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Abstract We discuss L ,-estimates for finite difference schemes approximating par-
abolic, possibly degenerate, SPDEs, with initial conditions from W[’,” and free terms
taking values in W'. Consequences of these estimates include an asymptotic expan-
sion of the error, allowing the acceleration of the approximation by Richardson’s
method.
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1 Introduction

In this paper spatial finite difference schemes for parabolic stochastic partial differen-
tial equations (SPDEs) are considered. In the literature finite difference approximations
for deterministic partial differential equations are well studied, we refer the reader to
[1], to recent results in [3], and the references therein. There is a growing number
of publications on finite difference schemes also for SPDEs, see e.g. [2,10,22], and
their references. In recent papers, see e.g. [6,7,9,11], L»-theory is used to estimate
in W3"-norms the error of finite difference approximations for the solutions of par-
abolic SPDEs. Hence error estimates in supremum norms are proved via Sobolev’s
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embedding if 2m is larger than the dimension d of the state space RY. Therefore to
get estimates in supremum norm, in these papers unnecessary spatial smoothness of
the coefficients of the equation are required. Moreover, the smoothness conditions in
these papers depend on the dimension of the state space. Our aim is to overcome this
problem and generalize the results of [7] by giving W'-norm estimates, assuming
that the initial condition is in W;1 and the free terms are Wﬁ—valued processes. This
forces us to give up part of generality, but important examples, like the Zakai equation
in case of uncorrelated noises, are included. Since bounded functions, or more gener-
ally, functions with polynomial growth, can be seen as elements of suitable weighted
Sobolev spaces with arbitrarily large integrability exponent p, for equations with such
data we get dimension-invariant conditions on the smoothness of the coefficients.

It should be noted that the L - and L (L ,)-theory of SPDEs are well developed,
see e.g. [12,15,16]. Their results, however, will not be used, as these theories deal
with uniformly parabolic SPDEs, while the equations in this paper may degenerate
and become first order SPDEs.

Following the idea seen in [14], to estimate the solutions of finite difference schemes
we consider them in the whole space rather than on a grid. Through the estimates
obtained for their Sobolev norms on the whole space, this allows us to estimate their
supremum norm on a grid. For the finite difference approximations not only their
convergence is proved, but also power series expansion in the mesh size is obtained.
As in [9], this allows us to accelerate the rate of convergence, using the well known
Richardson extrapolation, introduced in [20].

Finally, let us introduce some notation used throughout the paper. We consider a
complete probability space (2, F, P), whichis equipped with a filtration ' = (F;);>0
and carries a sequence of independent F;-Wiener martingales (w”")°2 ;. We use the
notation P for the o -algebra of the predictable subsets of 2 x [0, T']. It is assumed
that Fy contains every P-zero set. For p > 2 and m > 0, Wzl denotes the Sobolev
space with exponent p and order m. For integer m, this is the space of functions whose
generalized partial derivatives up to order m are in L, for non integer real m, WIT is
a fractional Sobolev space, or, as often cited in the literature, Bessel potential space,
for the definition we refer to [21]. The Sobolev spaces of /-valued functions will be
denoted by WI’," (I2). We use the notation

forv e (vl,...,vd) e R4, and
D* = D{"D5* ... D}’
for multi-indices & = («q, ..., aq) € {0, 1, .. .}d of length
| ;= a1 4oy + - +ag.
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Derivatives are understood in the generalized sense unless otherwise noted. The sum-
mation convention with respect to repeated indices is used thorough the paper, where
it is not indicated otherwise.

The paper is organized as follows. Formulation of the problem and the statements
of the main results are collected in Sect. 2. The appropriate estimate for the finite
difference scheme is derived in Sect. 3, and it is used in the proof of the main results
in Sect. 4.

2 Formulation of the Results
We consider the SPDE

du; (x) = {Di(a (x)Dju; (x)) + b (x) Dius (x) + ¢; (X)u (x) + f(x)} dt
F (L Dity (x) 4 V] (O (x) + g7 (x)) dw] @2.1)

for (7, x) € [0, T] x RY =: Hy, with the initial condition
uo(x) = ¥(x) x e RY, (2.2)

with the summation convention here and in the rest of the paper is used with respect
to the repeated indices i, j and r.

The initial value  is an Fp-measurable random variable with values in W; for a
fixed p > 2. Foralli, j = 1,2, ...,d the coefficients ¢’/ = a/i, b’ and c are real-
valued P x B(R¢)-measurable bounded functions, and ' = (/")  andv = ("),
are lp-valued P x B(R?)-measurable bounded functions on Q x Hy. The free terms
f = (ft)i=0and g = (g;)r>0 are W;-valued and Wg (I) -valued adapted processes.

Letm € [1, 00) Set

t 1/p t 1/p
Fm,p(t) = (/O |ft €Vﬁ’dt) s Gm,p(t) = (/0 |gt|€v;7n(12)dt) 5

and let K > 0 be a constant. We make the following assumptions.

Assumption 2.1 The derivatives of the coefficients 5’ and ¢ in x € R¢ up to order
[m7, and the derivatives of a'’ in x up to order [m7] + 1 are functions, bounded by K.
The I-valued functions u' and v satisfy either of the following:

(1) their derivatives in x up to order [m] + 1 are functions, in magnitude bounded by
K.

() p = (/ﬂ)ji: | = 0 and the derivatives of v in x up to order [m] are functions, in
magnitude bounded by K.

Assumption 2.2 Almost surely v € W', and either

() Fm,p(T) + Gm+1,p(T) < 00 (a.s.), or
(i) u =0and Fm’p(T) + Gm,p(T) < 00 (a.s.).
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Assumption 2.3 Almost surely the matrix valued function
a’ (0) =a (¥) — @Ol ), ij=1.....d
is positive semidefinite for each (¢, x) € Hr.

The notion of (generalised) solution is defined as follows.

