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1 Introduction

This paper deals with a class of discrete-time controlled stochastic systems com-
posed of a large number of N interacting objects which share a common environment.
Denoting by X/ () the state of the object n at time 7, its evolution is determined by a
difference equation, homogeneous in N, of the form

xXNe+1)=F (X,’f(t), cNay, ar, g,) L t=0,1,.., (1.1)

where F is a known function, CV (¢) is the context of the environment, ¢, is the control
or action selected by a central controller, and &; is the random disturbance. Itis assumed
that {&,} is an observable sequence of independent and identically distributed random
variables with a density p which is unknown by the controller. In addition, at each
stage, a cost resulting from the movement of the objects and the selected control is
generated. In this sense, we propose a suitable Markov control model to study this
class of systems, in which the controller aims to select actions to minimize a given
discounted cost criterion.

The facts that N is too large (N ~ 00) as well as the lack of knowledge of density p,
lead to formulate an alternative scheme to analyze the corresponding optimal control
problem. Indeed, our approach to follow will be framed in the context of the mean
field theory, under which, instead of analyzing a single object, we focus on the number
or proportion of objects occupying certain state at each stage. This defines a control
model M y whose states are precisely the proportions of objects evolving according to
a suitable stochastic difference equation, depending on N. Then, by taking limit as N
goes to infinity, we obtain the so-called mean field control model M, whose states are
probability measures, resulting of the limit of the aforementioned proportions, which
in turn satisfy a deterministic difference equation. In this way M can be considered
as an approximating model for My, in the sense that any optimal control policy 7 *
associated to M can be used to control the original process (the N —system) on My,
and therefore the objective is to measure its optimality deviation. Clearly, the good
performance of 7* on My depends of the accuracy of the mean field limit of My to
Mas N — oo.

Because the dynamic of the objects depends on the unknown density p, we also have
the dependence on p of the mean field process. Thus, besides the analysis of the limit
behavior as N — oo, the controller must implement a statistical estimation procedure
for p in order to get some information about the dynamic of the objects. To this
end, at each stage ¢, p is estimated from historical observations &, &1, ...&;, collected
during the evolution of the system. Such estimation procedure is then combined with
the minimization task for obtaining control policies. However, as is well-known, the
discounted criterion depends strongly on the decisions selected in the first stages,
precisely where the information on p is rather poor or deficient. This fact implies that, in
general, under discounted criteria, procedures of estimation and control do not provide
optimal policies (see, e.g., [10,11,13,19]). Thus, in this paper we seek optimality
results in a weaker sense: the so-named eventually asymptotically optimality.
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In the last years, mean field theory has become a useful tool to study systems
composed of a large number of objects (particles or agents) under several scenarios:
discrete- and continuous-time systems of interacting objects, mean field control prob-
lems, and mean field games; all of them according to different optimality criteria,
and with applications, for instance, in statistical physics, finance, operations research,
among others—see, e.g., [1-3,5-9,14-18,20] and the references therein.

In particular, the motivation of our results comes from the work [7], in which the
authors consider the dynamic of each object to be represented by means of a known
stochastic kernel K that depends on both, the environment and the actions selected
by the controller. The main purpose of that work is to study, among other things,
the speed of convergence of the N-system as N — oo as well as to obtain bounds
for the gap between the cost of the N-system and the corresponding one associated
to the mean field model. In contrast, in this paper we assume that the N-system is
modeled by the stochastic difference equation established in (1.1 ) where the density
of the random disturbances becomes unknown for the controller. This constitutes the
main feature of our model and the novelty of our paper. That is, our approach consists
in to analyze estimation and control schemes on the mean field model M, and then
study the optimality, on the model My, of the resulting policies. Hence, through a
joint analysis of the mean field limit (N — o0) as well as of the estimation process
(t — 00), we construct control policies that are nearly optimal for the control model
My, in a asymptotic sense as N goes to infinity. This class of policies are called
eventually asymptotically optimal policies.

The paper is organized as follows. In Sect.2 we present the system of N objects
together with its corresponding Markov control model, whereas Sect.3 is devoted
to study the mean field control model we are concerned with. In both sections we
provide optimality results ensuring the existence of minimizers based on the dynamic
programming method. In Sect.4 we introduce the estimation and control procedure
in the mean field model to construct control policies. Finally, we conclude, in Sect. 5,
with the analysis of the mean field convergence, providing, among other facts, the so-
called eventually asymptotically optimal policies. Throughout the paper, we shall be
developing a class of consumption-investment problem to illustrate our assumptions
and results .

Notation As usual, N (respectively Np) denotes the set of positive (resp. nonnegative)
integers; R (resp. R ) denotes the set of real (resp. nonnegative real) numbers.

On the other hand, given a Borel space Z (that is, a Borel subset of a complete
and separable metric space) its Borel o —algebra is denoted by B(Z), and the attribute
“ measurable”will be applied for either Borel measurable sets or Borel measurable
functions.

Let M(Z) be the set of finite signed measures on Z. If Z C R is finite, e.g. Z =
{1, 2, ..., z}, we will identify any p € M(Z) by the vector p := (p(1), p(2), ..., p(2)).
In particular, consider P(Z) C M(Z) the set of probability measures on Z. In this case,
any p € P(Z) can be expressed in terms of its probability distribution {p(i) : i € Z}
where p(i) > 0,i € Z, and >;_, p(i) = 1. Observe that, under the topology of R,
Z =1{1,2,---,z} becomes a Borel set, and so is P(Z). As usual, | - | will denote the
norm on R.
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We shall define the norm on M((Z) x R4, for Z finite under the corresponding L
norm; that is, for each vector (p, c) € M(Z) x R4:

1P, €)oo := max { 1Pk el .

where ||p||(1)o := max {|p(1)|, ..., |p(z)|}, and IICIICZ,<> = max {|cq], ..., |cq|}, with
¢ = (c1,---,cq). Furthermore, for a given Borel space A, d4 will represent its
associated metric. For all (p, ¢, a), (p,c’,a’) € P(Z) x R? x A the corresponding
L o —distance takes the form

[poecar = (' an 3 = max [ p = P e = €3 data ah ),

whereas for a matrix A, x,, we will denote its corresponding norm || - ||go as

0 .
I1A12, = max Al

Let Z and A be Borel spaces. A stochastic kernel Q (+]-) is a function Q : B(Z) x
A — [0, 1], such that Q (-|a) is a probability measure on B(Z) for each fixed a € A,
and Q (B|-) is a measurable function on A for each fixed B € B(Z). Finally, B(Z)
denotes the class of real-valued bounded functions on Z endowed with the supremum
norm |[v|| := sup,c7 |v(z)|, while C(Z) is the subspace of B(Z), consisting of all
real-valued bounded continuous functions defined on Z.

We assume the existence of a fixed probability space (€2, F, P), and for the attribute
a.s. we mean almost sure with respect to P.

