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1 Introduction

This paper studies a finite horizon optimal stopping problem associated to an infinite-
dimensional diffusion process by means of variational techniques. It is well known that
the value function of a wide class of optimal stopping problems for general diffusions
in R may be characterized as the solution of suitable variational problems (see [4] and
references therein for a survey). Here we provide an infinite-dimensional counterpart
of those results by extending methods employed in [4] and combining them with
techniques borrowed from the theory of infinite dimensional SDEs.

This work is partially motivated by a central problem in the modern theory of
mathematical finance. In fact, pricing American bond options on the forward interest
rate curve gives rise to an infinite dimensional optimal stopping problem. This is a
consequence of the dependence of the bond’s price on the whole structure of the
forward curve. The results obtained here will be extended to solve that particular
financial problem in a forthcoming paper [7].

Optimal stopping for processes in locally compact spaces has attracted great atten-
tion in the last decades (cf. [14,27,30] among others) while the case of general
infinite-dimensional Markov processes has been studied in relatively few papers. The
earliest paper on infinite dimensional optimal stopping and variational inequalities
we are aware of is [8]. There Chow and Menaldi extended known finite dimensional
results, in the spirit of [4], to the case of a particular infinite dimensional linear diffu-
sion.

A first attempt towards a more comprehensive study of optimal stopping theory for
processes taking values in a Polish space was made by Zabczyk [31] in 1997 from
a purely probabilistic point of view and later on, in 2001, by variational methods
[32]. Recently Barbu and Marinelli [2] contributed further insights in this direction
adopting arguments similar to those in Zabczyk’s works. In both [2,32] the Authors
considered a diffusion process on a functional space H and solved the variational
problem in mild sense in a suitable L>-space with respect to a measure on . Instead
in the present work we find Sobolev-type solutions (therefore local) of the variational
problem. Barbu and Sritharan [3] also considered an optimal stopping problem for
a 2-dimensional stochastic Navier—Stokes equation and solved the associated infinite
dimensional variational inequality in a L2-space.

A different approach is based on viscosity theory. It is extensively exploited to solve
general stochastic control problems (cf. [15] for a survey) and the infinite-dimensional
case is currently the object of intense study (cf. [19-21,29] among others). However, as
far as we know, the only paper on infinite-dimensional variational inequalities related
to optimal stopping problems studied by viscosity methods is [16] by Gatarek and
Swiech. The Authors deal with a problem arising in finance. They characterize the
value function of the optimal stopping problem when the underlying diffusion has a
particular form not involving the unbounded term that normally appears in infinite-
dimensional stochastic differential equations (cf. [10] for a survey).
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It is worth mentioning that attempts to provide some numerical results for this
class of problems were recently made in [23]. However, arguments therein are mostly
heuristic, proofs are only sketched and some of them seem incorrect.

In the present paper the underlying process X lives in a general Hilbert space
‘H and it is governed by the SDE (2.1) with a generic unbounded operator A
(which is not even required to be self-adjoint) and with diffusion coefficient o
in a class of functions which depends on A through Assumptions 2.4 and 2.5
(see below the discussion after Remark 2.3). Under mild regularity assumptions
on the gain function ®, the value function &/ of the corresponding optimal stop-
ping problem (see (2.2)) solves an infinite dimensional variational inequality that
is parabolic and highly degenerate on an unbounded domain. We point out that
degenerate variational inequalities represent non-standard problems in the context
of PDE theory even at the finite dimensional level (cf. [28]). For the associated opti-
mal stopping problems one may consult the work of Menaldi [24,25]. In our case
we show that U/ solves a variational inequality in a specific Sobolev-type space V
(cf. (4.62)) under a given centered Gaussian measure p (cf. (2.4)). We also obtain
uniqueness at least in a special case under more restrictive assumptions on X (see
Sect. 5).

This work is ideally the extension of [8] to general diffusions in Hilbert spaces and
it provides the infinite dimensional analogue of the results in [24,25]. Differently to
[8] we consider a finite time-horizon and a SDE with a generic non-linear diffusion
coefficient. The problem in [8] is analyzed as a special case of our study and two open
questions raised in [8] find positive answers in our Sect. 5.

The paper is organized as follows. In Sect. 2 we set the problem and we make the
main regularity assumptions on the diffusion X and on the gain function ®. Then we
obtain regularity of the value function ¢{. Section 3 deals with the approximation of
the SDE (2.1) and of the optimal stopping problem (2.2). The SDE is approximated
in two steps: first the unbounded term A is replaced by its Yosida approximation A,
a > 0, and afterwards a n-dimensional reduction of the SDE is obtained. In this
approximation procedure the corresponding process X ®)” gives rise to an optimal
stopping problem whose value function we denote by L{O(l”). By means of purely prob-
abilistic arguments we show that Z/{(fl") converges to the value function ¢/ of the original
optimal stopping problem for n — oo and ¢ — oo. The variational problem is stud-
ied in Sect. 4. Initially we prove that the value function Z/{o(,") is solution of a suitable
variational inequality in R” and we characterize an optimal stopping time. We also
provide a number of important bounds on Z/lcf,"), its time derivative and its gradient,
by means of penalization methods. Section 4.3 is entirely devoted to prove that our
original value function I/ solves a suitable infinite-dimensional variational problem.
The result is obtained by taking the limit as n — 0o and @« — oo of the variational
problem detailed in Sects. 4.1 and 4.2. Both analytical and probabilistic tools are
adopted to carry out the proofs and to characterize an optimal stopping time. In Sect.
5 uniqueness of the solution to the variational problem is proved for a specific class of
diffusion processes. The paper is completed by a technical Appendix containing some
proofs.
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2 Setting and Preliminary Estimates

Let H be a separable Hilbert space with scalar product (-, -)2; and induced norm || - || .
Let A : D(A) C 'H — H be the infinitesimal generator of a strongly continuous
semigroup of operators {S(¢), t > 0} on H (cf. [26]), where D(A) denotes its domain.
Notice that D(A) is dense in H. Let {¢1, ¢2, ...} be an orthonormal basis of H with
i e D(A),i=1,2,....

We now consider a stochastic framework. Let (€2, F, IP) be a complete probability
space and let W := (WO, wl w2, .. .) be a sequence of independent, real, standard
Brownian motions on it. The filtration generated by W is {F;, t > 0} and itis completed
by the null sets. Fix a finite horizon 7 > 0 and take a continuous map o : H — H
whose regularity will be specified later in this section (cf. Assumption 2.5). Consider
the stochastic differential equation (SDE)

dX; = AX,dt +o(X)dW?, te[0,T],

2.1

Xo=x,

in H. We denote by X* a mild solution of (2.1) (see [10]). When the starting time

is ¢ rather than zero the solution is denoted by X**. To simplify exposition we have

chosen an SDE driven by a 1-dimensional Brownian motion, however our results may

be also extended to H-valued Brownian motions with trace-class covariance operator.

In this paper we will rely on the infinite sequence of Brownian motions W to find

finite dimensional approximations of X~ driven by a SDEs similar to (2.1) but with
Brownian motion W(n) = (WO, ..., WHT instead of wo.

We aim to study the infinite dimensional optimal stopping problem

U, x):= sup E{O(t, X2}, (2.2)

t<t<T

with T a stopping time with respect to the filtration {F;, ¢ € [0, 7]} and with gain func-
tion® : [0, T]xH — Rsuchthat® > 0and (¢, x) — ©(t, x) continuous. Although
infinite-dimensional optimal stopping problems like (2.2) have been proposed by sev-
eral Authors (see, for example, [2,8,16,31,32]), here we provide an alternative method
to characterize the value function /. Our results might be extended to the case of a
discounted gain function, if the discount factor is a Lipschitz-continuous, non-negative
function of X. In order to work out problem (2.2) we need to specify some properties
of ®, o and A. For that we introduce suitable Gauss-Sobolev spaces.
Define the positive, linear operator Q : H — H by

Qpi = Aipi, ri >0, i=1,2,..., 2.3)
with Zfil Ai < o0 i.e., Q is of trace class. Consider the centered Gaussian measure

w with covariance operator Q (cf. [5,9,11]); that is, the restriction to the vectors!
x € £; of the infinite product measure

1 {2 denotes the set of infinite vectors x := (x1, x, ...) such that >, xl% < 4o00.
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3

1 _S
u(dx) = me i dx;. 2.4)
1

Forl < p < 4ocoand f : H — R, define the L?(H, u) norm as

1
I lzr ) = (/H If(X)I”M(dX))p : 2.5

Then, with the notation of [9], Chapter 10, we consider derivatives in the Friedrichs
sense; that is,

Dy f (x) 2=81i_1}})é[f(X+8<ﬂk)—f(X)], x€H, keN, (2.6)

when the limit exists.
If f belongs to the domain of the gradient operator D and H is identified with its
dual, then the L? (H, u; H) norm of Df = (D1 f, Dy f, ...) is defined as

1
IDfllLrH oy = (/H IDf )%, M(dX)) " for 1<p<-+oo 2.7)

where

1
|Df )], = (Z |Dkf(x)|2)2 < +00. 2.8)

k

One can show that D is closable in L? (H, ) (cf. [9], Chapter 10). Let D denote the
closure of D in L”(H, ) and define the Sobolev space

WP (H, 1) = {f S feLP(H,u) and Df e LP(H,M;H)}. 2.9)

Notice however that in the case of generalized derivatives D and D are the same.
For n € N the finite dimensional counterpart of u, L” (H, n), L? (H, w; H) are,
respectively,

2

¢ Tidx;, LP(R, ), LP(R", i R).

Mn(dx) =
11:[1 2T A

Remark 2.1 If f : R* — R, then

1 1
1t = ([ 170rn@n)” = ([ 1re0rno)” =1l .,
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and

1DF L ety = ( /H IDF I, u(dx)) "= ( /R pres un<dx>)”
= IDf lLr®",j10:R)-

Again as in [9], Chapter 10, we define
1
DyDj f(x) = lirr(l) " [Djf(x+ep)—Djf(x)], xeM, keN, (2.10)
E—>

when the limit exists. For functions f in the domain of D? one has D? f:H— LH)
where L£(H) denotes the space of linear operators on 7. In this paper we do not need
an L”-space associated to the second derivative.

At this point we can go back to our optimal stopping problem (2.2) and make the
following regularity assumptions on the gain function ®.