Definition 2.1 A W},—valued adapted weakly continuous process (u4;);<[0,7] 1s a solu-
tion of (2.1)—(2.2) on the interval [0, t] for a stopping time T < T, if almost surely

1 .. .
(. 9) = (¥, ¢>+/ (—(@ Djus. Dig) + (bl Dytty + cstts + fo. 9)}ds
0

t
+/ (1§ Diug + vius + g, @) dwy, (23)
0
forallr € [0, 7], ¢ € Cgo (Rd), where (v, @) denotes the integral

/ v(x)e(x)dx
R4

for functions ¢ and v on R?, when vy € L (R?).

Existence and uniqueness theorems for degenerate SPDEs are established in [19]
and [4]. We will need a slight generalization of these results, which will be proven at
the end of Sect. 3.

Theorem 2.1 Let Assumptions 2.1, 2.2 and 2.3 hold. Then (2.1)—~(2.2) has a unique
solution u = (us)sefo0,11 on [0, T]. Moreover, u is a W[’,”-valued weakly continuous

process, it is strongly continuous with values in Wl’,"*l, and for all | € [0, m] and
qg >0

E tes[lng] |u(t)|“]}V,,) < N(Ew% +EF () + EG[,, ). (2.4)

where k = 0 if (u') = 0 and k = 1 otherwise, and N is a constant depending only
onT,d, K, p, and m.

While Theorem 2.1 is stated for a general equation of the form (2.1)—(2.2), all of
the subsequent results will only be proven under the restriction u = 0.
To introduce the finite difference schemes approximating (2.1) firstlet A, A C RY
be two finite sets, the latter being symmetric to the origin, and 0 € A\ Ag. Denote
A=AgU—-AgUA;

and [A] = >, [Al. On A we make the following assumption.
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Assumption 2.4 If any subset A’ C A is linearly dependent, then A’ is linearly
dependent over the rationals.

Let Gy, denote the grid
Gr={ha+--+r):reAn=12..1
for h > 0, and define the finite difference operators
Snap(x) = (1/h)(@(x + hd) — @(x))
and the shift operators
Thop(x) = o(x + hd)

for . € A and h # 0. Notice that 5090 = 0 and T}, 09 = ¢. Fora fixed h > 0
consider the finite difference equation

du (x) = (LI oul o) + fi(x) de + 0f (0ul () + g/ () dw],  (2.5)
for (¢, x) € [0, T] x Gy, with the initial condition

ub(x) = ¥ (x) (2.6)

for x € Gy, where

Lip = Z 8_n..(a8n20) + Z P ony e+ Z Ty
A€ N yEA]

for functions ¢ on Gy,. The coefficients aﬁ, p;l’, and CZ are P x B (Rd)-measurable
bounded functions on  x [0, T'| x R4, with values in R, and p2 = 01is assumed. All
of them are supposed to be defined for 4 = 0 as well, and to depend continuously on
h.

Note that Assumption 2.4 ensures that G, N B is finite for any bounded set B € R?.
This condition is necessary for (2.5) to be useful from a practical point of view.

One can look for solutions of the above scheme in the space of adapted stochastic
processes with values in [, 5, the space of real functions ¢ on Gy, such that

917, = D 10()IPh? < co.

xeGh

The similar space is defined for /;-valued functions and will be denoted by [, j, (I2). For
a fixed h Eq. (2.5) is an SDE in [, 5, with Lipschitz coefficients, by the boundedness
of az, pz, CZ, and v". Hence if almost surely

T
p P P
|¢|1p,h +/0 |ff|lp.h + |g’|lp,h(lz) dr < oo,
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then (2.5)—(2.6) admits a unique /, ;-valued solution (M?)ZG[O’T].

Remark 2.1 By well-known results on Sobolev embeddings, if m > k + d/p, there
exists a bounded operator J from W[’;' to the space of functions with bounded and
continuous derivatives up to order k such that Jv = v almost everywhere. In the rest
of the paper we will always identify functions with their continuous modifications if
they have one, without introducing new notation for them. It is also known, and can
be easily seen, that if Assumption 2.4 holds and m > d/p, then the for v € W' the
restriction of Jv onto the grid Gy, is in [ p,h» MOTEOVET,

|l < Clolwe, 2.7

where C is independent of v and A.

Remark 2.2 The h-dependency of the coefficients may seem artificial and in fact does
not mean any additional difficulty in the proof of Theorems 2.2-2.4 below. However,
we will make use of this generality to extend our results to the case when the data in
the problem (2.1)—(2.2) are in some weighted Sobolev spaces.

Clearly

Spap(x) = dhe(x)

as h — 0 for smooth functions ¢, so in order to get that our finite difference oper-
ators approximate the corresponding differential operators, we make the following
assumption.

Assumption 2.5 We have, foreveryi, j =1,...,d

all = Z ajring, (2.8)
reAo

bi = Z p())/yi, C = Z Cg)/’ (29)
yeA] VEA]

and for P x dt x dx-almost all (w, t, x) we have
a, >0, p’ >0 foreveryr € Ao,y € A1,h > 0. (2.10)

Remark 2.3 The restriction (2.8) together with aé > 0 is not too severe, we refer the
reader to [17] for a detailed discussion about matrix-valued functions which possess
this property.

Example 2.1 Suppose that the matrix (a'/) is diagonal. Then taking Ag = {e; : i =
1...d}and Ay = {0} U {%e; : i = 1...d}, where (¢;) is the standard basis in RY,
one can set

azl' :aii, pZi :bi +9i, p;e; 29,', c2 =c, P2 — ch:l:ei =0,
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with any 0" > max(0, —=b"),i =1...d.

