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Abstract We consider a backward stochastic differential equation with jumps
(BSDEJ) which is driven by a Brownian motion and a Poisson random measure.
We present two candidate-approximations to this BSDEJ and we prove that the solu-
tion of each candidate-approximation converges to the solution of the original BSDEJ
in a space which we specify. We use this result to investigate in further detail the
consequences of the choice of the model to (partial) hedging in incomplete markets
in finance. As an application, we consider models in which the small variations in the
price dynamics are modeled with a Poisson random measure with infinite activity and
models in which these small variations are modeled with a Brownian motion or are
cut off. Using the convergence results on BSDEJs, we show that quadratic hedging
strategies are robust towards the approximation of the market prices and we derive an
estimation of the model risk.

G. Di Nunno

Center of Mathematics for Applications, University of Oslo, PO Box 1053, Blindern,
0316 Oslo, Norway

e-mail: giulian@math.uio.no

URL: http://folk.uio.no/giulian

G. Di Nunno
Norwegian School of Economics and Business Administration, Helleveien 30, 5045 Bergen, Norway

A. Khedher (I<)

Chair of Mathematical Finance, Technische Universitdt Miinchen, Parkring 11,
85748 Garching-Hochbruck, Germany

e-mail: asma.khedher@tum.de

M. Vanmaele

Department of Applied Mathematics, Computer Science and Statistics, Ghent University,
Krijgslaan, 281 S9, 9000 Ghent, Belgium

e-mail: michele.vanmaele @ugent.be

URL:http://users.ugent.be/~mvmaele/

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-014-9283-z&domain=pdf

354 Appl Math Optim (2015) 72:353-389

Keywords Quadratic hedging strategies -
Backward stochastic differential equations - Jump-diffusions - Robustness

1 Introduction

Since Bismut [6] introduced the theory of backward stochastic differential equations
(BSDES), there has been a wide range of literature about this topic. Researchers have
kept on developing results on these equations and recently, many papers have studied
BSDE:s driven by Lévy processes [10,26,27].

In this paper we consider a BSDE which is driven by a Brownian motion and a
Poisson random measure (BSDEJ). We present two candidate-approximations to this
BSDEJ and we prove that the solution of each candidate-approximation converges to
the solution of the BSDEJ in a space which we specify. Our aim from considering
such approximations is to investigate the effect of the small jumps of the Lévy process
in quadratic hedging strategies in incomplete markets in finance (see, e.g., Follmer
and Schweizer [15] and Vandaele and Vanmaele [32] for more about quadratic hedg-
ing strategies in incomplete markets). These strategies are related to the study of
the Follmer—Schweizer decomposition (FS) or/and the Galtchouk—Kunita—Watanabe
(GKW) decomposition which are both backward stochastic differential equations (see
Choulli et al. [12] for more about these decompositions).

The two most popular types of quadratic hedging strategies are the locally risk-
minimizing strategies and the mean-variance hedging strategies. To explain, let us
consider a market in which the risky asset is modelled by a jump-diffusion process
S(t)s>0. Let & be a contingent claim. A locally risk-minimizing strategy is a non self-
financing strategy that allows a small cost process C(t);>¢ and insists on the fact that
the terminal condition of the value of the portfolio is equal to the contingent claim
[29]. In other words the existence of the local risk-minimizing strategy for £ is related
to the Follmer-Schweizer (FS) decomposition, i.e.,

T
£=¢0 +/0 xF5()dS(s) + "5 (), (1.1)

where XFS(I),ZO is a process such that the integral in (1.1) exists and ¢F5(t)t20 is
a martingale which has to satisfy certain conditions that we will show in the next
sections of the paper. The financial importance of the FS decomposition lies in the
fact that it directly provides the locally risk-minimizing strategy for &. In fact at each
time ¢ the number of risky assets is given by x¥5(r) and the cost C(r) is given by
¢FS(1) + O The mean-variance hedging strategy is a self-financing strategy which
minimizes the hedging error in mean square sense [16].

In this paper we study the robustness of these two latter hedging strategies towards
the approximation of the market prices. Hereto we assume that the process S(7);>0 is
a jump-diffusion with stochastic factors and driven by a pure jump term with infinite
activity and a Brownian motion W (¢);>¢. We consider three approximations to S(#);>0.
In the first approximation So . (f);>0, we truncate the small jumps and rescale the
Brownian motion W(¢);>0 to justify the variance of the small jumps. In the second
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approximation S ¢(¢);>0 , we truncate the small jumps and replace them by a Brownian
motion B(t);>¢ independent of W (#);>0 and scaled with the standard deviation of the
small jumps. In the third approximation S> .(#);>0, we truncate the small jumps.

This idea of shifting from a model with small jumps to another where those varia-
tions are represented by some appropriately scaled continuous component goes back to
Asmussen and Rosinsky [3] who proved that the second model approximates the first
one. This explains our choice of the two models So ¢ (¢);>0 and Sy ¢(¢);>0 . This kind
of approximation results is here considered for the purpose of a study of robustness of
the model. Hence it is interesting from the modeling point of view. In addition, it is also
interesting from a simulation point of view. In fact no easy algorithms are available for
simulating general Lévy processes. In the present paper the approximating processes
we obtain contain a compound Poisson process and a Brownian motion which are
both easy to simulate [13]. For numerical solutions to BSDEs driven by a Brownian
motion and a compound Poisson process, we refer to the paper by Bouchard and Elie
[8]. This latter paper is in fact an extension of the work by Bouchard and Touzi [7]
written for Brownian noise where time discretisation is studied to solve BSDEs with
an Euler type scheme. In a forthcoming paper by Khedher et al. [20], BSDEs driven by
Brownian motion and jumps with infinite activity are considered. There the combined
effect of approximation and time-discretisation is studied together with a numerical
scheme to solve such BSDEs. This then will be used to prove the robustness of the
locally risk-minimizing strategies to model risk and numerical discretisation.

We do not discuss in this paper any preferences for the choice of the model. We leave
this to further studies. For instance Daveloose et al. [14] have this type of discussion
about the model choice, in the case the dynamics are given by an exponential Lévy
process. Benth et al. [4,5] investigated the consequences of this approximation to
option pricing in finance. They consider option prices written in exponential Lévy
processes and they proved the robustness of the option prices after a change of measure
where the measure depends on the model choice. For this purpose the authors used
Fourier transform techniques.

In this paper we focus mostly on the locally risk-minimizing strategies and we show
that under some conditions on the parameters of the stock price process, the value of
the portfolio, the amount of wealth, and the cost process in a locally risk-minimizing
strategy are robust to the choice of the model. Moreover, we prove the robustness of the
value of the portfolio and the amount of wealth in a mean-variance hedging strategy,
where we assume that the parameters of the jump-diffusion are deterministic. To prove
these results we use the convergence results on BSDEJs and we exploit the relation
between BSDEJs and quadratic hedging strategies. In this context, we refer to a paper
by Jeanblanc et al. [18] in which the authors exploit the relation between BSDEJs and
mean variance hedging strategies in a general semimartingale setting.

This robustness study is a continuation and a generalization of the results by Benth et
al. [4]. In fact we consider more general dynamics and we prove that indeed the locally
risk-minimizing strategy and the mean-variance hedging strategy are robust to the risk
of model choice. For the special choice of dynamics for the price process, namely an
exponential Lévy process, Daveloose et al. [14] study robustness of quadratic hedging
strategies using a Fourier approach.
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The paper is organised as follows: in Sect. 2 we introduce the notations and we make
ashortintroduction to BSDEJs. In Sect. 3 we present the two candidate-approximations
to the original BSDEJ and we prove the robustness. In Sect. 4 we prove the robustness
of quadratic hedging strategies towards the choice of the model. In Sect. 5 we conclude.

2 Some Mathematical Preliminaries

Let (€2, F, P) be a complete probability space. We fix T > 0. Let W = W(z) and B =
B(t),t € [0, T], be two independent standard Wiener processes and N = N (dt, dz),
t,z € [0,T] x Ry (Rp := R\ {0}) be a centered Poisson random measure, i.e.
]V(dt, dz) = N(dt,dz) — £(dz)dt, where £(dz) is the jump measure and N (dt, dz)
is the Poisson random measure independent of the Brownian motions W and B and
such that E[N (dt, dz)] = £(dz)dt. Define B(IRg) as the o-algebra generated by the
Borel sets U C Ry. We assume that the jump measure has a finite second moment,
namely fRo 720(dz) < oo. We introduce the P-augmented filtrations F = (F;)o<;<7 »
G = (G1)o<i<t , respectively by

f,:a{W(s),/OsAﬁ(du,dz), s<t, AeB(Ro)}\/N,

g = a{W(s), B(s),/O‘Y/AIV(du,dz), s<t, Ae B(RQ)} VN,

where N represents the set of P-null events in F. We introduce the notation H =
(H:)o<i<T, such that H, will be given either by the o-algebra F; or G; depending on
our analysis later.

