodesics contained in 2 implies that no
exponential decay is expected. In other words: the existence of trapped geodesics
breaks the exponential stability (see Fig. 2).

From the above comments and in order to obtain the exponential stability to problem
(1.1) it is strongly necessary to consider dissipative effects inside the set 2. The best
way of doing this is to introduce damping as little as possible. Indeed, the first main
goal of the present article is to show that there exists aregion V' C 2 free of dissipative
effects such that meas(V) > meas(2) — ¢, for an arbitrary positive number ¢. This
result can be considered sharp in the sense that the region with damping possesses
measure arbitrarily small, however totally distributed (see Fig. 3). We also show that
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Fig. 2 The existence of trapped
geodesics breaks the exponential
stability

M, g)

Fig. 3 The region in black inside €2 possesses dissipative effects and measure arbitrarily small, while the
white region contained in 2 does not have dissipative effects and measure arbitrarily large. However, both
regions are totally distributed

Fig. 4 No damping is necessary
in open subsets of €2 when the
sectional curvature of (M, g)
satisfies k| < secg <kp <0

(M, g)

there are no geodesics trapped in the interior of each region free of dissipative effects
(see Appendix).

The second main task of the present paper is to prove that we can also avoid to put
damping in open subsets inside €2 for non compact manifolds (M, g) which satisfy
the condition k1 < sec, < ko < 0, for some negative constants k1 and k>, where sec,
denotes the sectional curvature of (M, g), according to Fig. 4. In order to achieve our
goal, we combine ideas from the article [13] of the first and the third authors with new
tools we shall describe in the sequel. We proceed as follows:

(1) We prove that for every x € €2, there exist a neighborhood that can be left without
damping;

(2) We prove that a very precise portion of open subsets inside €2 can be left without
damping;

(3) Let ¢ > 0 and Vi, ..., Vi be open subsets inside 2 as in (1) and (2) which
closures are pairwise disjoint. We prove that there exista V D Uf:l V; that can be
left without damping and such that meas(V) > meas(2) — ¢.

For this purpose, we will construct an intrinsic multiplier that will play an important
role when establishing the desired uniform decay rates of the energy, in this sense the
compactness of €2 is crucial. Fix ¢ > 0. This multiplier is given by (V f, Vu), where
f : Q@ — R is a smooth function such that its Hessian, Hess(f) (sometimes also
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denoted by V2 f), is closely related to g on an open subset V C € that satisfies
meas(V) > meas(S2) — ¢, that is, assuming that k1 < secy < k> < 0 we deduce that
the Hess( /) satisfies the “pinching conditions’ in each component V; of V or, in other
words, A < Hess(f) < B in V; for some positive positive constants 0 < A < B. It
is important to be mentioned that if f satisfies the pinching conditions everywhere,
then we can let 2 free of dissipative effects. This construction will be clarified during
the proof.

It is worth observing that the scenarios presented in Figs. 1 and 4 are distinct, i.€.,
the Fig. 1 refers to the Euclidean environment and Fig. 4 to a manifold with a generic
Riemannian metric.

While in [12,13] the authors work with compact manifolds here we have to deal
with non compact manifolds. Another technical difficulty found in the present work
was the following: while in [12,13] a regular solution u to problem (1.1) lies globally
in H2(M), in the present case, it simply exists locally in H2() for all @ C M.
Fortunately it is enough for our purpose. However, the main technical difficulty found
in the present paper was to deal with the boundary terms (see the proof of Theorem
4.1). Indeed, in [12,13] the homogeneous Dirichlet boundary condition is assumed
so that the boundary terms that appear in the computations and that do not vanish
are easier to be handled, when compared with the present situation. Note that in the
present case we do not have any control on the terms defined on the boundary 9<2. In the
Euclidean setting €2 is assumed to be a ball centered in the origin with radius R so that
its boundary possesses nice geometric properties as considered, for instance, in [44].
We employ a similar idea as considered in [44] to deal with boundary terms, however
our approach is much more delicate since €2 is an arbitrary open set contained in M.
Since we are interested in the impact of the geometry in the decay rate estimates we
shall assume that there exist positive constants k, K such that k|s|? < g(s)s < K|s|?
for all s € R, where the real function g is assumed to be monotone increasing. It is
worth mentioning that some ideas used in this work are based on works due to Yao,
see for example [42].

We would like to emphasize that the main novelty in the present article is to introduce
a new class of non compact Riemannian manifolds, namely, manifolds which admit a
smooth function f, such that the Hessian V?2 f satisfies the “pinching conditions”, for
those ones, there exist open disjoint subsets without damping as mentioned before.
In addition, analogously what has been proved in [13], for compact manifolds, it
is possible, as well, by using the present approach, to let free of damping radially
symmetric disjoint regions for non compact manifolds, assuming, as in [13], that
we are endowing (M, g) by a radial metric. As a consequence, the present work is
an expansion of [13]. It is worth mentioning that in the non compact case, we have
examples of existence of functions satisfying the pinching condition, see the class of
Warped Products (Sect. 5).

In the particular case when one has the non compact manifold (R”", g,), endowed
with the radial metric described in polar coordinates (r, 6) € [O, +oo[ x §1 by the
formula:

gp = dr* + ¢(r)*d6%,
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where d6? is the standard round metric (of radius 1) of S"~! and Q: ](), ~|—oo[ — Rt
is a smooth function satisfying 9@ (0) = 0 forall k > 0, ¢/(0) = 1, we can avoid
to put damping in every open ball € of radius R > 0 (see Fig. 1) according to the
properties of the function ¢. Indeed, if ¢’ (r) > ¢ > 0 for all r, then (R", 8y) admits a
proper, strongly convex function which is bounded from below. This means that there
exists a positive constant ¢ such that:

Hess(f)(X, X) > cg(X,X), VXeTM. (1.2)

The above property plays an essential role when establishing the sharp decay rate
estimates above mentioned. Indeed, in a general setting, that is, for non compact
complete manifolds (M", g) we first prove that (1.2) is satisfied locally in € and
from the compactness of Q we obtain the property globally in by gluing all the
finite connected components V of V above mentioned and putting damping between
them in a region of measure arbitrary small. Note that connected components Vi can
be extremely small, however the measure of UV} is arbitrarily large (see Figs. 3, 4).
Now, for the particular case when one has (R", g,) and assuming that ¢ has nice
properties, inequality (1.2) is now valid globally and we can avoid putting damping in
the whole set 2. This recovers the previous results in the literature in the Euclidean
setting with the usual metric. Our result remains valid for the semi-linear problem
uy — Au+ f(u)+a(x)gu;) =0, as well, provided that: (i) we assume that (M", g)
possesses bounded curvature and global injectivity radius (so that we can recover the
Sobolev imbedding); (ii) we assume that there exists a unique continuation property to
the linear problem with potential v;; — Av+V (x, t)v = O where V (x, t) = f'(u(x, t))
grows polynomially. The second condition is true for certain nonlinearities as proved
in Triggiani and Yao’s paper [37].

Another interesting case is the following: (R", g,) has finite volume if and only

+00
if / go(r)"_l dr < 4o00. In this case, we can relax the assumptions imposed on
0

g, namely, it is sufficient to assume that ks? < g(s)s < K 52 for |s|] > 1 and it is
possible obtain a wide assortment of decay rate estimates different of exponential.
For this purpose Jessen’s inequality combined with arguments of Lasiecka and Tataru
[27] play an essential role when establishing the above mentioned decay rates (see
also Cavalcanti et. al [11]).

Our paper is organized as follows. Section 2 we present the preliminaries in Rie-
mannian Geometry, in Sect. 3 is proven to well-posedness of the problem, in Sect. 4
is stated and proved the main result. The Sect. 5 is destined examples of manifolds
that admit open subsets without damping and finally the Appendix aims to justify the
application of unique continuation principle used in Sect. 4.

2 Preliminaries: Geometric Riemannian Tools

Let (M", g) be a n-dimensional complete Riemanniana manifold, » > 2 orientable,
connect and without boundary, induced by the Riemannian metric g(-, -) = (-, -), of
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class C*°. We shall denote by (g;;)nx, the matrix n x n in connection with the metric
g. The tangent space at M em p € M will be denoted by T, M = R".
Let f € C?(M), and let us define the Laplace-Beltrami operator of f, as

Af =div(Vf), 2.1)

where V f denotes the gradient of f in the metric g, that is, for all vector field X in
M
(VS X)=X(f), (2.2)

and div denotes the divergent operator, namely, if X is a vector field in M, divX (p) :=
trace of the linear map Y (p) — VyX(p), p € M.
From the definitions and notations above we have the following lemma:

Lemma 2.1 Let p € M. Let us consider f € C'(M) and H a vector field in M.
Then, the following identity hold (see [28] p. 21):

1
(V. VH ) = VHVEY )+ 3 [div(V f12H) = |V fPdivh ],

where V H is the differential covariant derivative defined by VH(X,Y) = (VxH, Y).

Finally we shall define the Hessian of f € C%(M) as the symmetric tensor of order
two in M, namely,

Hess(f)(X,Y) = V2 f(X,Y) := V(V/)(X,Y) = (Vy(V[), X), 2.3)

for all X and Y vector fields in M.

Remark I In order to simplify the notation, we denote the L2-norm, without distin-
guishing whether the argument of the norm is a function or tensor field of type (0, m).

Letk € Ne p > 1. We define the space C,f(/\/l) as
Cr(M) = {u € C°°(M);/ IV/ulP dM < 00,Vj =0, 1, k} (2.4)
M

where V/u denotes the jth differential covariant derivative of u, (Vou =u, Viu =
Vu).

