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Abstract We consider a consumption-investment problem on infinite time horizon
maximizing discounted expected HARA utility for a general incomplete market model.
Based on dynamic programming approach we derive the relevant H-J-B equation and
study the existence and uniqueness of the solution to the nonlinear partial differential
equation. By using the smooth solution we construct the optimal consumption rate
and portfolio strategy and then prove the verification theorems under certain general
settings.
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1 Introduction

In this paper we consider an optimal consumption-investment problem on infinite time
horizon for a general incomplete market model. The market model considered here
consists of m + 1 securities, one of which is a risk-less asset and the other m assets are
risky ones. The price of risk-less asset is governed by an ordinary differential equation,
while the prices of risky ones are defined by the stochastic differential equations. We
suppose that all coefficients appearing in those dynamics of the asset prices are affected
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by the economic factors. The dynamics of the economic factors are also formulated by
the stochastic differential equations (cf. (2.1)—(2.3)). In such a general market model,
the investor divides his (her) wealth among those m + 1 securities and decides the rate
for consumption. The goal is to select consumption and investment strategies which
maximize the total expected (discounted) power utility of consumption on a long run
(cf. (2.5)).

Our approach is based on the dynamic programming principle, in which the H—
J-B (Hamilton—Jacobi—-Bellman) equation (cf. (2.10) and (2.11)) are derived relevant
to the consumption-investment problem. One can construct an optimal consumption-
investment strategy from the smooth solution to the equation. Indeed, the optimal
consumption rate and optimal portfolio strategy can be explicitly expressed in terms
of the smooth solution. In this approach, a pioneering work by Merton for the market
with the risky asset price having constant volatility and return has been done in [14]
and recent progress of the further studies in this direction is seen in [4-8] etc.. In [4—
6] one dimensional H-J-B equations are considered, where the ordinary differential
equations concern. On the other hand, in [7,8], they prove existence of the smooth
solution to the H-J-B equation in general dimension by employing a modification of
the Leray-Schauder fixed point theorem. Then, constructing the optimal consumption-
investment strategy by using the solution, the verification theorems are shown under
certain incomplete market settings. In their proofs they have also the best possible
discount factor. The current paper is motivated by these works [7,8]. Following their
methods we prove existence of the solution to the H-J-B equation (cf. (2.11)) by
giving sub- and super- solutions under the general settings, while we obtain newly
the uniqueness theorems on the solution, which is one of our main concern. In the
current paper the definition of the set of admissible strategies is given by using the
unique solution of the H-J-B equation and thus our uniqueness theorems have a crucial
meaning. As aresult our set of admissible strategies generalizes the one defined in [8]
and the proofs of the verification theorems have become quite natural and simple in

the current paper. Indeed, by introducing the new measure P" defined by (5.3) from
the unique solution z(x) 9f H-J-B equation (2.11), the relevant criterion function to
the optimal strategy (¢, i) turns out to be described as

o]

ez(X)Eh —/d(ﬂz
0

2(Xy)
. e . e e [T &Y e (Xs)
by using a multiplicative functional ¢; = e Joe TV ds = g Joér e ds o you see

in (5.2) and (5.5). Thus, identification of the value function with the solution to the
H-J-B equation can be done by showing ¢, = 0, a.s. Comparing the value function
with the criterion for strategy (c;, hy) is also seen by looking at eZ(")Fh[— fooo dgy]
with ¢; = e~ Jo el e Xds (cf. Proofs of Theorem 5.1 and 5.2).

There are slight difference between the market models discussed in [7,8] and ours
although the both are factor models. They treat a linear Gaussian model and another
factor model with the boundedness assumptions, where all coefficients appearing in
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the dynamics for the asset prices and the factor process are bounded. In the current
paper, the general factor model including linear Gaussian models is discussed without
boundedness assumptions on the returns of the price process and the drift coefficient
of the factor process. Such difference may cause certain technical difference to treat.