Define the following spaces;

° LzT: the space of all H7-measurable random variables X : 2 — R such that
IX11? = E[X?] < oo.

° H%: the space of all H-predictable processes ¢ : Q2 x [0, T] — R, such that
T
61, =E[ [ toPar] < .
r 0
° ﬁ%: the space of all H-adapted, cadlag processes ¢ : 2 x [0, T] — R such that
2 g 2
115 = [/0 ()Pt ] < oo.
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° ﬁ%: the space of all H-predictable mappings 6 : 2 x [0, T] x Ry — R, such that

T
||9||2ﬁ; = [/0 /Ro |9(t,z)|2£(dz)dt] < 00.

S%: the space of all H-adapted, cadlag processes y : 2 x [0, T] — R such that

Iyl = EL sup |y*(@)]] < oc.
T 0<t<T

V= S% X H% X ﬁ%

° g:S%XH%Xﬁ%XH%.

I:z(Ro, B(Ry), £): the space of all B(Rg)-measurable mappings ¢ : Ry — R such

that

2 _ 2
1912 i =, WOPE) < 0.

The following result is crucial in the study of the existence and uniqueness of the
backward stochastic differential equations we are interested in. Indeed it is an appli-
cation of the decomposition of a random variable & € LzT with respect to orthogonal
martingale random fields as integrators. See Kunita and Watanabe [22], Cairoli and
Walsh [9], and Di Nunno and Eide [25] for the essential ideas. In Di Nunno [23,24],
and Di Nunno and Eide [25], explicit representations of the integrands are given in
terms of the non-anticipating derivative.

Theorem 2.1 Let H = G. Every Gr-measurable random variable & € L2T has a
unique representation of the form

3 T
e=e"+3 [ | e oman o), @
k=1

where the stochastic integrators

w1 (dt, dz) = W(dr) x 8o(dz), pa(dt,dz) = B(dt) x 8o(dz),
w3(dt,dz) = N(dt, dz)1jo.11xR, (7, 2),

are orthogonal martingale random fields on [0, T'] x Rq and the stochastic integrands
are @1, @3 € H% and @3 € ﬁ% Moreover é(o) = E[&].

Let H = F. Then for every Fr-measurable random variable & € L2, (2.1) holds
with o (dt, dz) = 0.

As we shall see the above result plays a central role in the analysis that follows.
Let us now consider a pair (&, f), where & is called the terminal condition and f the
driver such that
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Assumptions 2.1 (A) & € L2T is Hr-measurable

(B) f:Q2x[0,T] x Rx R xR — R such that

e f(-,x,v,2) is H-progressively measurable for all x, y, z,

e f(-,0,0,0) € H?,

e f(-,x,V,2) satisfies a uniform Lipschitz condition in (x, Yy, z), i.e. there exists a
constant C such that for all (x;, yi,zi) € R x R x I:Q(Ro, B(Ry), £),i =1,2 we
have

|f(t’x15 Y1, Zl) - f(tvx2’ Y2, Z2)|
= (v —xal+ Iy = 2l + 21 = 2}, forall 1 € [0,T1.

We consider the following backward stochastic differential equation with jumps (in
short BSDEJ)

—dX(@) = f(t,X(@),Y(), Z(t,-)dt = Y(t)dW(t) —/ Z(t,z)N(dt, dz),

Ro
X(T)=¢&.
2.2)

Definition 2.2 A solution to the BSDEJ (2.2) is a triplet of H-adapted or predictable
processes (X, Y, Z) € v satisfying

T T
X() = £ + / (s, X(). Y (5), Z(s, ))ds — / Y (5)dW (s)
t t
T
—/ / Z(s,z)N(ds,dz), 0<t<T.
t Ro

The existence and uniqueness result for the solution of the BSDEJ (2.2) is guaran-
teed by the following result proved in Tang and Li [31].

Theorem 2.3 Given a pair (&, f) satisfying Assumptions 2.1(A) and (B), there exists
a unique solution (X, Y, Z) € v to the BSDEJ (2.2).

3 Two Candidate-Approximating BSDEJs and Robustness

3.1 Two Candidate-Approximating BSDEJs

In this subsection we present two candidate-approximations of the BSDEJ (2.2). Let
H = TF and fgo be a function satisfying Assumptions 2.1(B), for all ¢ € [0, 1]. In the

first candidate-approximation, we approximate the terminal condition & of the BSDEJ
(2.2) by a sequence of random variables ég € LZT, JFr-measurable such that

lim &) = ¢, inL%.
e—0
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We obtain the following approximation

—dXe (1) = fO1, X (1), Ye(1), Ze(t, ))dt — Ye(t)dW (1) — /R Ze(t,2)N(dt, dz),
0
Xe(T) = &0,

3.1

We present the following condition on fgo, which we need to impose when we study the
robustness results in the next section. For all (x;, y;i, z;) € Rx R x iz(Ro, B(Ryp), £),

i =1,2,and for all r € [0, T], it holds that
|f(ts X1, Y1, Zl) - fgo(taxzs y2, Z2)|
= (v —xal+ vt = vl + Iz = 2l + G@Iyal + G@lz2ll) . 32

for C and 5(8) positive constants and 6(8) vanishing when ¢ goes to 0.

In the next theorem we state the existence and uniqueness of the solution
(X, Ye, Zo) € v of the BSDEJ (3.1). This result on existence and uniqueness of
the solution to (3.1) is along the same lines as the proof of Theorem 2.3, see also Tang
and Li [31].

Theorem 3.1 LetH = F. Given a pair (0, f2) such that £ € L2 is Fr-measurable
and fso satisfies Assumptions 2.1(B), then there exists a unique solution (X, Yy, Z;) €
v to the BSDEJ (3.1).

Let H = G. We present the second candidate-approximation to (2.2). Hereto we
introduce a sequence of random variables Gr-measurable Esl IS L2T such that

lim &) = &

e—0

and a function fg1 satisfying

Assumptions 3.1 fs1 QX[0, TIxRxRxR xR — Rissuchthat forall e € [0, 1],

° fgl (-, x, ¥, 2, ¢) is G-progressively measurable for all x, y, z, ¢,
o fgl(" 0’ 07 O’ O) € H2;
° fg1 (-, x, ¥, z, ¢) satisfies a uniform Lipschitz condition in (x, y, z, {).

Besides Assumptions 3.1 which we impose on fgl, we need moreover to assume
the following condition in the robustness analysis later on. For all (x;, yi, z;, () €
R x R x LZ(RO, B(Rp),¢) x R,i = 1,2, and for all r € [0, T], it holds that

Lf (2, %1, y1,21) — f1(2, %2, ¥2, 22, ©)
< C(In = xal+ i = vl + Iz =2l + K1+ G@Nall), 33

for C and 6(8) positive constants and 5(8) vanishing when ¢ goes to 0.
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We introduce the second candidate BSDEJ approximation to (2.2) which reads as
follows

—dXe(t) = [, Xe(0), Ye (1), Ze (1, ), Ce(0)dt — Ye()dW (1) —/ Ze(1,2)N(dt, dz)
R

0
—¢(NdB(D), (3.4)
Xe(T) = &,

where we use the same notations as in (3.1). B is a Brownian motion independent of W.
Because of the presence of the additional noise B the solution processes are expected
to be G-adapted (or predictable). Notice that the solution of such equation is given
by (Xe, Ye, Z¢, £e) € V. In the next theorem we state the existence and uniqueness of
the solution of the Eq. (3.4). The proof is very similar to the proof of Theorem 3.1.
However we work under the o-algebra G;.

Theorem 3.2 LetH = G. Given a pair (€}, f1) suchthat &} € L2 is Gr-measurable
and fsl satisfies Assumptions 3.1, then there exists a unique solution (X¢, Ye, Z¢, {¢) €
v to the BSDEJ (3.1).

It is expected that when (3.3) holds, the process ¢ vanishes when ¢ goes to 0. This
will be shown in the next subsection in which we also prove the robustness of the
BSDEIs.

3.2 Robustness of the BSDEJs
Before we show the convergence of the two equations (3.1) and (3.4) to the BSDEJ (2.2)
when ¢ goes to 0, we present the following lemma in which we prove the boundedness

of the solution of (2.2) and of that of (3.1). We need this lemma in Theorem 3.4 and
for our analysis in the next section.