2 The N-Objects Markov Control Model

We consider a discrete-time controlled stochastic system composed by a large number
N of interacting objects defined as follows. Let Xf,V t),n=1,2,...,N,t € Ngbethe
state of the object n at time ¢ taking values ina givenset S = {1,2, ..., s} € N. There
is a controller (or decision-maker) who, at each stage, can influence the behavior of the
objects by means of actions or controls a; selected from a given Borel set A. Moreover,
the objects are assumed to share a common environment which also influences the
behavior of the system. Let CV (¢) € R? be the context of the environment at time
t € Np. Once the environment is specified, the behavior as well as the evolution of the
objects are considered to be independent each other. More specifically, the evolution
of the process { X ’11\/ (t)} (N, 18 given according to the stochastic difference equation,
homogeneous in N, defined in (1.1); that is,

XNi+1)=F (X,gv(r),cN(r),a,,g,), t=0,1,..., 2.1

where F: SxRYx AxR — Sisa given (known) function and {&,} is a sequence of
independent and identically distributed (i.i.d.) real random variables with a common
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density p which is unknown for the controller, and defined on the underlying prob-
ability space (€2, F, P). As a consequence of the above definitions, it is possible to
define the transition law K, of each object in terms of the function F, as follows: For
aln=1,2,...,N

Kf(a 0 = P[XY @+ 1) = jIX) 0 =i = a,CV (1) = c]

=/ Ij[F(i,c,a,2)1p()dz, i,j €S, (a,¢c) e Ax RY. (2.2)
R

where Ip stands for the indicator function of the set B. This relation defines the
transition law by means of the stochastic kernel K, = K,(a,c) = [KZ. (a, c)] .
Notice that K, represents the common conditional distribution of the states.

Throughout this work it is assumed that the objects are observable through their
states, so that the controller can only determine the number of objects in each of the
states i € S. In this sense, the behavior of the system can be reformulated by means
of the proportions of the objects at each state. Namely, let MZ.N () be the proportion
of objects in state i € S at time ¢ defined as

MY @) = Z Tix (=il

Further, we denote by MmN (#) the vector whose components are the proportions; that
is,

N (1) = (M{V(t), MY, ..., MSN(t)).
Observe that 1\71N(t) ePn(S) :={p eP(S): Np(i) e N, Vi e §} CP(S), and itis
easy to see that P (S) is a finite set.

In addition, we suppose that the context of the environment is a dynamical system
whose evolution is determined by the difference equation:

cNe+=g (CN(t), MY+ 1), a,), t e Ny 2.3)

where g : RY x P(S) x A - R isa known function.

Let us assume now the evolution of M (-) in a recursive way through a difference
equation. Clearly, such an evolution is strongly dependent on the transition law K, of
the objects, and as a consequence on the unknown density p. Hence, we assume the
existence of a measurable function GQ’ :Py(S) x RY x A x RN — Py (S) such that

Y@+ 1) =GY (Y0, V), ar, i), Q2.4)

where {w,} is a sequence of i.i.d. random vectors on R¥, with common distribution
6.
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Forease notation, we denote Yy := Py (S) xR?, and let Hé\’ Yy xAXRY - Yy
be the function defined as

Hlév (v,a,w) = (Gg(y, a,w), g (c, Gg(y, a,w), a)). 2.5)

Then, denoting y" (¢) := (MN(z), CN(t)), according to (2.3) and (2.4), HY defines
the dynamic of the process {y" (1)} ; that is,

W+ = (6N (W) a i), g (¢, Y@+ 1. a))
= (&) ("W w.a i), g (V0. GYGN 0. i) )

=) (V0. a ). 2.6)

Finally, a cost depending on the proportion of the objects, on the environment, and
on the selected control, is generated at each stage. This cost will be represented by the
measurable function 7 : P(S) x R x A — R.

Let us consider the space Y := P(S) x R?. Observe that Yy := Py (S) x R € Y
and the one-stage cost can be then redefinedasr : Y x A — R.

2.1 Formulation of the N-Markov Control Model (N-MCM)

We define the discrete-time Markov control model associated to the system of N
objects previously introduced (in short N-MCM) as follows:

My = (YN,A, H;V,e,r). 2.7)

The model My describes the performance of the system in the following sense:
at time ¢, the controller observes the state y = yN ® = MY©®),cN@) € Y
which is composed by both the proportions of the objects and the context of the
environment, and then he/she selects a control @ = a; € A. As consequence the
following happens: (1) a cost r(y, a) is incurred, and (2) the system moves to a new
state y/ = yNV(t + 1) = (MN (t + 1), CN (¢t + 1)) according to the transition law

0,(Bly.a) =P [yt +1) e By¥ (1) =y, 0, = a

- /RN 15 [HY (v, 0, )] 6w,

with H lév asin (2.5). Once the transition to the state y’ occurs, the procedure is repeated.
In addition, we will assume that the one-stage costs are accumulated during the evo-
lution of the system in an infinite horizon by using a given discounted cost criterion,
and therefore the actions selected by the controller are directed to minimize the fotal
expected discounted cost introduced in (2.22) below.
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In order to ensure the existence of minimizers, we impose the following continuity
and compactness conditions on some elements of My .

Assumption 2.1 (a) The control space A is a compact metric Borel space, whose
metric is denoted by d 4.

(b) The function g in (2.3) is a Lipschitz function with constant L; that is, for
e, eRe m,m €P(S), a,d €A,

2

2w =)L data,ahl

(2.8)

”g(c, m,a) — g(c',m',a") ||io <Lgmax {Hc — c’”

Without lost of generality, we assume that Ly > 1.

(c) The mapping a — Hl’)v(y, a, w) defined in (2.5) is continuous, for all y € Yy
and w € RV,

(d) The one-stage cost r is a bounded and uniformly Lipschitz function with constant
L,; that is, for some constant R > 0

lr(y,a)] < RVY(y,a) € Y x A,
and forevery a,a’ € A,and y, y’ € Y,

sup  |r(y,a) —r(y,d)| <L, ||y - y/”oo-
(a,a’)eAxA

2.2 A consumption-Investment Model with Controlled Subsidy/Fee

We consider a consumption-investment system composed by N “small” investors
(i.e., economic agents whose actions do not influence the market prices) which invest
among various assets with different return rates, but that also consume some specific
product. There is a central controller, for instance the government or a public body,
who provides a subsidy to assist the investors or imposes a fee that the investors must
pay. For simplicity, we shall consider only two assets for the investors: one of them
is a risk-free asset with fixed rate 7, and the other a risk asset with a stochastic return
rate & taking values in a bounded set Z C R. The fraction associated to the wealth
to be invested in the risky asset is a function ¢ : R4 — [0, 1] that depends on the
context of the environment; this environment might be, for example, uncertainty of
the investors, type of markets that investors are trading, frecuency of transactions, etc.
In an analogous way, the quantity (1 — ¢1) will represent the fraction of wealth to be
invested in the risk-free asset. On the other hand, we will assume that each investor
consumes a quantity 5 : R — R that is also a bounded function dependent on the
context of the environment.