We mention some other works with different approach from ours. Approach using
the martingale methods for a complete market model appears in [2,11,19]. Analytical
solutions are given in [3,12,20]. More attentive introduction to the historical works
can be seen in [7].

The paper is organized as follows. Derivation of the H-J-B equation and our
assumptions are described in Sect. 2 under the setting of the factor model. We devote
Sect. 3 to construction of sub- and super- solutions to the H-J-B equation. In Sect. 4,
we present the existence and uniqueness theorems for the H-J-B equation and the
proofs of uniqueness are given. The proofs of existence of the solution following the
methods due to Hata and Sheu [7] is completed in Appendix 1. We give the proofs of
the verification theorems in Sect. 5. Some notes on the useful gradient estimates for
the proofs are given in Appendix 2.

2 Derivation of H-J-B Equations and Assumptions

Consider a market model with m + 1 securities and n factors, where the bond price is
governed by ordinary differential equation

ds®) = r(X)S%(t)dr, S°(0) = s°. 2.1

The other security prices and factors are assumed to satisfy stochastic differential
equations

n—+m
ds' (1) = §' (e (X)dt + D o{(X)dW[},
k=1
S0y =s', i=1,...,m, (2.2)

and

dX; = B(X)dt + MX)dW;,
X(0) = x, 2.3)

where W; = (Wtk)kzl,___,(ner) is an m + n-dimensional standard Brownian motion
process on a probability space (2, F, P). Let N/ be the number of the shares of ith
security. Then the total wealth that the investor possesses is defined as

m
V=3 NS
i=0
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the portfolio proportion invested to ith security as

. NiSi
hi=—"1 i=01,2,...,m
Vi

We assume that self-financing condition holds for a consumption investment strategy
(hy, Cy):

m ) ) m Vthi )
dVi =Y N}dS; — Cidt = Sifds; — Cdt,
i i=0 !

where C; is the instantaneous nominal consumption. Setting C; = ¢;V;, we have

n+m
d‘yf = h0r(X,)dt + Zh (o (Xp)dt + Z ol (X)dW]} — ¢ dt
! i=1 j=1
n+m
= {r(X,) — c:;}dt + Zh (@' (X)) = r(X))dt + D oh(X)d W]}

i=1 j=1

Thus the equation describing the dynamics of wealth V; = V (¢, h); is given by

dv,
Vt {r(Xp) + hi(a(X;) —r(X)1) — ¢;}dt + hyjo (X;)dW;. 2.4)
t
Here h* stands for the transposed vector of 2 and 1 = (1, 1,...,1)*. As for the

filtration to be satisfied by admissible investment strategies,
Gr=0(Sw), X(u), u=<r

is relevant in the present problem and we introduce the following definition.

Definition 2.1 h(#)o</<7 is said an investment strategy if A (¢) is an R” valued G;-
progressively measurable stochastic process such that

/|h(s)|2ds <00, VT | = 1.

The set of all investment strategies is denoted by H (7). For a given h € H(T'), the
process V; = V;(h) representing the total wealth of the investor at time ¢ is determined
by the stochastic differential equation as was seen above. For p > 0, let us consider
the following problem

o]

1
v(x) :=sup E /—e_p’{c,V,(c, myde|, vy <1, y #0. (2.5)
h.,c. Y
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The following equations are equivalent to (2.5)

o
v*(x) :=sup E /efp’{ctV,(c, myde|, 0<y <1, (2.6)
e Lo _
o Z
vy (x) 1= }%nf E /e_p’{c, Vi(c, H)Yde |, y <0, 2.7
C.
Lo i

in each case of 0 < y < 1 and y < 0, respectively. It is easy to see that
2
Vl‘y — U(l)’e}’ fé{'l(quhs)—Cs}dS+V f(; h;ﬁa(xx)dws_% f(; h_fgo'*(xx)hxds’
where, v is the initial wealth and

n(x, h) = —I_Tyh*oa*(x)h +h*a(x) +r(x), akx)=oalx)—rx)l.