Lemma 3.3 Let (X,Y, Z), (X¢, Ye, Z¢) be the solution of (2.2) and (3.1), respec-
tively. Then we have for all t € [0, T],

E[/T x2(s)ds] +]E[/T Yz(s)ds] —HE[/T/ Z2(s,z)E(dz)ds]
t ; t Ry
< C(E[Ez]—l—E[/t 1 £(s,0,0, 0)|2ds]),

respectively,

E[/T X2(s)ds | +]E[/T Y2(5)ds] +IE[/T/ Z2(s, Ded2)ds |
t t . t Ro
< C(BUsPI+E[ [ 1726.0.0.002s]).

t

where C is a positive constant.
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Proof Recall the expression of X given by (2.2). Applying the Ito formula to e#” X2 (1)
and taking the expectation, we get

T T
E[e X2(1)] = B[P X2(T)] —ﬂE[/ eﬂ‘YXz(s)ds] —]E[/ eﬂSY2(s)ds]
, t t
+2E[/ eﬁSX(s)(f(s,X(s),Y(s),Z(s, )) = f(s,0,0, 0))ds]
t

T T
+2E[/ P X () f(s,0,0, O)a’s]—E[/ / eﬂsZ2(s,z)€(dz)a's].
1 t Ro

Thus by the Lipschitz property of f we find

T T

E[e? X2(1)] +IE[ / eﬂSYz(s)ds] +IE[ / / eﬂ5Z2(s,z)€(dz)ds]
t t Ro
T

< E[fTX2(T)] — ﬁE[/ eﬁSX2(s)ds]

T ' 1
+2C]E[/ eﬁSX(s)(|X(s)| FIY ()| + |/ zz(s,z)z(dz)ﬁ)ds]
t ]R()

T
+ 21@[/ efS X (5) £ (s, 0,0, O)ds].
t

Using the fact that for every k > 0 and a,b € R we have that 2ab < ka®> + %2
and (@ + b + ¢)? < 3(a® + b? + 2), choosing 8 = 6C2 + 2, and noticing that
B > 0, the result follows for (X, Y, Z). The same computations lead to the result for
the approximation (X, Y, Z;). O

From now on we use a unified notation for both BSDEJs (3.1) and (3.4) in the
BSDEJ

—dXZ () = fL@)dt — YE@)dW (1) —/ ZP(t, z)N(dt, dz) — ¢ (1)d B(1),
Ro

X2(T) =&, forp=0andp =1,

(3.5)
where
1) = [ fg(l)(t, X%)(t), Yg(l)(t), z%’(t))’ 1 p =0,
fia, x o), v o, zl o, @), p=1
and
w0={ge, 121
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Notice that the BSDEJ (3.5) has the same solution as (3.1) and (3.4) respectively for
p = 0and p = 1. We state the following theorem in which we prove the convergence
of both BSDEJs (3.1) and (3.4) to the BSDEJ (2.2).

Theorem 3.4 Assume that fg0 and f; satisfy (3.2) and (3.3) respectively. Let (X, Y, Z)
be the solution of (2.2) and (XE, YL, ZE, ¢f) be the solution of (3.5). Then we have
fort €[0,T], p=0andp =1

T T
E[/ 1X () —Xg(s)|2ds] +1E[/ Y (s) — Yf(s)|2ds]
t t
T T
B[ [ [ 1260 - 226 oPeans] v [ 2o kas]
t Ry t
o T
< KEIls — §/P1+ RGe)(1 - o) (BIEP1+ B[ 1£265,0.0,0)ds1)
t

_ T
+RG@p(EISPI+EL [ 17(5.0.0.0Pds1)
t

where K, K , K and 5(8) are positive constants and with é(s) vanishing when ¢ goes
to 0.

Proof Let

XP(t) = X(t) — XL(t), YP(t)=Y(t)—YP(t), ZP(t,2) =Z(t,2)— Z"(t,2),
@) = f@, X0, Y (@), Z(t,) — fL(). (3.6)

Applying the It6 formula to e#!| X2 (1)|?, we get

_ T _ T _
E[eﬁ’|xg(t)|2]+1E[/ eﬂs|Y5"’(s)|2ds]+E[/ / eﬁs|Z§(s,z)|25(dz)ds]
t t Ro
T B T _
+E[/ eﬂs|§€p(s)|2ds] = BT |X2(T) ] —ﬂE[/ eﬂS|X§(s)|2ds]
t t
T - —_
+ 2] / XL fE o)lds | 3.7
t

Using conditions (3.2) and (3.3), we get

T T
E[e?| X (1)*] + E[ / eP|YP (5)|%ds) +E[ / / eﬁS|Z§(s,z)|2e(dz)ds]
t t Ro

+ E[/T eﬁslgf(s)|2ds]
t

T
< LT X2(DP) - pE[ [ o %2000 Ps]
t
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T o~
+ ZCE[/ PIXLWI(IXEWI+ P2+ 1£6)] + (1 = @)Y (s)]
t
+ P5<8></R 1Z(s, DPedz)? + (1 = p)é(ex/R 120(s, 2)20(d2))?
0 0
+( / 128G, DP0(d2)? )ds .
Ro

Using the fact that for every k > 0 and a, b € R we have that 2ab < ka® + 1;(—2 and
2
(ZL] ai) <73 ]_, a?, we obtain

T T
E[e?|X?(1)*] + E[ / P |YP (5)|%ds) +E[ / / eﬁS|Z§(s,z)|2adz)ds]
t R()

t
T
+E[ / 120 ()12ds |
t
B T _ r _
< BT X2DP) - B[ [ o 1%20)Pds] +14C%E] [ %200 Ps]
t t
T T
IE[/ eﬁs|)_(§(s)|2ds]+%E[/ ef‘slc;’(s)lzdS]
tT ) | tT )
E[/ e5S|Y;>(s)|2ds]+—E[/ / eﬁS|Z§(s,z)|2adz)ds]
t 2 t JRy

oo )52(5)1}3[ TeﬁS|Y°(s)|2ds]
TP g

t

+

+

| = N =

1 ~ T
+ —sz(s)E[/ / eﬂS|Z(s,z)|2£(dz)ds]
2 t RQ

T
+1q —p)éZ(g)ﬂ«:[/ / eﬂS|Zg(s,z)|2£(dz)ds].
2 t Ry

Choosing 8 = 14C? + 1 and since E[ef'| X2 (1)]?] > 0, we get

T . T
]E[/ eBs|Xf(s)|2ds]+]E[/ eﬂS|Y8p(s)|2ds]
t t
T . T
—HE[/ / eﬂS|Z§(s,z)|2£(dz)ds] —HET[/ eﬂs|§€p(s)|2ds]
t Ry t
_ 1 ~ T
< KET|X2(D)P1 + 5(1 - 0)G70) (E] / e 1Y2(5)/ s |
t

+E[ / ' /R O 120G, )P e(d2)ds )

1 -~ T
+ —pGZ(e)lE[ / / P12, z)|26(dz>ds],
2 1 RQ
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where K is a positive constant and the result follows using Lemma 3.3 and the fact
that 8 > 0.

Remark 3.5 Since F; C G, forallt € [0, T], the solution of (2.2) is also G-adapted.
This fact allowed us to compare the solution of (2.2) with the solution of (3.4).

Notice Ehat in the case p = 0, the condition (3.2) implies that for (x,y,z) €
R x R x L2(Rg, B(Ro), £)

lin})fgo(t,x,y,z) = f(t,x,y,2), P-as,Vrel0,T].
e—

Thus the convergence of the solution of (3.1) to the solution of (2.2) in the space
ﬁ% X H% X ﬁ%, follows directly from Proposition 2.1 in El Karoui et al. [19]. We
presented the proof for the sake of completeness. In the latter theorem, we proved the
convergence of the solution of (3.1) respectively (3.4) to the solution of (2.2) in the
space ﬁ% X H% X ﬁ% respectively ﬁ% X H% X ﬁ% X H%. In the next theorem we
prove the convergence in v, respectively V.

Theorem 3.6 Assume that (3.2) and (3.3) hold. Let X, X£ be the solution of (2.2),
(3.5), respectively. Then we have for p = 0 and p = 1

_ T
5[ sup 1X() = X2(F] = CBLle - &2P1+ RG @ (l1EP1+ 8L 17(6.0.0.00ds1)
t

0<t<T

. T
+ KRG @)1 - p) (B + E[/ 1£2(5,0,0, 0)ds1),
t

where C, K, and K are positive constants.

Proof Let X 2, Y;’O , Z_f ,and ff be as in (3.6). Then applying Holder’s inequality, we
have for K > 0

E[ sup |X2()P] sK(E[|X§<T>|2]+E[/()T|ﬂp<s)|2ds]

0<t<T

i T _

+E[ sup | Y;’(s)dW(s)F]
-0<t<T t

—i—E sup |/ / Zp(s 2)N(ds, dz7)| ]
-0<t<T

+E[ sup | ;8 (s)dB(s)| ])
Lo<i<T Jt
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However from Burkholder’s inequality we can prove that for C > 0, we have (for
more details see Tang and Li [31])

sup |/ / ZP(s, 2)N(ds, dz)l <C / / |Z2 s, Z)|2£(dz)ds]
0<[<T

E[ sup | Y;’<s>dW<s)|2]_ CE[ / 72(5)1ds),
0

0<t<T Jt
T

o s 1 [ czaner] < e | e oiids]

0<t<T Jt

Thus from the estimates on f° and fs1 in equations (3.2) and (3.3), Lemma 3.3 and
Theorem 3.4 we get the result. O

Notice that we proved the convergence of the two candidate approximating BSDEJs
(3.1), (3.4) to the BSDEJ (2.2) in the space v, v respectively. This type of convergence
is stronger than the L2-convergence.