Thus, we define the Sobolev space H,f’ (M) as the closure of C,f (M) with respect
to the topology

k
Il =2 [, 19701 am. @5)
j=0

From the above, we deduce:
(i) L*(M) = HO2 (M) is the closure of C(z) (M) with respect to the tolopogy

llul|? =f u|* dM. (2.6)
L2(M) M
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(i) H'WM) := Hf(/\/l) is the closure of Cf(/\/l) with respect to the topology
(]| =f |Vu|2d/\/l+/ lu)? dM. 2.7)
HY (M) M M
(iii) H*2(M) = sz (M) is the closure of C%(M) with respect to the topology

||u||3,z(M)=/ IV2u|2dM+/ |Vu|2dM+/ w?dM. (2.8
M M M

Remark 2 From the above definitions we have the following chain of continuous
embbeding
H*(M) = H'(M) = L*(M). (2.9)

Furthermore, by Hebey ([23], Theorem 2.7, p.13), it follows that H(} M) =

1
H'(M), where HO] (M) = D(M)H (M), in other words, the space of infinitely
differentiable functions with compact support is dense in H'(M).
So, from the above and making use of density arguments we can extend the for-

mulas presented previously to Sobolev spaces. In the sequel, we shall announce three
theorems that will play an important rule in the present work.

Theorem 2.1 (Gauss Divergent Theorem) Let M" a Riemannian manifold, ori-
entable, with smooth boundary 9M , X € [H'(M)1" a vector filed and v the normal
unitary vector field point towards 0 M, thus

/divxd/\/l:/ (X, v)dOM. (2.10)
M IM

Theorem 2.2 (Green Theorem 1) Let M" a Riemannian orientable manifold , with
smooth boundary dM , X € [H' (M)]" a vector field, g € H' (M) and v the normal
unitary vector field point towards M, then

/ divX)gdM = —/ (X, Vq)d/\/l+f (X, v))g dOIM. @2.11)
M M oM

Theorem 2.3 (Green Theorem 2) Let M" a orientable Riemannian Manifold, with
smooth boundary 9IM, f € [H*(M)], ¢ € H'(M) and v the normal unitary vector
field point towards M, then

/ (Af)gdM = —/ (Vf, Vq)d/\/l+/ 3y f)g dIM. (2.12)
M M oM

3 Existence and Uniqueness of Solutions
In what follows we shall omit some variables in order to make easier the notation

and we will denote the Laplace—Beltrami operator simply by A . We shall study the
existence and uniqueness of the following damped problem:
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{u,, —Autu+ax)gu) =0in M x (0, 0) G.1)

u) =ug , u;(0) =u in M

where (M", g) a n-dimensional Rimannian manifold, n > 2, simply connected,
orientable and without boundary endowed by a Riemannian metric g(-,-) = (-, )
complete, of class C*°.

Assumption 3.1 Hypotheses on the function g : R — R :

(i) g(s) is continuous, monotone increasing;
(i) g(s)s > Oparas # 0;
(iii) k|s| < |g(s)| < K|s|, Vs € R, where k e K are two positive constants.
Assumption 3.2 Hypotheses on the functiona : M — R :
(1) a(x) € L°°(M) is non negative function;
(ii) Let €2 C M be an open set and bounded with smooth boundary 9€2. We suppose
that a(x) > ap > 0 in M\ Q2 and on an open proper subset M, of M namely:

Let Q* be an open and bounded set with smooth boundary such that 2 CcC Q*.
For ¢ > 0 we shall ensure that there exist an open subset V. C Q* and smooth
functions o and f : Q* — R such that meas(V) > meas(Q*) — &, meas(V N IQ*) >
meas(3Q2*) — &, Va|y = 0 and such that « and f satisfy

T T Af
C/ /u,2+|Vu|2dez5/ /(——a)u,zd/\/ldt
o Jv o Jv\ 2

’ 2 Af 2
+ / / V*f(Vu, Vu) + (a — 7) [Vul|* d Mdt,
o Jv

for some positive constant C.

Moreover, if V1, ..., Vi are radially symmetric or, more generally, for a wide class
as in the Sect. 8, with pairwise disjoint closures, we can choose V in such a way that
k
V> (szl Vi).

The open subset M, is such that (Q*\V) CC M,.

Remark 3 The geometric idea related to M, is that, M, is an open subset of M
immediately larger than the black region that is inside the 2 as show the Fig. 3. It is
worth noting that the “net” is built on Q* DD €, but out of 2 the dissipative effect is
effective everywhere, so the region of greatest importance is that in the interior of €.

The energy associated to problem (3.1) is defined by:
1
E(t)::zf u?(x, 1) + |Vu(x, 01> + u?(x, 1) dMdr. (3.2)
M

u

Denoting U = ( ), Uy = (Z?), H = H' (M) x L2(M),

Uy

F: H —H
(2) = (awsew)
v a(x)g(v)

@ Springer



Appl Math Optim (2018) 78:219-265 227

and,
A:D(AY)CH— H
(8) =)= (i)
then problem (3.1) can be rewritten as

‘;—U(o +(A+FU@D =0
4 (3.3)

U@) =Uy

It is possible to prove that A is a maximal monotone operator, F is monotone,
bounded and hemicontinuous. Employing Barbu ([4], Corol. 1.1, p. 39) it follows that
A + F is maximal monotone in H, and making use of standard semigroup arguments
we have the following result:

Theorem 3.1 (i) Under the conditions above, the problem (3.1) is well posed in
the space D(A) = {u € H'(M); Au € L2 (M)} x H' (M), that is, for any
initial data {ug, u1} € D(A) = {u € H'(M); Au € L>(M)} x H' (M) exists
a unique map u : [0, 00) —> H'(M), which is regular solution to problem
(3.1), belonging to the class

u € C1([0, 00); L*(M)) N C ([0, 00); H' (M)); (3.4)
u; € WhH(0, 0o; L2(M)) N L>¥(0, 00); H' (M)). (3.5)

(i) Under the conditions above, the problem (3.1) is well posed in the space
H'(M) x L>(M), that is, for any initial data {ug, u1} € H'(M) x L>*(M)
exists a map u : [0,00) —> H'(M) which is the unique weak solution to
problem (3.1) belonging to the class

u € C'([0, 00); L (M)) N C([0, 00); H (M)). (3.6)

In addition u satisfies the additional local regularity:

Proposition 3.1 Let Q@ C M be an open and bounded set with smooth boundary.
Then u(r) € H*(Q), ¥V t > 0, where u is the regular solution to problem (3.1).

Proof Letusfixs > 0.Definingv := u(t) and f := —u;; (t)—a(-)g(u; (t)) € L>*(M),
we deduce the following identity which is valid in L>(M)

—Av+uv=Tf (3.7)

Let Q* C M, be an open and bounded set with smooth boundary such that @ CC
Q* e € D(M) satisfying:
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i ¢v=1inQ
(i) ¥ =0 in QF\Q
(i) 0 <y¥ <1

Multiplying equation (3.7) by ¥ we infer
—Avy + oy = ff.
We observe that
A(y) = vAY + Y Av + 2(Vv, Vi), (3.8)
thus
—AWY) +v¥ = ff —vAY — 2(Vo, V) in LEZ(M).
In particular,
—A@Y) + oY = f —vAY —2(Vo, Vi) in L2(Q%).
Furthermore,
vy laer=v laa+ ¥ lae+= 0.

From standard elliptic regularity results we deduce that vyy € H?(Q*), from which
we obtain vy € H2(2). Since ¥ = 1 in Q we deduce that v = u(r) € H*(). O

4 Stability Result

Before stating the main theorem of stability we shall consider an useful identity called
identity of energy that reads as follows. Let u be a regular solution to problem (3.1),
then multiplying the equation by u; and performing an integration by parts, we infer:

4]
E() — E(t) = —/ / a(x)g(uy)uy dMdt, 4.1)
151 M

forall t, > t; > 0.
It is worth mentioning that the identity of energy (4.1) remains true for every weak
solution to problem (3.1) by using standard arguments of density.

Theorem 4.1 Let u be a weak solution to problem (3.1), with the energy defined as in

(3.2). Then, under Assumption 3.1 and Assumption 3.2 there exist positive constants
To, Co and Ao such that

E(t) < Coe ™ E(0); Vi> Tp.
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Our main task is to prove the following inequality inequality:

T T
/ E(t)dt < CiE(T) + C2/ / a(x)[utz(x, )+ gz(ut(x, 1) dMdt, (4.2)
0 0 M

where C1 and C, are positive constants and C; doe not depend on 7. As we have
already mentioned, it is sufficient to work with regular solutions to problem (3.1),
since the exponential decay rate can be recovered for weak solutions by using density
approach.

4.1 Recovering the Energy Outside the Region 2*

Let Q* C M be an open and bounded set with smooth boundary 9Q2*, such that
Q CC Q*. Let us consider ¢ € C*(M) satistying:

(1) ¢ =1in M\Q*;
(i) ¢ =0in Q;
(iii) 0 < ¢ < 1in M.