Therefore
T
E /efpt{c,V,(c, mY dt
0
z 2
_ vg/e_p’E[c;/eV Jon(Xeho=cddsty f§ hio(XOdWe=2 [3 hioa* Xhyds |y
0

Now let us assume that (€2, F) be a standard measurable space (cf. [18]). Then, if Mth
defined by M = y fot h¥o (Xs)d Wy satisfies

E[eMI—sMYT =1, VT, 2.8)

then there is a probability measure P" satisfying

h
di _ eM?—%(MMT, VT,
dP Fr
Then we have
T
E / e e Vie, m)) di
0
T
- U(l)/Eh /e_ptcg/ey f(;{r’(xa',hs)—cs}dsdt
0
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and thus

o0
v*(x) = sup ngh /e_p’cgley Jon(Xsh)=eshds g , 0<y <1 (2.6)
h.,c.
0

and

o0
1
Vi (x) = inf v(’)/Eh /e_p’c;/ey Jotn(Xs.hs)—es)ds g , vy <O 2.7)
. /

Note that, under the probability measure P”,

13
W =w, —/yo*(Xs)hsds
0

is a Brownian motion process and the stochastic differential equation for the economic
factor X, is written as

dX; = {B(X)) + yro* (X)h}dt + A(X)dW!, X = x. (2.9)
When setting
v(x) = vayv*(x), y <0,
the H-J-B equation for v(x) turns out to be
PV = %tr[)\k*Dzv] + B*Dv + czo%lfllng{[yka*(x)h]*Dv +y((x, h) —c)v+ ).
By taking a transformation z(x) = log v(x), we obtain
p= %tr[?u\*Dzz] + %(Dz)*M*Dz + "Dz
+ cZOi,IllziéRm{[yAU*(x)h]*DZ +ym(x,h) —c)+c’e ), (2.10)
which can be written as

1 1 .z
p =MDzl + B Dz + S(D2)*AN, 2 D2+ Uy + (1= y)e 7, 211)

where

By =B+ ——rc*0o)'a, N =1+ 500" o,
-y -y

U, &* (oo™ 'a + yr.

:L
20 —vy)
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On the other hand, for I > y > 0, we set
~ I
v(x) ==, v (x).

Then, the H-J-B equation of v(x) is seen to be

1
pU = Etr[kk*Dzﬁ] +B*Dv+  sup {[yrc*(x)h]*Dv + y(n(x, h) — c)v + ¥}

c>0,heR™
and, by taking a transformation z(x) = log v(x), we obtain
1 * 2~ 1 =\kq 9% * e
o= Etr[)u\ D7zl + E(DZ) AADz + B Dz

+ sup  {[yAc*()AI*DZ + y(n(x, h) —¢) +c¥e ),
¢>0,heR™

which turns out to be the same equation as (2.11).
When y < 0, we assume that

X, B, o, o and r are globally Lipschitz, smooth,
cllE]? < E N (0)E < alEl? 1, >0, E€R,
clf? < tFoo* ()¢ < altl?, ¢ eR™,

r is nonnegative ,
and that, in the case of p = 0,
ki <@ (0o 'a(x) +rx), ki > 0.
On the other hand, when 0 < y < 1, we assume (2.13)—(2.15),
&* (0o 'a+r > 0o, |x| = oo,
and the following condition

there exists a function zg bounded below such that
st[AA*D2z0] + B Dzo + 5 (Dz0)*AN, 'A*Dzo + U, — —oo,
as |x| = oo, and that |Dzo(x)| < Co(Jx|+ 1), Co > 0.

Note that

hold under these assumptions.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.16")

(2.17)

(2.18)
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In considering (2.6) and (2.7) we formulate the set of strategies defined by
Ao = {(cs, hy); ¢g > 0 and hy are progressively measurable and A satisfies (2.9)}.