In the spirit of our assumption, since the state space S is denumerable, we shall
assume that the use of cents is negligible. Hence, let a; be the decision of the central
controller at time ¢ which is assumed to satisfy a; € {0, £1, ... £ a*} =: A for some
a* > 0. That is

a; = fee of size —a, (if a; < 0) or subsidy of size a; (if a; > 0), at time 7.
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Denoting by X,I,V(t) €{0,1,---,s} = § the wealth of the investor n at time ¢, we
can represent this process by means of the following difference equation

XY+ =int] [ =o€ ON + 1) + o1V )8 |

x [0 = eV @) +ai] ], 2.9)

where int{x} is the integer part of x. It is assumed that s € Ny is sufficiently large,
and the functions ¢,,, m = 1, 2, satisfy the Lipschitz conditions with constants L, ,
m = 1, 2, respectively, taking values in appropriate sets such that the following holds
true

F,c a,z7) = int{ [(1 = @1())(1 +7) + 1)z [i — ¢2(c) — al } €S, (2.10)

Furthermore, using the Lipschitz properties of ¢ and ¢;, we can deduce that F is in
fact a Lipschitz function in the following sense:

|Fi.c.a.2) — F(i,c',d', 2)| < Ly max {||c — 1%, la— a/|}, @.11)
where

Lr =14 (1+71+maxcez|z|) (Lys + Ly Ly, + Ly, Ly, +a* Ly, + Ly,)
+(1+ 1)1 + Lyy)

and I:(/,m represents some (uniform) bound of ¢,,,, m = 1, 2.
Assuming that p is the density of the random rate &, the transition law turns out to
be

Ki’;.(a, c) =/ I;[F(i,c a,z)]p(2)dz, (2.12)
R
foreachi, j € Sand (a,c) € A x R4, Further, since F is an S—valued function and

§:=1{0,1,---,s)}is finite, it is easy to see that, foralli, j € S, a,a’ € A, ¢, ¢’ € R?,
the indicator function satisfies

|Ii[F(i,c,a,2]—I;IFG,c a2l <|F(,caz)—F(Gc, d, 2

< Ly max {“c — c/||i<> ,da(a, a’)},

where the last inequality is due to Lipschitz property of F givenin (2.11). Hence, from
(2.2),

Kl.’;.(a, c) — Kl.’;.(a’, )

< / |IJ-[F(i, c,a,2)] = Ij[F(G,c, d, z)]| p(2)dz

5meax{||c—c/||§o,dA(a,a/)}, (2.13)
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which implies that K, is Lipschitz.
On the other hand, for each i € §, the evolution of the proportions M; (¢) of the
investors can be seen in a recursive way as follows (see [7])
L8 NMY (1)
N k
MM+ 1) =5 > > Luta.cvion @ @), (2.14)
k=0 n=1
where wﬁ () are i.i.d. random variables uniformly distributed on [0, 1],
Ap(a,c) = [Tp(@ o). T (a0l €0, 1], (2.15)
and
i—1
Il(a,c) = Z K[ (a,c), k,ieS. (2.16)
[=0
Foreachi € S and r € Ny, we denote
() 1= (w0, wl,w0)
and

iy = (J)O(t), . ,ﬂ}‘(t)).

It is worth noting that >_;_, NMl.N (t) = N, thus w, € [0, 1]V, This assertion implies
that the number of (uniform) random variables involved in the dynamic (2.14) coin-
cides with the number N of small agents; a fact that is presented in a general way
through the dynamic (2.4).

Let us now rewrite the above expressions as in (2.6); namely, we define

18 NMY (@)
N (N - . ky
Gp.i (y () ar, wt) =20 20 lugevman@n, €S,
k=0 n=1
This function G ,IX takes the following vectorial form
GY (v.a,w) = (G (v a,w). ... G (va,w), (v.a,w) € Yy

x A x [0, 11V, (2.17)

yielding to the following expression
MY+ 1) =G (MN(t), N, a, J;,) . (2.18)
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In addition, recalling that P(S) denotes the space of probability measures on S, we
assume that g : R? x P(§) x A — R is an arbitrary function satisfying Assumption
2.1(b), such that the context of the environment satisfies

CN(t+1)=g(CN(t),]l7[N(t+l),at), t € No. (2.19)
Then, (2.18) and (2.19) define the function
H;V (v,a,w) := (Gg(y, a,w), g(c, G/]:(y, a,w), a)), (2.20)

which determines the dynamic of the process { yN (t)} similar to (2.6).
Finally, since the action space A is denumerable, the continuity of a +—
H [I)V (-, a, -), required in Assumption 2.1(c), trivially holds.

Remark 2.2 In the case when A C R is an arbitrary compact set, say A = [—a*, a*]
for some a* > 0, the continuity of the function H N can be verified as follows. For
i,jeS wel01],ce R anda e [—a*, a*], let Sw(Af.’j(c, a)) be the Dirac
measure corresponding to the indicator function / (4l . a)}(w) (see 2.15, 2.16). Now

take a sequence {ar} € [—a*, a*] such that ay — a € [—a*, a*], which is possible
because [—a™, a*]is acompact set. Since a —> KZ‘ (a, c¢)iscontinuous foralli, j € §
and ¢ € RY, so is the mapping a —> Fl.pj (a, c). Hence, Ag. (c,ar) — Afj (c,a) as
k — oo in the set sense. Therefore, due to the fact that §,,(-) is a probability measure
(so it is continuous), we conclude that Sw(Afj(c, ay) — Sw(Af.)j(c, a)), as k — oo.
This fact and the continuity of the function g given in Assumption 2.1(b) yield the
continuity of the map a —— HZ)V(-, a,-).

2.3 Optimality in the N-MCM

In this subsection we introduce the elements that define the optimal control problem
as well as the results regarding existence of optimal policies respect to the discounted
criterion, associated to the N-MCM (2.7).

Control policies The actions applied by the controller are selected according to rules
known as control policies, which are defined as follows. Let Hév = Yy and HtN =
(Yy x A xR x RN)t x Yy,t > 1, be the space of histories up to time ¢. An element
hN of HY is written as

nY = (5", ao, 0, 0, .YV (= Dt G113V 0))

where yN () = (MN (1), cN (t)). A control policy is a sequence N = {rrtN} of
stochastic kernels 77 on A given HY such that 7" (A|hY) = 1 for all k) € HY,
t € Np. We denote by TV the set of all control policies.

Now, let [F be the set consisting of all measurable functions f : Y — A and
FN := F|yn be the restriction of F over YV. A policy 7V € TV is said to be a
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(deterministic) Markov policy if there exists a sequence { f,N } C F¥ such that for all
t € Noand hY¥ € HN, nN (-[n)) = 8 v (N 1y (- In this case 7N takes the form
7 ={fN}. In particular, if £V = f¥ for some fV € F and for all t € Np, we say
that 7% is a stationary policy. We denote by H]AY, the set of all Markov policies, and

following a standard convention, we shall use the same notation of FN to denote the
set of stationary policies.

Remark 2.3 (a) We denote by I, the set of deterministic Markov policies when we
use FF instead of FV in the above definition; that is, [1,; is the family of sequences
of functions { f;} C F. Observe that any policy & = {f;} € 1y whose elements
f; are restricted to Yy turns out to be an element of ITV.
(b) Under standard arguments (see, e.g., [12]), for each 7%V e TTV and initial state
yN(0) = y € Yy, there exists a probability space (Q’, F, P;FN) consisting in
Q= (YN x A xR xRN )oo, F’ its respective o —algebra, and a probability
measure Py” N satisfying the following properties: For each ¢ € Ny

@ P7"(yN(0) € B) = 8,(B), B € B(Yy).