Assumption 2.2 There exist positive constants O, Lo, L’@) such that

0<0(x)<0 on[0,T] xH, (2.11)
(t,x)— DO(t, x) is continuous and || DO(t, x)||x<Le t €[0,T], xe'H, (2.12)

00 00
(t, x)— ﬁ(t’ x) is continuous and ‘W(z’ x)‘ <Ly te€l0,T], xeH. (2.13)

Also, (1, x) — D?®(t, x) is continuous and SUP(r x)e[0, T]x H. || D*0(t, x)”L < 400
with || - ||z the norm in L(H).

Obviously Assumption 2.2 implies

30 |?

(@)

dt < Ceg. 2.14
o < Co (2.14)

L2(H, 1)

T
sup ||®(t)||wl,p(7-(,#) < Cp and /
1€[0,T7] 0

for some positive constant Cg and all 1 < p < +o00. In what follows condition (2.12)
will be often referred to as Lipschitz property of the gain function ®.

Remark 2.3 Notice that for existence results of the variational problem (4.101) asso-
ciated to the optimal stopping one (2.2), we could assume

® >0, (t,x) — O(, x) continuous on [0, T'] x H,

|®(t,x)| < C(l + ||x||§7_[) on [0, T] x Hforsome 1l < p < 4ooand C > 0,
SUPo</<T |®(t,x) — O, y)\ <Leg
89 € L2(0, T; LA(M, p)).

x—y”H for Lg >0,x,y e H,

(2.15)

However, such ® may be approximated by regular ones satisfying Assumption 2.2,
for example exponential functions as in [9] or cylindrical ones as in [5,22].
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The dynamics (2.1) is fully specified in terms of A and o. In applications of infinite
dimensional SDEs the choice of the unbounded operator A is often distinctive of the
phenomenon that one wants to describe (for example it may involve the Laplacian in
Navier—Stokes equations or the first derivative in delay equations), whereas multiple
choices of the diffusion coefficient are possible in several situations (see for instance
various versions of Musiela’s model for interest rates). In our setting we allow for
a very general operator A at the cost of restricting the class of admissible diffusion
coefficients o . In fact, given A and denoted by A* its adjoint operator we construct Q
verifying the following

Assumption 2.4 The covariance operator Q of (2.3) is such that
Tr[AQA*] < cc. (2.16)

The above condition is needed in Sect. 4, however such Q always exists. Indeed
given an orthonormal basis (¢;) jeny C D(A) of H, the operator Q is constructed by

picking its eigenvalues (A;);cN so that Zj‘;l Aj HAgoj ”3_[ < 400, which is equivalent
to say that (2.16) holds. Once Q is constructed the class of diffusion coefficients o is
determined by

Assumption 2.5 The diffusion coefficient of (2.1) is such that

() ox)e Q(H),Vx e H(.e.,o(x) = Qy(x) forsome y : H — H);
(2) y and Dy are bounded and continuous on H(cf. (2.6) and (2.8)).

Clearly (1) includes o state dependent.

Remark 2.6 Assumption 2.5 is redundant in the case of constant diffusion coefficients.
In fact for any unbounded operator A and any constant ¢ € D(A) one can pick an

orthonormal basis (¢;) jeny With ¢ := o/|lo|ly and construct Q as in (2.3) with
A =1
Example 2.7 In a version of the Musiela model 'H = Li(ﬂh) is an L’-space

with exponential weight e™**. An orthonormal basis (¢;) jey may be constructed
from polynomials by using Graham-Schmidt method, and the unbounded operator is
(Af)(x) = f'(x) for f € D(A). The norm p; := ||Ag;j||# is well defined and finite
for all j € N, hence it is enough to take A; := 1/(j pj)2 for all j > jy for some
Jjo € N, and y according to (2) of Assumption 2.5.

Remark 2.8 The second condition in Assumption 2.5 may be substantially relaxed
throughout the paper by considering y Lipschitz continuous with sublinear growth,
however for simplicity we will not do so.

Under Assumption 2.5 we have existence and uniqueness of a mild solution X* to
(2.1) (cf. [10]). From now on and unless otherwise specified (see Sect. 5) we will take
Assumptions 2.2 and 2.5 as standing assumptions.

Below we obtain some preliminary estimates and some regularity properties of the
value function /.
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Lemma 2.9 Let X* and X7 be the mild solutions of (2.1) starting at x and y, respec-
tively. Then

E{ sup ||X;‘||§;] < Cpr(l+ x5 1< p<oo, (2.17)

0<t<T

E{ sup ||X} — x,yng;} <Cprlx—ylf, 1<p<oo, (218
0<t<T

where the positive constant Cp, 1 depends only on p and T.

Proof The proof of (2.17) follows from [10], Theorem 7.4, whereas the proof of (2.18)
is aconsequence of [10], Theorem 9.1 and a simple application of Jensen’s inequality. O

Proposition 2.10 The value functionU(t, x) is non-negative, uniformly bounded with
the same upper bound of ©, i.e.

sup  U(t, x) < O. (2.19)
(t,x)€[0, T1xH

Moreover, there exists Lyy > 0 such that
U@, x) —U@, y)| < Lyllx — ylln, t€I[0,T], x,y eH. (2.20)

Proof The first claim is obvious. To show (2.20) take x, y € H and fix t € [0, T].
Then

U, x) —UE, y) < sup E{O(r, X1¥) — O(r, X1)}

t<t<T

< EI sup ©(s, X\) — @(s,X?”n}

t<s<T

< L@EI sup ||X5* — Xé’ynn} :

t<s<T

by (2.12). Similarly for ¢/ (¢, y) — U(¢, x); hence
U@, x) U@ | < LoE{ sup [X3* = Xi [l ¢ -
t<s<T
The coefficients in (2.1) are time-homogeneous, hence
E[ sup || X¢* — Xé“"uH} = E{ sup || Xy — X§||H] < Crrllx = ylin,
1<s<T 0<s<T—t

and (2.20) follows with Lyy = Lg Cy,1 (cf. (2.18)). O
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3 The Approximation Scheme

In this section we provide an algorithm for the finite dimensional reduction of the
optimal stopping problem (2.2). The algorithm requires two separate steps (a similar
approach was used for instance in [17] in a different context). First, we obtain a
Yosida approximation of the unbounded operator A by bounded operators A,; then
we provide a finite dimensional reduction of the SDE. At each step a corresponding
optimal stopping problem is studied.

3.1 Yosida Approximation

A natural way to deal with an unbounded linear operator is to introduce its Yosida
approximation, which does not require any further assumptions. The Yosida approxi-
mationof A isdefinedas Ay := ¢ A(al—A)~"!, fora > 0(cf.[26]). The corresponding
SDE is

[dxf"‘”“ = A X1 + o (X% aW0, 1 €10, T, G

X(()a)x =,

which admits a unique strong solution, X @2 gince Ay is a bounded linear operator.
That is,

13 13
X% =x 4 / Ag XD ds + / o(XONNaWw0, 1 €[0,T], P-as.  (3.2)
0 0

Clearly a strong solution is also a mild solution (cf. [10]), hence X ®* might be
equivalently interpreted as

t
X = eMhex 4 / Vo (XN AW, 1 €[0,T], P-as.
0

Similarly X ®"* will denote the solution starting at time ¢ from x. The following
important convergence result is proved in [10], Proposition 7.5 and it is here recalled
for completeness.

Proposition 3.1 Let X* be the unique mild solution of equation (2.1) and X ©* the
unique strong solution of equation (3.1). For 1 < p < oo, the following convergence
holds

lim Ei sup ||Xt(°‘)x — X;‘||%] =0, xeH.
o—00 0<t<T

We define U, to be the value function of the optimal stopping problem corresponding
to X @,

U, )= sup Efo(z x@)}. (3.3)

t<t<T
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Notice that {4, satisfies (2.19) and (2.20) with the same constants. We have the con-
vergence of Uy to U (cf. (2.2)) as @ — oo both uniformly with respect to ¢ and in
L?, T; LP(H, t))-norms.

Theorem 3.2 The following convergence results hold,

lim sup |[Uy(t,x) —U({E, x)| =0, x e™H, 3.4

@00 (s <T

T
lim / / Uy (2, x) — U, x)|Pu(dx)dt =0, 1< p <oo. 3.5)
0 JH

a—>00

Proof The arguments are similar to those used in the proof of Proposition 2.10. In fact
by the Lipschitz property of the gain function ® and the time-homogeneous character
of the processes we have

H } '

Since Ly, is independent of #, the uniform convergence (3.4) follows from Proposition
3.1. To prove (3.5) it suffices to apply the dominated convergence theorem, since Uy
is uniformly bounded by ® (cf. (2.11)). O

Corollary 3.3 If U, € Cp([0,T] x 'H) for all « > 0O, then Uy — U as ¢ —
oo, uniformly on compact subsets [0, T] x K C [0, T] x H. Moreover U(t, x) €
Cp([0, T] x H).

Proof Fix x € 'H, then (3.4) implies U(-, x) € Cp([0, T]; R). For each « > 0 define

Uy (2, x) —U(t, x)| < Lu]E[ sup HXS(a)x _x:

0<s<T

Fo(x) := sup |Uy(,x) — U, X)|,
1€[0,T]

then F,,(x) — 0 as o — oo by (3.4). The family (Fy)s=0 1S equibounded and equi-
continuous since (2.19) and (2.20) hold for both ¢, and U, and

|Fa(x) = Fo(0)| < sup [Ua(t, x) —Us (1, y) + U, y) = U2, x)|
t€[0,T]
< sup [Uy(t,x) —Uu (1, y)| + sup U, y) — U, x)|
te[0,T] te0,T]

<2Lylx = yln-

Then U, converges uniformly to U, as @ — 00, on compact subsets [0, 7] x K ([13],
Theorem 7.5.6); that is

lim sup  |Uy(t,x) — U, x)| = 0.
&0 (1,x)€[0, TIx K

Hence, being the uniform limit of bounded continuous functions, I/ is continuous on
any compact subset [0, 7] x K (cf. [13], Theorem 7.2.1). That and (2.20) imply the
continuity of ¢/ on [0, T'] x H. O
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3.2 Finite Dimensional Reduction

For each n € N let us consider the finite dimensional subset H™ := span{p1, @2,

.., ¢n} and the orthogonal projection operator P, : H — H"). We approximate
the diffusion coefficients of (3.1), respectively, by o™ = (Pyo)o Pyand Ay i=
P, Ay P,. Notice that A, ;, is a bounded linear operator on H™ . We define the process
X (@X:n a5 the unique strong solution of the SDE on H™ given by

dXt(a)x;n _ Aa,nXt(a)xmdt +G(n)(Xt(a)x;n)dWl0 + €, Z?:l oi thi’ t e[0,T],
X(()a)x;” = P,x =: x",

3.6)
where (€,,), is a sequence of positive numbers such that
Jne, -0 as n— oo. 3.7

Obviously X “)*:" Jives in the finite dimensional subspace ™ but it may still be seen
as a process in H.