4 Robustness of Quadratic Hedging Strategies

We assume we have two assets. One of them is a riskless asset with price S given
by

dSO @) = SOy @)dt,

where the short rate r () = r (¢, w) € R is F-adapted. The dynamics of the risky asset
are given by

dsW () = S(l)(t){a(t)dt +b(t)dW(t) +/ y(t, z)ﬁ(dt,dz)},
R,
SWO)=x eRy, ’
where a(t) = a(t,w) € R, b(¢t) = b(t,w) € R, and y(¢t,2) = y(t,z,w) € R for

t > 0, z € Ry are F-adapted processes. We assume that y (¢, z, w) = g(2)y (¢, ®),
such that

G*(e) = / 2> (2)(dz) < oo. @1
|z|<e
The dynamics of the discounted price process S =50/50 are given by

ds(r) =§(t)[(a(t) —r(t))dt+b(t)dW(t)+/ y(r,z)ﬁ(dr,dz)]. 4.2)

Ro

For S to be positive, we assume y (t,z) > —1,a.e.in (¢, z, w). We further assume that
the semimartingale S is locally square integrable (in the sense of Definition 2.27 in
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Jacod and Shiryaev [17]). We can decompose Sintoa locally square integrable local
martingale M starting at zero in zero and a predictable finite variation process A, with
A(0) = 0, where M and A have the following expressions

t t
M(t):/ b(s)E(s)dW(s)+/ /R y(s, 2)S(s)N(ds, dz), 4.3)
0 0 0

t
A(t) :/ (a(s) —r(s))S(s)ds.
0
We denote the predictable compensator associated to M , see Protter [28], by
t _ t _
(M)(1) = / b*(5)S*(s)ds + / / S2(s)y?(s. 2)0(dz)ds
0 0 JRg
and we can represent the process A as follows
t
A(1) =/ a(s)d(M)(s) , “4.4)
0

where

() e a(t) —r()
T OSOBA0) + fg, v2( D))

t<T. (4.5)

We define a process K by means of « as follows

! ! (a(s) —r(s))?
2
= = . 4.
K /o“(s)d(M)(s) /ob2<s>+fRoy2(s,z)2(dz)ds (40

The process K is called the mean-variance tradeoff (MVT) process.

Since the stock price fluctuations are modeled by jump-diffusion, the market is
incomplete and not every contingent claim can be replicated by a self-financing strat-
egy and there is no perfect hedge. However, one can adopt a partial hedging strategy
according to some optimality criteria minimizing the risk. Follmer and Schweizer
[15] introduced the so-called quadratic hedging strategies. The study of such strate-
gies heavily depends on the Follmer-Schweizer (FS) decomposition. This decompo-
sition was first introduced by Follmer and Schweizer [15] for the continuous case and
extended to the discontinuous case by Ansel and Stricker [2].

In order to formulate our robustness study for the quadratic hedging strategies,
we present in the sequel the relation between BSDEs and the FS decomposition. We
denote by L(S), the g—integrable processes, that is the class of predictable processes
for which we can determine the stochastic integral with respect to S. We define the
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space © by

B T T )
®:= {9 e L(S) |E[/ 02(s)d (M) (s) + (/ 10(s)dA(s)]) ] < oo}. 4.7)
0 0

Consider a process xF5 € ©. Let & be a square integrable contingent claim and
E=¢&/S ©)(T) its discounted value. Define the process V as follows

T
V(1) :=E[’§—/ XFS(S)dA(S)Ifz} ., 0<1<T.
t

Then applying the Galtchouk—Kunita—Watanabe decomposition (see, e.g., Ansel and
Stricker [1]) to the random variable U (T) := '5 — fOT XFS(s)dA(s), we get

T T
U(T) =E[’§— / XFS(S)dA(S)} + / X()dM(s) + ¢TS5 (T), (4.8)
0 0

where ¥ € © and ¢’ is a square integrable martingale such that [¢75, M] is a local
martingale. Taking conditional expectations in (4.8), we obtain

T t
E[U(Tnft]:E[E—/ XFS(S)dA(S)}r/ X()dM@s)+ 5@, 0<t<T,
0 0

which implies
_ t t
V()= V() + / X()dM(s) + / xS ()dAs) + "5 (0).
0 0

In Proposition 14 in Schweizer [30], it is shown that ¥ = XF Sin LZ(M ) under the
condition

la@®) —r] _ c
NGO

where « (1) = b>(t) + fRo yz(t, z2)€(dz) and C is a positive constant. Thus we obtain

P-a.s., V 0<tr<T, 4.9)

the following decomposition for the process V
~ o~ t ~
Vo =70+ [ 1630 +¢" 0. 0si=T. (4.10)
0

The latter decomposition is called the FS decomposition of the value process V and
in particular of & for 7 = 7. This explains the superscript S in x 7S and ¢©5. Notice
that (4.9) is a sufficient condition for the existence of decomposition (4.10). The most
general result concerning the existence and uniqueness of the FS decomposition is
given by Choulli et al. [11].
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The financial importance of such decomposition lies in the fact that it directly
provides the locally risk-minimizing strategy in our setting. In fact, V(t) is the value
of the portfolio in a locally risk-minimizing strategy at time ¢, the component x 75 (¢)
is the number of risky assets to invest in the stock at time ¢, and ¢75 + \7(0) is the cost
process in a locally risk-minimizing strategy (see Proposition 3.4 in Schweizer [29]).
These components will be identified solving some BSDEIJs of the type presented in
Sect. 3. We refer also to Jeanblanc et al. [ 18] for a discussion about the relation between
BSDEJs and quadratic hedging strategies in the context of general semimartingales.

Now substituting the dynamics (4.2) of S in (4.10) we get

d\7(t) =7 (t)(a(t) —r(t))dt + 7 (@)b()dW (1)
+/ Ty (t, z2)N(dt,dz) +dpTS (1), 4.11)

~ _ JRy
V(T) =&,

where 7 = x 'S S.The process 7 is interpreted as the amount of wealth V(1) to invest
in the stock at time ¢ in a locally risk-minimizing strategy.

Since ¢S(T) is a Fr-measurable square integrable random variable, applying
Theorem 2.1 with H = F and the P-martingale property of ¢S we know that there
exist stochastic integrands Y5, ZFS_ such that

t t
¢S (1) = E[¢"S (1)) + / YFS (5)dW (s) + / / 255 (s, )N (ds, d2).
0 0 JRg

Since ¢7S is a martingale, we have E[¢S(T)] = E[¢5(0)]. However from (4.10)
we deduce that ¢*5(0) = 0. Therefore

t t
¢FS(t)=/0 YFS(s)dW(s)+/0 /R ZFS(s, 2)N(ds, dz). (4.12)
0

In view of the orthogonality of ¢S and M, we get

YFS(t)b(t)—i-/ ZE5(t, D)y (¢, 2)0(dz) = 0. (4.13)

Ry

In that case, the set of equations (4.11) are equivalent to

dV(t) = () (a(t) — r@®)dt + (FTOb(t) + YIS @)dW (1)
+/ 7Oy, 2)+ 25, 2))N(dt, dz), (4.14)

_ IRy

V(T) = E.

4.1 First Candidate-Approximation to S

Now we consider an approximation to the price of the risky asset. In this model we
approximate the small jumps by a Brownian motion B which is independent of W and
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which we scale with the standard deviation of the small jumps. That is

ds“)(z) = S(l)(t){a(t)dt T b(H)dW (1) +/

|z|>¢e

Vv (t, DN (t, dz) + G(s)?(t)dB(z)],

(D 1
$120) = sSM) =x.

The discounted price process is given by

dS o (1) = §1,8(t){(a(t) — r(0)dt + b(1)dW (1) +/ y(t, 2)N(dt, dz)

|z|>¢

+ G @7 (dB)|.

It was proven in Benth et al. [5], that the process §1,6 converges to Sin L2 when &
goes to 0 with rate of convergence G?(¢) defined in (4.1).