Example 2.2 Suppose that (a'/) is a P ® B(R?)-measurable function of (w, f, x), with
values in a closed bounded polyhedron in the set of symmetric non-negative d x d
matrices, such that its first and second order derivatives in x € R are continuous
in x and are bounded by a constant K. Then it is shown in [17] that one can obtain
a finite set A9 C R? and P ® B(RY)-measurable, bounded, nonnegative functions
a())‘, A € Ao such that (2.8) holds, and the first order derivatives of (a())‘)l/ 2 in x are
bounded by a constant N depending only on K, d and the polyhedron. Such situation
arises in applications when, for example, (a,’ (x)) is a diagonally dominant symmetric
non-negative definite matrix for each (w, ¢, x), which by definition means that

d
2a]'(x) = D" la/ (x)|. foralli=1,2,....d. and (e, 1, x).
j=1

and hence it clearly follows that (a'/) takes values in a closed polyhedron in the set of
symmetric non-negative d x d matrices. Clearly, this polyhedron can be chosen to be
bounded if (a'/) is a bounded function. Moreover, in the case d = 2 explicit formulas
are given in [18] to represent diagonally dominant symmetric non-negative definite
matrices (a'/) in the form (2.8).

The coefficients of the first and zero order terms, i.e., pZ and CZ can be chosen as
in Example 2.1.

If (a'/) does not depend on x, and it is a bounded P-measurable function of (w, 1)
with values in the set of diagonally dominant symmetric non-negative definite matrices,
then we can take

Ag = {ei,ei-l—ej,ei —ejii,j= 1,2,...,d}, A1 ={0}UAoU—Ay,
where (e,-)l‘.l:1 is the standard basis in R?, and set
all — Zj;‘eg lail| if » = ¢;
a =152 4@ht ifth=ei+ej
%zj#(a”)_ ifi=e —e;
£1b61 + 07 ify = +e;

0l ify = +£(e; +e¢j) ,
oY ify =+£(e; —e;)

c2=C, pgzczzo fory € A\ {0},

Y
ph

with any constants Pl >k and 0 > k — %Ibi|, fori, j =1,...,d, where « is any
nonnegative constant, and at = (la]l £ a)/2 for a € R. Then clearly, Ag, A1, aﬁ, p;:
and cj, satisfy Assumptions 2.4, 2.5 above, and Assumption 2.6 below.

Since the compatibility condition (2.8)—(2.9) will always be assumed, any subse-
quent conditions will be formulated for the coefficients in (2.5), which then automat-
ically imply the corresponding properties for the coefficients in (2.1).
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Assumption 2.6 The coefficients az (resp., pZ, c};, V), and their partial derivatives in
the variable (%, x) up to order [m] + 1 (resp., [m]) are functions bounded by K.

Assumption 2.7 The initial value ¥ is in W}, and the free terms f and g are W'~
valued and W' (I2)-valued processes, respectively, such that almost surely F, ,(T) +
Gy, p(T) < o0.

We are now about to present the main results. The first three theorems correspond
to similar results in the L, setting from [7]. The key role in their proof is played by
Theorem 3.1 below, which presents an upper bound for the WI’)" norms of the solutions
to (2.5)—(2.6). After obtaining this estimate, Theorems 2.2 through 2.4 can be proved
in the same fashion as their counterparts in the L, setting. Therefore, in Sect. 4 only
a sketch of the proof will be provided in which we highlight the main differences; for
the complete argument we refer to [7].

Theorem 2.2 Let k > 0 be an integer and let Assumptions 2.4 through 2.7 hold
with m > 2k + 3 + d/p. Then there are continuous random fields uV, ... u® on
[0, T] x Rd, independent of h, such that almost surely
h G k+1,.h
u (x) =y Fu/ (x) + Bl ) 2.11)

j=0 7

fort € [0,T] and x € Gy, where u® = 4 " is a continuous random field on
[0, T] x R, and for any g > 0

E sup sup (0 +E sup [r]|] < NEY[Yn +EF ,(T) +EGH ,(T))
1€[0,T] xeGy, 1€[0,T] P p

with N = N(K,T,m, p,q,d,|A]).

Once we have the expansion above, we can use Richardson extrapolation to improve
the rate of convergence. For a given k set

(co, 1y cx) = (1,0,0,...,00VL (2.12)

where V denotes the (k 4+ 1) x (k 4+ 1) Vandermonde matrix V = (V¥) =
(2~E=DG=Dy and define

where h; = h/2".
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Theorem 2.3 Let k > 0 be an integer and let Assumptions 2.4 through 2.7 hold with
m > 2k + 3 +d/p. Then for every g > 0 we have

h h
E sup sup |us(x) — v} (x)|?+E sup |u; —v}|] i
1€l0,T] xeGy tel0,T] "

< W DN E|Y[4, +EFS ,(T) +EGY ,(T))
P

WlthN = N(K, T7 m, k, D, Qady |A|)

Theorem 2.4 Let (h,)2 | € I, be a nonnegative sequence for some q > 1. Letk > 0
be an integer and let Assumptions 2.4 through 2.7 hold withm > 2k +3 +d/p. Then
for every € > 0 there exists a random variable &, such that almost surely

sup sup |u(x) — v)' ()] < ERFTITF
t€[0,T] xeGy,

for h = hy,.

Remark 2.4 We can use h; = h/n;, i = 1...k, with any set of different integers
n;, with n; = 1. Then changing the matrix V to V = (V¥) = (n,.‘f“) in (2.12),
Theorems 2.3-2.4 remain valid. The choice n; = i, for example, yields a more coarse
grid, and can reduce computation time.

Choosing p large enough, in some cases one can get rid of the term d/p in the
conditions of the theorems above, thus obtaining dimension-invariant conditions. To
this end, first denote the function ps(x) = 1/(1 + |x|?)*/? defined on R? for all
s > 0. We say that a function F on R has polynomial growth of order s if the Lo
norm of Fpy is finite. For any integer m > 0, the set of functions on R which have
polynomial growth of order s and whose derivatives up to order m are functions and
have polynomial growth of order s is denoted by P, and its equipped with the norm

[ Ellp = [Fps|wn < oo.
The similar space is defined for />-valued functions and is denoted by P;" (I2). Note
that for any integers m > k > 0, if F € P}, then its partial derivatives up to order k
exist in the classical sense and along with F are continuous functions. The polynomial
growth property of order s for functions on Gy, can also be defined analogously, the

set of such functions is denoted by Py .
Let s > 0 and m be a nonnegative integer. Consider again the equation

du;(x) = (D; (aﬁj (X)Djus(x)) + b (X)Dju;(x) + ¢ (X)us(x) + fi(x)) dt
+(v; ()us (x) + 8" (x)) dwy (2.13)

for (t,x) € [0, T] x Rd, with the initial condition

up(x) = Y (x) x € RY, (2.14)
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where we keep all our measurability conditions from (2.1)—(2.2). However, instead of
the integrability conditions on v, f;, g;, we now assume the following.