Remark 3.4 Notice that at each time t € [0, T], X ,(a)x;" is not the projection of the
process X ,(a)x on the finite dimensional subspace. In fact, a process with that property
would not be necessarily Markovian. Hence X ()% has to be considered as an auxiliary
diffusion process which is used to approximate the original one.

Proposition 3.5 It holds that

lim E{ sup ”Xt(a)x;" — X
n—00 1€l0,T]

2
} =0, (3.8)

uniformly with respect to x on compact subsets of H.
Proof Since X@*" and X @ are both strong solutions, i.e.

t t n
0 0

i=1

and (3.2) holds, we have

HXt(a)x;n _ Xt(a)x

2 5 1 ‘ 2
< 6[||an —xl 4+ H/ Py Ag(X@¥n _ X§a>x)dSH
H 0 H

t 2
n H / (I — Py AgX @ ds H
0 H
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! 2
+ H/ P,,[a(XS(“)’“")—a(Xs(“)x)]dWSOHH
0

! 2 ! .
] [[a = poocxemawe]; v > wie],
0 :
i=1

where we used the fact that A, , X @*" = P, A, X@¥" Denote by || - ||, the norm
of linear operators on H. We use Holder’s inequality to estimate the time-integrals,
then take the supremum over ¢ € [0, T'] and the expected value. By isometry of the
stochastic integral and Fubini’s theorem we obtain

|

T
sé[nan—xn%ﬁTnAani/E[ sup || X (@ —Xf;’“n%i}ds
0

0<t<T

E[ sup th(ot)x;n _ Xt(oz)x

0<u<s

T
+ T/ E {||(1 - Pn)AaX§“>X||?H} ds
0

2
]ds
H

T n
+/O E{I( = Poo (X3} ds + 2 ZE{Osup |W;|2}].
i=1  0=t=T

T
N —
0

By Assumption 2.5 the diffusion coefficient is Lipschitz and we denote by L, > 0
its Lipschitz constant. Then we get

E[ sup ”Xl(oz)x;n . Xt(a)x”%_{]
0<t<T

O0<u<s

T
< 6[||an — x|} + T||Aa||i/ E[ sup || X% — x;"‘”‘n%i} ds
0
T
+T / E {||(1 - Pn)AaX§“>X||%1} ds
0
T
+Lg / E{ sup [IX\0" — X3, t ds
0 0<u<s
T
+/ E{H(I—Pn)U(Xs(a)x)II%{}ds—ke,z,nT]
0

A straightforward application of Gronwall’s lemma gives

]E{ sup || x@%n x,(“”‘n%{} < Cp T MAlZHT LY pp () (3.9)
0<t<T
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for some positive constant C7 and with
o 2 2
My (x) :== || Ppx — x5y + €,nT

T
+ /0 E{I( = POAXO B, + 1T = Po (X3, ) ds

a continuous real function. The right hand side converges to zero as n — 00 by
dominated convergence and condition (3.7) on (€,),. Since M, (x) decreases to zero
as n — 00, Dini’s theorem guarantees uniform convergence on any compact subset

K cH.

Remark 3.6 For any starting time ¢ € [0, T'], the previous proposition and the argu-
ments of its proof still hold for X (V-5 and X®)** thanks to the time-homogeneous
property of equations (3.1) and (3.6).

For n > 1 define ®™ : [0, T] x H — R by
0" (1, x) == O, P,x) = O(t,x™) (3.10)

(cf. (3.6)). Of course, P,x"™ = x™ hence @™ (zr, -) = O(t, -) on H™. However,
in what follows it is convenient to use the notation @ since this is a gain function
on H"™ and it will occur in the variational formulation of a finite dimensional optimal
stopping problem approximating (3.3). It is not hard to see that (2.12) and Dini’s
Theorem imply

lim sup }@“”(t, x) — O(t, x)| =0, foreverycompact: K CH.
00 (1,x)€l0, TIx K

(3.11)

Remark 3.7 There is an isomorphism Z,, : (H"™, || - |l) — (R", || - ||g»), in fact for

any x € H™ we may define x; := (x, i), i =1,2,...nand Z,x := (x1, ..., Xp).
Let Z/lo(l") be the value function of the optimal stopping problem

UL x™) = sup Efo (r, x@rmm)] (3.12)

t<t<T

Obviously Z/{o(,") may also be seen as a function defined on [0, 7] x R". Again, as for
Uy, we point out that Uén) satisfies (2.19) and (2.20) with the same constants. The

value function L[OE") converges to Uy of (3.3) as n — oo. In fact results similar to
Theorems 3.2 and 3.3 hold.

Theorem 3.8 The following convergence results hold,

lim sup |Z/IO((") (t, x™) —Uy(t,x)| =0, KCH, Kcompact, (3.13)
00 (1,x)€[0,TIx K
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i.e. the convergence is uniform on any compact subset [0, T] x IC, and

n— o0

T
lim/ /|uo§">(r,x(">)—ua(t,x)w(dx)dt:o, l1<p<oo. (3.14)
0 JH

Proof The proof follows along the same lines as the proof of Theorem 3.2 since
O (¢, Xy — @, X" s > t. Then (3.13) follows from the uniform
convergence in Propositions 3.5, and (3.14) follows from dominated convergence. O

As a consequence we have
Corollary 3.9 IfU{” e Cp([0, T1 x H™) forall n € N, then Uy € Cp([0, T] x H).

Proof Recall that (Z/{o(,")(t, x™Y),, is uniformly bounded (cf. Proposition 2.10) and
(3.13) holds. Hence [13], Theorem 7.2.1 guarantees the continuity of Uy on [0, T] x .
Arguments as in Corollary 3.3 provide the continuity on [0, 7] x H. O

Later in the paper we will prove that L{o(l") is indeed continuous (cf. Theorem 4.12).

4 Infinite Dimensional Variational Inequality: An Existence Result

In this section we prove that the value function ¢/ of (2.2) is a strong solution (in the
sense of [4]) of a parabolic infinite dimensional variational inequality on [0, 7] x H.
We start by considering finite-dimensional bounded domains and for those we employ
results by [4]. Then we pass to finite-dimensional unbounded domains, and hence to
infinite-dimensional ones by considering solutions in specific Gauss-Sobolev spaces.
We deal with uniqueness in Sect. 5.

4.1 Finite-Dimensional, Bounded Domains: General Results

When dealing with variational problems on finite dimensional bounded domains, we
find bounds which are uniform with respect to the order of the approximation and the
size of the domain. Recall the finite dimensional SDE (3.6). Let n € N and fix « > 0.
Let Og be the open ball in R” with center in the origin and with radius R. Define
TR (7, x) to be the first exit time from Og, i.e.

tr(t,x) i=inf {s > ¢ : X" ¢ Op} AT. 4.1
We are slightly abusing the notation by considering H™ ~ R” and X @5 ¢ R™,

For simplicity we set T := Tr (¢, x) and we introduce the optimal stopping problem
arrested at g,

U;f’;e(t, x(”)) = sup E {6(") (r A TR, Xg);:‘;")} . 4.2)

t<t<T

The next result is similar to Theorem 3.8 and its proof is provided in the Appendix.
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Proposition 4.1 The function Z/{ ) g converges to Z/lo(,n) as R — oo, uniformly on every
compact subset [0, T1x K C [0, T] x R". Moreoverif(L{o(f,)e)R>0 C Cp([0, TI xR™),
then U € C(10, T] x R™).

Denote by CCZ(R”) the set of all C2-functions on R” with compact support. The
infinitesimal generator of the diffusion X (V%7 is

Long = Z
l - g
- () (n)*] 98 43
3 2 [“ 7 ,,axlax, Z fo @029 | 54

i, j=1 i=1 \j=I

for g € C2(R"). Notice that
() (n)*] :< () > < () > 4.4
[a o ,-,,-(x) o). i), (o (). 0j) . (4.4)

since W is a one dimensional Brownian motion. Moreover Ly , is a uniformly elliptic
operator. The bilinear form associated to the operator £, , is

a'® ")(u w) = — Ea,nuwdx(")
O

n
= z (/ lB(”) ou de @) —l—/ C(na) u wdx(")),
o Vor 2" 9x; dx; b1 9
foru, w € HO1 (ORr) (cf. [4] for the definition of Hol),

B (x) = €28 j + 0o ™" j(x) and

1 3[G(n>g<n)*]' '

G0 1= = ) — X Au 1) 4.5)

where §; j = 0fori # j and §; ; = 1. Denote by (-, -) the scalar product in L2(Op).
From Assumption 2.5 and uniform ellipticity of L, ,, it is not hard to see that there
exist constants ¢y, n, R, Co.n.R> C‘;’n’R > 0 such that

jag " @, )| = Camrltl gt op W51 @6)

af" o) + Canr ,u) = Clyy pllull?, 4.7)

H(O)

These properties guarantee well-posedness of the variational problem in the following
proposition.
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Define the closed convex set
Knr = {w Tw e H(} (Og) and w > Oa.e. ], 4.8)

and set
ul% = U — 0, 4.9)

BIOK
fa,n L= 91 + ca,n®(n)

M 1, ) 1 )
= + —¢ Tr[D @)(")] + 2Tr[ AR AR ®(”)] + (Ag.nx, DOM)gy

ot 2"
(4.10)

We expect u(") := U™, — ™ 10 solve an obstacle problem with null obstacle. Now

(4.6), (4.7) and the regularlty of fu.n in (4.10) are sufficient to apply [4], Chapter 3,
Theorems 2.2, 2.13, Corollaries 2.2, 2.3, 2.4 to obtain

Proposition 4.2 There exists a unique solution u of the variational problem:

u(t, x<">) >0, (£, xM)e[0,T]xOr and u(T,x™) =0, x™ € Og;

(550, w0+ @), 0 wl0) a0, 0~ 00 20

fora.e.t €0, T]and forall w € K, .
4.1D)

.
Moreover, iie LP (0, T; Wo'P (Or)) NLP (0, T; W2P(Og)), a—L: eLP(0, T; L”(Op))
forall1 < p <ooandii € C([0, T] x Og).