In the following we study the robustness of the quadratic hedging strategies towards
approximations where the price processes are modeled by S and S .. We will first
show that considering the approximation S ., the value of the portfolio in a quadratic
hedging strategy will be written as a solution of a BSDE]J of type (3.5) with p = 1.
That is what explains our choice of the index 1 in :9'1, ¢ Here we choose to start with
the approximation ELE because it involves another Brownian motion B besides the
Brownian motion W. The approximations in which we truncate the small jumps in the
underlying price process and the one in which we truncate the small jumps and replace
them by scaling the Brownian motion W are studied in the next two subsections.

The locally square integrable local martingale M  in the semimartingale decom-
position of §1,€ is given by

Mo () = / b($)S 1.0 (5)dW (s) + / / y (5. 2810 ()N (ds, d)
|z|>¢e

+G(s)/ 7 (5)S1.6(s)dB(s) (4.15)
0

and the predictable finite variation process Aj . is given by

t
Ave() = /O 1o ($)d (M) (s) (4.16)

where

ae(t) == ) —r(®) 0<r<T.

S (B2(0) + G2 72() + [, Y2 ()’
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Thus the mean-variance tradeoff process K ¢ is given by

t
Kie(1) = /0 of ,()d (M ¢)(s)

B /’ (a(s) —r(s))*
~Jo B26) + GHPA) + [, v2 (s, 2Ed2)

ds = K(t), (4.18)

in view of the definition of G(¢), Eq. (4.1). Hence the assumption (4.9) ensures the
existence of the FS decomposition with respect to §1, ¢ for any square integrable G-
measurable random variable.

Let S be a square integrable contingent claim as a financial derivative with under-

lying S1 . and maturity 7. We denote its discounted payoff by Eg = 581 /SO(T).
Consider XF 5 € © and define

T
v1,8:=E[s;—/ xfﬁ(s)dAl,g(sngt}, 0<t<T.
t

Then following the same steps as before and imposing the condition (4.9), we prove
the FS decomposition for the value process Vj . written under the world measure P to
be as follows

Vie(t) = V1..(0) + / [3(5)dS16(5) + o1 S 0), (4.19)
0

where qbl’ is a P-martingale such that [¢1 2, My ] is a local martingale. Replacing
3'1,8 by its expression in (4.19), we get

dVi o (t) = Ty (0)(a(t) — r(0))dt + T1.e(Ob@OAW (1) 4+ T1. ()G ()7 (1)d B(t)
+ / 710y (¢, DNt d2) +dglS (),

. . |z]|>e

Vie(T) = &L,

where 7). = X L 51 +. Notice that qﬁ (T) is a Gr-measurable square integrable

random Varlable Thus applying Theorem 2.1 with H = G and using the P-martingale

property of ¢> 1 2 we know that there exist stochastic integrands YF § Y2F SS ,and Z SF S,

such that

t t
6FS() = ElpFS(T)1 + /0 YFS5)dW(s) + /0 YFS (5)dB(s)

t
+/ / 25 (s, )N (ds, d2).
0 JRg
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Using the martingale property of ¢>f f and Eq. (4.19), we get E[d)f f ()] =
IE[¢1F ES (0)] = 0. Therefore we deduce

t t t
¢f§(r)=/0 Yl'ff(s)dW(s)+/0 Y{f(s)dB(s)Jr/O /R zI5(s, 2)N(ds, dz).
’ (4.20)

In view of the orthogonality of qﬁf f with respect to M ., we have
0=Y[3bt)+ Yy )GV (1) +/IR ZES(t, Dy (1, D=6y 0(d2).  (4.21)
0
The equation we obtain for the approximating problem is thus given by
dVi (1) = T1(t)(a(t) — r(0)dt + (71 (Db(t) + YIS @)dW (t)
+ (TG ()Y (1) + Yy S (1))dB(t)
+ [ FeOr D10 @ + 2E5 6 )Rt do),
~ ~ 0
Vie(T) =&

(4.22)

In order to apply the robustness results studied in Sect. 3, we have to prove that V and
V1 ¢ are respectively equations of type (2.2) and (3 4) This is the purpose of the next
lemma. Notice that the processes Vi ¢, 71 ¢, and q) are all G-adapted.

Lemma 4.1 Assume (4.9) holds. Let V V] £ be given by (4.14), (4.22), respectively.
Then V satisfies a BSDEJ of type (2.2) and V] ¢ satisfies a BSDEJ of type (3.4).

Proof From the expression of V, we deduce
dvty = —f(t, V), Y@®), Z({t, )dt + Y()dW (t) +/ Z(t,2)N(dt, dz),
- - Ro
V(T) =&,

where

YO =70b@)+ Y50, Zt,z) =70yt 2)+ 2551, 2),
F@, V@), Y ), Z,.) = =7 @) (a) — ). (4.23)

We have to show that f satisfies Assumptions 2.1(B). We first express 7 in terms of
V,Y,and Z. Inspired by (4.13), we combine Y and Z to get

T+ /

Ro

Z@t, )y, Z)Z(dz)sz(t)(bz(t)—i—/R yz(t,z)ﬂ(dz))—i-YFS(t)b(t)
0

+/ ZFS(t, 2y (1, 2)0(dz).
Ro
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From (4.13), we deduce that

1 /= ~
m(t) = —(Y(t)b(t) -I-/ Z(t, 2)y(t, z)é(dz)). (4.24)
K (1) Ro
Hence
~ = =~ a(t) —r(t) /1~ ~
f@. V@), Y1), Z(t, ) = ——(Y(r)b(r) + / Z(t, 2y, Z)Z(dz)).
k(1) Ry
(4.25)
Now we have to prove that f is Lipschitz. Let
niy="D"rO o) (4.26)
k(1)

We have

Ftx1 1) = £ ) < ol = 2lbol+ [ 1z =zl oleds)]
0

= |h@)] |:|y1 — nllb@®)]

% ;
+(/ IZ1—12|2€(dZ)) (/ |y(r,z>|26(dz>)}
RO ~R0

= VeOIh®I(Iy1 = 2l + Iz = 221)-

Thus f is Lipschitz if there exists a positive constant C such that

_a@®) —r(@)]
VE@®h(@)| = —m <C Vtrel0,T]

and we prove the statement for V.
From Eq. (4.22), we have

dVi o (t) = — f1 (1, V1o (0), Ye (1), Ze(2, ), Ce(0))dt + Y (1)dW (1) + Lo (1)d B(1)
+/ Z:(t, 2)N(dt, dz),

- - Ro
Vie(T) = &L,

where

Ye(t) = T (b)) + Y{3(1), C(t) = F1e(DG )T (1) + Y5 S (1),
Ze(t,2) = T (Y (1, Dz=e) (2) + 2552, 2), (4.27)
e, Vie(0), Ye(t), Ze(2, ), Le(0) = 71,6 (1) (a(t) — r(1).
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With the same arguments as above and using (4.21) we can prove that

~ I [~ ~ ~ ~
T1e0) = = {T0b0) + EOCOFO + [ Zett.Iigen @0, 26|,
K (1) Ro
(4.28)
Hence
1= ~ ~ ~ a(t) —r(t) /=~ ~ ~
P T, Fe0), Zet0,, Te(0) = =252 (Teb (0 420G )7 ()
+/ Ze(t, D=6 @y (1, Z)K(dz))
Ro
(4.29)
and
LA x1, y1s 21, €0 — fHE x2, v2, 22, )
< HOI[n = yllbO1 + [ T @1 = z2lly @, 1t
0
+GEFOII - &l]
= Ve@hOI(1n1 = vl + 161 = &2l + 121 = 221])
and we prove the statement. O

Now we present the following main result in which we prove the robustness of the
value of the portfolio.

Theorem 4.2 Assume that (4.9) holds and that for all t € [0, T],

Y (a(r) —r(1))
||

<K, P-a.s. (4.30)
k(1)

Let V, ’171, ¢ be given by (4.14), (4.22), respectively. Then

B[ sup 1V = 71,.00] = CEIE — &1+ C6%).

0<t<T
Proof This is an immediate result of Theorem 3.6 with p = 1 and noticing that

f(t,0,0,0) = 0. We only have to prove the assumption (3.3) on the drivers f and fg1
given by (4.25) and (4.29). We have for all ¢ € [0, T], recalling (4.26)

1f@ V). Y @), Z(t.)) = £ Vo). Ye(0), Ze(t. ). L 0)]
= [ho{F ) - )b - L0GET0)
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+[ @G- Zeoyeawdn+ [ Zaoyeoud)|
|z|>¢

lz|<e

= IOIVe® + 1FOD]IT0) = ol + 16, ) = Ze(@, )]

+GEIZ@ I+ G0l

which proves the statement. O

Remark 4.3 We used the expectation ]E[|g—§£ |1 to dominate the convergence results.
In finance the discounted contingent claim & = &/S(T) is given by the payoff
function £ = g(SM(T)). Thus we have

S g(SD(T)) ¢SS LTy 2
BIE -8 =E]| Sy~ sy | ) p=0n2

where the case p = 0 refers to the second candidate-approximation of Sect. 4.3 and
p = 2 refers to the one in Sect. 4.2. The convergence of the latter quantity when ¢
goes to 0 was studied in Benth et al. [5] using Fourier transform techniques. It was
also studied in Kohatsu-Higa and Tankov [21] in which the authors show that adding
a small variance Brownian motion to the big jumps gives better convergence results
than when we only truncate the small jumps. For this purpose the authors consider a
discretisation of the price models.