Q) P7" (a € ClhY) = 7N (CIhY), C € B(A),

(iii) (Like-Markov property):

P Ve D e BInY a] = 0, (BIyV ). ar)

- [ ),
B e B(Yy). (2.21)

The discounted optimality criterion For each control policy 7" e IT"and initial

state y"V(0) = y € Yy, we define the total expected discounted cost as

VN, ) = TS ol (yN(t), a,), (2.22)
t=0

. . N .
where o € (0, 1) is the so-called discount factor and E;T denotes the expectation

operator with respect to the probability measure P} " induced by the policy 7V given
yV(0) = y. We say that ¥ is optimal for the N-MCM if and only if

VNG) = inf VvV (nN, y) —yN (n,ﬁv, y), yeYy.,  (223)

aNen

In this case, V" is said to be the N —value function.

Under the conditions imposed on the N-MCM My, we can state the following
well known result that provides a characterization on the optimal policies and on the
N-value function in terms of the solution of a certain functional equation so-called
the N- optimality equation (see, e.g., [11,21]):
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Proposition 2.4 (a) The N —value function V*N satisfies the N —optimality equation

vV (y) :min{r(y,a)—i—ot/ vy [H,iv (y,a,w)]e(dw)], yeYy. (2.24)
acA RN

In addition,

N R
V. (Y)‘ = m, y €Yy,

with R being the (uniform) bound of the one-stage cost r defined in Assumption
2.1(d), and « the discount factor in (2.22).
(b) There exists f*N e FVN such that f#fv (y) € A attains the minimum in (2.24), i.e.,

VY0 =r e [ VI [HY (v )o@, y ey, @25)

and furthermore, the stationary policy niv = { f*N } S H% is optimal for the
control model My .

Proposition 2.4 provides a flexible framework for the optimality analysis of the
interacting objects system. However, from the practical point of view, its usefulness is
seriously limited either because N is too large (N ~ o0) or for the lack of knowledge
of density p. Indeed, to analyze equations (2.24) and (2.25), we first need to deal with
a multiple integral of dimension N which could be considerably difficult to calculate,
besides that the dynamics of the system depends heavily on the unknown density p.
Both situations will be discussed in the following sections in order to overcome these
obstacles. Specifically, we first introduce a suitable control model M that represents
the “limit model” of My as N — o0; this new model is referred to as the mean
field control model, and of course also depends on the unknown density p. Hence,
we pose the mean field control problem which is independent of N, but dependent
on p. Then, in Sect.4, an statistical estimation and control procedure is proposed to
construct nearly optimal policies for the control model My in an asymptotic sense
when N — oo. In other words, M is used as an approximating model for My, and
the hope is that optimal policies in M have a good performance in My, whenever
the model M gives a good approximation to the model My .

3 The Mean Field Control Model

Recall the set Y = P(S) x R?. We consider a general controlled deterministic system
{(m (1), c(t))} € Y that depends implicitly on the distribution p in (2.2) and whose
dynamic is governed by means of the following difference equations

it +1) = G, (ii(t). c(t). ay):; G.1)
ct+1)= g(c(t), m(t + 1), a,), 3.2)
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where ((0), ¢(0)) = (m, ¢) € Y represents the initial condition, a, € A is the control
(or action) selected at time ¢, g : RY x P(S) x A — R4 is the function defined in
(2.3),and G, : P(S) x R x A — P(S) is a known Lipschitz function (dependent on
p) with constant L¢; that is, for m, m’ € P(S), ¢, ¢’ € R?, and a, d’ € A,

|G, c.a) =Gt ', a)| L, = L max { i —it'|, . |

c— c’||io ,dal(a, a’)} .
3.3)

Due to the deterministic nature of the process (3.1)—(3.2), it is evident that the
dynamic is completely determined by the sequence of actions {a;} C A and by the
initial condition (112, ¢) € Y. Furthermore, we will assume (see Assumption 5.1 below)
that the process y(t) := (m(t), c(tl) represents the mean field limit; that is, y(¢) will
be the limit process of yV (r) := (MY (), CV (1)) in (2.6) as N goes to infinity.

Let H, : Y x A — Y be the function that defines the dynamic of the process
{m(2), c(1))}; that is,

Hy(y,a) := (Gp(ﬁ, c,a), glc, Gp(n_i, c,a, a)), y=@m,c)eY, acA. 34)
From (3.1) and (3.2), we can write

Y+ 1) = (G, (0), c(t), ap), g(c(t), m(t + 1), a))
= Hy(y(t),a), t=0, (3.5

with y(0) = (m, ¢) € P(S) x R?. A straightforward calculation yields that the function
H, is a Lipschitz function (recall G, and g are Lipschitz functions). Specifically, for
(v,a),y',a) e Y x A,

|Hp(y.a) = Hy(y',a)|| o, < L, max {|y — |, . da(a.a)}, (3.6)

where Ly, = max {L,, L;Lg}. Using the same one-stage cost r defined for the
N-MCM (2.7), we can then define the mean field control model as

M= (Y, A, H,r),

which has a similar interpretation as the N—MCM M y.

Example 3.1 (Consumption-investment problem) Carrying on with our example,
we define the controlled deterministic system {(712(¢), c(¢))} € Y as (see [7])

it + 1) = (0K y(ar, (1) 3.7
ct+1)=glc@),m@t+1),a). (3.8)

where K, becomes the matrix [K i’;], whose elements turn out to be stochastic kernels

defined in (2.12) and g : R? x P(S) x A — R is the function defined in (2.19).
Observe that m(r + 1) is the vector with components
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mj(t+ 1) =D mi(O)K/ (ar, (1)),

i=1
where 71(0) = m € IP(S). In this case the function G, in (3.1) takes the form
Go(m,c,a) =mKpy(a,c), (m,c)eY,acA, (3.9)

and, since the kernel K, is Lipschitz (see (2.13)), sois G, as was stated in (3.3), with
some constant L.

In Sect.5 we will show that (3.7)-(3.8) are in fact the limit processes of (2.18)—
(2.19). O

3.1 Optimality in the Mean Field

In this subsection we present a well-known theory regarding optimality results for
the controlled system (3.1)—(3.2) when using the deterministic discounted criterion
(3.10). Basically these results show characterizations on the optimal policies and on
the corresponding value function in the sense that these optimal quantities become
solutions of a given functional equation associated to the mean field control model.

As is well-known (see, e.g., [4]), for the deterministic controlled systems, a control
policy 7 is a sequence of decision rules (or selectors) m = {f;} C F. Therefore,
according to the Remark 2.3(a), we can naturally consider the set [Ty, as the set of
all control policies for the model M. Hence, given a control policy 7w € I1j, together
with the initial condition y(0) = y € Y, we define the total discounted cost for the
mean field model as

(T, y) = D a'r (y(0). ap). (3.10)

t=0
Then, the mean field optimal control problem is to find a policy 7, € I such that

vy (y) == niéth v(m,y) =v(ms, y), yeY, (3.11)

where v, is the mean field value function and m, is said to be an optimal policy for the
mean field control model M.