Multiplying equation (3.1) by ¢u and integrating over [0, 7] x M, we obtain

T
f f [ty — Au+ a(x)g(uy) + ulou dMdt = 0. “4.3)
0 JM

We observe that

d
— |:/ urQu d/\/l] = / urrpu dM +/ urpu; dM
dt | Jm M M

:/ utt(pud/\/l+f ut2<pd/\/l.
M M

Integrating over [0, 7'] we conclude that

T T
/ / uprpu dMdt = |:/ urpu d/\/l] - / Mtz(p dMdt. 4.4)
0o JM M 0 M

In addition,

T T
[ f —Au(pu) dMdt = / / (Vu, V(pu)) dMdt
0o JM 0o JM

T
=/ / (Vu, Vo)u + ¢|Vu|> dMdt.  (4.5)
0o JM
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Combining (4.3), (4.4) and (4.5), we deduce
T
0= |:/ urpu d./\/li| —/ u,2<p dMdt
M 0 M
T
+f / (Vu, Vo)u + ¢|Vul* d Mdt
0 JM

T T
+/ / ou® det+/ / a(x)g(uy)gu dMdt. (4.6)
0o JM 0 JM

Taking into account the properties of function ¢, we can write

T
/ / @lu? + |Vul ]det+/ / u® +|Vu|> dMdt
0 \Q M\Q*

T
=— |:/ urQu d/\/li| +/ gout dMdt +/ “z dMdt
Q1\Q M\Q

/ / (Vu, Vo)u dMdt — / f a(x)g(u)pu dMdt.  (4.7)

Observing that a(x) > ag > 0in M \ €, it holds that

T T
/ / u® +|Vul> dMdt < — |:/ urpu d/\/l]
0 M\Q* M 0

T
+a0_1 f f a(x)(pu, dMdt + a;y f f a()c)ut2 dMdt
0o Jane M\Q*

T
—/ / (Vu,Vgo)udet—// a(x)gu)pu dMdt.  (4.8)
0o JM 0 JM\Q

Adding fOT / M\Q* u,2 dMdt in the previous inequality and using the fact that
0 < ¢ <1, we obtain

T
/ / u® + [Vul? —|—u, d./\/ldt<—|:/ uﬂpud./\/l]
M\Q*
+ay / / a(x)ut dMdt — / / (Vu, Vo)u dMdt

—/ / a(x)g(u)pu d/\/ldt—i—/ / ulz dMdt (4.9)
0 JM\Q 0 JM\Q*

Next, we shall estimate the term fOT fM(Vu, Vo)u dMdt.

Observe that (Vu, Vo) = 0 in M\ Q*.

We shall make use of a generalized Green’s identity, that makes sense in our case,
because u € H'(Q"), then u?> € WI(Q*), thus u?|,,, € L'(3Q*) (see [6]) and
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therefore by using the dense and continuous immersion D(QF) — W1 (Q*) we can
show the desired. Note that in our case ¢ € C*°(Q2*) and ¢ = 1 in 9Q*.
So we can write

/ (Vu, Vo)u dM = / (Vu, Vo)u d M
M Q*

=—/ (V). V) dM
2 Jor
1
=—-/ A¢u2dM+/ dyp u’ dl
2 Jor aQ*
1
_ __/ Ag u® M (4.10)
2 Q*
Therefore,
c T
(Vu, Vo)u dMdt| < 5/ / u® dMdt, 4.11)
0 *

where ¢ 1= max, g7 |Ap(x)].
We conclude so, from (4.9) and (4.11) that

T
f f u? + |Vul? + u; d./\/ldt<—[/ u,(pud/\/li|
M\ Q*
+3ay / / a(x)u, dMdt + = / / u® dMdt
Qn\Q

—/ / a(x)g(u)pu dMdt. (4.12)
0o Jm e

From (4.12), it remains to estimate [ [o. u> + |Vu|? + u? dMdt in terms of
“good terms”. Indeed, we observe that Q* is a submanifold with smooth boundary
aQ*.

4.2 Recovering the Energy Inside Q*

Let g be a vector field in Q* of class C!. Multiplying equation (3.1) by (Vu, ¢) and
integrating over [0, T'] x Q* we infer

T
0= / (uyy — Au+u~+alx)g(uy))(Vu, g)d Mdt. 4.13)
o Jox

e Estimate for 1] := fOT Jor uet(Vu, g)d Mdt.
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We note that

d
— u(Vu, qg)d M =/ ul,(Vu,q)dM—i-/ u(Vuy, g)dM.

Thus

L = |:f (Vu, g d./\/li| f f (Vuy, q)ydMdt.

Recall that !
urlg, Vus) = (g, Vu?). (4.14)

Then, taking (4.14) into account and making use of Theorem 2.2, we can write

I = |:/ u(Vu, q d/\/l:| f / (q, Vu dMdt
Q *
= |:/ (Vu,q d/\/li| / / dzv(q)u, dMdt
! / / (q, v)u? dTdt. (4.15)
aIQ*

e Estimate for I, := fOT Jor —Aulg, Vu) dMd:.
Employing Green’s theorem before mentioned and from Lemma 2.1, we deduce

T T
L= / / (Vu,V({gq, Vu))) dMdt — / / oyulg, Vu) dU'dt
0 * 0 IQ*

T
= / / Vq(Vu, Vu) d Mdt
0 *

+/ / —[div(qu|2q)—div(q)|Vu|2] dMdt
0 Jo 2

T
—/[ dyulq, Vu) dTdt
0 IQ*

T T
=/ / Vq(Vu, Vu) d/\/ldt—f—/ / l(q,V(|Vu|2)) dMdt
0 * o Jor2

T
—/ / oyu(q, Vu) dU'"dt
0 IQ*

T T
=/ / Vq(Vu,Vu)det—l/ f div(q)|Vu|? dMdt
0 * 2 O Q*

1 T T
+—/ / (q,v)qu|2dth—f f duulq, Vu) dTdr.  (4.16)
2 Jo Jagr o Joqr

@ Springer



Appl Math Optim (2018) 78:219-265 233

e Estimate for I3 := [, [, ulg, Vu) dMdt.

1 T
= —/ / {q, Vu?) dMdt
2 Jo .

e Lt
=__/ / div(q)uzd./\/ldt—i-—/ / (g.vyd dTdr  (417)
2 Jo Jor 2 Jo Jaor

Combining (4.13), (4.15), (4.16) and (4.17), we can state the following lemma:

Lemma 4.1 Let g be a vector field of class C' in Q*. For all regular solution u to
problem (3.1), we have the following identity:

T T
[/ u,(Vu,q)de| +1/ / div(g)[u? — |Vul* — u*] dMdt
Q* 0 2 0 *

T T
+f / Vq(Vu,Vu)det—}-/ / a(x)g(u)lq, Vu) dMdt
Q*

/ / oyu(q, Vu) dU'dt + - / / (g, v |Vu| —u? 1dI'd:t.
IQ* IvA

Exploiting Lemma 4.1 com ¢ = V f, where f : Q* — Risa C* map to be
determined later on, we obtain

[/ HVu, V) dM} / f Af[u? — |Vul? — u?) dMdt
Q* Q*
T
+f f V2 f(Vu, Vu) d/\/ldt+/ / a(x)g(u)(V f, Vu) dMdt
0 QF* 0 QF
T
=1/ f (Vf,v)[u? — |Vul> — u*] dTdt
2Jo Jagor

T
+ff du(V f, Vu) dTdt. (4.18)
0 aQ*

Lemma 4.2 Let u be a regular solution to problem (3.1) and o« € C'(Q¥). Thus

T T T
U urau d./\/l] =/ / afu? — |Vul> — u?] der—/ / (Vu, Vayu dMdt
* 0 0 QF 0 *
T T
—/ / a(x)g(us)au d/\/ldt—l—/ / dyuau dl'dt.
0 Q* 0 aIN*

Proof Multiplying equation (3.1) by cu and performing an integration by parts we
obtain the desired result. O
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Adding (4.18) and the identity given in Lemma 4.2 we deduce

T
/ / (— —a) u? d Mdt +/ / V2 £ (Vu, Vu) dMdt
/ / (a - —) [Vul? dMdt = / f <— — a> u? dMdt
— |:/ u(Vf,Vu) d./\/l:| — [f urou d./\/l]
T ’ T ’
—/ / a(x)g(u)au dMdt — / / a(x)gu)(Vf, Vu) dMdt
0 QF* 0 Q*

T
+// du(V f, Vu) dTdt
0 aQ*

1/ / (Cfv)|u —|Vu| —Uu dl'dt
2 ’ t
0 IQ*

T T
— / / (Vu, Va)u dMdt + / / dpuau dI'dt. (4.19)
0 * 0 a0Q*

e Cut-off:
Let ¢ > 0 be sufficiently small such that the tubular neighbourhood

W, = {x e M; d(x,0Q%) < %}

is contained in M\ Q. Let us consider ¥ € D(M) such that (see Fig. 5)
@ yv=1in ws = W\ 2%;
(i) v =0in Q*\mt(a) ), where o, = a)s\a)%;
2 2
(iii)) 0 <y < lin M.

Taking g = ¥V f in Lemma 4.1, we infer,

[/ u W (Vu, V f) dM] / / div(yV f) [u? — |Vu|* — u*] dMdt

Q*

+/ / V(¢Vf)(vM,vM)det+/ / a(x)gu) (WY f, Vu) dMdt
0 Q* 0 Q*

T 1 T
=/ [ du(YV f, Vu) dI‘dt—i—f/ / WV f,v) [u} = |Vu> —u?] drdt,
0o Joor 2 Jo

aQ*
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Fig. 5 Properties of function v

that is,

I

T

T
u W (Vu, V fYdM +%/ / UAfu? — |Vul*> — u?] d Mdt
0 Jo,
2

£
2

f/ vaw — |Vul? —u]d/\/ldt

+/ / YV f(Vu, Vu)d/\/ldt—i—// (Vu, VY)WV f, Vu) dMdt

wWe

2

[

/ / a(x)gu)y(V f, Vu) d Mdt

e

_L 2 o2 2
= (Vf,v) |uf —|Vul u”| dlr°dt
2Jo Jagr

T
+ff du(V f, Vu) dTdt. (4.20)
0 aQ*

Substituting (4.20) in (4.19) it results that

/ / (— foz) u? dez+/ / V2 £(Vu, Vu) d/\/ldt+/ / <a7 —) [Vu|? dMdt
Q*
Af 2 !