The next theorem contains the robustness result for the amount of wealth to invest
in the stock in a locally risk-minimizing strategy.

Theorem 4.4 Assume that (4.9) holds and that for all t € [0, T,

sup )72(5) <K, t<i?£TK(S) >K, P-as., 4.31)

t<s<T

where K is a positive constant and Kisa strictly positive constant. Let 7T, 71  be
given by (4.24), (4.28), respectively. Then for all t € [0, T],

T
E[/ 7(5) = F1,e()Pds | = CEIE — &2+ CG(e),
t

where C and C are positive constants.
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Proof Using (4.24) and (4.28), we have

1 ~ ~ ~
76) = T 0P = =T = Fe)b(s) — ()G @)
K=(s)

+ / (Z(s,2) — Ze(s, 2)y (5, 2)€(dz)
|z|>¢

_ 2
+/ Z(s,2)y s, z)e(dz)}
|z]<e

C (= V(2 17 ()2
ﬁ{|y(s)_)/€(s)| + 18 (5)]

+ G2 ()72 (0)] /}R 1Z(s, 2)|1*£(dz)
0

IA

+/ 2.9 — Ze(s. 90
Ro

Hence from Lemma 3.3, Theorem 3.4 and Lemma 4.1, we deduce

s [ w - Fnoras] < oSS fo] [ 170 - Roras] +2[ [ Eora]

T
+G2(e) sup ;7%)1@[/ / \Z(s,z)lzﬁ(dz)ds}
Jt JRgy

t<s<T

t

+E[ / ' [ (7607 ol tds) |

< CE[E — &1+ CG*(9)EIE")
and we prove the statement. O

The robustness of the process (])F S defined in (4.12) is shown in the next theorem.

Theorem 4.5 Assume that (4.9) and (4.31) hold and for all t € [0, T],

sup k(s) < K < 00, P-a.s. (4.32)

t<s<T

Let pFS, (pf f be given by (4.12), (4.20), respectively. Then forallt € [0, T], we have
E[l¢"50) - ¢S] = CELE - &1+ C'6%),

where C and C' are positive constants.
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Proof From (4.23), (4.27), Theorem 3.6, and Theorem 4.4, we have

ol [ Y - S wpPas] = cfg] / 76 - Tratolds]

+ sup k()E| / L6 - R Pas] )

1<s<T

< CEIE — £} 1 + KG?(e)E[|E|*]. (4.33)

Moreover, starting again from (4.27) we arrive at

T T T
[ / |Y{5<s>|2ds]sc{E[/ Ee)Pds + sup (] / 7(5) — 71,6(0) s
t t t

t<s<T
T
+G2(e) sup )72(S)E[/ |7~t(s)|2ds].
t<s<T t
However from (4.24) and Lemma 3.3, we get
T 1 T _ T _

E 7(s)ds| < —— K Y2(s)d E//Zz,fdd
[ wora)= g o [ Pows] s [ [ 26 0anas])

< CE[E2]. (4.34)

Thus from Theorem 3.4 and Theorem 4.4 we conclude in view of assumption (4.32)
T ~ ~ o~
B [ S ePas] < CRIE-EIP1+ Q@B @39)
t

Let G2(c0) = fRo g% (2)€(dz). From (4.23), (4.27), Theorem 3.4, Theorem 4.4 and
(4.34), we obtain

T
]E[/ 1ZFS (s, 2) — Zfs(s,z)lzﬂ(dz)ds]
t R()
T o~ —~
< CE[/ \Z(s,2) — Ze(s, z)|2z(dz)ds]
t Ry

T
+G2(00) swp PO [ 176) - TP
t

t<s<T

T
+G2(e) sup )72(s)]E[/ |ﬁ(s)|2ds]
t

t<s<T

< CE[E — £} 21 + C'G*(s)E[E2. (4.36)
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Finally from (4.12) and (4.20), we infer

T T
Bllo™ @) — o3 0P) <B[ [ 170~ ¥[3wPas] + B[ [ 2o Ps]
T
+E| / / 12755, 2) = 7L (s, D Pe(d2)ds |
0 JRy

and combining with the relations (4.33), (4.35) and (4.36) the result follows. O

Let C(1) = ¢"5(t) + V(0) and C1 o (1) = ¢F (1) + V1.6 (0). Then the processes C
and C| . are the cost processes in a locally risk-minimizing strategy for E and g; In
the next corollary we prove the robustness of this cost process.

Corollary 4.6 Assume that (4.9), (4.30), (4.31), and (4.32) hold. Then for all t €
[0, T, we have

E[IC(1) = C1.(0"] < KE[IE — &/ "1+ K'G*(e),
where K and K’ are two positive constants.
Proof From Theorem 4.2, we deduce
E[IV1.6(0) — VO = CEIE — &1+ CG7@).
Applying the latter together with Theorem 4.5 we get
ELC®) = Cre®P =E[|(71:0) + {51 — (V0 + ¢ S )

= 2(E[I71..0) = VOPI+Elg{ S () - 6" (1))
< KE[E - &1+ K'G*(@).

]

In the next section we present a second candidate-approximation to S and we study
the robustness of the quadratic hedging strategies.

4.2 Second Candidate-Approximation to S

In this model we truncate the small jumps in S. We obtain

asi) 0 = s ofawar + baw o + /

|z|>¢

y(t, 9N, o),
SN0 =5V =x.
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The discounted price process is given by

dS> (1) = §2,8(t){(a(t) — r(0)dt + b(t)dW (1) +/

|z|>e

v (t, 2)N (dt, dz)}.

It is easy to show that §2,8 converges to S in L? when ¢ goes to 0 with rate of

convergence G2 (¢). Notice that this second choice of the approximating process Sélz
allows to work under the same filtration I as for the original process. However it
involves a different variance.

Let 7, = X{ 5 S2.¢, where lef ES € 0, (4.7). Without going through details and
since the computations are similar to the previous section, we claim that the discounted
value of the portfolio associated with §2, ¢ 1s given by

dVa o (t) = T (1)(alt) — r(1))dt + Ta.e (1)b(t)dW (1)

+ T (O (t, )N (dt, dz) + dps s (1),
_ . |z]>¢
Voo (T) = &2,

where ¢5 g is a P-martingale such that [(ﬁﬁv :g M> (] is a local martingale with M» .

being the locally square integrable local martingale part in §2,8 and where Eg is the
discounted value of the contingent claim. Moreover, ¢>£ E(T) is a Fr-measurable
square integrable random variable. Thus applying Theorem 2.1 with H = [F and using
the P-martingale property of ¢£ f we know that there exist stochastic integrands Y SF $

and Zf S such that

t 1
¢§§(r)=/ Yj5<s)dW(s>+// zFS (s, 2)N(ds, d).
0 0 JRRo

Thus the equation we obtain for the approximating problem Vz, ¢ 1s given by
dVy,e(t) = T (1) (a(t) — r(0))dt + (o (Ob() + YIS (1)dW (1)
+f (@ My + 205, )N d2),
Vao(T) =E2.
(4.37)

To prove similar convergence results as in Sect. 4.1, we identify (4.37) with the BSDEJ
(3.1). In that case the driver of (4.37) is given by

720 2. o0, Zett. ) = e[0T +

|z|>¢

Z:(t. 2y (.90 |

(4.38)

where

_a) —r()

he(1) )

and o (6) = bA(0) + / V2t ez, (4.39)

|z|>¢
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In the following lemma we prove that under some conditions on the parameters of the
price process, f is Lipschitz and satisfies (3.2).

Lemma 4.7 Define «1(1) = b*(t) + [, v*(t, 2)€(dz). Assume that for all t €
[0, T'], we have

a) —rl _

N0 , P-a.s., (4.40)

where K is a positive constant. Then fso(t, x,v,2), t € [0, T], satisfies a uniform
Lipschitz condition in (x, y, z), for all ¢ € [0, 1].
Moreover, assume

inf K(s) > K, and sup )72(t) <K P-as., (4.41)

t=s<T t<s<T
where K and K are positive constants. Then fso(t, x,y,2), t €10, T), satisfies con-
dition (3.2).

Proof We have

£ 31,2 = £ 232220 = e ][Oy — a1+

|z|>¢

je1 = 22y (t, )]

_lat) —r@)

. _ Pedzy?
S [ =l (e alean?].