Observe that from the continuity of the function H, [see (3.6)], the compactness
of the control space A, and the continuity of the one-stage cost r, we can state the
following result regarding the value function (see, e.g., [11,21]).

Proposition 3.2 (a) The value function v, satisfies the mean field optimality equation
v () :meig {r(y,a) + vy [Hp (y,a)]}, yeY. (3.12)
a
Equivalently,

min®(y,a) =0, yeY,
acA
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where
D(y,a) :=r(y,a) +avi [H, (v, a)] — v (y), (3.13)

is the so-called discrepancy function. In addition,
R
(V)] = T V€ Y.
-

(b) There exists f* € F such that f*(y) € A attains the minimum in (3.12), i.e.,

v =1, ) Fav[Hy (v, f¥)], veY, (3.14)

and furthermore, the stationary policy t* = { f*} € Il is optimal for the control
model M.

Remark 3.3 Let {(y;,a;)} be a sequence of state-action pairs corresponding to the
application of a stationary policy 7* = { f*} € IT)s. Observe that by the optimality
principle and dynamic programming arguments, 7 * is an optimal policy if, and only
if ©(y;, f*(3)) =0, forall t € Np.

Although the optimal value function and the optimal policy are well characterized
through Proposition 3.2 and Remark 3.3, the information about the density p plays
an important role in equations (3.12)—(3.14), and as a consequence, the optimality
equation and its minimizers are highly dependent on the density p. However, under
certain conditions, when this density is unknown, as is our case, suitable estimation-
control procedures can be applied in order to find optimal policies. This point is studied
in the next section.

4 Estimation and Control in the Mean Field

The main problem we address in this paper is to obtain optimality results under the
assumption that the density p in (2.2), and as consequence the function H, in (3.4)-
(3.5), are unknown. In this scenario, assuming observability of the random disturbances
&o, &1, ..., the controller has to appeal to a combination of statistical estimation methods
and control procedures on the mean field model M, in order to gain some insights
on the evolution of the system. That is, before choosing the action a; at time ¢, the
controller gets an estimate p; of p —thus gets also an estimate H, = H),, of the function
H,—, then, the decisions of the controller are adapted to this estimate, obtaining a
control a; = a;(p;).

To fix ideas, let us consider &, &1, ..., £&k—1 be independent realizations of a random
variable with the unknown density p observed up to time k — 1, and let px(:) :=
ok (-5 &0, &1, ..., &k—1) be a density which is an estimator such that, as k — oo

/R lok(2) — p(2)|dz — O as 4.1)
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and

sup || G (v, @) = Gy, l1)||(l>o — 0O a.s, 4.2)
(y,a)eYxA

where y = (m, ¢), and foreachk € N, G o 18 the function defining the dynamic of the
process {m (1)} [see (3.1)] when the density p is used instead of p. Thus, G, defines
a new estimated process which is generated by the function [see (3.4), (3.5)]

Hi(y,a) = (ka(y, a), g(c, Gy (y,a), a)) , y=@m,c)eY, acA.
It is easy to see that

sup | Hi(y.a) — Hpy(y, a)”Oo — 0a.s., as k — oo. 4.3)
(y,a)eYxA

Indeed, since g is a Lipschitz function, we have that, for all y = (m,c) € Y, a € A,

2 1
[g(c. Gp(v.@).a) = g(c. Gp(y.a). )| < Ly [Gp(v.@) = Gp(y. 0, -
(4.4)
Then, combining (4.2) and (4.4), we get

2
sup [ g(c. Gy (v.a).a) — g(c. Gp(y.a), )|, — Oas., as k — oco.
(y,a)eYx A

Thus, we can easily see that (4.3) holds. Moreover, for each 7 € IIy; and y € Y,
from (4.3) together with a simple use of the dominated convergence theorem, we can
conclude

E] sup | Hi(x,a) — Hp(x, a)||oo — 0, ask — oo, 4.5)
(x,a)eYxA

because p; does not depend on 7 and y.
Let {vx} be a sequence of functions vg : Y — R in C,(Y) to be defined as follows:

vo =0;
vi(y) = min {r(v.a) +avi_1 [Hi (v, )]}, keN, yeV. (4.6)
Then, noting that the function (y, a) — Hj (y,a), k € N, is continuous and that A is

compact, from standard measurable sglection theorems (see, e.g., Proposition D5(a)
in [12]), for each k € N, there exists f; € [F (dependent on o), such that

() =, fo +ever [He (v, /)] ve¥. 7

We define the control policy 7 = [ fk] € ITj. Observe that this policy is completely

computable for the controller, and therefore, according to our objective, we are inter-
ested in to study its optimality. However, it is worth noting that the discounted criterion
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strongly depends on the decisions selected in the early stages, right where the statistical
estimation process yields poor information about the unknown dynamic. This leads
to thinking that, in general, it is not possible to ensure that 7 is an optimal policy in
the usual sense for the mean field model. Hence, we need to use the following weaker
optimality criterion to analyze its optimality, which is motivated by the comment in
the Remark 3.3 (see, e.g., [10,11,13,19] for further information about this optimality
criterion).

Definition 4.1 We say that a policy = € Iy, is eventually optimal for the mean field
control model (or simply eventually optimal) if and only if, for any initial condition
y0)=yeY,

lim ET®(y(1),a;) =0, yeY,
—00 -

where ® is the discrepancy function defined in (3.13).

Before establishing the result, we need to impose the following technical require-
ment.

Assumption 4.2 The constant L, defined in (3.6) satisfies Ly, < 1.

Theorem 4.3 Under Assumptions 2.1, and 4.2, the policy & obtained by means of the
iterative method described in (4.7), is eventually optimal.

The proof of this theorem is based on several lemmas, so it will be presented at the
end of the section.

Example 4.4 (Consumption-investment problem) For the estimator p;, we define,
similarly as (2.12), the estimated transition kernel Ky (a, ¢) = [K lk] (a, c)] with com-
ponents [see (2.10)]

Kl.]‘i(a, c) =: / Ij[F(i,c,a,2)]p(2)dz, i,j€S, (a,c) e AxR.
’ R

Also, we define
G (m,c,a) :=mKy(a,c), (m,c)eY,ac€A,
and
Hi(y,a) == (mKi(a,c), g(c,mKi(a,c),a)), y=@m,c)eY,acA.

Observe that foralli, j € S, (a,c) € A X R4,
K@ =Ko < [ 1n@ - p@)1d
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Therefore, according to (4.1)

sup [ Ki(a, ) = Kp(a. o) Hgo — 0as,ast — 00, (4.8)
(a,c)eAxRe

which, in turn, implies (see (3.9))

sup Hka(y,a)—Gp(y,a)Hio = sup ||n'%Kk(a,c)—n7Kp(a,c)||io
(y,a)eYxA (v,a)eYx A

— Qa.s.,as k — oo.

O
The remainder of this section is focused in the proof of Theorem 4.3.

Let {u;} C Cp(Y) be the mean field value iteration functions defined as:
uy = 0; 4.9)
u;(y) = min {r(v,a) +au—1 [H, (y.@)]}, t€N, yeV. (4.10)

a
As shown in [4,11,21], our hypotheses lead to

v.(y) = lim u(y), yev, (4.11)

where v, is the mean field value function satisfying (3.12).