(n

Corollary 4.3 The function u coincides with the function u,, ) g and uniquely solves in

the almost everywhere sense the obstacle problem

0
max [a—”t‘ + Lontt + funs —u} t,x™) =0, (@t,x™)e0,T)x O,

u(t,x(”)) >0 on [0,T] x Og and u(T,x(”)) =0, x™ e Op;
u(t, xMy =0, (@, x™)e[0,T]x dOk.

4.12)

Moreover, an optimal stopping time for L{O(tnl)? of (4.2)is

TotnR -

inf{s > 1 U (s, XOWT) = @MW (s, XTI A TR AT (4.13)
and

USR (e x™) =E U3 @ X5 forallt < 7, (14)
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The proof follows from Proposition 4.2 and is outlined in the Appendix for complete-
ness.

Remark 4.4 Notice that when © fulfils only (2.15), the variational inequality still
makes sense by considering f,, , as a map from [0, T'] to the dual space of wlhep.

4.1.1 Penalization Method and Some Uniform Bounds

Now we would like to take limits in the variational inequalities as R — 0o, n — 00,

o — 00, respectively. For that we need bounds on u( n) Du("}e and W“fxn}e uniformly

in (R, n, ). The first two bounds are obtained in the next Proposition.
Recall Remark 2.1 and the definition of Wl P(H, ) of (2.9). Then for each R > 0,

consider the zero extension outside Og of u and still denote it by u for simplicity.

Proposition 4.5 The family (u,, @) %) R.n o 18 bounded in LP (0, T: WP (H, ) for 1 <
p < 400 uniformly with respect 10 (R, n,a) € (0, +00) x N x (0, +00).

Proof Clearly we may think of u(n) as a function defined on [0, 7] x H. Then from
Assumption 2.2 and (4.9) it follows that u(”) is bounded by 20 for all (R, n, o) €
(0, +00) x N x (0, +00), uniformly in (¢, x) € [0, T] x H; i.e. ||14g33(t)”u’(7-(,/4) <
20,1t € [0, T]. It is easy to see that

T 1
8% oo 1200 = (/0 W10 ) <2BTh, 1<p <o

Moreover, for all (R, n, o) € (0, +00) x N x (0, +00), u r 1s Lipschitz in the space
variable, uniformly with respect to ¢ € [0, T], with L1psch1tz constant lesser or equal
than Ly + Le. It follows that || Du(") (¢, x™) || = HDu(")R (t, xM) || <Ly+Le
forae. (tr, x™) € [0, T] x R™. Since w restricted to R” is equivalent to the Lebesgue

measure (cf. Remark 2.1) it follows that ”Du(") (t)HL,,(H oy < LutLe.,t €[0,T]
and

1
P
| Du % oo,y = (/ PR O H)dt)

1
<Ly+Le)T?, 1=<p<-+oo. (4.16)
o

We now go through a number of steps (including penalization) in order to find a

bound on W »- First, by arguments as in [24] we have
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Lemma 4.6 Let v be any real adapted process in [0, 1], ¢ > 0, ¢t € [0, T], x® and
y(”) in R", then

< Lp|x™ —y®™|,, 417

Tk s ,
E [/ e i év(”)dufa,n (S, X‘ga)t,x,n)dS]
T

x Yy
RNTR

where Ty 1= tR(t, x) and r}é =1Rr(t,y) (¢f (4.1)) and L y > 0 only depends on L
and Ly (cf. Assumption 2.2 and Proposition 2.10).

Proof The proof is in the Appendix. O

Now we need to recall the penalization method used in [4], Chapter 3, Section 2, to

obtain existence and uniqueness results for parabolic variational inequalities as in our
Proposition 4.2. For fixed (R, n, o) we denote ul .= u((x"},e to simplify notation. In [4]

u® is found in the limit as ¢ — 0 of functions uX solving the penalized problem

ul € L2(0, T; HX(Og)) N L*(0, T; Hy(Og));  Zul € 120, T: L?(OR));
a . R

B 4 Louf = —fon — L —uf]*, forae. (r,x™) € [0, T] x Og
ul(T,xM) =0, forx™ e Og.

(4.18)

From now on we consider the zero extension outside Og of uX which we still denote
by uR. Then u® may be represented as (cf. [4], Chapter 3, Section 4, Theorem 4.4)

® s ,
ul(e, xMy = sup E[/ e Ui %v<u>dufm,,(s, xs(“)l»x'")ds}, (4.19)
vel0,1] t

where the supremum is taken over all real adapted stochastic processes v € [0, 1].
Lipschitz continuity of u f in the space variable, uniformly with respect to time, follows
by means of Lemma 4.6. The proof is inspired by [24] and it is contained in the
Appendix.

Lemma 4.7 There exists a constant Lp > 0 independent of (¢, R, o, n) such that

||Du§(t,x(”))||H = HDuf(t,x(”))HR,, <Lp forae (t,x™)el0,T]xR".
(4.20)

In order to get bounds in L? (H, ) it is convenient to find a formulation of (4.18)
in such space. To do so we introduce some notation (cf. Remark 2.1).

Definition 4.8 For 1 < p < oo and p’ such that % + # = 1, denote by V! the space
VP = (v :ve L?(R", uy) and Dv € L’ (R", u,; R")) 4.21)
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endowed with the norm
|||v|||p,n = ||v||L2I’(]R",M,,) + ”DUHLZP/(R",/L,,;R")' (422)

Then (V) , 1[Il 5, ) is a separable Banach space.

Denote by (-, -),,, the scalar product in L2(R", 11,,) and, for u, w € VY, define the
bilinear form associated to the operator Ly, (cf. (4.3)),

a,(f"”)(u, w) = —/ Lo ntt w iy (dx)

n

1 (n) du ow (n a) ou
= Z (/ 23” ga—un(dx) +/ o —w py (dx) (4.23)

ij=1

with

(n ot)( )= C(n a)( ) — (I:U(n)a(n)*]- x_f +E,2,3' x_f) (4.24)
LJ

l’j
Aj Aj

and B,") and C{";*) as in (4.5). From (4.4) it follows that

9
"™ )] = (Do s gl ). 0
Xj LJ

+ (Do (X)p;. @) (0 (x). 9i)n. (4.25)

then (4.25) and the isometry H™ ~ R™ allow us to rewrite the bilinear form (4.23) as
1
aif"")("" w)::/ 2(B(M)Du Dw)H Un(dx) _|_/< (n o) Du)H Wty (dx)  (4.26)

where B™ = gMgm* 4 e,% I € L(H), the set of all linear operators on H, and
(n,a)

C"" e H is given by

—(n, 06)

1
c =2 (Tr[Da(”)]HG(”) +Do® . o™

—2Agnx —aWaMrly 2 Q;lx) .
Here Q,, :== P,QP, and (D™ .c™); := Z?:l (Da(”))i,j 0;”),1' =1,...,n.The

continuity in V} of the bilinear form (4.26) follows from the next result which makes
use of Assumption 2.4.

Theorem 4.9 For every 1 < p < oo there exists a constant Cy, , , > 0, depending
only on u, p and the bounds of y in Assumption 2.5, such that
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T T 3T 3
/O |ag“*">(u<r>,w(r>>|drsc,w,p(/o |||u(r>|||f,,,,dr) (/0 |||w(r>|||§,,ndr)

(4.27)

forallu,w € LZ(O, T; VD).

Proof Thanks to Assumption 2.5 and since Q is of trace class (cf. (2.3)) the estimate
is straightforward for all the terms in (4.26) except those involving 63 Q;l and Agy .
As for the first case notice that, although Q, ! becomes unbounded as n — oo, there
is no restriction in assuming that the sequence (€,),¢N is such that €, O, ' = 0as
n — oo (cf. (3.7)). It then remains to look at

) : ‘/ AgnXx, Du)r w pu,(dx)|. (4.28)
Recalling Assumption 2.4 and using Holder’s inequality we obtain
1 1
2 : 212 :
() = (/R IIAa,nXIIHHn(dX)) (/R [ Dl |w] Mn(dX))
1
z 2
< Z/R [, A% @) n (@) | el 0l
J=l1
1
< (TrfAQA*1)2 Nllulllpn Nwlllpp (4.29)

where the last inequality follows from fR" ‘(x, y)‘?_[u,, (dx) =(Qny,y)fory e H
(see for instance [9], p.13). O

R

For v* € H(} (Og) we consider its zero extension outside Og, again denoted

by v®. Multiplying (4.18) by v® «/Wﬁ exp (— > p ) and integrating by

parts over R" gives the penalized problem in a weaker form; that is

au§ a,n 1
- (W(t)s UR)Mn + a/(l« ' )(M§(I)7 UR) - g([ - uSR(t)]Jr’ vR)Hn

= (fan(@®),v"), 1€[0,T]. (4.30)

Following arguments as in [4], Chapter 3, Section 2, p. 246, we finally obtain a bound
(n)

on mua R*
Proposition 4.10 The family ( (”) )R .o 18 bounded in L?(0, T; L*(H, w)), uni-
formly with respect to (R, n, ) E (0 oo)’ x N x (0, 00).