Thus fso is Lipschitz requiring (4.40) is satisfied.
Recall the expressions of & and &, in (4.26) and (4.39), respectively. Then we have
using (4.25) and (4.38)

1f(, V@), Y (1), Z(t, ) — f2(t, Ve(0), Ye(t), Ze(t, )
< |h(@)bM|Y (1) — Ye(0)]| + |h(t) — he (0)||b(1) Ve (0)]

Jrlh(t)l/]R |Z(t,2) — Ze(1, )|y (t, 2)|€(d2)
0
+ |h(t) — ha(t)l/]R | Ze(t,2)y (t, 2)1€(dz)

0

+ [he ()] |Ze(t, 2)y (1, ) 1€(d2) .

lz|<e

Notice that

) — rpy @ =k O]
Ih(t) = he O] = la) = (1= ooy
la(t) —r(l -, |
= ey ” V@
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Thus

|f(t, V() Y (), Z(t, ) — £2t, Ve(0), Ye(0), Ze(2, )]

0 0l et
< 0] (|Y(t) Ys(f)|+(/ |Z(t,z) — Zc(, 2)| Z(dz))Z)
+Ge )M~2()[

i1 ()] —“]('Ys(f)IH/ |Ze(1, 2)| adz))z)

Vi)

and the statement of the lemma follows providing that conditions (4.40) and (4.41)
hold. O

We do not prove in this section the convergence results since they follow the same
lines as the latter section. However we claim that, considering the approximation
S2.¢, the value of the portfolio, the amount of wealth to invest in the stock, and the
cost process in the locally risk-minimizing strategy are robust when imposing certain
boundedness conditions on the parameters of the price process.

4.3 Third Candidate-Approximation to S

In the candidate-approximation S ¢, the variance of the continuous part is given by
b? )+ G? (e)y 2 (t), which is the same as the sum of the variance of the small jumps and
the variance of the continuous part in S. We studied this approximation by embedding
the original model solution into a larger filtration G. If one insists on working under
the filtration IF, then one could also select a third candidate-approximation S 1n the
following way.

syl = S(l)(t){a(t)dt + (@) + G(e) 7 (1)dW () +/

|z]>¢

y(t, N1, dz),
$520) = 8sD(©) =x,

where 5(8) satisfies the relation
(b(1) + G ()7 (1) = b*(1) + G (&) (1).

We choose

—b(t) + sgn(b()) (b*(t) + ¥ (r)G%e))z
y (@)

G(e) = , (4.42)

which is clearly vanishing when ¢ goes to 0.
Notice that we obtain this third candidate-approximation So D by truncating the
small jumps of the jump-diffusion and replacing them by the Brownian motion W

which is scaled with G(g)y (). G(¢g) is chosen in a way to keep the same variance as
the original model SV,
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The discounted price process is given by

d50,6(0) = S (@) = r)ds + b + G@FOWW (@)

+/ y(t, z)ﬁ(dt,dz)}.
|z|>¢

It is easy to show that Eggg(t) converges to E(t) in L? when ¢ goes to 0 with rate of
convergence 5(8).

The locally square integrable local martingale Mo . in the semimartingale decom-
position of Sp . is given by

t . - t . .
Mo.o() = /0 (b(s) + GE)7 ()0, ()W (s) + /0 /| 7698 0N s ).

We define the process ag ¢ by

a(t) = r(t)
S0.6(O(D2(1) + [, ¥ (1, 2)E(d2)) |

050,6([) =

Thus the mean-variance tradeoff process Ko . is given by

_ [ _ / (a(s) = r(s)? 3
Ko (1) = /O et 6) = [ s = K,

Let ¢ 580 be a square integrable contingent claim as a financial derivative with under-
lying Sp .. We denote the discounted payoff of Sf by ES = ég /SO (T). Following the
same steps as before, we get the following equation for the value of the portfolio

dVoe(t) = 7o, (1)(a(t) — r(1)dt + 7o, (1) (b(1) + G(e)7 (1)dW (1)
- To.e()y (t. 2N (dt, dz) + de 5 (1),

_Jlzl>¢

Voo (T) =&,

where g, = x(ffi)‘g and x(ff € O, (4.7). Since ¢(§f(T) is a Fr-measurable square
integrable random variable, then applying Theorem 2.1 with H = [F and using the
P-martingale property of ¢(§ f we know that there exist stochastic integrands Y, SF S and

ZFS | such that
t t
¢§§(;)=E[¢({§(T)]+/ YSFS(s)dW(s)+// Z2F5(s, 2)N(ds, dz). (4.43)
0 0 JRRo
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Using the same arguments as for ¢f f we can prove that E[d)é f (] = E[¢({ f O] =0.
In view of the orthogonality of ¢(i g with respect to My ., we have

0=y 50)b(t) + G@Ee)F )]+ /R ZES(t, 2y (1, D120y (2 E(d2).  (4.44)
0

The equation we obtain for the approximating problem is thus given by
Vo, (1) =70, (1) (@(t)=r ()di+(To.. (OO +G ()7 ()] + YIS 1) dW (1)
+ /R (To.e Oy (1, DVyz1=e)(2) + ZI5 (1, )N (i, d2).  (4.45)
~ —~, 0
Voo (T) =&,
In the next lemma we prove that \70, ¢ satisfies the set of equations of type (3.1).

Lemma 4.8 Assume that (4.9) holds. Let Vo,g be given by (4.45). Then \70, ¢ satisfies
a BSDEJ of type (3.1).

Proof We rewrite Eq. (4.45) as

dVo.e(t) =— 01, Voo (1), Ye (1), Ze (2, .))dt+178(t)dW(t)+/ Z:(t,2)N(dt, dz),
_ _ R
Voo (T) = E0, '

where we introduce the processes Y., Z, and the function fgo by
Yo(1) = T, O[b(1) + G&)F (O] + Y @),

Ze(t,2) = Fo.c (Y (t, D) yo=e) @) + ZF5(t,2),  (4.46)
F2, Voo (1), Ye(t), Ze(t, ) = —To.£ (1) (a(r) — r(1).

With the same arguments as above and using (4.44) we can prove that

_ 1 (=~ ~ _
To.e(t) = m{mo[b(r) +GE)ym]+ /]R 0 Ze(t, D)z (2 (1, zmdz)].
4.47)

Hence

_a(t) —r()
k(1)

+ [ 2@y o)
Ry

£ Vo). Ye0). Zer, ) = (Zono + G

and along the same lines as in the proof of Lemma 4.7 it is easy to show that fgo is
Lipschitz when (4.9) holds. This proves the statement. O
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Now we present the following theorem in which we prove the robustness of the
value of the portfolio.

Theorem 4.9 Assume that (4.9) and (4.30) hold. Let V, Vy . be given by (4.14), (4.45),

respectively. Then we have

E| sup V(1) — Vo () | = CEIE — E2P1 + CIG2(e) + G () IEIEL ).

0<t<T

where C and C are positive constants and 6(8) is given by (4.42).

Proof Following the same steps as in the proof of Theorem 4.2, we can show that fgo
satisfies condition (3.2). Indeed

Lf(tox1, 1, 21) — £ x2, y2, 22))

= \h(t)l[l)q — »llbO1+ G@)y2l17(0))] +/ 2211y (2, 2)|€(dz)

lz]<e

+ [tz = zliye. e
Ro
= o[ = allb@] + G@allF ol + ([ Iy aPeant(f P!
z|=¢e 0
+(/ |y<z,z)|2adz>>%(/ 21 — P e(d2))? ]
R() RO
= hOIWe@ +17OD[ 131 = 2l + G@lyal + G@) 2l + a1 = 22l

From (4.30) and (4.9) and noticing that fgo(t, 0,0, 0) = 0, we prove the statement by
applying Theorem 3.6. O

Remark 4.10 Inthe convergence result in the latter theorem, the term E[ |§£ |2] appears.
It is given by

g(S5 (1)) ’2]

ElI5;'1"] = EU SO (T)

where g is the payoff function. In case g is Lipschitz with K being the Lipschitz
coefficient and g(0) = 0, then we have

(SeU(T)) Se(T)
15| 1= <50 |

This latter quantity is bounded in & by a constant (see Lemma 3.2 in Benth
et al. [5]). In case g is not Lipschitz, one can still prove the boundedness of

E[|g(S(()}g(T))/S(0) (T)|?] using Fourier transforms as in Benth et al. [5].