Assumption 2.8 The initial data ¥ is an Fo x B(R?)-measurable mapping from
Q x R? to R, such that ¢ € P!" (a.s.). The free data f and g are P X B(RY)-
measurable mappings from € x [0, T] x R? to R and I», respectively. Moreover,
almost surely (f;) is a PJ"-valued process and (g;) is a P{" (I2)-valued process, such
that

W fellpe +Ngel pran] .y < ©°

Definition 2.2 A P x B(R¢)-measurable mapping u from  x [0, 7] x R to R such
that (u;)se[0,77 is almost surely a Psl-valued bounded process, is called a classical
solution of (2.13)—(2.14) on [0, T'], if almost surely u and its first and second order
partial derivatives in x are continuous functions of (¢, x) € [0, T] x RY, and almost
surely

t y ‘
up(x) = ¥ (x) +/o [Di(ay’ (x) Djus (x)) + by (x) D jutg (x) + ¢5 (0 (x) + f(x)]ds

t
+/wxmmm+4umms
0

for all (z, x) € [0, T] x R for a suitable modification of the stochastic integral in the
right-hand side of the equation.

If m > 1, then as noted above the initial condition and free terms are continuous
in space. This makes it reasonable to consider the finite difference scheme (2.5)—(2.6)
as an approximation for the problem (2.13)—(2.14).

Theorem 2.5 Let k > 0 be integer, and let's > s > 0 be real numbers. Suppose that
Assumptions 2.4 2.5, 2.6, and 2.8 hold with m > 2k + 3.

(1) Equation (2.13)—(2.14) admits a unique Psmfl-valued classical solution

(ur)refo, 11-

(ii) For fixed h the corresponding finite difference Egs. (2.5)—(2.6) admits a unique
Py, 5-valued solution (uf’),e[g,r].

(iii) Suppose furthermore pZ > k for y € Ay, for some constant k > 0, and

AgU—Ag C Aq.

Then there are continuous random fields uD L u®on [0, T]x RY, independent
of h, such that almost surely

k .
Wi,
ui’ = Z Fut(j)(x) + hk‘Hr,h (x)

j=0""
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fort € [0, T] and x € Gy, where u® =y, " is a continuous random field on
[0, T] x R4, and for any ¢ > 0

E sup sup [rf(x)ps(x)|? +E sup. |rt pslt,
t€[0,T] xeGy, telo,

<N (Elllﬁllq;n +E|lfillprn + ||gt||Psm(lz)|Loo[0,T])

with some N = N(K,T,m,s,s,q,d, |Al], k).
(iv) Let (hy);2, € ly be a nonnegative sequence for some q > 1. Then for every
e, M > 0 there exists a random variable &, p; such that almost surely

h k+1—
sup sup  fug(x) — v (0)] < Eemh T
t€l0,T] xeGy,|x|<M

for h = hy,.
This theorem will be proved in Sect. 4.

Remark 2.5 Condition pZ > K in assertion (iii) of the above theorem is harmless,
similarly to the second part of (2.10). As seen in Examples 2.1 and 2.2, we can always
satisfy this additional requirement by adding a sufficiently large constant to pZ.

3 Estimate on the Finite Difference Scheme
First let us collect some properties of the finite difference operators. Throughout this

section we consider a fixed # > 0 and use the notation u, = D%u. It is easy to see
that, analogously to the integration by parts,

/ v(8h,)hu)dx=/ bp,—avyudx = —/ (b—prv)udx, 3.
R4 R4 R4

whenv € Ly/y—1 and u € L, for some 1 < g < oo, with the convention 1/0 = oo
and co/(co — 1) = 1. The discrete analogue of the Leibniz rule can be written as

O 5. (uv) = u(8p3v) + (Bppu) (T v). (3.2)

Finally, we will also make use of the simple identities

Th,a0n,pu = Sp,a+pU — Sp,alt, (3.3)
vy = (1/2)(8:,(v?) — h(83v)%), (3.4)
and the estimate
1
Bavl, < | / B0(- + 00) dB1, < 2]1olyy. (3.5)
0

valid for p € [1,00] and v € W[i,h #0and A € R,
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Lemma 3.1 Forany p > 2, » € R h 0 and real function v on R? we can write
S (J0]P720) = F) )8y,
where FZ,")‘(U) >0, and forp >2,q = p/(p—2)and forallv L,,(Rd)
IFy I, < (0= D7lf . (3.6)
Proof The derivative of the function G (r) = |r|P~%r is
G'(r=p-Dlr"?=0,
so we have
82 (P 0) () = (1/ WG (1 = O)v(x) + Ov(x + 2h))lg_g

1
= / G'(1 = 0)0(x) + Ov(x + 1h))8p10(x) d6 = FI* ()8 ;v(x).
0

By Jensen’s inequality and the convexity of the function |r|?,

1
P )] g(p—l)q/ / BluGe + A7 + (1 = O)|u(x + Ah)|P do dx.
R4 JO

Hence (3.6) follows by Fubini’s theorem and the shift invariance of the Lebesgue
measure. O

Lemma 3.2 Let m be a nonnegative integer, and let o be a multi-index of length m.
Then the following statements hold.