:/ / (——o{)u dMdt — |:/ ur(Vf, Vu)d/\/l] —|:/ u,aud/\/l]

0 Q* 2 QF 0 Q* 0

T T
—/ / a(x)g(uy)au d Mdt — / / a(x)gu)(V f, Vu) d Mdt

0 Q* 0 Q*

T T
7/ / (Vu, Vayu d/vldz+1/ VAS [u% — [Vul? fuz] dMdt
Q* 2Jo Jo

Wg
2

N
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T
+7/ / V1, w |Vu|27u2} dMdt + [/
2 Jo Jo, 5}

£
2

T
ury(Vu, Vf)d./\/l:|

/
&
2

0

T
/ / 1//V2f(Vu, Vu) d Mdt + / / (Vu, Vir)(V f, Vu) d Mdt
o 0 Jo'y

&
2 2

T T
+[ / a(x)g(u,)w<Vf,vM>dez+// dyu o u dldt. 4.21)
0 Joy 0 JaQ*
2

Remark 4 This is the precise moment when the properties of the function f will be
essential. Note that we need to find a subset V C Q* with regular smooth boundary
31V which intercepts dQ* transversally, in such way that meas(V) > meas(Q*) — ¢
and meas(V N IQ*) > meas(092%) — ¢, for all ¢ > 0. In addition, we need to find
regular functions «, f : Q* — R, o > 0and Vau |y = 0 such that

’ 2 2 r Af 2
C u; + |Vul|~ dMdt < (= —)u; dMdt
o Jv o Jv 2
Af

T
+/ fv2f(w, Vu) + (@ — =) |Vu|*> dMdt,
o Jv 2
(4.22)

for some positive constant C.

The construction of a smooth function f satisfying the Remark 4 can be found in
[13]. The general idea is construct this function locally. Afterwards we glue them. The
compactness of Q¥ is a crucial ingredient. We can put radially symmetric open sets
satisfying some conditions inside V (and outside the damping region), remembering
that we say that an open set V C Q* is radially symmetric with respect to p € V if the
expression of the metric in polar coordinates (r, 8) = (r, 61,62, ..., 6,_1) centered
in p is given by ds? = dr? + Q%(r)db2.

Thus we will omit the construction and quote the present theorem that guarantees
the existence of such a function whose proof is given in detail in [13].

Theorem 4.2 Let (M", g) be an-dimensional Riemannian manifold and let Q* C M
the compact subset mentioned before. Fix € > 0. Then there exist an open subset
V C Q*and smooth functions «, f : Q* — R such that meas(V) > meas(Q%) — ¢,
meas(V N dQ*) > meas(dQ*) —e, o > 0, Vo |y= 0 and

// 2+ Vul?] de;<//< —a>u?d/\/tdz
/ / [sz(v“ V“”(a——f)lv |}de;

for some positive constant C.
Moreover if Q* contains radially symmetric subsets, then we can choose V in
such a way that a precise part of these radially symmetric subsets is contained in V,
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namely, the radially symmetric regions that can get rid of dissipative effects are those
that satisfy the following condition

Q'(r) € [ @+0). _f] (4.23)

(ifn = 2, Q'(r) does not need to satisfy any upper bound), where Q is function at the
metric expression ds? =dr? + Qz(r)dé?z.

Once established that the Remark 4 is valid, we are able to complete the stabilization

energy.
Taking into account that 0 < ¢ < 1, we conclude, from (4.21), that

T T
c/ / u? + |Vul> d Mdt §C*/ / u? + |Vul> dMdt
0 * 0 *\V

T T
[/ u(Vf, Vu)d/\/l:|
* 0

[ IRz dML

T T
+C1/ / u? d/\/ldt+C2/ / a(x)|g(uy)||u| dMdt
0 * 0 Q*

+ + C2

T T
+/ / a(x)|g(u,)||Vf||Vu|d/\/ldl—i—/ / [{(Vu, Va)||lu| dMdt
o Jox 0 *\V

T
|l
W

T
ur(V f, Vu) dM +03/ / u? + |Vul® + u® d Mdtr
: 0 w
T
+C4/ / |Vu|?> dMdt

0 5
+c5/ / |Vu|2det+—/ / u? + |Vul* + u* dMdt
// oyu u dl'dt|,
IQ*

Cr := max a(x), C3 := max [Af(x)],
xe* xe*

N\

(4.24)

/ / a() gl [Vul|V f| dMds + Co
%

o)

Cy := max (V£ (0)|[Vy (x)]), Cs is such that [V £ (Vu, Vu)(x)| < Cs|Vu ()|,
xeQ*

where Cj := max
xeQ*

VxeQ Co:= max a(x).
xedR*
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Adding C fOT Jo u? dMdt in (4.24), we conclude that

T T
c/ / u? + |\Vul? + u® dMdt §C*/ / u? + |Vul> dMdt
0 QF 0 Q¥\V
T - T
+/ f (Vu, Va)|lu| dMdt + Cao_1 / / a(x)u,2 dMdt
0 Q¥\V 0 o

%
~ T r
c/f |Vu|? dMdt + [/ u,(Vf,vu)dM]
0 Jo, Q* 0
2

T - rT - rT
[/ uru d/\/l] —|—C/ / u? d./\/ldt—l—C/ / a(x)|gus)||lul dMdt
Q* 0 0 QF* 0 %%

T ¢ (T
+C/ f a(x)|g(u,)||W|dez+—f / u? d Mdt
0o Jo* 2 Jo 2

[/w AV f, Vu) dM}

2
T
/ / a(x)|g(ut)||Vu|d./\/ldt+C

+C

T

0

(4.25)

/ / opu udldt| .
aQ*

In the sequel, let us analyze some terms in (4.25). We shall use Holder inequality

[

as well as the inequality ab < “ 7 T Bb?, where B is an arbitrary positive number.
e Analysis of J| := fOT Jor a(x)|g(u,)||u| dMdt.

T % %
Jlf/ (/ a<x>|g(ut)|2dM) <f a(x>|u|2dM) dt
0 Q* Q*
T
/ [if a(x)|g(u,)|2d/\/l+ﬂ/ a(x)|u|2d/\/li|dt
o L4B

< 4/3/ / a(x)lgun)l? d/\/ldt+||a||c>02ﬂ/ / =|ul* dMdr

<—/ / a(x)|g(ut)|2d./\/ldt+6,3/ E(@t) dt, (4.26)
48 Jo Jm 0

IA

where E (t) is the energy defined in (3.2).
e Analysis of J; := fOT fw; a(x)|uy|? dMdt.
2

T
J2§/ / a(x)|us|> dMdt (4.27)
0 M

e Analysis of J3 := fOT fQ*a(x)|g(ut)||Vu| dMdt + fOT fw/g a(x)|g)||Vu|
dMdt. ’

@ Springer



Appl Math Optim (2018) 78:219-265 239

T
J3 < 2/ / a(x)|g(uy)||Vu| dMdt
0 QF*

T T
< i/ / a(x)|g(u,)|2d/\/tdt+€;3/ E(t) dt (4.28)
28 Jo Jm 0

e Analysis of Jy := ‘fOT Sy D u dl"dt‘ }
Taking « = 1 in Lemma 4.2 we obtain

T

T
/ uiudM Zf / v [u? —1vul — 2] dma
a)/s 0 w/g
3 0 s
T
_/ / (Vu, Viryu d Mdt
0 a/ﬁ
2
g T
N / a(r)gu)yu det'i‘/ f oyu u dlnds.
0 ' 0 .
3
(4.29)
Thus,
T
T
Jy < / MtudM —|—/ / u?+|vu|2det
“)/s 0 w/g
2 0 £
~ (T Vul|? 2 T
+C/ / = +u_def+/ f a(x)|g(up)|lu| dMdt
0 Jo, 2 2 o0 Jo.
? 3
T
+ / / u?> dMdt. 430,
0 1)

N

Employing the same procedure we have followed in (4.26) yields:

Jy < /
@e
2
T
+c/ /
0 o5
2

T T
+i/ / a(x)lg(u,)|2d/\/ldt+a3/ E(t) dt 4.31)
48 Jo Im 0

T
uru dM + a(;l / / a()c)ut2 dMdt
0 Q*

T
0

T
|w|2d/vldz+6/ / u? d Mdt
0 *
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Therefore, from (4.25), (4.26), (4.27), (4.28) and (4.31), setting

T T
X = “:f u(Vf, Vu) d/\/l] + |:/ uu d./\/li|
QF 0 Q* 0
T T
+ f u(Vf, Vu) d M + / uu dM , (4.32)
“s 0 “s 0

we conclude that
T T
c/ / u? + |Vul> + u* dMdt §C’|x|+C’,B/ E(1)dt
0 * 0
T T
+C’/ / \Vul? + u? dMdr + C*[ / u? + |Vul* d Mdt
0 Q¥\V 0 Q¥\V

T T
+C’/ / a()[gu)l? + u?] det+c’/ f |Vul? dMdt
0 M 0 3}

&
2

T
+C’ f f u? dMdt, (4.33)
O *

where C' = C'(llalloo. f. V. a5 ).
In the sequel, we shall estimate the term fOT /[ o, |Vu|?> d Mdt. For this purpose,

2
we shall construct a “cut-off ” ns defined in an specific neighborhood of ', [see [13],
2
Sect. 7, p. 955].
Initially let ** C M be an open bounded set with smooth boundary 9Q** such
that Q CC Q* cc Q" and 77 : R —> R satisfying

1 ifx<0
i) =1 (x—D?if x e[1/2,1]
0 if x>1

and it is defined on (0, 1/2) in such way that 7 is a non-increasing function of class

~ -~ X . .
C'.For § > 0, we set, 7j5(x) := 7(>). We observe that exists a constant M which
does not depend on §, such that

~/ 2
P _ M
15 (x) 82

paratodox < &

Now, let § > O sufficiently small such that

I P kk o, /
ws = {x e Q™ d(x,aa)%) < 8}
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Fig. 6 Properties of function s

is totally contained in Q**\€2, that is, @ is a tubular neighborhood of ', totally
2

contained in Q**\Q.
We define ;s : Q** — R where (see Fig. 6)