Lemma 4.5 Suppose that Assumption 2.1 holds. Then:

(a) Foreacht € Ny, the functions u; generated by means of the iterations (4.9)—(4.10)
are Lipschitz continuous with constant

t—1

Ly =L, (aLp,)" (4.12)
=0

(b) In addition, if Assumption 4.2 holds, then the mean field value function v is
Lipschitz continuous with constant

L

Ly = ———0,
v l—OlLHp

(4.13)

where L, and Ly, are the Lipschitz constants in Assumption 2.1(d) and (3.6),
respectively.

Proof (a) We proceed by induction. First, from (4.9), clearly part (a) holds for r = 0.
Now we assume that u; is a Lipschitz function with constant given in (4.12). Then,
for y, y' € Y, from (4.10) we have

g1 () —tr4100)] <sup {rv.a)—r(, @)|+a |u [Hy (v, )] —u, [Hp (v @)]|} -
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Thus, since r and H,, are Lipschitz functions (see Assumption 2.1(d) and (3.6)), as
long as (4.12) is used, we get

i1 () = w1 O] < L |y = 5| o FaLu L, |y = 5] o

< (evatn 3 o) Vsl (143 k)™ s -l

[=0
t
=L,y (aLn,) |y =]
=0

Therefore, u,y1 is a Lipschitz function with constant

t
Ly, = er (aLHﬂ)l
=0

This fact proves part (a).
(b) For y, ¥y’ € Y, adding and subtracting the terms u,(y) and u;(y’) to |v.(y) —
v4(y")|, we obtain

[0 () = v ()| < 10 (y) — W] + e (3) — ur O] + e (V) — v

< () —usWI+Lu, |y =¥ o , Vit € Ny,
(4.14)

where the last inequality is due to part (a). Now observe that under Assumption 4.2

oo
. L,
tl_l)rgo Lur = Lr E OlL[-[/J m (415)

Therefore, letting t — oo in (4.14), we have that (4.11) together (4.15) yield
L /
[ve(¥) — v )| < 1—”y Ve, 3y ey,

that is, v, is a Lipschitz continuous function. O

Lemma 4.6 Let v be the family of functions generated by the iterations (4.6) and
vy the value function in (3.11) (see (3.12)). Then, under Assumptions 2.1 and 4.2, for
eachmw € llyyandy €Y, E’yT lvs — ve]l = 0, as k — oo.

Proof From (3.12) and (4.6), we have, foreachk e Nandy € Y,

lus(y) — ()| < @ sup v [Hp (v, @)] — ve—1 [Hk (v, @]

<asup|v* [H, (y,a)] — v, [Hx (v, @)]| + a sup |vs [He(y, )] — vk—1 [Hk (v, @)]]

acA
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where in the last inequality we have added and subtracted the term v, [Hi(y, a)].
Hence, from Lemma 4.5 and the fact that v,, vy € B(Y) Vk € N,

0<|vi—wll <Ly, sup |Hy(y.a)— Hi(y.a)| +allve—vi_1ll. (4.16)
(y,a)eYx A

which implies

ET ||v*—vk||sLu*E;?[ sup ||Hp(y,a)—Hk<y,a>||oo]+aE’; lvs — vi—ill
(y,a)eYx A
“4.17)

foreachm € IIyyandy € Y. Let! := limsup;_, , E;,T llve — vk |l < oo. Hence, letting
k — o0 in (4.17), and using the convergence in (4.5), we get [ < «!/. Finally, since
o < 1, we can deduce that limy_, E’yT lveo — vk |l = O, which proves the result. 0O

Proof of Theorem 4.3 We define, for each k € N, the approximate discrepancy func-
tion®; : Y x A — Ras

D (y,a) :==r(y,a) +avk—1 [Hy (v, a)] —vk(y), (y,a) €Y x A.
Now observe that, for each k € Nand (y,a) € Y x A,
| (y, a) — Pi(y, a)| < vy [Hp(y, @)] — vie1 [Hi(y, @)]] + [vs(y) — vk (V)] .

Then, from Lemma 4.6, letting k — oo we get

EX| sup |®(y.a) — ®x(y,a)| | > 0. (4.18)
(y,a)eYxA

On the other hand, observing that &y (y, fk (y)) =0, y € Y when using the control
policy generated by (4.7), we have

0 < dk), fr(y() = |DOK), fu(y(k) — Pe(y(k), fi(y(k)))
S Sup |(D(y,a)—q>k(y,a)|,
(y,a)eYxA

Thus, from (4.18), we obtain

lim E7 ®(y(k), ax) = 0.
k— 00
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5 Mean Field Convergence

In this section we study the performance of the eventually optimal policy 7 obtained
in Sect. 4; that is, we are interested in to analyze the optimality deviation of 7 when it
is used to control the process {y" (1)}. Clearly, such an optimality deviation must be
measured in terms of the difference between the corresponding optimal value functions
V*N and v, of the models My and M respectively, and moreover, as was pointed out
in Sect.2, it must be analyzed in an asymptotic sense as N goes to infinity. To this
end, we impose the following assumption which concerns with the convergence of the
trajectories y” (-) to the trajectories y(-) defined in (2.6) and (3.5), respectively, in the
sense of (5.1) below.

Observe that according to the Propositions 2.4 and 3.2, as well as the definition of
the policy 77, we can restrict our analysis to the class of Markov policies ITy;.

Assumption 5.1 We assume:

@ MV (0).CY(0)) = (#(0), c(0)) = (iiig, co) = y € Yy, forall N € N.
(b) Forany y € Yy, T € N, and ¢ > 0, there exist positive constants K and A such
that

sip PTY swp [y —y0| zyr@f < KT G
mwelly 0<t<T ©

where yr(e) - Oase — 0.

We will use the following notation: for any fixed policy w = { f;} € I1)/, we denote

a™V = £, (1) and a7 = fi(y(1))

the actions at time ¢ corresponding to the application of the policy 7 under the process
{y¥ (@)} and {y (1)}, respectively.

Now, following similar ideas to those of [7], we show that the example we have
been working satisfies Assumption 5.1(b).