(i) Let a be a nonnegative function on R such that its generalised derivatives up to
order m + 1 are functions, in magnitude bounded by a constant K. I[f m > 1 then
let the first order generalised derivatives of o := +/a be also functions, bounded
by K. Then foru € W, p € [2,00), » € R? and h # 0

/Rd |D*u|P~2D*uD?5_ ; (adp 1) dx < Nty (3.7)

(ii) Let p be a nonnegative function on R¢ such that its generalised derivatives up to
order m \/ 1 are functions bounded by K. Let p = 2 for an integer k > 1. Then
forue W”, »eR?and h > 0

/ |D*u|P~2D%uD® (p8j, 5u) dx < Nlu|l,,. (3.8)
R4 p
The constant N in the above estimates depend only on m, p, d, K and |\|.
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Proof Recall the notation uy, = D%u. For real functions v and w defined on R? we
write v ~ w if their integrals over R? are the same. We use the notation v < w if
v = w + F with a function F whose integral over R? can be estimated by N |u|€vm,

where N is a constant depending only onm, K, p,d and |1|. To prove (3.7) we consider
first the case m = 0. By (3.1) and Lemma 3.1

P2 U8 _p (a8 0) ~ —8pa(|ulP~2u)ady su
= —F)*wadpu)* <0, (3.9)

where F is the functional obtained from Lemma 3.1. Consequently, (3.7) holds for
m = 0. Assume now m > 1. Then it is easy to see that

|D%u|P~2DYuD®5_, 5 (adppu) < It + I, (3.10)
with

/ "
I = |ue)” ug Z 8_paD¥ aD® 8 u

(o)A
, 2
D = |ug|P ™ ued_p . (adp pue),

where A is the set of ordered pairs of multi-indices (o', @”) such that |a’| = 1 and
o' +a” = a. By (3.1) and Lemma 3.1

I ~ —2F[};’)”(u0,)08h1)\ua Z Da/65h’kua//

(o', a")eA

< eF) M ug)a(naue)® + € dKPF1 (1) (Sp attar) (3.11)

for every ¢ > 0, where the simple inequality 2yz < ey*> 4+ ¢~'z? is used with y =

odp Uy and z = Z(a,’a/,)eA D“/G(Sh,;\uam . Using (3.9) with u4 in place of u we get
L = —F (ua)a(dy 1tt0)”.

Combining this with (3.11) with sufficiently small &, from (3.10) we obtain

I NF ue) D (8uar)’

(o', a")eA

S NIFP W)l + NI D (Sfua)* 1P,

(o', a”)eA

with ¢ = p/(p — 2), which gives (3.7), due to the estimates (3.6) and (3.5).To prove
(3.8) notice that for p = 2¥

J = [D%u|P72D% uD*(pdp u) = (D*u)P~' D* (p8y 5.u)
< (D*u)P " p8y suq.
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Hence we can repeatedly use (3.4) and the nonnegativity of pz to get
p—1 p—2 2
ug  Puasta < (1/2)ul,™"pdp aug,

_ k
< (/Dul*psud <o < 1725 p8 0>

By (3.1), p(Sh’;Lug has the same integral over R4 as Sh,_kpug, and hence (3.8) follows,
since |85, —ap| < K|A| by (3.5). O

Corollary 3.1 Let m > 1 be an integer and p = 2% for some integer k > 1, and

let Assumptions 2.6 and 2.7, along with the condition (2.10) be satisfied. Then for
ue Wy, fe Wy ge Wil and for all multi-indices o of length || < m we have

[0 = Dlial? a0 D L) + 70

+(1/2)(p — (P — 2)lua P72 ()| DY (V" (x)u(x) + g"(x)) | dx
< N(lulfyn +1f iy + 1815 a,) (3.12)

for P x dt-almost all (w,t) € Q2 x [0, T, where N is a constant depending only on
d,p,m,|A|, and K.

Proof Using the notation of the preceding proof, by Holder’s inequality
uf ™ D (e T yw) +ull ™ foo - ul 21D 0+ gD < NS Ty + 181 )

The remaining two terms are estimated in Lemma 3.2. O

The following is a stochastic version of Gronwall’s lemma, for its proof we refer
to [5].

Lemma 3.3 Let (y;)ic(0,71, (F1)iefo,7), and (G)iejo,1] be two nonnegative adapted
processes, and let (m;) (0, 1] be a continuous local martingale such that for a constant
N almost surely
dy; < N(y; + Fy)dt 4+ dm,
forallt € [0, T]. Assume furthermore that for some p > 2 almost surely
2-(2
d(m); < NP+ Giyp 2Pt
Then for every q > 0 there exists a constant C, depending only on N, q, p, and T,

such that
T q T ) q
Esupy! < CEyl + CE (/ F,dt) +CE (/ GP! dt)
0 0

t<T
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Consider (2.5) without restricting it to the grid Gy, that is,
h _ h h r h r r d
duy = (Liuf + fdt +viu; +g)dw;, t€(0,T], xeR (3.13)
with the initial condition
h _ d
uyg(x) =y (x), xeR% (3.14)

The solution of (3.13)—(3.14) is understood in the spirit of Definition 2.1.

Definition 3.1 AnL, (R9)-valued continuous adapted process (uﬁ’) re[0,7] 1S asolution
to (3.13)—(3.14) on [0, 7] for a stopping time T < T if almost surely

t t
(ui’,¢>=<w,<p>+/o (Lé’u’;+fs,<p)ds+/0 iu + g5, @) dw!  (3.15)

forallt < tand g € Cgo(Rd).

Assumption 2.6 implies that the operators u — L? uandu — (bju)?° are bounded

linear operators from W' to W' and to W}?(l2), respectively, with operator norm
uniformly bounded in (#, ®). Therefore if Assumption 2.7 is also satisfied, (3.13) is
a SDE in the space WI’,” with Lipschitz continuous coefficients. As such, it admits a
unique continuous solution.