1 ifx € 0

2

ns(x) = 3 7s(d(x, a)’%)) if x € @
0 otherwise,

We have that 75 is a C! function defined in **, because dw’. and 3(&s U ', ) are
2 2
regular. We note also, that

Vns(x) = V(#5(d(x, w’%))) = 75(d(x, a)’%))Vd(x, w’%), (4.34)
soon
Vns(o)2 15, 0Dy
Vs (01~ _ i AL 4.35)
ns(x) ns(d(x, a)%)) s
v 2
for all x € @;s. Particularly, Vs @)l € L®(os U wh).
15 (x) 2

Using Lemma 4.2 with ns = « and Q* = Q**, we infer,

T T T
U urnsu d/\/(i| = [ [ nslu? — |Vul? — u?] dMdr — / / (Vu, Vis)u dMdt

T T
—/ / a(x)g(up)nsu dMdt + / / dyunsu dl'dt.
0 Q** 0 o

@ Springer



242 Appl Math Optim (2018) 78:219-265

Thus, defining, Vs := @5 U ', it holds that
2
T T T
[/ unsu d/\/li| =/ / ng[u,z—IVulz—uz]det—[ [ (Vu, Vis)u dMdt
Vs 0 0 Vs 0 JVs
T
—/ f a(x)g(us)nsu dMdt. (4.36)
0 Vs

e Estimate for K| := fOT fVa nslus > dMdt

T T
|K1|5a0—1/ /a(x)lu,|2d/\/ldt§a0_1/ / a()|u)? dMdt.  (4.37)
0 Vs 0 M

e Estimate for Ky := fOT fVa a(x)gu)nsu d Mdt

|K>| < E/ / a(x)|g(u))? det—i—Z,B/ E(t)dt. (4.38)

o Estimate for K3 _fo fv (Vu, Vns) dMdt

|K3|</ / |Vl V5| dMds

\%
/ / ~15|Vul? d/\/ldt+/ / | ’7“' Pl dMdt
VE V(s
//n3|Vu|2det+ //|u|2d./\/ldt (4.39)
Vs

T
Denoting x; := — [fVa Usnsu d/\/l]o it results that, according to (4.36), (4.37),
(4.38) and (4.39), that

1 [T T
—/ /naqulszdtSImlJrC/ / aGou? dMd
2Jo Jvs 0 JMm

¢ [T T T
+—f / a(x)|g(ut)|2d./\/l+C/ / lu|?> dMdt + 2,8/ E(t)dt.

48 Jo Jm 0 o 0
(4.40)

We observe that

T T
[ / |Vu| dMdt < / / ns|Vu|> dMdt, (4.41)
0 ), 0 Vs

£
2

remembering that Vs := @5 U 0’ .
2

@ Springer



Appl Math Optim (2018) 78:219-265 243

Consequently, substituting (4.40) in (4.33), taking (4.41) into account, grouping
some terms and noting that

T T
/ / u* dMdt < / / u* dMdt
0 Q¥\V 0 QFF

we conclude that
T _~
c/ / u? + |Vul> + u* dMdr < C'|x| + Clx|
0 *
. T > T
+c/ / a(x)[g(u,)|2+u,2]det+C// u® d Mdt
0 M 0 ok

T T
+ c;‘/ / \Vul? + u? d Mdr + C,B/ E(t)dt. (4.42)
0 *\V 0

where C = C(llalloo.ay ', C". 2. v, f.00).

We will now estimate the term fOT fQ*\V |Vu|? d Mdt.

Let M, C M a open subset, so that Q*\V C M, cC Q**. Note that by
hypothesis a(x) > ag > 0 in M,.

Consider 0 > 0 sufficiently small such that

wp = {x € Q;d(x,0V) <0} C M,,

@ is a tubular neighborhood of 3V that has only one connected component.
Proceeding similarly to what was done for estimating the term |, OT Ju |Vu 1>dMadt,
2

we conclude that

1 T T
-/ / |Vul? dMdt < |x2|+c2/ / a(x)u? dMdt
2 Jo “\V Y

T T r
+9/ / a(X)|g(ut)|2dM+C2/ / ul* dMdt + 25/ E(t)ds.
48 Jo Jm 0 Ja 0

(4.43)
- T
where wy 1= @y U Q*\V C M, and x» := — [fwe U d/\/l]o
Therefore, from (4.43) and (4.42), we can write
T -~
c/ / u? + |Vul> + u? dMdr < C'|x| + Clxi| + Cilxal
0 *
T T
+C;3 / / a(x)[g(u) > 4+ u*] dMdr + C3f / u* dMdt
0 M 0 QF*
T
vap [ Ewar (4.44)
0
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The estimate (4.44) is almost what we want. It is necessary to estimate the term
fOT f Ok u? d Mdt as a function of “good terms”, this is the next step, already with the
total energy of the system recovered.

4.3 Recovering the Total Energy

Multiplying (4.12) by C and adding with (4.44), we obtain the following inequality:

T

o]

T
+Clx1+ Clal + Csleal + c4f0 fM () (g o) + u?) dMd

T T
+C/ / a(x)|g(us)|ule det+C4/ / u* d Mdt
0 JM\Q 0 Jo

T
+ C3B / E(t)dt. (4.45)
0

T
C/ / u? + |Vu)? + u* dMdt < C
0 M

e Estimate for the term fOT fM\Qa(x)Ig(ut)Hukp dMdt.

T T 1 1
f/ a<x>|g<u,)|\u|<adezs/ <f a(x>|g(ut>\2dM)2(/ a<x>|u|2dM>2dt
0 M\Q 0 M M

T T
< i/ / a(x)|g(u,)|2d/vtdt+clﬂ/ E(t)dt
a8 Jo I m 0
(4.46)

Thus by (4.45) it follows that

T

o]

T T
+é/ / a(x)(|gu) > + u?) dez+(’f/ / u? d Mdt
0 M 0 ok

+ x|+ Clxil + Gslxal

T
ZC/ E(t)ydt <C
0

T
+CB / E(t)dt. (4.47)
0

where C = C(llalloo, ay ', C, C', C3, Ca, 3,90, fr e, ).
Next, we shall estimate | x|, |x1l, |x2| and ‘UM u;Qu dM]g‘.
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Using the identity (4.1), we have that
T

il = ‘U uinsi dM}
Vs 0

=C [/M |y (T, )| |u(T, x)| dM + /M [0, x)[|u(0, x)] d/\/l]
= CI(E(T) + E)

T
=C <2E(T) +/ / a(x)g(u)u, d/\/ldt)
0 JM

T
<200+ 6 [ [ aw [lswnl +1uf] dMar,
0o JM

Making use of analogous arguments we conclude that

T
|:[ u;Qu d/\/li|
M 0

T
+Cof / a(x) [|g(u,)|2+ |u,|2] dMdt. (4.48)
0 M

C'lx1+ Clxil + Gslxal + C < CoE(T)

where C( does not depend on 7.

It remains in (4.47), to estimate the term fOT fsz** u? d Mdt. For this purpose, we
need the following lemma:

Lemma 4.3 Let u be a regular solution to problem (3.1). Thus, for all T > Ty, where
Ty is a positive constant large enough, there exists a positive constant C(Ty, E(0))
such that the following inequality holds

T T
/ /7u2 dMdt < C(Ty, E(0)) {/ / a(x) [Ig(u,)|2 + Iu[|2] d./\/ldt}.
0 QF* 0 M (4 49)

Proof We argue by contradiction. To ease notations, we will set u’ := u,. Assume that
(4.49) is not verified. Then there exists a sequence of initial data {uy (0), u;( (0)}, such
that the corresponding regular solutions {u} of (3.1) with E%(0) assumed uniformly
bounded in k, verifies

foT Jo ug dMdt

T 2 = +00, (4.50)
koo [0 [ a(x)(g2(uy) + w'y) dMdi
this is,
T / 2
lim Jo Jm a(x)(g*(u}) + u'y) dMdt o wsh

koo Jo S uf dMds
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Since the energy is a non-increasing function, it holds that Ex(¢) < Ex(0) < L,
consequently,

/ Wi, ) + [VugGe, 02 4+ ul(x, £) dM < 2L,
M
that is,

T
/ / Wi, 1) + [Vug(e, 0% + ul(x, 1) dMdt < 2LT,
0 JM
thus,
2
||Mk||H1(ET) <2LT, (4.52)
where X7 = (0, T) x M.
In addition,

/ \Vuy (x, 0))> + up(x, 1) dM < 2L and / '3, HdM < 2L,
M M

consequently

etk 7 s 0.7 111 Aty < 2L (4.53)

1"k 1Z oo 0.7 1200y =< 2L- (4.54)

Thus, there exists a subsequence of {uy}, still denote by the same index, which
verifies the following convergence

up — uin H'(T7); (4.55)
up = uin L0, T; H' (M)); (4.56)
uly = ' in L0, T; L*(MD). (4.57)

From the fact that H'(Q**) <> L2(Q**) and both spaces are reflexive, it holds
from (4.53), (4.54) and employing Aubin—Lions Theorem, that

up —> uin L0, T; L*(2*)). (4.58)
We note that u does not depend on Q** in view of (4.55).
At this point we shall divide the proof into two cases, namely: u #= 0 e u = 0.
u#0em (0, T) x M.