Proof As in [4] one may take v aaz u, , possibly up to a regularization, or consid-

ering finite differences, as the estimate obtained at the end does not involve second
derivatives of u® and it is therefore consistent. Plugging such v¥ in (4.30) gives
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3[45 2 (a,n) R 3“5 19 R1+ 2
— == t : ,—= ) O)+ —— t
H dr LZ(H,u)()+a” Yoo Tt ()+283t”[ e ”Lz(H»ﬂ)()
duk
= (fa,n, _g) (). (431)
a[ I’Lll
Next observe that (4.26) implies
duk duk duk
, R _ (an) R (a,n) R
a;(xa n) (u“3 '3 te ) — a#ofon (”s .~ tg ) +a,f,lln (”a i a: ) (4.32)

3
<B<")Du§, —tDu§> n(dx)
H

1
n 2
—i B™ DuR puR (dx)—Zia(a’n) ul, uk
_8 R» e’ sHlun a at #0 erre )

(4.33)
by symmetry and
duRk — duRk
(n) (R (n,e) R
a®y (us, - ) =/R§c , Du! >H - Yo i (dx). (4.34)

By integrating with respect to ¢ over [0, T], recalling that u® (T, -) = 0 and rearrang-
ing terms one obtains

1 2
+ 207" (1 0. 1f ) + - (= u8) 27,0 ©

L2(0 T:L2(H.p)

T
=~ /O (faait) () 1+ 243" (uf (7). uf (7))
Hn

T auR
+ /0 aly (ufa—;) (tdt (4.35)

and therefore

H ’ L2(0,T;L2(H, 1))

r duk
/0 (fot,ns W)Mn (t)dt
o[ 0 o )|

(4.36)

<

+2‘ (e (T),uf(T))‘
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To provide estimates for the terms on the right-hand side of (4.37), notice that by
Assumption 2.5 and Lemma 4.7, one gets

(R (1), uR<T))\ <q 4.37)

with C1 > 0 depending only on L p, u and the bounds on y. Also, Assumption 2.4
and arguments as in the proof of Theorem 4.9 give

T R
du
aLaln) (uf, a; ) (t)dt

o) duf
//n "y 0uf |5

9 R
pn(dx)dt < Lp CZH%’

L2(0,T;L%(H, 1))

(4.38)
with C2 > 0 depending only on p, T and the bounds on y. Similarly Assumption 2.2
implies
T duR dul

AT Ry <cH_6 4.39
‘/0 (f“’" at )M" Ddr) = G| =7 L2(0.T:L2(H. 1)) (439)

with C3 > 0 depending only on u, T, Lg, L’(_) and the bounds on y.

Therefore, from (4.36), (4.37), (4.38) and (4.39) it follows that
9 R
H Ue ‘ <y (4.40)
at L2, T;L2(H,w)

for a suitable C4 > 0 independent of (e, R, n, o). Now, (4.40) holds for %I/LR as
well since it is obtained as the weak limit in L2(0, T; L2(H, w)) of D yuRase > oo

arte
(cf. [4], Chapter 3, Section 2.3, p. 239). O
4.2 Finite-Dimensional Unbounded Domains
Recall the optimal stopping problem (3.12) and set
’4((1") = uo([”) —em, 4.41)

From Propositions 4.1, 4.5 and 4.10 it follows

Lemma 4.11 There exists a sequence (R;);cy such that R; — o0 as i — 00
(n )R converges to ufx) as R — oo, weakly in LP(0, T, VPY and strongly
in LP(0,T; LP(R", uy)), 1 < p < oo. Moreover, 2,0 i? converges to mu&") as

It a,
R; — 00, weakly in L*(0, T; L*(R", jn)).

and u
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In the spirit of [4], Chapter 3, Section 1.11, take wr € K, g (cf. (4.8)) and recall
(n)

that u,  is the unique solution of (4.11). Define wg € K, g by
1 " x2
~ (n) i (n)
WR — U = expl — — Wwr —u 4.42
S ¥ DX VEReyS p( ; ki )( S

Take w = wg in (4.11) and use (4.42) to obtain

9 ug p o) o) ul

o n (a,n) (,,(n n

_( s » WR — utR) +auan(otR’ WR — )
Mll

(fan, wg — u(")) >0 forae. 7el0,T]. (4.43)
Kn

For every 1 < p < oo, denote by K} u the closed convex set
KPy={w:weV! and w=>0ae.}. (4.44)

We can now extend Proposition 4.2 to the unbounded case, i.e. to R”.

Theorem 4.12 Forevery 1l < p < oo, the function u( o

problem on R"

is a solution of the variational

weL*0,T; V) ZueL?0,T; L2(R", uy));
u(T,x(”)) =0, for x™ ¢ R", u(t,x(”)) >0, for (t,x(")) e [0, T] x R";

d
_(3_?0), w— u(t)) +a (@) w = u®) = (fan®. w —u®), =0

I‘Ll'l
fora.e.t € [0, T] and for all w € IC,I,),,L.
(4.45)

Moreover, u(n) € C([0, T] x R™) and an optimal stopping time for L{o([") of (3.12)
is

w3, x) = infls > 1 0 U (s, XY = @ (s, XTI AT. (4.46)
Proof Observe that, by arguments on cut-off functions as in [1], Theorem 3.22, for

each w € K}, there exists a family (wg)g=0 C K}, N K g (cf. (4.8)) such that
wr — was R — oo in V! . Rewrite the inequality (4.43) as

8u<n)
—( o’ Ry, wg —u® (z)) +a" (uy " (1), wg) (4.47)
Mn

> (fan(®), wr —ul R ®), +al™ (R (6), ().
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Consider the sequences (R;);cn and (u(l) ),GN of Lemma 4.11 and fix arbitrary 0 <
t1 < tp < T.Then taking limits asi — oo glves (cf. for instance [6], Proposition 3.5)

)

3

“j ,w—ug”) di, (4.48)
H’l

(n)
1 auaR 1
s (n)
WR, — U dt —)/
/tl ( 8t QR)H 151 ( a

%) 5]
/ (fa,n, wr, _u;";) dt —>/ (fa,n,w —uf;“)# dt, (449
t Mn t n

t n
/z al(f"") (uén)R , WR; )dt — /t al(f"") (ug{"), w)dt. (4.50)
1 1
As for the last term on the right hand side of (4.47), consider
n
/, afe (. ul )i = / afe (%, — s, — )t @51)
1 1

5] 1o}
+/ al(f"”) (ué"), "‘g,l)R,-)dH‘/ al(f””) (ué")Ri — ug'), u((x”))dt.
1 t

1

For the last two integrals argue as above, hence

%) n
lim a,(f"”)( g"),u(”;\ )dt:/ al(f’”)(ug"),ué"))dt, (4.52)
i—00 Jy, 1

2 @m0 ) o)
li “’"( m o ”)dt:O. 453
A J, e ek T e e (4.53)

On the other hand, to the first integral in (4.51) apply arguments similar to those in
the proof of Theorem 4.9 to get

” (o4 () ()
n n
/ a( ) (u Ri (Dn)’ Ri I/tu(n))dt
n

> Cp”Du(") — Du™

o

() )

ozR o

L2(0,T;L2P (R" 1))
(4.54)

L2(0,T; L2 (R", 113 R1)) ‘

with p and p” as in (4.21) and C}, > 0 a suitable constant independent of i, « and n.
It then follows from Proposition 4.5 and Lemma 4.11 that

n
lim al(fl’") (uf}[”}ei - ug’), “fxn}e,» - ug’))dt > 0. (4.55)

i—00 f

Now (4.52), (4.53) and (4.55) imply

23 5]
lim al(f"”) (ufxn)R , (") )dt > / al(f"") (ug’), ug‘))dt. (4.56)
3]

i—o00 Jy
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Therefore (4.47), (4.48), (4.49), (4.50), (4.56) show the convergence of (4.11) to
(4.45) since t and 1, are arbitrary.

The continuity of ufx") follows from Proposition 4.1 and Corollary 4.3. As for the
optimality of 7 , (7, x), notice that its proof is a simpler version of the one of Lemma
4.17 and Theorem 4.18 below, hence it is only outlined here. For any initial data (z, x)
one has

Rlimw Ty Rt X) ATy, (8, x) =15, (1, x) P-as. (4.57)

by an extension of [4], Chapter 3, Section 3, Theorem 3.7 and by our Proposition 4.1.

: * : : (n) * * * :
Since 7}, g is optimal for U, p and 7, r A T5, = 75, p P-as., it follows from

(4.14) that

UL x ) = E (Ul (e n i X2 )] (458)

Therefore, Proposition 4.1, the continuity of Z/lo(,") and (4.57) provide
UD (@, x™) =R {uy) (r;,,,, Xi‘f)”x;")} —F {@W (r;,,,, XSZ)’“)} (4.59)

by taking limits as R — o0 in (4.58). It follows that 7, ,, is optimal. O

Remark 4.13 Notice that for any stopping time o the same arguments that provide
(4.57) also give

lim ), g AT, NO =1, 0 P-as (4.60)
R—oco *™ ’ '
Therefore one has
UM (1, xM) = E[u;m(a, Xf,”‘)”’“”)] foro <7}, P— as. (4.61)

4.3 Infinite Dimensional Domains
4.3.1 The Variational Inequality for Bounded Operator A,

Define the infinite-dimensional counterpart of V) of Definition 4.8 by setting
VP ={v:vel*H,u)and Dve L’ (H,u: H)}. (4.62)
Endow V? with the norm

0l == 1oll 20,00 + 1DV] 20t e (4.63)
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so to obtain a separable Banach space. Notice that VY C V” by Remark 2.1. Also, by
(4.27)

T T 3T 3
/O|a§7’”><u<z),w<r>)|drscw,,,</0 |||u(r)|||§dr) (/0 |||w(r>|||%,dr)

(4.64)
for u, w € L*(0, T; VP).
Denote by £, the infinitesimal generator of X @ (cf. (3.1)); that is,

Log(x) = %TV [UU*(x)ng(x)] + (Agx, Dg(x))  for g € C2(H).  (4.65)

The bilinear form associated to (4.65) is the infinite-dimensional counterpart of (4.26)
and it is given by

a® (u, w) ;=/ LB Du, Dwyp ) +/ (T, Duyyywpu(dx)  (4.66)
H 2 H

with B := ao*,a(a) = % (Tr[Do]Hcr + Do -0 —2A4x — aa*Qilx) and Do - o
denotes the action of Do € L(H) ono € H.

Let w € L*>(0, T; VP) and (wy),eny C L%(0, T; VP) be such that w, — w. Then,
for arbitrary 0 < t1 < tp < T, define 7y (11, 12) € L?(0, T; VP)* and the sequence
(T, (11, 2))nen C L2(0, T; VP)* by setting

123 9]
al®(,wydt and T, (11, 0)(+) = / al®"m (-, wy)dt.