Theorem 3.1 Let Assumptions 2.6 and 2.7 hold with m > 1, and let condition
(2.10) be satisfied. Then (3.13)—(3.14) has a unique continuous Wl’," -valued solution

(u?)IGIO,T]r and for each q > 0 there exists a constant N = N(d, q, p,m, K, T, |A])
such that

E sup [u?%,,
t<T P

=< N(EII/II‘{W +EF; ,(T) + EGj, ,(T)) (3.16)

forallh > 0.

Proof By the preceding argument, we need only prove estimate (3.16). First let m and
p be as in the conditions of Corollary 3.1, and fix a ¢ > 1. Let & be a multi-index
such that |a| < m. If we apply Itd’s formula to | D%u” |IL),, by Lemma 5.1 in [13], one

can notice that the term appearing in the drift is the left-hand side of (3.12), with u”
in place of u. Using Corollary 3.1 and summing over |«| < m we get

dluf 1y < Nl + |f iy + 1815y di +dm]
with some N depending only on p, m, d, |A|, and K, where

dm? =(p— D/Rd |3auil|p_13a(v,ru? + g/ dxdw;

@ Springer



92 Appl Math Optim (2015) 72:77-100

with o used as a repeated index. It is clear that

d(m"y,

o0

2
=(p-1*> (/Rd 181t 1P 710 (V] + g,’)dx) dt

r=1
2p—2

< N (] 1) + 18y 7 i it
so Lemma 3.3 can be applied to the function |uf’ |€V,,, and the power g/ p, which proves
p

(3.16) for integer m, p = 2k,
Note that (3.16) is equivalent to

hg % q % q 41 q 1%
[Esuglut |W;;1]4 = N([E|1[/|er)n]q + [EFm,p]q + [EGm,p]q)z
1<
which implies

q

T | 1 1 1
[E (/0 |u?|’W,,n) 19 < NEW Yy 17 + [EFf 10 +[EGH,19),  (3.17)

for any r > 1, with another constant N, independent from r. In other words, this
means that for the special case of m and p considered so far the solution operator

W, f.g) — u"
continuously maps Wi x F' x G to U, where

W= Ly(2, W,

FM = Ly(2, Lp(([0. T1, W),
Gy = Lg(, L,((0, T), W} (12))),
UM = Ly(R, Ly([0, T], W™)).

Let us denote the complex interpolation space between any Banach spaces Ag and
A1 with parameter 6 by [Ag, A1]g. Recall the following interpolation properties (see
1.9.3,1.18.4, and 2.4.2 from [21])

(1) If a linear operator T is continuous from Ag to By and from A to By, then it
is also continuous from [Ag, A1]e to [Bo, Bi]g, moreover, its norm between the
interpolated spaces depends only on 6 and its norm between the original spaces.

(i1) For a measure space M and | < pg, p1 < o0,

[Lpy(M, Ag), Lp, (M, A)]p = Lp,(M, [Ao, Aile),

where 1/pg = (1 —6)/po +6/p1.

@ Springer



Appl Math Optim (2015) 72:77-100 93

(iii) For mg,m; € R, 1 < pg, p1 < 00,

mo myy . _ yyme
Wpo's Wp'lo = Wy

where mg = (1 — 0)mo +0my,and 1/pg = (1 —0)/po + 60/ p1.

Now take any p > 2, and take pg < p < p; such that po = 2F and p = 2¥*! for
k € N,and set 6 € [0, 1] such that 1/p = (1 — 0)/po + 0/ p1. By property (ii) we
have

m __ m m m o m m
Vo =W Yo los Ty = [Fpes Iy Jos

G =[G .Gl g, U = U UM ]y,

and therefore by (i) the solution operator is continuous for any p > 2 and integer
m > 1.

For arbitrary m > 1, p > 2, set @ = |m]/[m]. Then properties (ii) and (iii) imply
that

— rwbnl ylml m _ rplm]  pim]
D L T I I PR R
G =166 g, Uy =" U .
If Assumptions 2.6 and 2.7 hold, then the solution operator is continuous from W IEm] X
]—",Em] X g,f,”” to U[Em], and from lI!lL,mJ X f;L,mJ X g},’”J to U}mj . Applying property (i)
again therefore yields (3.17) for m, p. Letting r — oo and keeping in mind that u” is

a continuous in W7-valued process, using Fatou’s lemma we get (3.16) when g > 1.
Hence for ¢ > 1 we obtain

E(la sup |ufl}) = NE[Ialoo¥lfym + NEQaF (T A o)
I<TATy 4
+ NE(14GY ,(x A )
for every stopping time t < T, integer n > 1, and A € Fy, where

T, ;= inf{t € [0, T]: Ry, p(t) > n},

1
Rin.p(t) := II/II% +/0 Ifs|€vlr)n + Igslpw;;f ds,

and N is a constant depending only on K, T, m, g, d and |A|. By virtue of Lemma
3.2 from [8] this implies

E( sup |uflfp) < NEW [ +EF (0 At) +EGp(T A T)

I<TAT,

for any ¢ > 0 with a constant N = N(K, T, p,d, m, |A|). We finish the proof by
letting here n — oo. O
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Proof of Theorem 2.1 By rewriting the equation in the non-divergence form, the the-
orem for integer m follows from Theorem 2.1 in [4]. Thus we need only prove it
when m is non integer. From [4], we know that under the conditions of the theorem,
(2.1)~(2.2) admits a unique solution u. Moreover, it is W[EmJ -valued, and

Et S[gPT] Iullf,[,,,? < N(EWI%,,,) +EF! (T) +EGsc, p?(T)) (3.18)
€l0,

holds for/ = 0,1, ..., [m] and g > 0, where k = 0 when (/ﬂ) =0andk =1
when (u1!) is not identically zero. Assume first that ¢ > 1. Then following the same
interpolation arguments as above, we find that (3.18) holds for all / € [0, [m]], with
ess sup in place of sup on the left-hand side. Then by substituting (1 — A)”~D/2¢ in
place of ¢ in (2.3), we obtain that for any ¢ € Cgo , almost surely for all ¢ € [0, T,

(1= A" D2y, 9y = (1 — A D2y ¢)