Example 5.2 (Consumption-investment problem) Recall the relations (2.12)—(2.16).
Let m = {f;} € 1y be an arbitrary policy and y € Yy C Y be the initial state. We
denote

Np

B, (1) = I{A{-Jj(af’N,CN(t))}(wil(t))’ i,jeS,neN,

where CV(¢) is as in (2.3) and w;l (#) are i.i.d. random variables uniformly distributed
on [0, 1]. Observe that, for each t € Ny, {Bile (t)} are i.i.d. Bernoulli random

inj
variables with mean

Np
inj

ET [B Ola™N = a, N (1) =c] = K/(a.¢)

= 1;[F(i,c,a,2)]p(z)dz, i,j €S, (a,¢) € A xR
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Then, for a fixed ¢ > 0, by Hoeffding’s inequality, we have

NMN (1)

Pr S By - NMN K, (at”’N, CN(t)) < Nel|>1—2e2N
n=1

N
NM; (t) Np

Consider the set @ = {a) e X0 BY () - NMY (OK], (af’N, CN(t))‘

< Neip C € (see Remark 2.3(b)), and let ¢ be a positive number such that

|IyN @) - Y(I)HOo < g&; that is,
HMN(I) _”7(’)”; = & and HCN(I) - C(t)Hzo <é&. (5.2)

’1_“hus, from (2.14), (3.7), and (5.2), we have that the following relations hold true on
Q:

NMN (1)

N
1
MY+ 1) —m(+ 1)) -5 X BIP (1) — Nmi (K, (atn’N,c(t))

i=0 n=1
s NMN @)

=2 3| X B O-Nm@oKf (aY. o)
i=0 n=1
s NMY (1)

=2 | X Bho-NMY oK}, (ar™.c )
i=0 n=l1

+i ‘M{V(z) - mi(t)‘ K}, (af’N, CN(t))
i=0

+im,~(t) ’Ki’} (a,”’N, CN(t)) ~ K (af’N, c(t))’
<l(:so+ e+ (s + 1)e; + Lie;. (5.3)
Hence, since the right-hand of this last inequality does not depend on j, we have
HA}N(z Y1) —m(+ 1)(‘; < (s 4 De+ (s + De, + Lxer.

On the other hand, since g is a Lipschitz function (see Assumption 2.1), expressions
(2.19) and (3.2)) together with (5.2) and (5.3) lead to
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[e¥a+n—ca | < e e+ .a )

—getw), it + 1,7

< Lymax{e, (s +1)e+ (s + e + Lge} = Lo ((s+ De+ (s + e + Liey),
which implies that on the set Q (recall L ¢=1D
HyN(t S -+ 1)” < Lg((s+De+ (s + e + Liey).
o

Considering now || yN(0) — y(0) || ~ = €0 = 0 (see Assumption 5.1(a)) and applying
an inductive procedure, a straightforward calculation yields that, on the set 2,

HyN(t F D) -y + 1)” < Lg(s + Depy. t €N,
o0
where {f,} is a increasing sequence. Then, for a fixed 7 € N,
[¥a+D=ye+1| <Los+Depr, Ose=T
o0

on the set Q. Therefore, under the policy = € Iy,

Py [ sup HyN(t+ D —y@+ 1)” < Lg(s + l)sﬂT:| > 1 —2e‘2N€2,
o

0<t<T

which, letting y7 (¢) := Lg(s + Defr, K = A = 2, implies

sup PJ [ sup Vo —yo| = me)] < KTe N,

T[GHM 0<t<T

Finally, we observe that yr(¢) — 0 ase — 0. O

Now we introduce the following additional notation: For any 7 € N we denote

Yr = sup YN () — y(®)lloo (5.4)
0<t<T
and
K(T) := (Lg)" max{Lg, diam(A)}, (5.5)

where L, > 1 is the Lipschitz constant in Assumption 2.1 (b) and diam(A) :=

SUP(4.ayeaxa d(@, a).
Recall that for any given ¢t € Ny,

N0 = yOlloo = max {1877 (1) = @15 ICY0) =X} 56)
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We are now in conditions to set our main results. Firstly, we provide a bound for the
gap between the value functions V*N and vy, which in turns defines an approximation
scheme as N — o0o. Next we show that the control policy 7 is eventually optimal on
the control model My in an asymptotic sense.

Theorem 5.3 Under the Assumptions 2.1, 4.2, and 5.1, the following statements hold
true:

(a) ForeachT e N,0 <t <T,andy € Yy,

2RaT —aT
sup 9 [VX 0N @) - o] = T 41,20
pelly —o l—«o
X [KTekay(] + K(T)) + yT(g)] . (5.7

(b) The controlpolicy 7t € Ty estimatedin (4.7) is eventually asymptotically optimal
for the N Markov control model My, as N — oo, that is

lim lim EfoN(yN (1), f;) =0, (5.8)

t—00 N—o00
where
SN0 = ro e [ VX[ (V0 w) @ -vI oM. 3 e vy
RN

5.9
is the discrepancy function in the N—MCM My (see also (3.13)).

In the remainder of this section we will assume that Assumptions 2.1, 4.2, and 5.1
hold true. Based in this fact, the proof of Theorem 5.3 will be a consequence of the
following propositions.

Proposition 5.4 (a) Foreachmw € llyy and T € N,

Ir = sup N (0) = y(0)lloo < K(T). (5.10)
<t=<

(b) Foreachy e Yy and T € N,

sup e, EN [Osup IyN @) — y(r>||oo] < KT (1 4+ K(T)) + yr (o).
<t<T
(5.11)

Proof (a) To obtain (5.10) it is sufficient to prove that for each t € Ny and 7w € Iy
N (1) = y(")lloo < (Lg)' ™" max{Lg, diam(A)}. (5.12)

We then focus to get (5.12). Notice that under Assumption 5.1(a) we have ag N
al =:ap € Aand ||y" (0) — y(0)|loc = 0. On the other hand, since M™ (¢) and i (t)
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are probability measures, it follows that || MmN ) —m(@)|| éo < 1,forallt € Ny. Hence,
because L, > 1, the proof reduces to analyze the norm || - ||%o in (5.6). In particular,
(5.12) will be proved if we show that

ICN (1) — c(t) 12 < (Lg)' " max{L,, diam(A)}, ¥t € No. (5.13)
To this end, we proceed by induction. First, observe that from (2.3) and (3.2) we obtain
ICN (1) — e(I1% = lg(co, MY (1), ap) — g(co, m(1), ap)lI%
< LMY (1) —mD)|L < Ly (by (2.8)).
Also,
ICN @) = c@)11% = g™ (1), MY 2),a]") — g(e(1), (1), a])lI%
= Lymax {I1C¥ (1) = c(DlZ. 19 @) - )1k,
datar™,al)
< L, max {Lg, 1, diam(A)} = L max {Lg, diam(A)} .

Now, assume that (5.13) holds for some ¢ € N. Then

ICN @ +1) = et + DIZ = 18N @), MV ¢ + 1), aV) = gle(), (e + 1), a5,
< Lymax [ICV0) = ek, 19V @ +1) = m(t+ Dk, dat@™.aP)} by 28)
< Lgmax {(Ly)"" " max{Lg, diam(A)}, 1,diam(A)} (by (5.13))

< (Ly)' max{L,, diam(A)}.

This proves (5.13), which in turns yields (5.12) and (5.10).
(b) Observe that for each y € Yy, 7 € Iy, T € N, and ¢ > 0, the expectation in
(5.11) satisfies (see (5.4))

ES1Yr] = EY [Y1 Iy =yre)) + Y1 Ivr <yr o]
< E} [Yrliyrsyren] +vr (@ P (Y1 < yr(e) < EY [Yrlirr=yren] + vr(©).
(5.14)

On the other hand, by (5.10) as well as the non negativeness of Y7, we have

Yr Yr
< <1,
1+ K(T) ~— 1+Yr —

which implies

Yr
H—,C(T)I{eryr(er)} < liyr>yr (o)}
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This fact together with the definition of Y7 and Assumption 5.1(b) give

T —ANg?
H—IC(T)E;T[YTI{YszT(s)}] =< Py (Yr = yr(e)) < KTe , welly.