3|

Tow (i1, 12)() :=/

1

(4.67)
Tedious but straightforward calculations give
Tm 17 (1 12) = a1, ) 20,7500y = 0. (4.68)
Also, recall fy , of (4.10) and set
00
Jo = — + L4O; (4.69)
ot
then it holds
! 2
n]Ln;o o I forn — fa“LP(H,M) dt =0, I<p<oo (4.70)

by Assumptions 2.5 and 2.2 and dominated convergence theorem. Finally, similarly
to IC,[;, u of (4.44), for 1 < p < oo define the closed, convex set

Kl = {w cwelVP and w > Ou-a.e.}. 4.71)

@ Springer



Appl Math Optim (2016) 73:271-312 297

Lemma 4.14 Letw € IC,Z forsome 1 < p < 400. Then there exists a double-indexed
sequence (Wi n)k.neN C VP such that for k fixed, wy , € ﬁmznle,]l,M.
Moreover,

lim lim wg, = w weakly in VP and strongly in L? (H, w), 4.72)

k— 00 n—00
taking the limits in the prescribed order.

Proof Since D(A*) is dense in H the set
Ea(H) = span{%e@ph), Fm(on), on(x) = mDH p e D(A*)} 4.73)

is dense? in VP (cf. [9], Chapter 10 and [11], Chapter 9). Hence for w € ICﬁ there
exists a sequence (¢ ey C E4(H) such that 9% — w in VP as k — oo. Recall
the projection P, and set ¢,§") (x) := p® (P,x) for n € N. Since ¢* is a finite linear
combination of elements in £4(H) and it is continuous and bounded alongside with
D¢(k) dominated convergence implies qb(k) — ¢® in yr as n — oo. It follows that
(¢n ))k neN 18 bounded in V? and so is (¢n o)k neN Where ¢n 0:=0Vv qb,(lk) = [¢,(Lk)]+.
Therefore by taking limits as n — oo first, and as k — 00 afterwards, one (()kl;tains
b—w| = loe]

[w]+| < |¢(k) — w‘ for all x € H, since w > 0. Therefore dommated convergence

weak convergence in V¥ of ¢( to some function g. However,

implies ¢n o — win LP(H, 1) as limits are taken in the same order as before and we
may conclude g = w. Clearly, for k fixed, ¢,(f()) € Nm>n IC,‘;’L 1 and the Lemma follows
by setting wi , 1= ¢(k) O

Recall the value function U, of the optimal stopping problem (3.3) and set u, :=
Uy — ©. Then Assumption 2.2, Theorem 3.8 and the same bounds as those employed
to obtain Lemma 4.11 provide the following

Lemma 4.15 There exists a sequence (nj);cN such that nj — 00 asi — o0
and u(n) converges to ug as n;j — oo, weakly in LP(0, T; VP) and strongly in
LP,T; LP(H, ), 1 < p < oo

Moreover, muf{”) converges to %ua as nj — oo weakly in LZ(O, T; LZ(H, n)).

Denote by (-, -), the scalar product in LZ(H, Ww).

Theorem 4.16 For every 1 < p < oo the function uy is a solution of the variational
problem on H

2 The proof relies on the fact that the set of continuous functions is dense in L? (H, 1) and goes through
a finite-dimensional reduction, a localization and the Stone-Weierstrass theorem.

@ Springer



298 Appl Math Optim (2016) 73:271-312

ue L0, T;VP); 9% e L2(0,T; L2(H, )
u(T,x) =0, forx e H; u(t,x) >0, for (t,x) € [0, T] x H;
d
—(8—?@), w—u(®), +a (w), w —u®) = (fu), w —u®), =0,
fora.e.t € [0, T] and for all w € ICﬁ.
(4.74)

Moreover, u, € C([0, T] x 'H).

Proof The continuity of u, is a consequence of Corollary 3.9 and Proposition 4.1.
For arbitrary w € ICZ take the corresponding approximating sequence (Wg, ;)i neN
given by Lemma 4.14. For k € N arbitrary but fixed, Theorems 4.12, Lemma 4.14 and
Remark 2.1 guarantee

Julm
_( 5 O i —ug" ) )+ @ @, we
"

—ul" () = Fam (), W — ul” () = 0,

form > n and a.e. t € [0, T]. In the limit as m — oo, Lemma 4.15, equations (4.68)
and (4.70) and arguments similar to those used in the proof of Theorem 4.12 give

& Qg
/tl [_ (W(I)’ wk,n_ua(t))ﬂ

4 a0, Wi = e (1)) = (fa0), Whn = e (1), |dt = 0.

The proof now follows from Theorem 4.14 by taking limits as n, k — oo and then
dividing by t» — #1 and letting t, — t; — 0. O

The existence of an optimal stopping time for U, of (3.3) is obtained by purely
probabilistic considerations (cf. Theorem 4.18 below). Two preliminary lemmas are
needed. Given (7, x) € [0, T] x H, let ; , (¢, x) be as in (4.46) and define

T, x) = inf{s > 1 2 Uy (s, X)) = (s, XD} AT, (4.75)

Lemma 4.17 Foreach (t, x) € [0, T]xH there exists a subsequence (T(;,nj (t, X)) jeNs
withnj = nj(t, x), such that nj — oo as j — oo and

lim (7 (t, x) ATy, (X)) (@) = 75(t, X) (@), P-ae weQ. (4.76)
Jj—00 J

Proof Fix xo € H. There is no loss of generality if we consider the diffusions X (¢)*0
and X (@)% starting at time zero as all results remain true for arbitrary initial time
t. The proof of this Lemma is adapted from [4], Chapter 3, Section 3, Theorem 3.7
(cf. in particular p. 322).
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Using Proposition 3.5, fix ¢ C €2 with P(€29) = 1 and a subsequence (1) jeN,
withn; = n;(xo), such that

lim sup HX,(“)’“””J' (@) — X% (@) HH S0, forall weQp (4.77)

Jj—00 0<t<T

Since the starting point xo € 'H is fixed, to simplify the notation in the rest of the proof,
we shall write 7}, and 7, instead of ra 2(0, x0) and 7 (0, x¢), respectively. The limit

(4.76) is trivial 1f o € Qo is such that (") = 0. On the other hand, if ' € Qo is
such that t} (') > § for some § = 8y, > 0, then by (4.75)

Uy (1, X (@) > O, X (@), €0, () —8].

Since the map ¢ +— X l(a)xo (@) is continuous and [0, 7} (w') — 3] is a compact set it
follows that the set x*(@') == {y € H : y = X, t € [0, T}(w) — 8]} is
a compact subset of H. Therefore the continuous map (¢, x) — Uy (f, x) — O(t, x)
(cf. Theorem 4.16) attains its minimum on [0, 7} (w) —8] x x° (@), callit p(8, ') > 0.
Then

Uy (1, X)) = 01, X)) + p(8. o), 1 €[0,73(w) —5]. (4.78)

Recall from Theorem 3.8 and (3.11) that Z/lo(l") and ©® converge respectively to Uy
and ©, uniformly on compact subsets of [0, T'] x H. Therefore there exists n, =
n(p(s, o)) € (nj)jeN, np > 0 large enough such that

U (1, y"0)) > Uy (1, y) — —p(a,w’), (t.y) €10, T5(a) — 8] x x* (@),

(4.79)
1
U (1, y)y < @1, y) + 2P0 @), (1Y) €10, 75 (@) = 8] x x> (@),
(4.80)
and
sup [ X070 (o) — X0 ()|, < ————p(8. ). (4.81)
0<t<T 4Ly vV Lo
Now (4.78), (4.79) and (4.80) imply
U (1, Py X0 (@) > 00 (1, Py X0 ()
1

+§,0(8, ), t €0, r;(w’) — 4. (4.82)
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On the other hand Assumption 2.2, Proposition 2.10 and the fact that P, , X @x0;np —
X @0 imply

U™ (0, P, XEO D) = U™ 0 X (@)

0<t<T
< Ly sup fo““‘”"ﬂ (@) — (4.83)
0<t<T
and
sup ‘(9("0)(;, Pan,(a)xo (@) — 0", Xl(a)xo;n” (w/))‘
0<t<T
< Lo sup fo‘)‘”‘“”” () — (4.84)
0<t<T

which, together with (4.81) and (4.82), imply

U @, X, @) = 00 1, X @), 1 e 10,7 () - 81

It follows that 7;; , (a)’) > 73 (w') — 8. Notice that p(8, ') — 0 as § — 0 and hence

ny, —> 0. Therefore T (a) ) AT (@) — T4 (w') as n, — oo, which is equivalent
to say that (4.76) holds along a subsequence. O

Notice that arguments as in the proof of (2.20) also give

sup (UL (1, x™) = Uy (1, 0)] < Lygllx —x ™13y, (4.85)
0<t<T

since the optimal stopping problems (2.2), (3.3) and (3.12) are considered under the
same filtration {F;, ¢t > 0}.

Theorem 4.18 An optimal stopping time of (3.3) is t}(t, x) as defined in (4.75).
Moreover

Uy(t, x) = { (0 AT} X(a)t x)} for all stopping timest <o <T. (4.86)

ONT}

Proof Given the initial data (¢, x), we adopt the simplified notation used in the proof
of Lemma 4.17; that is, we set ; := 75 (7, x) and 75 , := 7, (7, x). By Remark 4.13
we have

oan’ CTInT

U@ x ) =B Ul (7 A e, XS0 ] (4.87)

In (4.87) take the subsequence (1) ey of Lemma 4.17 and apply Theorem 3.8 to

obtain the convergence of Uo(,nj ) (1, x")) to Uy (1, x) as j — oo.
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On the other hand

B{ed (c2 m vt X0

ani CTEATE .
i

~t (i3 %))

< Ei sup O((nj)(s’ Xia)t,x;nj) _ z/{0((11]')(6" P'”X‘ga)t,x) ]
t<s<T '
—l—]E[ sup ué"f)(s, Pnjxs@‘)f’X) — U, (s, X§“>f-X) ] (4.88)
t<s<T
(), ()1,
—i—]E[ ua(q; AT, ngAfg,nj) —ua(g;, Xy x) ],

where the first term on the right hand side goes to zero as j — 0o by (2.20), Proposition
3.5 and Jensen’s inequality. Similarly, the second term goes to zero by (4.85) and
dominated convergence, and the third term goes to zero by dominated convergence
and Lemma 4.17.

In conclusion, by taking the limits in (4.87) along the subsequence (7)) jen We
obtain

Ua (1, ) = E (U (3, x| = E {0 (0, x5 (4.89)

* *
TO( Tll

and the optimality of t} follows. Similar arguments are used to prove (4.86) since

Lemma 4.17 implies o A 75 A T3, — 0 ATjas j — 00 u|

4.3.2 Removal of the Yosida Approximation

The function u, in Theorem 4.16 solves the variational inequality associated to the
Yosida approximation A, of the unbounded operator A. In this section we study the
limiting behavior, as « — 00, of uy and of the corresponding variational inequality
by adopting both probabilistic and analytical tools.