¢ d t
b [ S D)+ #ords + [ (Ghgaud,
(V. 1 0

=

where, due to estimates such as
(1= &) D2@ D)L, < Klvlwn,

F and G = (Gk),fi | are predictable processes with values in L p, such that

T d
/ (Z ¥; 1L, + |Gt|L,,([2))dl < 00.
0

i=0
O

Using It6’s formula for the L, norm from [13], we find that (1 — A)M=D/2y 4 a
strongly L ,-valued process, and thus u is a strongly continuous W;”_ I_valued process.
Hence almost surely

(1= A" up, @) = (1 — A D2y, (1 - A)2g) (3.19)

is continuousint € [0, T[forall ¢ € C(‘)’o. Let ® denote the set of those Cgo functions
which belong to the unit ball of L ,+, where p* = p/(p — 1). Then

sup uslwn = sup sup((1 — A)Y"?u,, ¢) = sup sup ((1 — A)Y"*u;, ¢)
t€[0,T] r 1€[0,T] pe® pe® 1€[0,T]

= sup ess supejo.r)((1 — A)™?u,, @j) < ess supiefo.1]luslwn < oo (a.s.).
ped

This, the continuity in ¢ € [0, T'] of the expression in (3.19) and the denseness of

Cg° in Wp_*m imply that almost surely u is a W-valued weakly continuous process.
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Consequently, (3.18) holds for all/ € [0, m] and g > 1. Hence using Lemma 3.2 from
[8] in the same way as at the end of the proof of Theorem 3.1, we obtain (3.18) for all
l €[0,m]and g > 0.

4 Proof of the Main Results

Proof of Theorems 2.2,2.3,2.4 To prove Theorem 2.2, first consider the functions

!
F(h) = 0np¢(x) = / 9P (x +hoA) do,
0

1,1
G(h) = 8p0p .9 (x) :/0 /0 0500 (x + hA(01 + 62))d01d6;

for fixed ¢ € Wg”“, VRS W;H”, n,l > 0. Applying Taylor’s formula at 7 = 0
up to n + 1 terms we get that

n
180,50 — D1 A3 bl < NIAIH ]y,
i=0

n
i i+2 1
18-n28na¥ = %hl&aﬁ Ulws < NI e
1=l

with constants A; = 1/(i + 1)! and
B — 0 if iis odd
P (l.%z)!ifiiseven’

where N = N(|A|,d, [, n) is a constant. Similarly, or in fact equivalently to the first
inequality, we have

.

h'

Thsw = 2 57 050lwy < NI ]y
i=0

forg € W;”“, where 3 denotes the identity operator. Without going into details, it
is clear that, due to Assumption 2.6, from these expansions one can obtain operators

St(i) for integers i € [0, [m7] such that E?d: = ;a'l dj¢ + bid;p + co,

|Efi)¢|W,€ < Niglyiwn foriodd,i+1 < m], “.1)

|£§i)¢|wl, < N|@|yr+i+2 forieven,i+1 < [m], 4.2)
D 1)
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and

.

h

|(L?—§ 7£§l))¢|w;§N|h|n+1|¢lwg+1+3 forn +1 < [m]  (43)
i=0 "

with N = N(|A|, K, d, p, m). The random fields «/) in expansion (2.11) can then
be obtained from the system of SPDEs

J
du? = [ 29 4 Z (5)251)14,(]_1) dt + v (Du” (x) dw! (4.4)
=1

u’ =0, j=1,... .k (4.5)

where v© = y, the solution of (2.1)~(2.2) when 1« = 0. The following theorem holds,
being the exact analogue of Theorem 5.1 from [7]. It can be proven inductively on j,
by a straightforward application of Theorem 2.1 and (4.1)—(4.2). O

Theorem 4.1 Let k > 1 be an integer; and let Assumptions 2.5, 2.6 and 2.7 hold with
m > 2k + 1. Thc?n there is a unique solution u® o u® of (4.4)—(4.5). Moreover,
ud) is a W,',"_ZJ -valued weakly continuous process, it is strongly continuous as a

—2j—1
WI'," 17 valued process, and

E sup [, < NE[y%, +EFS ,(T) +EGL ,(T))
1€[0,T] Wy P

forj=1,...,k, forany g > 0, with a constant N = N(K,m, p,q, T, |A]).
Set
k .
Wi
—h h 0]
) = (x) — Zﬁut’ (x),

j=0 7

forr € [0, T] and x € RY, where u” is the solution of (3.13)—(3.14). Then it is not
difficult to verify that 7" is the solution, in the sense of Definition 3.1, of the finite
difference equation

) = (LIF!(x) + F' () de 4+ v/ 0O () dw!, 1€ (0, T], x € R?
with initial condition 78 (x) =0forx € R?, where
koo k=j ;
h’ ht ;
Fth = Z Lﬁl - —E;l) I/Lt(j)

i
=0 "

Hence by applying Theorem 3.1 we get
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i t q/p
E sup |} |l‘l}vm—2k—3 < NE (/ |Fl|€vm—2k—3dt) .
t€[0,T] r 0 4

Now using m — 2k — 3 > d/ p, for the left-hand side we can write

E sup sup [Ff(x)|? +E sup [7/|] < NE sup [r}|’ p—
1€[0,T] xeGy, 1€[0,T] Pl 1€[0,T]

while (4.3) and the theorem above yield

m 2j

E sup |F/'|‘ P <th(k+l)Z]E sup |u(j)|q
t€[0,T] =0 te€l0,T]

< NW® D Ely|t, +BFS ,(T) + EGY, ,(T)),
p

where N denotes some constants which depend only on K, m, d, g, p, T and |A|.
Putting these inequalities together we obtain the estimate

E sup sup |rt )7+ E sup |r |l B
t€[0,T] xeGy, t€l0,T]

< Nh D@L [fy +EFp(T) +EGy p(T)), (4.6)

for all A > 0 with a constant N = N(K,m,d,q, p, T, |Al]). Thus we have the
following theorem.