Finally, from (5.14) we get

ET [Yr] < KTe N (14 K(T) + yr(e). m € My, (5.15)

and by taking supremum over w € ITys in (5.15) we prove the part (b). O

The next results are related with the finite horizon discounted cost criteria for
the N—MCM My and for the mean field control model M. For any 7w € Iy,
yeYy CY,and T € N, we define

r-1 T—-1
Vi, y) = E [Za"r(yﬁk),m] and vr(r, y) == & rONK), ap).

k=0 k=0

Proposition 5.5 Let L, and R be the constants in Assumption 2.1(d). Then, for each
yeEYnN,e>0,T €N, and0 <t < T, the following statements hold true:

(a)

sup E7 |r (6N 0, a7™) =1 (), a7 | < Ly (KT (14 K@) +y1)
i (5.16)
(b)
N N 1—af
sup EY | sup ‘VT (7, y© (1)) — vr(m, }’(t))‘ <L, I
pell mell -
x [KTe—“VSZ(l +K(T)) + yT(e)] : (5.17)
(c)
N N N N Ra”
sup EY |:SUP V3, y" @) = Vy (T, y (t))’] < ; (5.18)
pell = Lrxell -«
(d)
RaT
sup EY [Sup [v(m, y(@)) — vr (m, )’(t))l} < 1 . (5.19)
pell well -

Proof (a) Letus fix any w € I1); and T € N. Then, Assumption 2.1(d) together with
Proposition 5.4, lead to the following relations

ET|roN @), an™) = r(y(@). a])

< LyEY [llyN(t) - y(t)lloo] (5.20)

< LE] [ sup 1" () - y(t)noo} = L, (KTe™ N (1 4+ K(T) + yr (@)

0<t<T
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This implies the part (a).
(b) For each w € Iy,

|V (@, yN (1)) — vr (o, y(1)| =

T-1
E;N(t)[Za roN k) ar™)
T-1
—Zakr(y(k>,a£)”

k=0
T—1
k -
< E o E
= yN ()
k=0

1—af
ELrl

roN @, afN) = ro0).ap)|

[KTe ™ 4 K0T + r(e)],

where the last inequality follows from (5.20). This gives

sup |V (. yN (1)) —vr (. y(r))( <

mell
vVt € Np.

T
© kT HNE A+ K@) + )],
—

Taking expectation E 5 in both sides of the above expression, and then taking supremum

over ¢ € Iy, we obtain (5.17).
(c) For each w € 1y, we have

\VN(n, SO EAGICRUON

T-1
Efva [Za roN ), af ) — Zakr(yN(k%al;:,N)”
k=0

00 00 T

520{ N([)lr(y (k), a,fN §R2ak_

Hence, easily we can see that (5.18) holds.
(d) It follows by using the same arguments of (c).

5.1 Proof of Theorem 5.3(a)

LetrN = { N } € HAN,, be an optimal stationary policy for the N—MCM My (see
Proposition 2.4(b)), and for an arbitrary selector f € IF, we define the stationary policy

fr:{f} € Iy, where f : Y — A is given by

F) = FE DIy ) + FOD [y e )
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In addition, let ¢ € Iy, be an arbitrary policy and let us denote yé}’ (1) =yN(@) e Yy
and y,(¢) := y(t) € Y. Observe that for each ¢ € Ny,

VOGN @) = V@Y, N @) = vV @, YN (@0) < sup V(L yN ().

welly

Hence,

VEONO) = v @) = sup VA yN @) = inf vGr, (1)

JTEHM

which, in turns implies

VYN O) = o @)] = swp VNG N 0) vy o). e M.

welly

Therefore, foreachy € Yy and0 <t < T,

¢
Ey

VY OY @) = v < Ef [ sup [V (1)~ v, y(r))ﬂ
melly

= £ | swp {[vVar Vo) = vy o)) + [V e N @) = v vo)|

JTEHM

+lor @, y(0) —v(m, yO)I}]

< B | sup [V M) - v y”(t))q

mwelly

+EY { sup |V (. yN (1) = vr (. y(t))]}

mwelly

+EY [ sup [vr (7, y(1)) — v(ﬂ,y(t))|:|

mwelly
2RaT -

< +L, [KTe_}‘st(l + K(T)) +yr(8)],
l—« -«

where the last inequality is due to Proposition 5.5. Finally, by taking supremum over
¢ € Iy, we obtain (5.7). m]

5.2 Proof of Theorem 5.3(b)
For ease notation, we let &tN = a?’N and a; := at’%. Then, consider {(yN(t), &IN)} €

Yy x A and { (1), &,)} € Y x A the sequences of state-action pairs corresponding to
application of the policy 7 (see (4.7)). For each r € Ny, we define the random variable
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N )¢N<yN<z>,&,N)—<I>(y<r),&t> :

Then, from the definition of the discrepancy functions &N and @ given in (5.9) and
(3.13), respectively, we have for each ¢t € Ny,

V= oM o.a) - row,a| +

YoM @) = v

+a

/IR vN [HN (y (1), al, )]e(dw)—v*(Hp (y(t),&t))‘

IA

ryN (), aNy —riy@), an| + |V ON 1) — vy ()

+
=

L v [y (Y@ w)] = voe + ) 9<dw>‘ (by (3.5)
= roN@.a") = r@. ap| + |V ON @) — v (y(0)
+ | B VYO @+ ) = v+ ) 1Y 6N ]| oy 521)
< [roMm.a) —ry. a0 + VN ©0) = v (@)

+E”[

vV (t—}-l))—v*(y(t—i—l))‘ |hY . a ,]. (5.21)

Taking expectation E ;’ in (5.21), and using properties of conditional expectation we
get

ST N R .

Ef [At ] < Ef +Ef

ryN ), alNy —r(y@), ar) VOGN @) — v (1)

VYON @ 1) = v+ )|

7
+Ej

Furthermore, Proposition 5.5 and Theorem 5.3 yield

Py 3 Ng2 4RO[T
7 [AN] = Lo [KTe N A+ k() + yren ]| + T
— 2
+ 2L, —— [KTe—“Vf 1+ K@) + )/T(E)] ;

for any arbitrary ¢ > Oand T > t.
Also, observe that

Ef [oN 6N 0.aM)] < BF 19V 6N 0. aY) = @, al] + EF [000), an)]

4RaT

= EJIAN1+ E] [00().a)] = Ly [KTe ™ (L 4+ KT +yr()| + T
1 —

O{T 2 ~
+2L,— [KTe’ANs (1+IC(T))+VT(8)]+ ET [®(y(1),a)].

@ Springer



226 Appl Math Optim (2016) 74:197-227

Thus, taking limit as N — oo we obtain

A 4RaT 1 —aT
0= fim EF [0V0Y 0,80 < Lyr(e) + T 2Ly (@)
+ £} [20m, o] (5.22)

Finally, as ¢ and T are arbitrary, by letting t — oo in (5.22), a simple use of Theorem
4.3 shows that

lim lim E7 [CDN(yN(t) al )] =0

t—00 N—0oo
which proves the desired result. O
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