When o« — o0 the term involving A, in the bilinear form a,(f)(-, ) of (4.66)
converges to a suitable operator that needs to be fully characterized. Let w € VP be
given and define the linear functional Lxx)(w, ) € VP* by

LY (w, u) :=/ (Agx, Du)p w pu(dx), ueVP. (4.90)
H

It is easy to show that Lgfl)(w, -) is continuous by (4.29) and any sequence

(Lﬁf‘")(w, NneN, With @, — 0o as n — 00, is a Cauchy sequence in V”*. In fact for
n > m arguments similar to those in (4.29) give
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1L (w, u) — L (w, u)| = ‘ /H ((Ag, — Agy) X, Du)pqw p(dx)

<Cp Tr((Aw, —Aa,) Q(Aa, —Aa,)*] lllulll, Mwlll,
and hence

LS (w, ) = L (w, )llves <Cp Tr[(Ag, — Aa,) O(Aa, — Aa,)*] lwlll, -
4.91)

Since Ay, — A on D(A) as « — oo and Assumption 2.4 holds, (4.91) goes to zero
asm,n — oo and (L;a”)(w, ‘Dnen is Cauchy in VP *. Therefore, by completeness
of VP * there exists L o (w, -) € VP* such that Lf:‘)(w, )= La(w, ) asa — ooin
VP,

It suffices to characterize L A(w, +) on the set £4(H) of (4.73) since that is dense
in V?. In order to do so notice that A*Du € L?(H, ) foru € £4(H) and

/ (Agx, Du)yy w u(dx) = / (x, AXDu)y w pu(dx).
H H
Now dominated convergence allows us to define a linear functional L 4 (w, -) by setting
La(w,u):= lim L (w,u) = / (x, A*Du)p w pu(dx), for u e Ex(H).
a—>00 H
(4.92)

Clearly its domain D(L 4(w, -)) contains €4 (H) and it is dense in V7. Since (4.29) is
uniform with respect to n € N and o > 0 we also obtain

ILa(w,w)| < Tr[AQA]llwlll, [llulll,, for u e Ea(H). (4.93)

By density arguments L 4(w, -) is continuously extended to the whole space V? and
the extended functional is denoted by L 4 (w, -). It then follows

La, )= lim L5, )= Law, ) in V7%, (4.94)

Note that, for w € LZ%(0, T; VP) fixed, one has (Lff)(w, ~))a>0 bounded in
L0, T; VP*) by (4.93) (or by (4.29)). Then for arbitrary 0 < 71 < th < T
and u € L?*(0,T;VP) we may define Tlga)(w, It t2) € L0, T;VP)* and
Ta(w, )(11,12) € L*(0, T; VP)* by

t
T\ (w, u)(11, 1) = / ’ LY (w(), u())dt, (4.95)

n
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and b
Ta(w, u)(t], 1) := / La(w(®), u®))dr. (4.96)
4]

Proposition 4.19 For arbitrary 0 < t1 < tn < T, with nga)(w, (t1, ) and
Ta(w, )11, 1) given by (4.95) and (4.96), respectively, it holds that

Jim (T4 = Ta) (w, (01, )l 20 7:0my = 0. (4.97)
Proof A direct calculation gives

(T3 = Ta)w. e )] < (57 = La) . )| 2 7y

u ” L2(0,T;VP*)

and hence [[(T4 = Ta) (w, ) (01, ) 20,7300y < |5 =L@, )| 2 ripme
Now,since | (L) ~La)(w(0), )|y, < 2Tr[AQA*]|llw(r)]||, and the upper bound

is independent of « and it belongs to L2(0, T'), then dominated convergence theorem
and (4.94) give (4.97). O

Remark 4.20 Notice that for our gain function ® we have Lﬁ:‘)(-, ©®) € L*(0, T; VP*).
Moreover T\* (-, ®)(t1, 2) — Ta(-, ©)(11, 12) in L2(0, T; VP)* as a — o0, for all
0 <# <t <T,byarguments similar to those used in the proof of Proposition 4.19.

Fort € [0, T] define F(-)(t) € VP* by

Fw)(t) == (%(r) + %TF[GG*DZ(E(I)], w)ﬂ + Law, ©@)), forall weVP.

(4.98)
Then, with f, as in (4.69), from dominated convergence, Assumption 2.2 and Remark
4.20 follows that

Loy 0 (4.99)

n
Jim | 7[00, = FO]ar

foralO0 <t < <T.
It is natural to consider the bilinear form associated to the infinitesimal generator
of (2.1),

1 N _
a,(u, w) = / §<B Du, Dw)y u(dx) —I—/( C, Du)ry w pu(dx) — La(w, u)
H H
(4.100)
for u, w € L?(0, T; V"), and with B as in (4.66) and C = } (Tr[Dolyo + Do - o
—ao'*Q_lx). We setu := U — O (see (2.2)). By Theorem 3.2 and the same bounds

as those used to prove Lemma 4.11 we obtain
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Lemma 4.21 There exists a sequence (¢j)jcN Such that oj — 00 as i — o0
and ug, converges to i as o — 00, weakly in LP(0,T;VP) and strongly in
LP@,T; LP(H, ), 1 < p < oo.

Moreover, %Ma,- converges to %ﬁ as a; — oo weakly in L*(0, T; L>(H, w)).

The next Theorem generalizes Theorem 4.16 to the case of unbounded operator A.
Theorem 4.22 For every 1 < p < oo the function i is a solution of the variational

problem on 'H

weL*0,T;VP); 34 e L20,T; L*(H, w);

u(T,x) =0, x e H; u(t,x)=>0, (t,x) €[0,T] x H;
3
{5 O w=u®) e we). v —ue) = F(w = u(-)) ) 2 0.
forae. t€l0,T] andforall wekl.
(4.101)

Moreover, i € C([0,T] x H).

We omit the proof which follows from Lemma 4.21, Proposition 4.19, (4.99) and it
goes through arguments similar to (but simpler than) those adopted in the proof of
Theorem 4.16. Continuity of the solution is a consequence of Corollary 3.3.

An optimal stopping time of { is found by probabilistic arguments as in Sect. 4.3.1.
For (t,x) € [0, T] x 'H, let (¢, x) be defined as in (4.75) and set

T, x) = inf{s > ¢ : U(s, XI¥) = O(s, XD AT. (4.102)

Lemma 4.23 For each (t,x) € [0, T] x 'H there exists a sequence () jeN, with
aj =aj(t,x), such thataj — oo as j — oo and

lim (z*(z, x) A r;j t, x) (@) =™, x)(w), P-ae weq. (4.103)

J— 00

Proof The proof follows along the same lines of that of Lemma 4.17 and it is based
on Corollary 3.3 and Proposition 3.1. O

Theorem 4.24 The stopping time t*(t, x) is optimal for U(t, x).

Proof Set t* = t*(¢, x) for simplicity. Take o = t* in (4.86) to obtain

Uyt,x) = E {ua (z* AT X(“)”")} . (4.104)

TYATE
Consider the subsequence (o) jen corresponding to the sequence («) jeN given in
Lemma 4.23, and take limits in (4.104) as j — oo. Proposition 3.1, Corollary 3.3 and
arguments as in the proof of Theorem 4.18 allow us to conclude that

U, x) =E{UE XiH}=E{0G*, X1H}. (4.105)

That is, 7* is optimal. O
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5 Uniqueness in a Particular Case

We address the question of uniqueness of the solution to problem (4.101) only in the
case of processes X whose Kolmogorov operator generates a symmetric Ornstein-
Uhlenbeck semigroup (cf. [11], Chapters 6 and 7). For instance, Chow and Menaldi
[8] consider such dynamics while carrying out an analysis similar to ours.

In (2.1) we take o(x) = 1 and repalce wo by a Q-Wiener process (W;):c[0,7]
taking values in H (cf. [10], Chapter 4 and Remark 5.1 of Chapter 5), with covariance
operator Q € L(H) positive and of trace-class. We make the following assumption
on A.

Assumption 5.1 The operator A is negative, self-adjoint and there esists m > 0 such
that (Ax, x)y < —m||x||%_[. Moreover Tr[QA_l]H < 400 and ¢4 Q = Qe' for
allt > 0.

Then the semigroup generated by the Kolmogorov operator associated to X is sym-
metric (cf. [11], Corollary 10.1.7), and admits a centered Gaussian invariant measure
v (cf. [11], Proposition 10.1.1) with covariance operator I" defined by

F~——1A’1 5.1
=540 .1)

(cf. [11], Proposition 10.1.6). For ¢ and Ay as in (2.3) the O-Wiener process may be
represented as W, = >, \/H,Btk o =: Q% B; where {ﬂtk, t>0,ke N} is an infinite
sequence of independent, real, standard Brownian motions and B, := Zk ﬁtk k-
Therefore, the SDE for X may be formally written as

dX, = AX,dt + Q?dB,, tel0,T]. (5.2)
Now the variational problem may be set in the Gauss-Sobolev space associated
to the measure v rather than that associated to Q. All arguments developed in the

previous sections may be carried out and, in particular, Theorems 4.22 and 4.24 hold
with V? replaced by W2 (H, v), with a, (-, -) replaced by

ay(u, w) :=/ %(Q Du(x), Dw(x))pyv(dx), u,we WH2(H, v) (5.3)
H
and with F(-)(¢) replaced by the dual pairing
(@), w))::(ﬁ(t), w)u —ay©@), w) for we WIA(H,v).  (5.4)

Notice that conditions (2.15) are sufficient to guarantee the well posedness of (5.4)
and that it is no longer needed to introduce the operator L 4 of Sect. 4.3.2 and its contin-
uous extension; also, AT" A is not necessarily of trace class and hence the analogue of
Assumption 2.4 in this setting (i.e. Tr [AFA]H < 400), breaks down. However, here
we do not need to rely on that assumption since the existence of the Gaussian invariant
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measure and the particular form of its covariance operator I (cf. (5.1)) substantially
simplify the bilinear form.