Then, we confine the sets of admissible strategies in each case of 0 < y < 1 and
y < 0 as follows. Set

1
M, = / (D2)*L(X;)d W,
0

where z(x) is the unique solution to H-J-B equation (2.11) (see Theorem 4.1 and
Theorem 4.2 ), and consider strategies satisfying

EMeMr—3Mry — 1 yT. (2.19)

For such /3 we have a probability measure ﬁh on (€2, F) such that
—h

ap — Mr—3(M)r vT.

dph
Fr

The set .A; of admissible strategies is defined by

A1 = {(cs, hy) € Ap; hy satisfies (2.20) }.

3 Sub- and Super-Solution
3.1 Risk-Averse Case (y < 0)

We first note that there exists a positive constants c¢g and ¢ such that

— &* (oo la4r—c> 0 3.1
2(1—y)a (o™ 'a+r—c>cy > 3.1

under assumption (2.16). We consider the following stochastic differential equation
dX; = MX)dW, + B, (X,)dt, Xo=x

and set

o0
1 1 v
200 = (1= plog B, | [ er7 B0y (3.2)
0
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and

o0
Z(x) = log E, / e el WUy Xo=yelds gy | (3.3)
0

Then, we have the following lemma.

Lemma 3.1 Assume assumptions (2.13)~(2.16). Then, z(x) (respectively Z(x)) is a
sub-solution (resp. super-solution) to (2.11) for p = 0. Further

z(x) <z(x)
Proof Set
o
1 t Y
P1(x) = Ex /eﬁfo Urods gy
0

Then, it satisfies
1 * 2 * 1
SwAA D71l + B, Dp1 + ——Upp1 +1=0
2 11—y

and thus z does

1 _L
Etr[kk*ng] + B, Dz + (D2)*M*Dz+ U, + (1 —y)e” =7 =0.

_
21-y)

Since ﬁl < Ny_l, Z turns out to be a sub-solution to (2.11).

On the other hand, set

o0
(,02()6) - EX /Cyef(i{UV(X:)_VL}dAdt
0

Then, it satisfies
1 * 12 *
Etr[M D g ] + B, Dgr + (Uy — yo)g + ¢’ = 0.
Therefore, 7 satisfies
1 * 2= * o 1 =\kq ) % oS -z
Etr[kk D7) + ,BVDZ + g(Dz) AL DZ + (Uy —yo) + cVe ™ =0.
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The left hand side is obtained when taking in the right hand of (2.12) h =
ﬁ(ao*)_l&(x) and the constant ¢ > 0 satisfying (3.1), and thus we see that Z
is a super-solution to (2.11) with p = 0.

It is a direct consequence from the following lemma that z(x) < Z(x). O

Lemma 3.2 The following inequality holds

T 1=y T
£ /eﬁjg Uy (Xods 4, <E /Cyejg{Uy()_(J)—yc}dsdt (1= e=<T)~7.
0 0
Proof Set

1o X Y  __r
ft — T fO UV(XS)dSCI—ye 17yct’
_ry v
g =c |—Vel—VCt

Then, we have

1
r T I-y

T T —%
E /ftgtdf <E /f,lfydt E /gt_Tdt
0 L0 0
-7 .
=E /Cyef(;{Uy(X-v)*VC}det (1—e Ty~ 5
L0
Hence, we obtain the present lemma. O

Remark When p > 0, we do not need to assume (2.16) because there exist positive
constants ¢ and ¢q such that

N Cia P
— §oo) la+r—-S —c>¢>0
2(1=vy) 14

and thus, considering 0y = #_w&*(aa*)_l& + yr — p in place of U, the parallel
arguments to the above apply.