Theorem 4.2 Let k > 0 be an integer and let Assumptions 2.5, 2.6 and 2.7 hold
with m > 2k + 3 + d/p. Then there are continuous random fields uV, ... u® on
[0, T] x Rd, independent of h, such that almost surely

k .
wio
W= ﬁuﬁ”m + 7 (%) @.7)

j=0

forallt € [0,T] and x € R4, where u® = u, u" is the solution of (3.13)-(3.14),
and 7" is a continuous random field on [0, T x RY, which for any q > 0 satisfies the
estimate (4.6).

Proof By Theorems2.1,3.1and 4.1 uh, u® .,u(k) are WI’,"_l -valued continuous
processes. Since due to our assumption m — 1 > d/p, by Sobolev’s theorem on
embedding Wl’," (R?) into Cp(R?) we get that these random fields are continuous in
(t,x) € [0, T] x R4, (Remember that we always identify the functions with their
continuous version when they have one.) Hence (4.7) holds by the definition of ",
and estimate (4.6) is proved above. ]

To finish the proof of Theorem 2.2 we need only show that if Assumption 2.4 holds
then under the conditions of Theorem 4.2 the restriction of the solution u” of (3.13)-
(3.14) onto [0, T'] x Gy, is a continuous /,-valued process which solves (2.5)—(2.6). To
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this end note that under the conditions of Theorem 4.2 u” is a continuous WI’,”_1 valued
process, and if Assumption 2.4 also holds then by (2.7) its restriction to [0, T] x Gy,
is a continuous /,,-valued process. To see that this process satisfies (2.5)—(2.6) we fix
a point x € Gy, and take a nonnegative smooth function ¢ with compact support in
R? such that its integral over R? is one. Define for each integer n > 1 the function
(p(”)(z) = ndw(n(z —x)),z € R?. Then by Definition 3.1 we have for u", the solution
of (2.5)—(2.6), that almost surely

t t
W', ™) = (y, ™) + / (LM + £, ™) ds + / Wul + g7, o™y dw!
0 0

for all t € [0, T'] and for all n > 1. Letting here n — oo, for each ¢ € [0, T'] we get
t t
W) =y + /O (Ll () + f(0)ds + /0 W ul () + gl () du! (48)

almost surely, since ul, ¥, f, v, g and the coefficients of L" are continuous in x,
due to Sobolev’s theorem on embedding W[’,” (Rd) into Cp (Rd ) in the case m > d/p.

Note that both uﬁ' (x) and the random field on the the right-hand side of Eq. (4.6)
are continuous in ¢ € [0, T']. Therefore we have this equality almost surely for all
t € [0, T] and x € Gy,. The proof of Theorem 2.2 is complete.

The extrapolation result, Theorem 2.3, follows from Theorem 2.2 by standard cal-
culations, and hence Theorem 2.4 on the rate of almost sure convergence follows by
a standard application of the Borel-Cantelli Lemma.

Proof of Theorem 2.5 Let p(x) = ps(ex) = 1/(1 + |ex|?)*/2, where € > 0 is to
be determined later and choose p large enough so that 1 > d/p—and therefore
m > 2k + 3 + d/p—and Assumption 2.7 holds for {¥p, fp and gp in place of

¥, f and g, respectively. After some calculations one gets that u is the solution of
(2.13)—(2.14) if and only if up is the solution of the equation

dv,(x) = (Dja)’ (x)Djv;(x) + bl (x) Dive(x) + & ()0 (x) + fip(x)) dt
+() (X)v: (x) + g7 p(x)) dwy 4.9)

for (7, x) € [0, T] x R4, with the initial condition
vo(x) = ¥p(x), (4.10)
for x € RY, where the coefficients are given by
alvl = a',

d

B =b—2> a" = fori £ 0,
: P
j=1
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o>

d d d

DiDjp - Dip ~-Djp

—o— > i PRI S i Dil 5 Die
ij=1 P ij=1 P i=1 P

m}

Due to our choice of p, these coefficients still satisfy the conditions of Theorem
2.1 from [4]. Applying this theorem, we obtain a W}'-valued unique solution v. Using

Sobolev embedding, we get that v/ p—which is a solution of (2.13) -isa PI’,"_l-valued
process.

One can similarly transform the finite difference equations, using (3.2)—(3.3). It
turns out that u” is a solution of (2.5)—(2.6) if and only if u"p is a solution of the
equation

vl (x) = (LT ol (x) + fip() dr + 0F (0)v! (x) + g7 p(x) dw! (4.11)
for (¢, x) € [0, T] x Gy, with initial condition
vt (x) = Yp(x), (4.12)

for x € Gy, where

Lo = > 6 na(@n20)+ D bidnye+ D & Thye.

A€ yeN yeEA]

with

a; = aj,.

sy (Th—a"8n—sp — (Thpa )80

Pn =P + s

P

g P (On,—30M)8p,—3.p — &85 _3.8n.5.p + P*Snsp

h h Th 0 Ty 0 ’
where a* is understood to be 0 when not defined.

As it was mentioned earlier, the restriction to Gy, of the continuous modifications
of Yo, fp,gpareinl, j,1, p-valued, and [, j, (I)-valued processes, respectively. The
coefficients above are bounded, so as we have already seen, there exists a unique /, ;-
valued solution v", in particular, it is bounded. Therefore ! /p is a solution of (2.5)
and has polynomial growth.

By choosing € small enough, |85, 0/p| can be made arbitrarily small, uniformly
inx € RY, A € A, |h] < 1. In particular, we can choose it to be small enough such
that ﬁZ > 0. Moreover, all of the smoothness and boundedness properties of the
coefficients are preserved. Therefore (4.11)—(4.12) is a finite difference scheme for
the Eqgs. (4.9)—(4.10) such that it satisfies Assumptions 2.4 through 2.7. Claims (iii)
and (iv) then follow from applying Theorems 2.2 and 2.4.
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