We observe that taking (4.58) into account, we have

2
”uk ||L2(O,T;L2(Q**)) S C
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Thus, considering (4.51) we obtain

k— 400

T
lim f / a(x)(g*w}) + u'p) dMdt =0 (4.59)
0 M

and from (4.59) we conclude that

T
lim / / la(x)g(u))|* d Mdt
0 JM

k— 00

< lallo lim fo ' /M a2} + 1) dMdt =0,
that is
ag(u}) —> 0in L*(0, T; L*(M)). (4.60)
Our aim is taking limit in the equation

{ ”Z — Auyp +uy + a(x)g(”;c) =0in M (0,00) (4.61)

up(0) = uo g , u,(0) =urx  in M

We observe that according to (4.59) we infer

T T
/ / u’,% dMdt < ao_1 / / a(x)u’,% dMdt
0 JmnQum, o Jimneum,

T
< a(;] / / a(x)u/i dMdt — 0,
0 M

when k — oo.
Thus, from (4.57) it follows, for a. e. t € [0, T], u/(¢) satisfies

W' @) in Q

u'(r) = { 0 in (M\Q)UM, (4.62)

Passing to the limit, we deduce

W —Au+u=0in L>®0, T; H Y(M))
{u’ =0 in (M\Q)UM, oy

withu € L®(0, T; H'(M)) eu’ € L>(0, T; L*(M)).
Considering Q* DD  satisfying the conditions mentioned before and setting

v = u’, from (4.63) we obtain the following problem
V' — Av+v=0in Q x 0, 7)

Z 4.64
{v:O in (Q\Q)UM, x (0, T) (4.64)
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in the distributional sense, with v € L®(0, T; L*(M)) e v/ € L>(0, T; H~'(M)).
In addition, employing Lions-Magenes ([30], Chap. 3, Theor. 9.3, p. 288), we have

v e C(0,T]; L> (M) nCl (o, TT; H~'(M)).

From Appendix, we deduce that v = u’ = 0 em M.
It follows that (4.63) can be written as

{_Au+u=0in M x (0, 00) (4.65)

u' =0 in M
Since u € L>®(0, T; H'(M)) we conclude that Au € L*®(0, T; H'(M)), then

u(t) € H'(M) and Au(r) € H'(M) = L*(M). Multiplying (4.65) by u(r) and
integrating over M, we deduce

/ —Au(t)u(t) dM +/ u@®>dM =0,
M M
that is,
/ IVu()|> dM +/ lu@®)|> dM =0,
M M

Consequently u(t) = 0 in H'(M) for a. e. t € [0, T], that is u = 0, which is a
contradiction.
(i)u=0em (0, T) x M.

We define
1
T 2
cp = U / |uk|2d/\/ldt:| (4.66)
0 kK
} 1

Up 1= —Uy (4.67)
Ck

Thus, we deduce

”ﬁk ”iz((),T;LZ(Q**)) =1 (468)
If one considers
— 1 _ _ B
But) = 5 [Vl + 1P + 19 am (4.69)
2Jm
then
= E(2)
Er(t) = — 4.70)
Ck
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According to (4.47) and (4.48) it holds, for T sufficiently large that

T T
E(T)<C U / a() (g2 +u'*) dMdt +/ / u? d/\/ldti| . 471
0 M 0 kK
and according to the identity of energy that follows
T
E0) = E(T) +/ f a(x)gu' dMdt
0o JM
T
<@+ [ [ a@u) i) amar
0 JM

Thus,

T T
Et) <EW0)<C U f (a(0)g> ') + a(o)u'®) d Mdt +/ f |u|2d/\/ldt]
0 M 0 HK

for all t € (0, T), with T sufficiently large.
From the last inequality and taking (4.70) into account, we obtain,

o = 220 [foT Jaq (@) 82wy + a(o)ul)dMdt

c? fOT Joe= uk |2 d Mt

+ 1] 4.72)
k

Then, from (4.51) and (4.72), we can guarantee the existence of a constant L; > 0
such that

Ex(t)<L,,Vte[0,T], VkeN

Analogously we have done to the case (i), we obtain a subsequence such that

i — iin H'(Z7); (4.73)
i 2 iin L°°(0, T; H'(M)): (4.74)
i, = w'in L™(0, T; L*(M)), (4.75)

and, therefore, making use of compactness arguments, it holds that
iy —> ain L*(0, T; L>(2™)) (4.76)

Furthermore, we observe that from (4.51)

T ’
- fo Javax)g*w)) dMdt o

2

4.77)
k—~400 cx
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and

T

T
/ / il dMdt < ay’ a(x)ii dMdt
0 JM\QUM,

Sa(}l

(M\Q)UM,,
T

S— 5=

a(x)i? dMdt — 0 (4.78)
M

We have that u;, satisfies

g(uy)

uy — Ay + g + a(x)
Ck

=0in M x(0,T) (4.79)

Thus, passing to the limit in (4.79) when k — oo we obtain, from (4.73), (4.74),
4.75), (4.76), (4.77) and (4.78), that

i’ — Aii+i=0 inMx (0,T)
(4.80)
i =0 in (M\Q) UM, x (0, 7).

Using the same arguments employed in the first case (i),we conclude that # = 0 in
M x (0, T), which is a contradiction having in mind (4.68) and (4.76).
This is finishes the proof of the lemma. O

Thus, from (4.47), (4.48) and Lemma 4.3 we obtain the following

T T
2c/ E(t)dt < CoE(T) + C]/ / a(x)(|g(uy) > + u?) dMdt
0 0 M

T
+Cﬁ/ E(r)dr. (4.81)
0

for all T > Ty, Tp sufficiently large such that 7o (2C — C B) — Co > 0. Note that Cg
not depend on 7. _ ~
Considering 8 sufficiently small so that C» := 2C — CS > 0 we obtain

T T
62/ E(t)dt < COE(T)+C‘1f / a(x)(|gu) > + u>) dMdt,  (4.82)
0 0 M

forall T > Tp.
Observe that, for all T > Ty and ¢ € [0, Tp] we have

T T
E(T)<E(T)) <E(lt) = ToE(T) < / ’ E(t)dt < / E(t)dt
0 0
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Then
N B T
CyToE(T) < Cz/ E(t)dt
0
5 T
< CoE(T) + Gy / / a@) (g +ud)dMdr  (4.83)
0 M
Therefore
E(T) < #/Tf a()(1g(u)|* + u?) dMdt,
CyTo— Co Jo I M

which leads us to the following result:

Proposition 4.1 For T > Ty, Ty sufficiently large, the solution u to problem (3.1)
satisfies

T
E(T) < c/ /M [a(0)u? + a(x)lg(u) 1 ]d Mt (4.84)
0

where the constant C = C(To, EQ0), llallpeo My, o, f, W, ao, M/Sz).

Proof of Theorem 4.1 Let us suppose initially that u is a regular solution to problem
(3.1). By hypotheses, we have that |g(s)| > k|s|, Vs € R.
From the identity of the energy it holds that

T
E0) = E(T) —i—/ / a(x)g(u)uy dMdt
0o JM
T
zE(T)—i—k/ / a(x)u? dMdt,
0o JM
that is,
T
E(T)— E) < —k/ / a()c)ut2 dMdt (4.85)
0 JM

In addition, from Proposition (4.1) and from the fact that |g(s)| < K|s|, Vs € R
we obtain

T
E(T)fo / a(x)(g*(us) + u*) dMdt
0o JM

T
501/ / a(X)u? dMdt, YT > Ty.
0 JM
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Consequently,
T
—E(T) > —C1/ / a(x)u? dMdt, ¥ T > Ty. (4.86)
0 JM
Multiplying (4.85) by C; and considering (4.86) we obtain

Ci[E(T) — E(0)]

IA

T

—kCy / f a(x)u? dMdt
0o JM

—kE(T), VT =T,

IA

that is,

C 1
E©)=——E©), VT > T,

E(T) =
Ci+k 1+C

— Kk
where C = o

Repeating the process for 27, we arrive at

1
EQT) < E(T)< —EQ©), VT >Ty.
CT) = 1B = g EO > T
In general, we conclude that
EmT) < ! E©), VT >T (4.87)
n _— , > Tp. .
S a+oy 0

Now, lett > Ty, thent = nTp+r,0 < r < Tp. Since the energy is a non-increasing
function, we obtain

1 1
E(t) <E(t—-r)=EnT) £ ———E(0) = ——=E(0)
1+ 1+0)T
Considering Cy = eTLol"(HC) and A¢p = % > 0 it follows the desired for
regular solutions, or still,
E(t) < Coe ™ E(0); Vi > Tp. (4.88)

By density arguments the exponential decay is recovered for weak solutions. O
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5 Manifolds that Admit Open Subsets Without Damping
5.1 The Manifold (R", g,)

Consider the manifold M = R", n > 2, endowed with the radial metric described in
polar coordinates (r, ) € [0, +oo[ x §"~! by the formula:

gy = dr? + (r)?d6?, (5.1)

where d6? is the standard round metric (of radius 1) of S"~! and Q: ]0, ~|—oo[ — Rt
is a smooth function satisfying:

e @) =0forall k > 0;
° (p/(()) =1.

The metric g, is complete. Discreteness, existence of strongly convex functions, as
well as many other spectral and geometric properties of the manifold R" endowed
with the metric (5.1) can be given in terms of (asymptotic) properties of the function
¢. For instance:

Lemma 5.1 The following statements hold true.

+00
() (R", gy) has finite volume if and only lf/ (,o(r)"_1 dr < 4o0.
0

¢'(r)

@(r)

3) If¢'(r) > ¢ > Oforallr, then (R", &) admits a proper, strongly convex function
which is bounded from below.

4) (R", gy) is stochastically complete! if and only if

) If lim

r——+00

= 400, then (R", g,) is discrete.

400 f(;’ go"_l(s) ds

dr = +o00.
a e"=1(r)

+oo
(5) (R, g,) is parabolic? if and only if f @(r) " dr = 400 for some a > 0.
a

Proof The volume of (R", g,,) is easily computed as

400
ot / o(r)" dr,
0

I Recall that a Riemannian manifold (M, g) is said to be stochastically complete if for all (x,?) €

M x ]0, +oo[, IM p(x,y,t)dM = 1, where p is the heat kernel of the Laplacian Ag. It is well known
(see [32]), that stochastic completeness is equivalent to the weak maximum principle at infinity. The weak
maximum principles says that, given a function u : M — R of class C? with supu = uyx < +00, then
there exists a sequence (xg)g in M such that u(xg) > uy — % and Agu(xy) < % forall k > 1.