3.2 Risk Seeking Case (0 <y < 1)

Itis not easy to construct a super-solution to (2.11) in risk seeking case,0 < y < 1.Let
us start with considering the H-J-B equation of risk-sensitive portfolio optimization
without consumption:

1 * 2 * 1 * —1q %
X = Etr[kk D~7] —i—ﬂyDz + E(DZ) )LNV A"Dz +U,. (3.4)
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To study the existence and uniqueness of the solution to (3.4), we introduce the dis-
counted type equation:

1 * 2 * 1 * —1q %
€ze = Etrm Dzc]+ By Dze + E(Dzé) AN, 1*Dzc + Uy. (3.5)

We first note that (3.5) can be written as
€ze = Lze + Q(x, Dze), (3.6)

where
1 * 2 *
Lz = ztr[)»)» Dzl + B "Dz
and
1
Q(x. p) 1= S (" p +yo (o) &N (W p +yo* 00" 'E)
—i—%&*(aa*)_l& + yr.

We have the following lemma.

Lemma 3.3 Under assumptions (2.13)—(2.15) and (2.17), (3.5) has a solution z. €
CZ(R™) such that z¢ — z¢ is bounded above.

Proof In light of assumption (2.17), we can assume that zg > 0 and also take Ry such
that, for R > Ry,

Lzo + Q(x, Dz9) <0, x € B%.

Set

M
b (x) = - + 20, M := sup |Lzo+ Q(x, Dzo)l.

XGBRO

Then, @, (x) turns out to be a super-solution to (3.5). In proving the existence of the
solution to (3.5), we first consider the Dirichlet problem for R > Ry:

3.7

€Ze. g = Lze g + Q(x, Dzc,r), X € Bg
Ze’RZCDe, XGSBR.

Owing to Theorem 8.3 [13, Chapter 4], Dirichlet problem (3.7) has a solution z¢ g €
CZH(R™). We extend Ze.r to the whole Euclidean space as

Ze,R(X) x € Bg,

ter(¥) = [ & (x) x € By.
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Then, we can see that Z. g (x) is non-increasing with respect to R. Indeed, for R < R,

€(Ze,R — Ze,r) = L(Ze,R — Ze,R')
1 . . 1A _ - -
+5 1 (DZe p + Dieg +2y0" (00T G NS0 Gek = Zer)-
Therefore, from the maximum principle, we see that
Ze,R(X) — Ze gr(x) 20 on Bg

since Ze g (x) = Ze pr(x), x € dBg. We further note that Z¢ g(x) > O for each R
because z1(x) = 0 is a sub-solution to (3.5) for y > 0 and the maximum principle
again applies.

Similarly to the proof of Proposition 3.2 in [17], we have the following gradient
estimate: for each R, r < g, and x € B,,

- 1
IVZe )2 < C(IVY]3, + r—zw@ + 1By 13, + IVBy lor

1By |2
+5 =+ Uyl + VUl + 1), (3.8)
where C is a positive constant independent of R and €, |f|, = |f|Lo(B,(x)), and

Vv =2AN, I)*. Thus, by similar arguments to the proof of Lemma 2.8 in [9], we can
see that Z. g(x) converges Hllo . strongly and uniformly on each compact set to the
solution ze € C2(R™). Since Ze,R(x) < @ (x) foreach R > Rg we see that z. < P,
and hence, z. — 70 is bounded above. O

Lemma 3.4 Assume assumptions (2.13)—(2.15) and (2.17). Then, the solution z to
(3.5) such that z¢ — zg is bounded above satisfies

Ze(x) — zo(x) > —o0, as |x| — oo.
Proof Let z. be a solution to (3.5) such that ze — z¢ is bounded above and set
1 * 12 * 1 sy A7—1y %
Vi=-— [Etr[M D zol + B, Dzo + E(DZO) AN, A*Dzo + U,,l )
Then, we have