In the next theorem we prove the robustness of the amount of wealth to invest in a
locally risk-minimizing strategy.
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Theorem 4.11 Assume that (4.9) and (4.41) hold. Let 7T, Ty ¢ be given by (4.24),
(4.47), respectively. Then

T ~ o~ ~ o~ o~
B [ 1F(5) ~ Fo.(0)ds] = CBIE - BP1+ C1G%@) + GEIELP).
t

where C and C are positive constants.
Proof We have

L
K2(s)

4 / (Z(s.2) — Zols, )y (5. DE(d2) + /
Ro |

z|<e

176) = e ) = —{F(©) = Te)b(s) - LG @7 )

_ 2
Ze(s, 9y (5, D)

C (-~ ~ — ~
= {76 - L@l + CeFoIoF
Kk (s)

+ |Z<s,z>—Z(s,z>|2e<dz>+Gz<s))72(s)/ |Zg(s,z)\26(dz)},
JRg Ro

where C is a positive constant. Hence from Theorem 3.4 and Lemma 3.3, we deduce

B [ 156~ Fotas] < ([ [ 170 - Facorras]

~ T ~
+G2e) swp PPOE] [ Tao)Pds]
t

t<s<T

inf; <5 <7 K (s)

T o~
+G2(e) sup ;7%)1@[ / / |Zs(s,z)|2£(dz)ds]
t R()

t<s<T

—HE[/tT /RO 1Z(s, 2) —Zg(s,z)IZE(dz)ds]]

< CEIE — 8211+ C'(G*(e) + G*(e)ELIE)|]
and we prove the statement. O

In the next theorem we deal with the robustness of the process ¢*S.

Theorem 4.12 Assume that (4.9) and (4.41) hold. Let ¢*5, ¢{'% be given by (4.12),
(4.43), respectively. Then for all t € [0, T] we have

E[l6"5 (1) — 655 0)P] = CEIE - E2P1+ CI1G%(e) + G*@IEIEY] + C'G2 o),

where C, C, and C’ are positive constants.
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Proof From (4.23), (4.46), Lemma 3.3, Theorem 3.4 and Theorem 4.11, we have
T T _
E[/ [YFS(s) — YSFS(s)|2ds] < C[E[/ 1P (s) — Yg(s)lzds]
t t

+ sup K(S)E[/IT |7 (s) —ﬁo,g(S)lzdS]]

t<s<T

T
+G) swp POE] [ FocPds]
t=s<T t

< CE[|E — E2121 + C'[G?(e) + G*(e)IE[IEY2].

Combining (4.23), (4.46), Lemma 3.3, Theorem 3.4 and Theorem 4.11, we arrive at
T
E[/ / 1ZFS (s, 2) — ZEFS(S, Z)|2E(dz)ds]
t R()
T o~ o~
< CE[/ / 1Z(5,2) — Zo(s, z)|2z(dz)ds]
t Ro

T
+G2(e0) sup FPOE[ [ IF ()~ T (o)
t

t<s<T

T
+6%e) sup POE| / 7 6)ds]
t<s<T t
< CE[€ — &2)2] + C'G*(e)E[E2] + C[G*(e) 4+ G2 () IE[IE0*]
and the result follows. [}

Define the cost process in the risk-minimizing strategy for ’5;0 by

Co.e(t) = ¢4 2 (1) + Vo0 (0).
Then an obvious implication of the last theorem is the robustness of the cost process
and it is easy to show that under the same conditions of the last theorem we have for
allt € [0, T],
E[IC(1) = Co.: (017 < KE[E — &1+ K'G*(e) + K[G*(e) + G*()IEIIE ],
where K, K’, and K are positive constants.

Analogously and using similar computations, one can prove the robustness of the
amount invested in the riskless asset in locally risk-minimizing strategies.

4.4 A Note on the Robustness of the Mean-Variance Hedging Strategies

A mean-variance hedging (MVH) strategy is a self-financing strategy for which we
do not impose the replication requirement. However we insist on the self-financing
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constraint. In this case we define the shortfall or loss from hedging £ by
o~ o~ T ~ ~ o~ ~
E—-V(©) —/ I'(s)dS(s), VO)eR, TIe0O.
0

In order to obtain the MVH strategy one has to minimize the latter quantity in the L>-
norm by choosing (V 0), F) € (R, ®). Schweizer [30] gives a formula for the number
of risky assets in a MVH strategy where he assumes that the so-called extended mean-
variance tradeoff process is deterministic.

In this paper, given the dynamics of the stock price process S, the process A defined
in (4.4) is continuous. Thus the mean-variance tradeoff process and the extended mean-
variance tradeoff process defined in Schweizer [30] coincide. Therefore applying The-
orem 3 and Corollary 10 in Schweizer [30] and assuming that the mean-variance
tradeoff process K is deterministic, the discounted number of risky assets in a MVH
strategy is given by

t
F(t)—XFS(t)+oz(t)(V(t ) — V(O)—/O F(s)dfs‘(s)), (4.48)

where o and )?F S are as defined in (4.5) and (4.10), and Vis ~the value of the portfolio
in a locally risk-minimizing strategy. Multiplying (4.48) by S we obtain the following
equation for the amount of wealth in a MVH hedging strategy

Y(t) =7() +h(t)(\7(t—) —V(0) —/O %dS(s))

where A is given by (4.26). Since K is deterministic then a, b, r, Y and thus % should
be deterministic. We consider the approximating stock process Sj .. The amount of
wealth in a MVH strategy associated to S ¢ is given by

_ _ _ CFa(s)
o) = 7100 +h) (V16 0-) = V1.00) = /0 = ((s)) d51.6(5)).

1,e(§

Before we show the robustness of the mean-variance hedging strategies. We present
the following lemma in which we show the boundedness in L? of Y.

Lemma 4.13 Assume that the mean-variance tradeoff process K (4.6) is deterministic
and that (4.9) holds true. Then for allt € [0, T,

E[Y%(1)] < C(T)E[E?],

where C(T) is a positive constant depending on T.
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Proof Applying Itd isometry and Holder inequality, we get
E[Y2()] < BIZ20] + C'h2 0 B[V (0] + ELV(0)]
t
+ / EIY?($)l{(a(s) = r($))* +b%(s) + / y2(s, D(d)}ds))
0 Ro

where C’ is a positive constant. Using Lemma 3.3, Lemma 4.1, and Eq. (4.24), the
result follows applying Gronwall’s inequality. O

In the following theorem we prove the robustness of the amount of wealth in a
MVH strategy.

Theorem 4.14 Assume the mean-variance tradeoff process is deterministic and that
(4.9) and (4.31) hold. Then for all t € [0, T],

E[IT() - T1..0P] = CEIE — 121+ CGe).

Proof We have
() = Y16 (0)]

< 7 (0) = 7101+ O (17 =) = V1 (0] + 17O = V1.00)
+ /0 F ) = Fre@llats) - rs)lds + | /0 {F(5) = T (D)W S)
+1 /O t /| |>sm” — Y1.6())y (5, )N (ds, dz))|
+G(e)| /0 tm"h,s(s) — Y (5)7(s)dB(s)|

t _ _ -
~|—|/0 /II T(S)V(S,Z)N(ds,dz)l—|—G(8)|/0 T(S)?(S)dB(s)|).

Using It6 isometry and Holder inequality, we get
E[Y @) ~ Y1)

< E[I7 () — #1021+ Ch*0) (B V() = V1.0 01+ BTV (0) = 71, 0) )
! ~ ~
+/ E[T ) = Tre@)P1(lats) —r<s>|2+|b<s>|2+/ ¥ (s, DPed2))ds
0 Ro
t
+G2) [ BT 00ds).
0

where C is a positive constant. Using Theorem 4.2, Theorem 4.4, and Lemma 4.13
the result follows applying Gronwall’s inequality. O

We proved in this section that when the mean-variance tradeoff process K defined
in (4.6) is deterministic, then the amount of wealth in a MVH strategy is robust towards
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the choice of the model. It follows immediately that the value of the portfolio and the
amount invested in the riskless asset are also robust for the mean-variance hedging
strategy. The same results hold true when we consider the stock price process :S"o,g
or §2’5. We do not present these results since they follow the same lines as for the
approximation Sj .

5 Conclusion

In this paper we consider different models for the price process. Then using BSDEJs
we proved that the locally risk-minimizing and the mean-variance hedging strategies
are robust towards the choice of the model. Our results are given in terms of estimates
containing E[|§ — E;’ |2], which is a quantity well studied by Benth et al. [5] and
Kohatsu-Higa and Tankov [21].

We have specifically studied three types of approximations of the price S and we
considered the role of the filtration in our study of these approximations. It is also
possible to consider other approximations to the price S. For example we can add to
the Lévy process a scaled Brownian motion. In that case, based on the robustness of
the BSDEIJs, we can also prove the robustness of quadratic hedging strategies. This
type of approximation was discussed and justified in a paper by Benth et al. [5].

As far as further investigations are concerned, we consider in another paper a
time-discretisation of these different price models and study the convergence of the
quadratic hedging strategies related to each of these time-discretised price models to
the quadratic hedging strategies related to the original continuous time model. More-
over, we are concerned with the characterization of the approximating models which
give the best convergence rates when the robustness of quadratic hedging strategies is
taken into account.
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