2 A complete Riemannian manifold is said to be parabolic if it does not admit a global positive Green
function.
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where ¢, is the volume of the unit sphere of dimension n — 1. This settles (1).
For part (3), set f(r) = for ¢(t) dt. The Hessian of f is computed as:

Hess(f) = f/(r)dr @ dr + f/(r)Hess(r)
=¢'(r)dr @dr 4+ ¢(¢' /@) (gy — dr @ dr) = ¢'(r)g,.

Thus, f is strongly convex when ¢’ > ¢ > 0. In this situation, such a function is
proper, and positive.
For part (2), (4) and (5), see for instance [32]. O

Let us assume that R” is endowed by the metric g, described in the example (5.1),
so that ¢'(r) > ¢ > 0, Vr. According to Lemma 5.1, item (3), it holds that (R", g,)
admits a regular function f : R" — R proper, strongly convex and bounded from
below.

In addition, let us assume that the set 2 C R", is an open bounded set with smooth
boundary, and ¢ satisfies

, 2 a—C
@ (r) € [—(a+C),,,—]

where C € (0, %] and o € [’% —1+C, % —C],n > 2. If n = 2, it is not necessary

to have an upper bound to ¢'.
According to the proof of item (3), f(r, 0) = fot ¢(t)dt. Consequently, we deduce

2
VZf(a 3)—ﬂ=<p’(r>,

ar ar ) ar2
Jd 0
sz <5, %) == O,
d 0
vt (aa) =° =
ifi # j and
Vi f (8% a%) = % P(r) ¢’ (r) = @*(r) ¢’ (1), (5.3)

thus V2 f is proportional to the metric 8o-
Thus, from the Theorem 4.2 remains true in the whole €2, which allow us to avoid
putting dissipative effects totally in 2.

Remark 5 From Lemma 5.1, item (1), the manifold (R", g,,) has finite volume if

and only if fooo @(r)"~'dr < oo. Then, assuming this can occur, we can consider a
nonlinear dissipation g satisfying

ks? < g(s)s < Ks?
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for |s| > 1. In other words, it is not necessary to consider the previous property for Vs,
since, in this case, we can prove analogously what we have done before: the existence
of solutions as well as very general decay rate estimates by employing the method
developed in Lasiecka-Tataru (ver[27]) (see also Cavalcanti et. al. [11]).

5.2 Manifolds with Curvature Conditions

Let Q* C M be as defined before. We denote K = Q*.

The main goal of the present subsection is to determine an important class of
Riemannian manifolds, namely, Riemannian manifolds (M, g) with sectional cur-
vature verifying k; < sec, < k» < 0, such that it is possible to guarantee the

existence of open and disjoint subsets, Vi, ..., Vi, with Uf-;l V; c V, where
V C K can be free of dissipative effects and, in addition, meas(V) > meas(K) — €,
meas(VNIK) > meas(0K) — e, for all ¢ > 0, more precisely, Remark 4 occurs for
such class of Riemannian manifolds with V > (Jf_, V;.

We shall determine precisely an open subset V; C K and function ¢;, f; : V; = R,
where the inequality (4.22) holds, and consequently such an open can stay free of
dissipative effects.

Initially we start with the following result:

Theorem 5.1 Let a, C € R such thata > (n — 1)C, n € Nand n > 2. Let us
consider W C M" and f : M — R verifying

S+ O < V2 f,0) < | 5@+ C) +=(@—C) | v,
n n n
VpeWeVYve T, M. Then, the following inequality holds

r 2 2 r Af 2
C/ / uy + |Vul= dMdt 5/ /(——a)u, dMdt
o Jw o Jw 2
Af

T
+/ /sz(Vu,Vu)—l—(oe——)|Vu|2det,
o Jw 2
(5.4)

for all regular solution u to problem (3.1)

Proof Initially we observe that
n
Af(p) =Y _ Vf(ei e,
i=1
where {eq, ..., e,} is an orthonormal basis in 7, M. Thus, we obtain,
4
2+C)<Af(p) < —(@+C)+2(x—-C), Vpe W.
n
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Therefore,
1 2 2 2
EAf(p)IVul < ;(a+C)+(a—C) [Vul”,

forall p e W.
Consequently

2 1 2 2 2
V= f(p)(Vu, Vu) + ((x - EAf(p)> [Vul” > r—l(a + O)|Vul
2 2 2
+ a|Vu| —[;(oz+C)+(oz—C):||Vu|
= C|Vul? (5.5)

forall p e W.
On the other hand,

(%Af(p) —a> u? > (@+C)—a=Cu? (5.6)

for all p € W. Integrating the inequalities (5.5) and (5.6) over W x (0, T')) we deduce
the desired. m|

5.2.1 Manifolds Admitting Smooth Functions with Bounds on the Hessian

Given a smooth function f : (M, g) — R on a Riemannian manifold, let us denote
by Hess(f) its Hessian, which is the tensor field of symmetric (0, 2)-tensors on M
defined by:

Hess(f) (v, w) = g(Vy(V ), w),

for all p € M and all v, w € T, M. Given a function & : M — R, we write
Hess(f) = h (resp., Hess(f) < h) if Hess(f),(v,v) > h(p)g,(v,v) (resp.,
Hess(f)p (v, v) < h(p)g, (v, v)) forall p € Mandallv e T, M.

We would like to describe a class of manifolds admitting smooth functions f that
satisfy an inequality of the form:

A <Hess(f) < B (5.7)

for some prescribed constants B > A > 0. Our motivation is to satisfy (5.4), which
amounts to determining positive constants v, C and a smooth function f such that the
following inequalities:

Hess(f) > C+ 3Af —a and SAf —a>C (5.8)
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are satisfied in some open subset W C M. Observe that, taking traces in (5.7), one
obtains immediately the following inequalities for the Laplacian A"

1
%nA < EAf < %nB, (5.9)

where n = dim(M).
Using (5.7) and (5.9), we see that (5.8) are satisfied, provided that A and B satisfy:

A—inB>C—a, and 3nA>C+a.

Equalities in the above expressions are obtained by setting:

2
A=2(C+a), B:%[2";"C+Q+T”a]=%(c+a)—;(C—a).

7
The condition B > A gives:
C+ac< Q%C + 2’#05,
ie.,
a>mn-—-1C. (5.10)
5.2.2 Warped Products

The class of warped products offers many examples of Riemannian manifolds (M, g)
that admit smooth functions f satisfying the pinching condition (5.7). It is not hard
to show that a complete n-dimensional Riemannian manifold admitting a smooth
function with Hessian bounded from below by a positive constant and having a (nec-
essarily unique and minimal) critical point, must be diffeomorphic to R". However, if
one requires the existence of smooth strongly convex functions, without the assump-
tion of admitting a minimum, then one has no topological obstruction. Note that for
our purposes, it is not necessary to assume the existence of critical points for functions
satisfying the pinching conditions (5.7) on the Hessian, as we will explain below.

A basic examples of manifolds admitting a globally defined function satisfying the
pinching condition (5.7) is given as follows: Let (1\71 , €), and consider the product
manifold M = R x M. Let M be endowed with the warped product metric:

g=dr* + w3, (5.11)

where ¢ is the coordinate in R. One could consider, more generally, metrics on R x M
of the form g = a(r)? dr> 4+ w(r)> 3. However, by a standard change of coordinates,
one could rewrite such metric as dp? + w(z (,o))2 g, where r = [a(t).

Given the metric (5.11), consider the radial function f : M — R defined by
ft,x) = f(; w(s)ds. An easy computation shows that Hess(f) at any point p is a
multiple of the metric g:
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Hess(f) = w'(t) g.
In particular, if w : R — R is a smooth diffeomorphism satisfying:
A<uw'(t)<B, VteR,

then the corresponding function f satisfies (5.7).

It is also interesting to observe that, by a characterization of Cheeger and Colding
in [14], Riemannian manifolds admitting functions whose Hessian is a multiple of the
metric are basically warped products of the type described here.

5.2.3 The Hessian Comparison Theorem

We will now change our point of view, and try to determine regions of a Riemannian
manifold that are domains of smooth functions that satisfy the pinching condition on
the Hessian (5.7) using curvature conditions.

Let us recall that, given a Riemannian manifold (M, g) and a point p € M, the
injectivity radius at p, denoted by inj(p) is the supremum of the set

{r > 0:exp, isa diffeomorphism}.

‘Bp (0,r)
Here, B, (0, r) is the open ball of radius r and center 0 in T), M. Equivalently, inj(p)
is the distance between p and its cut locus. A point p € M is said to be a pole if
inj(p) = +o0. Given p € M and v, w € T, M linearly independent, we will denote
by secg(v A w) the sectional curvature of the plane spanned by v and w.

Let us recall the following result on the Hessian of the distance function.

Theorem 5.2 Let (M7, g;), i = 1,2, be complete Riemannian manifolds, and let
yi : [0, L] — M; be geodesics parameterized by arc-length, such that y; does not
intersect the cut locus of y;(0). Denote by ri = dist(-, Vi (0)), i =1, 2. Assume that
forallt € [0, L], one has:

secg, (v1 A Y1(1)) = secg, (v2 A P2(1))
for all v; € y;(t)*. Then:
Hess(r1) (v1, v1) < Hess(r2)(v2, v2),

forall v; € yi(t)* and all t € [0, L].