1 * 2 * 1 * —1q %
€ze +V = Etr[M D*(ze — z0)1 + B, D(ze — z0) + E(Dze) AN, "A"Dze
1 1
—E(Dzo)*AN;lk*DZO = ztr[AA*Dz(Ze —20)]

- 1
+By D(ze = 20) + 5 D(ze = 20" AN, A" D(ze = 20), 3.9)
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where
By = By + AN, 'A*Dzq.
Then, similarly to the proof of Lemma 2.1 in [16], we can see that z. — z9 — —o0 as

|x| = oo since V(x) + €z — 00, |x| — oo. m|

Lemma 3.5 Under assumptions (2.13)—(2.15) and(2.17), (3.4) has a solution (X, 2)
such that 7 — zq is bounded above and 7 € CZ(R”). Moreover, the solution (x, z)
such that z — zo is bounded above is unique, when admitting ambiguity of additive
constants with respect to z.

Proof Let us first note that the same estimate as (3.8) holds for z. for each € > 0.
Owing to assumptions (2.13) - (2.15), estimate (3.8) implies that

IVze(0)]? < C(Ix|* + 1), (3.10)

where C is a positive constant independent of €. According to Lemma 3.4, z.(x) —
zo(x) — —o0 as |x| — oo. Therefore, we can take x, such that

Ze(xe) — 20(xe) = Sgp{ze(X) —z0(x0)}.
Then, at x,
D(ze —z0) =0, %tr[M*DZ(Ze —z20)] =0.
Therefore, from (3.9), we have
Vi(xe) +€ze(xe) <0,

and thus, V(x¢) < 0. Since V(x) — oo as x| — o0, there exists a compact set K
such that x. € K for each € > 0. Therefore, we can take a subsequence {x¢,} C {x}
and X such that x., — %, n — oo. Once more again from (3.9) we see that

0< lim €nZe, (Xe,) < -VX).
n—00

Thus, by taking a subsequence if necessary, €,z¢, (x¢,) — X, n — 00. On the other
hand, by using (3.10) we can see that {z¢, (x) — z¢, (*)} forms a sequence of uniformly
bounded and equicontinuous functions on each compact set K’ including K. Thus,
similarly to the proof of Theorem 3.1 in [9], we can see that it converges to Z(x) €
C%(R™) in HlloC strongly and uniformly on each compact set, by using estimate (3.8)
for z¢, and that (¥, Z(x)) satisfies (3.4). Further, we can see that €, z, (X) — x. Note
that

Zep (X) — 26, () — 20(x) < z¢, (X¢,) — 2, () — 20(xe,)

and the left hand side converges to zZ(x) — zo(x). Therefore we see that Z(x) — zo(x)
is bounded above by the constant —zg(x) which is the limit of the right hand side.
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Further, we can see that Z(x) — zo(x) — —o0 as |x| — oo similarly to the proof
of Lemma 3.4. Therefore, similarly to the proof of Lemma 3.2 in [16], we see that the
solution to (3.4) such that Z(x) — zo(x) is bounded above is unique when admitting
additive constant with respect to z. O

Let us define the operator by
A 1
Lo := Etr[kA*D2<p] +1{B} + (V2*AN, '1*} De. (3.11)

Then,we have the following lemma.

Lemma 3.6 Under the assumptions of Lemma 3.3, the diffusion process with the
generator L is ergodic.

Proof We have shown that zo(x) —z(x) — oo as |x| — oo in the proof of Lemma 3.5.
We moreover see that

- R 1 - A R _ A
L(zo—%) = 5trm*Dz(zo — )14 B;D(z0 — 2) + (D2)*AN, ' 2*D(z0 — 2)
= ltrm*D2 1+ BEDzo + l(D YANS'A*Dzo + U
=3 20 y D20 + 5 (D20 y 20 + Uy
1 . JOE SR _ A
- lztrm*Dzz] + By Dz + E(Dz)*ANy "\ Dz + Uy]

1 ANk —14% 2
—ED(zo —2)"AN, "A"D(zo — 2)

A

<-V—-yx.