The uniqueness in L(, v) of the solution of the variational inequality now follows
from usual comparison arguments as in [4] and the fact that

ay(u, u) + n(u, u)v > n(u, u)v, forany n > 0. (5.5)

Remark 5.2 Notice that our approach allow to give a positive answer to the open
question in Remark 2, of [8], p. 49, under assumptions similar to those required there,
although in the finite time-horizon case. Also, it solves the problem posed in Section
5 of [8] (see discussion following Theorem 3, p. 51, therein) regarding the connection
between infinite dimensional variational inequalities and optimal stopping problems
when o depends on the process. We believe that our method extends to the infinite
time-horizon case under quite natural integrability assumptions.

Remark 5.3 The above arguments suggest that when a Gaussian invariant measure can
be found, then uniqueness is more likely to be obtained as well. That naturally links
our work to [2,3,32], where variational problems associated to optimal stopping ones
are solved in Sobolev spaces with respect to excessive measures (possibly invariant)
of the diffusion process’ semigroup.

Our proof of existence of a solution to the variational problem and its connection
to the optimal stopping one could be possibly replicated when the Gaussian measure
w is replaced by an excessive measure v (possibly invariant) provided that derivatives
of v along the basis vectors’ directions exist (in the sense of [5], Definition 5.1.3) and
natural integrability conditions hold, together with some refinements of Assumptions
2.5 and 2.4. Then uniqueness of the solution of the variational problem (4.101) would
follow as shown in [2], [3] and [32].
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Appendix

Proof of Proposition 4.1 Fix (1,x™) € [0, T] x R" and take R > 0 such that x™”) €
O%- Now for all R > R we have
0<UP @, x™) = Uyt x™)

< sup E {(@)(’1)(0, Xc(ra)t'x;n) — 0™ (zg, X?fe)l’x;n)) ]{UNR}} Sz@P(TR<T),

t<o<T

by (2.11) and with I{5 ) the indicator function of the set {o > 7g}. By Markov
inequality and standard estimates for strong solutions of SDEs in R” (cf. for instance
[18] Chapter 2, Section 5, Corollary 12), it follows
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P(p <7) < P( sup X5~ x® ]y, > R—R)

t<s<T
]E{ sup, <y || X(" — R"} C (1 | x
< — < +
(R _ R) n,a,T

o)
(R—R)
with Cp, .7 > 0, only depending on (e, n, T') and bounds on o.

Therefore

lim sup |uo(lnl)€(t’ x(”)) _ Z/{O({")(t, x(n))| =0
R=>00 ; vye[0,TIxK

for every compact subset L C R". If all U (”I)i,, are continuous, then 4\" is continuous
on every compact subset [0, 7] x /C and this is enough for global continuity in R". O

Proof of Corollary 4.3 By the regularity of & in Corollary 4.2, it is well known that
the expression (4.11) is equivalent to

ou _
max [a—b: + Lot + fan, —ﬁ] =0, ae. €[0,T] x Og.

(see for instance [4], Chapter 3, Section 1, p. 191).
The regularity of 9O and [1], Theorem 3.22 enable us to find a sequence () jeN,
such that u; € C°(R"!) and

llu; — ﬁ”WlZ.p((O’T)XOR) —0 as j— oo. (6.1)
In fact it suffices to take a partition of the domain and use the standard mollification
on each element of the partition. Then (6.1) follows from the usual properties of the
mollifiers and the fact that the operators d;, D and D? are closed in L. Moreover, the
continuity of i and that of a suitable extension to R”*! imply that the convergence is
also uniform on any compact set @’ such that [0, T'] x Og C @'; that is

luj — il — 0, asj — oo, on (. (6.2)

Now we fix an arbitrary ¢ € [0, 7] and a stopping time T € [, T]. An application
of Dynkin’s formula from 7 to T A g gives

E {”j(f A TR, Xg'o/l\)lt’;gx;n)} =u;(t, x™)

TATR 8 )
+E [/ (% + L nu]) (s, X£“)t’x’”)ds] . 6.3)
t

On the other hand by [4], Chapter 2, Lemma 8.1 there exists a constant Cz g > 0 such
that
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TATR 8
‘E H/ (— - ﬁa,n) (u; — i) (s, x§“>f~x¥")ds]
¢ as )
d _
o5 T Lan ) (uj —i0)

hence by taking the limit as j — oo and by using (6.1) and (6.2) we obtain

<CrR , (6.4)

L2((0,T)xOg)

E {ﬁ(r A TR, X%;j?")} = i, x™)

TATR au
—HE[/ (a +qu)(s X(“)”‘")ds] forall Te[r,T]. (6.5
t

Recall that (4.12) holds almost everywhere in (0, T) x Og and, being the diffusion
uniformly non degenerate, the law of X ®-*:" is absolutely continuous with respect
to the Lebesgue measure on (0, T) x Og. Then

TATR
ait, x> E {/ fuun(s. X§“>”x;")ds} forallt € [t,T];  (6.6)
t

in particular, with t* defined by
T i=inf{s > 1 ¢ (s, XN =0y AT AT, (6.7)

(4.12) implies
t*
i, x")=E / Fan (s, X@1¥mygg 1 (6.8)
t

Therefore, by using (4.10) and by recalling (4.2) we have

TATR a@(n) .
ﬁ(t,x(n)) = sup E / + £a’n®(n) (s, Xs(oc)t,x,n)ds
t

t<t<T s

— sup E {@)(")(r A TR, XL ”)} — 0™, x)

t<t<T

= U p (. x) — O™ (1, ). (6.9)

- () _
It now follows that u = Uy R and T ‘Ka "R

Notice that for any stopping time 7 < ra’n’ r> combining (6.9) and (6.5) gives

i.e. the dynamic programming principle for Z/{;";Q holds. O
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Proof of Lemma 4.6 Set u® = ug’)R and recall Corollary 4.3. An application of
Dynkin’s formula based on the same arguments as those that lead to (6.5) gives

TRATR

'[X 1 . TX/\T‘ l
E [e‘f' R Sv(s)ds MR(‘[E, X%)t,x,n) _ e_ftR R u(s)ds (‘[ A TR» X(a)t X; n)]

X Yy
R/NTR

TX
<-E {/ b v (s, x§“>’vX¢”)ds] : (6.11)
T

For the left-hand side of (6.11) we observe that on the set { rjg < r}é} the difference
inside the expectation is zero, whereas on the set {t}{, > r}y{,} one has

uR(rjg, Xi%)t’x;") =0= (rR A rR, x @y n) P— as. (6.12)

X
TRATR

Therefore from (6.11), (4.9), (2.12), (2.20) and Lemma 2.9 we obtain

tl)é s 1 .
EH/ e_ft E”(”)d”fa’n (s, XAEQ)I’X’n)dS]
T

X Yy
RNTR

<E [ R (e A Ty XY — uR (0 AT, X9 |] (6.13)

X x Y
‘(R/\TR TR/\‘L'R

=(Le + Ly)Crr [x™ =™y,

To obtain (4.17) we need to find a similar bound for the first member of (6.13) but
from below. For that we introduce the auxiliary problem

TATR
R, x™y .= inf E[/ fa,n(s,xS(“)”x;")ds} for (r,x™) € [0, T] x R"
t

[<'[<

(6.14)

and we observe that same arguments as those used to obtain Proposition 4.2 and
Corollary 4.3 give vR € LP(0,T; Wol*f’(oR)) N LP,T; W2P(Og)) and % c
LP(0,T; LP(Og)),foralll < p < 400. Moreover vk uniquely solves, in the almost
everywhere sense, the obstacle problem

d
e [_a_l; — Lanv = fan: “] (t,x™)=0,  (t,x™) € (0,T)xOp,

v(t, x™) <0 on [0,T]x Og; (T, xM)=0, x™eOp.
(6.15)
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Again, by arguing as above for (6.11) and by replacing u® by v¥, the reversed inequal-
ity is obtained. Hence, the analogous for vE of (6.12) gives

Tk
E[/ el ivwdu g (o Xgo‘)['x;”)ds] > (Lo + Ly)Cor [x™ =y,
TEATY
(6.16)
Now (4.17) follows by (6.13) and (6.16). m]
Proof of Lemma 4.7 1t is enough to show that ||u§(t,x(")) — uf(t,y("))H <

Lp|x™ — y®|4 forall € [0,T] and x,y € H. Recalling (4.10) and (4.19),
we find

ul (e, x™y —ul @, y™)
<|0®W @, x") =W, y™)|

Tz . 1 .
+ SUpinfE{/ e i f"(“)d“_v(s)@(n) (s, Xga)z,x,n)ds
v v 1 € :
_/ el W(s)@“” (s, X\ Mds(6.17)
‘

+ e ﬁ *U(S)dS@(n)( X(Ol)l X; n)

- f;k éu/(s)ds @(Vl) (_L_l)é’ Xi‘i{)t,)r;n) ] )
R
From It6’s formula, (4.10) and Lemma 4.6 one finds

o= i B Lo@ds g (%, Xi?”"‘”)} (6.18)

TRATR

SLfo(n) _ y(n) H +E|e i TRATR lv(Y)dY ew (7: A _L, X(Dt)tx n)]

3 E[ /TR - f: %”(”)d"lv(s)@)(n) (s, X‘ga)t,x;n)dsl
: &
T

i
and similarly,
2 _
E[ej' e (e XEZ”’”")] (6.19)
> = Lyfx™ = y®] + E[" FHH L s ) (g1 ) X0 ")]

‘[/\‘[

'L"v s
—E[/ T i”’“‘)d“1v/(s)®<”>(s,X§“)”-“”)ds].
T ' &

X Y
RNTR
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Take now

V'(s) = v(s) fors € (t, Tj A Tx] and V'(s) = 0 fors > T3 A T, (6.20)

then from (6.17), (6.18), (6.19), (6.20) and recalling (2.12) and Lemma 2.9 we obtain

ul e, x™y —ul, y™)

< (2L + Lo) K =5,

n)(,.x y (@)t,xsny () (.Y X ()t,y;n
+E [ O (z A Tt X" = 0z A i x§em|t 62
r;@ 1
s 1 .
+ supE[ / . e~ Jr evandu —v(s)(®(") (s, Xﬁ“)t’x’")
v rfe/\r}é &
—em (s, Xﬁa)t’y;n))ds]
<@Ly +Le+2LeCi 1) HX(") —y® ”H
: S R (n)yy _ ,, R (n)
One can argue in a similar way to bound u ;' (¢, y') — u; (¢, x'"). O
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