Remark 6 In the above statement, r; (yi (t)) = t for all t € [0, L] (because y; is
parameterized by arc-length, hence Hess(ri)()}i @), vi (t)) = 0 for all ¢. In order to
have a function with control on the Hessian in all directions, one should consider the
squared distance function. An easy computation shows that, for all smooth function
fM—-R:

Hess(% f3) (v, v) = g(V £, v)* + f - Hess(f) (v, v).
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In particular, since Vr; (y; (1)) = y; (1), then:
Hess(3r)) (1, i) = 1.
More generally, if F : R — Rand r : M — R are smooth functions, then:
Hess(F o r)(X, X) = F"(r)g(Vr, X)> + F'(r) Hess(r) (X, X). (5.12)

Thus, in computing the Hessian of a distance function, one has to distinguish radial
directions, i.e., parallel to the tangent field y (¢), and spherical directions, i.e., orthog-
onal to y (1).

5.2.4 Space Forms

Let gs» be the standard round metric on the unit sphere S”. For k € R, consider the
manifold M”" = RT x S"~! endowed with the metric

gk = dr? + Sk(r) gsn-1,
where:

ﬁ sin (Vkr), itk >0,
Sk(r) =19 r, if k =0,

i sinh (VIR 7). ifk <0.

The (completion of the) Riemannian manifold (M", gi) is the3 n-dimensional space
form of curvature k. An explicit calculation of the Hessian of the distance function
for spaceforms yields the following immediate corollary of the Hessian comparison
theorem.

Proposition 5.1 (Special case of the Hessian comparison theorem) Given a Rieman-
nian manifold (M", g) and a point p € M, set r = dist(-, p). If sec, > k, then, in
the spherical directions, Hess(r) < ﬁHk (r), where:

(n — Dk - cot (Vi - r), ifk > 0;
(n — 1)+/—k - coth (\/—_kr) ifk <0.

Hi(r) =

Similarly, secy < k, then Hess(r) > n+1Hk (f) in the spherical directions.

3 Actually, for k > 0, M" = ]0, n[ x §t—1

@ Springer



260 Appl Math Optim (2018) 78:219-265

Remark 7 One can consider more generally a metric on M" of the form:
— 1,2 2
g=dr"+¢(r)” ggn1, (5.13)
where ¢ : |0, +-00[ — R* isasmooth function with lin})qﬁ(r) = 0and lin}) o'(r)=1.
r— r—
The following formulas for the sectional curvature of these metrics hold:

¢// 1 _ (¢/)2

S€Crad = ?s S€Csph = T

where secpq is the sectional curvature of planes containing the radial vector, and secgpn
is the curvature of planes perpendicular to the radial vector.

: (5.14)

5.2.5 Conclusion

Let us consider a simply connected complete Riemannian manifold (M", g) satisfy-
ing:

ki <secg <ky <0,

for some (negative) constants ki, k2. It is well known that every point p of such a
manifold, which is necessarily diffeomorphic to R”, is a pole. Let us fix positive
constants 0 < A < B; for computational convenience, let us choose* B > n — 1 and
A < n — 1. We will exhibit a smooth function f : M — [O, +oo[ and a non empty
open subset W C M such that (5.7) holds in W.

Let us fix pg € M, set r = dist(, po), choose y € ]A, B[, and let f = 5r2.
Using (5.12), the Hessian of f is given by:

Hess(f)(X, X) =y - g(Vr, X)2 + yr Hess(r)(X, X).
If X is a radial vector, then Hess(r)(X, X) = 0, and since g(Vr, Vr) = 1, then
Hess(f)(X, X) = yg(X, X),i.e.,inequality (5.7) is always satisfied for radial vectors.
As to spherical directions X, since g(Vr, X) = 0, then
Hess(f)(X, X) = yr Hess(r)(X, X),
and by the Hessian comparison theorem we then get:
yry —ka coth(r\/ —kz) < Hess(f)(X, X) < yry—ki coth(r\/ —kl).
Thus, inequality (5.7) is satisfied in the region:

ry=r =r,

4 Note that, when imposing the pinching condition (5.7), the relevant quantity is simply the quotient B/A.
Namely, a function f satisfies (5.7) if and only if the function f = 4 f satisfies | < Hess(f) < B/A.
This implies, in particular, that there is no loss of generality in assuming A < @ < B for any a > 0.
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where r and r; are defined by:
A B
riv/ —ka COth(rl —k2) = —, vk COth(rz —kl) = —.
14 14

By elementary arguments, one can determine a large class of examples of smooth
functions satisfying pinching conditions on the Hessian, using wisely formulas (5.12)
for the Hessian of composite functions and formulas (5.14) for the radial curvature of
warped metrics of the type (5.13) in the Hessian comparison theorem.
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6 Appendix

We start this section by considering a uniqueness result due to Bur and Gérard [10]
(see p. 80, Sect. 6) or Lasiecka et. al. [26]. Let us consider the wave equation posed in
a compact Riemannian manifold (M, g) with boundary. If (w, Ty) controls M, then
the following observability inequality holds for ultra weak solutions to problem

vy —Agv=01in M x (0,T),
v=0 ondM x (0, T), 6.1)
v(0) = vg € L*(M); v,(0) = v; € H~ (M),

holds:
2 r 2
||vo||L2(M)+||v1||H4(M)sc/o /w'”(x’”' dMat, 6.2)

for a certain constant C and for all T > Ty and for all {vo, vi} € L>(M) x H~'(M).
Following we will show that if the Riemannian manifold M admits a function with
positive defined Hessian in some subset U C intM, then any geodesic on U hits dU.
We consider a Riemannian manifold M Riemannian metric G = (-, -) and Rieman-
nian connection V. We denote its Laplace-Beltrami operator by A. Fix a coordinate
system (x1, ..., x,) on M, denote G;; = (3/dx;, 3/0x;),let G'/ be the inverse matrix
of G;;. The Laplace-Beltrami operator in this coordinate system is given by

1 "9 . Ou
A= —— —(/det G;; G — ),
! ,/detGij ”2::1 ax; < i BJCj)

where V is the usual gradient correspondent to the Euclidean metric on the domain
(X1, ..., Xn).
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The Hessian of a smooth function ¢ : M — R is a symmetric 2-form on M defined
as
V2H(X,Y) = XY ($) — VxY(9), 6.3)

where X and Y are vector fields on M. Here X (¢) denotes the directional derivative of
¢ in the direction of the vector field X. It is well known that the value of VZ(X, Y)(p)
depends only on the values of X and Y on p. It means that the right-hand side of (6.3)
does not depend on the smooth extension we take for X (p) and Y (p).

Acurve y : (—¢, &) — M is a geodesic if ﬁy/(,))/(t) =0.

Lemma 6.1 Let M be a complete Riemannian manifold, eventually with boundary,
and let ¢ : intM — R be a smooth function. Suppose that ¢ is bounded and
V2p(v,v) > cllv|*> on an open subset U C intM, where ¢ > 0 is a constant.
Then any geodesic on U hits 0U.

Proof Let y be a geodesic on U. Then

d2
FWVU)) =y )y O = V& ).V () + (Vi ))(@)

=V ®), v ) = clly' Ol

where the last equality holds because y is a geodesic. Observe that the last term is a
positive real constant because ||y’(r)|| does not depend on ¢.

Then ¢ (y (t)) is a smooth real valued function which second derivative is bounded
below by a strictly positive constant. Then it is not difficult to prove that if y is defined
on a interval (a, 00), then lim,_, o ¢ (¥ (t)) = 0o. Analogously lim;_, o, ¢(y(t)) =
oo whenever y is defined on a interval (—oo, a). But neither of the cases are possible
if y remain forever in U because ¢ is bounded there. Therefore y must hit 0U. O

According to the construction of the function f give in [13] and mentioned in
Remark 4 we have that V2 f (v, v) > C||v||§ in V, where V = Ule V;. Thus, we
ensure that the geodesics find the effective dissipation region, namely (M\Q2) U M,,
That is, there are no geodesic “trapped” within the free sets of dissipative effects V;,
foralli =1, ..., k. It is worth remembering that Q2 CC Q*.

Now we can show that, in fact, the function v given in (4.64) is null in all Q*. For
this we have to show that v =01in V;, foralli =1, ..., k, since (@\V) C M, and
v =0in M,.

By (4.64), we have

V' —Av+v=0 in Q*x (0,T)
v=0 in 9Q* x (0,T) (6.4)
v(0) = vy € L2(2*); v (0) = vy € H-1(Q%),

with v = 0 in (2*\Q) U M,.
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Now, consider the problems

¢ —Ap=0 in Q*x (0,T)
=0 in 3Q* x (0, T) (6.5)
9(0) = vo € L2(Q%); ¢'(0) = v; € H1(Q%),

and,
7 —Az=—v in Q*x(0,T)
z=0 in a9 x (0,T) (6.6)
2(0) = 7/(0) = 0.

Defining w = ¢ + z, we have that w is solution of

w — Aw = —v in Q*x (0,T)
w=0 in 3* x (0,7) 6.7)
w(0) = vo € L2(Q%); w'(0) = v € H~1(QY),

and, if y = v — w then y is solution of

Y —Ay=0  in Q*x(0,7T)
y=0 in 92* x (0, T) (6.8)
y(0) =y'(0) = 0.

By uniqueness of solution, we conclude that y = 0, thatis, v = w = ¢ + z. Note
that 7/ — Av = —v = 0 is (Q*\Q) U M, with z(0) = 0 = 7/(0), where it follows
that z = 0 in (Q*\Q) U M,, and consequently, ¢ = 0 in (Q*\Q) U M.

As ¢ = 0in M, DD Q*\V we have that exists an open neighborhood w; of 3V;,
with w; C V;, such that ¢ = 0 in w;.

Restricting the problem (6.5) to V;, follows by (6.2) that

T
100l 22y, + 1011133y < c/o /w lpCx, D) dMdt, 6.9)
where it follows that vg = v = 0em V;, foralli = 1, ..., k, and therefore, by the
problem (6.8), we conclude that v = 0 in V;, foralli = 1, ..., k, as we wanted to
show. m]
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