Since —V — ¥ — —o0 as |x| — o0, we see that the Has’minskii’s conditions are
satisfied and that L is ergodic. O

Lemma 3.7 Besides the assumptions of Lemma 3.3, we assume (2.16’). Then, Z(x) is
bounded below.

Proof Note that
0. p) = L&t 0o Na+yr = f,(x).
Then, from (3.6), it follows that

(€ = L)ze = fy (x).

Set
Ze '=2e(X), Ze = Ze — Ze-
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Then, |ez¢| < M for some positive constant M and we can take R > 0 such that
fy(x)>M, x¢€ By

under assumption (2.16”). Therefore, by using It6’s formula, we have

o AT
Ze(x) = Ey / e~ (fy — ez (Yt + e M E (Yy)
0
> E e "M Ze(Yonr)]
> Ei[e ™% (Yy)i0 < T1—Zee T Py(T < 0)

since z¢(x) > 0, where (Y;, P,) is the diffusion process with the generator L and

inf{z; Y, € Br}, if{t;Y, € BRl # ¢
o =
00, if {t;Y; € BR} = ¢.

Therefore, as T — oo we see that

Ze(x) > inf Z(x), x € Bg.
|x|=R
Since Z¢ converges to z uniformly on each compact set we have inf| =g Zc(x) >
—K, K > 0and hence obtain z(x) > —K. O

Now, we consider H-J-B equation (2.11) for0 < y < 1.

Proposition 3.1 Assume assumptions (2.13)—(2.15), (2.16’) and (2.17). Then, when
taking C to be sufficiently large, 7(x) = z(x) + C is a super-solution to (2.11) with
p > X. Moreover, z(x) = —C’ is a sub-solution to (2.11) if C' > 0 is sufficiently
large.

Proof Take € > 0 such that p — ¥ > €. Then, we can see that

1 _iw+C 1 _ C+inf 2
e v < e v <eg,
-y -y

by taking C to be sufficiently large because of Lemma 3.7. Since (¥, Z) is a solution
to (3.4), 7 = z(x) + C turns out to be a super-solution to (2.11).
It is easy to see that z(x) is a sub-solution to (2.11). O

4 Existence and Uniqueness

We first prepare the following lemma.

Lemma 4.1 Assume assumptions (2.13)—(2.16) and y < 0. Then, the bounded above
solution to H-J-B equation (2.11) is unique.
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Proof Note that each smooth solution z to (2.11) satisfies the estimate
[Vz(x)| < C(1 + |x])

for a positive constant C > 0 under our assumptions (cf. Appendix 2). Let z and z;
be bounded above solutions to (2.11) and set

B(x) = ™7 ETIO

Then, we have
1
SUDA D291 + (By + AN, 4% Dz1)* Db

1 1 * 2 —14% *
= —— | ~u[A*D?z] + (By + AN, 1A*Dz1)* Dz
1—y|2 4

1
—{Etrm*[ﬂzl] + (B, + AN;I,\*Dzl)*Dzl]

1
———D(z—z2))*A\*D(z —
AETT ” (z—2z1) (z Zl)}ﬁ

1 .z _
:—[—u—we 4 (1= p)e T
lL—y

1 * —1 1 * _
—ED(Z—Zl) A(N,, ——1_y1))» D(z Z1)]¢
< T —Dp=e T (p— Do @1

since 1%1 < Ny_l fory < 0.
Let Y; be a solution of the stochastic differential equation

dY; = 2 (Y)dW; + (B, (Y;) + AN, 'A*Dzi (Yp))dt, Yo =x

and set

Then, from (4.1) it follows that

d{(@(Y)) — el TIN5y — £(y)(p(¥,) — Delo TXs g 4 ol FODds g (v,
elo TV DY (1) AW,

IA

Setting t = 1 A T, where

16 = inf{r; 2(Yy) = z1(Yn)},
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we have
T AT
¢(x) =1 = E[(¢(Yegar) — Deh " 10ds
= E[(¢(Ysg) — D)eh” 005, 70 < ]
FEL@(Yr) — Delo 10045, 7 _ 701
T
> E[(¢(Yr) — Delo TODI, 7 < 757,
Note that
Ly
($(¥r) — Delo 1005 5 o fg & T Was o of

1
where K is a positive constant such that e -» 21(x) < K. Thus, we see that

=~

¢px) —1=—e

Sending 7 to oo we have ¢ (x) — 1 > 0 and so z(x) > z1(x).
Exchanging a role of z; by z, we obtain converse inequality z;(x) > z(x). O

Let z(x) and z(x) be, respectively sub- and super- solution to (2.11) with p = 0
obtained in Lemma 3.1. Then, we have the following theorem.

Theorem 4.1 For y < 0, we assume assumptions (2.13)—(2.16). Then, for p = 0,
(2.11) has a solution z such that z(x) < z(x) < z(x). Moreover, the bounded above
solution to (2.11) is unique.

Proof Since we have a sub- and a super- solution as was seen in Lemma 3.1, the
existence of a solution can be shown in a similar manner to the proof of Theorem 3.5
in [7]. We complete the proof in Appendix 1.

Let us prove uniqueness. Let z(x) be the solutions to (2.11) with p = 0 such that
z(x) < z(x) < Z(x). Under our assumptions we can see that

-1
Z(x) < ylogc +log (—)
Yo

holds and so z(x) is bounded above. Further, owing to Lemma 4.1 we have the unique-
ness of the bounded above solution to (2.11). O

Remark 1t is to be noted that even in the case of p = 0, H-J-B equation (2.11) has the
unique solution without ambiguity of additive constants with respect to z(x). Moreover,
considering (2.11) with p > 0 and without assumption (2.16) can be reduced to the
case of p = 0 with assumption (2.16) (cf. Remark in Sect. 3).

Theorem 4.2 For 0 < y < 1, we assume assumptions (2.13)—(2.15), (2.16’) and
(2.17), and let z(x) and Z(x) be, respectively sub- and super- solutions to (2.11)
appeared in Proposition 3.1. Then, for each p > X, (2.11) has a solution z such that
z(x) < z(x) < Z(x) and that it satisfies
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7(x) — zo(x) > —o0, as |x| = oo. 4.2)

Moreover, the solution satisfying (4.2) is unique.

Proof As in the proof of the previous theorem, the existence of a solution is given in a
similar manner to the proof of Theorem 3.5 in [7] (cf. Appendix 1). We give the proof
of unique existence of the solution satisfying (4.2). First note that the solution z(x)
to (2.11) necessarily satisfies (4.2) under our assumptions. Indeed, we have seen that
Z(x) — zo(x) — —oo as |x| = oo in the proof of Lemma 3.5, and thus, (4.2) follows
from z(x) < Z(x) + C. Let us prove uniqueness. Set

Y =z—20
for a solution z to (2.11). Then,
1 * 12 1 * 2 * *
o= ztr[/\)\ Dyl + Etr[)»)» D7zol + B, DY + B, Dzo + U,

1 _ ¥tz
+5 DO + 20 AN IATDW +20) + (1= p)e” T

Therefore,

1 * 2 5k 1 * —1q %

o= Etrm Dy 1+ ;DY + E(Dw) AN, A"Dy
_ iz

-V+d=yle 7, 4.3)

where
1 * 2 * 1 * —14 %
V = — | JulA D 2] + By Dzo + 5 (D20) AN, 14" Dzo + Uy (“4.4)

and

By, = By + AN, '2* Dzo.
Let z; and z» be solutions to (2.11) satisfying (4.2) and set ¢; = z; — 20,1 = 1, 2.
Assume that there exists xg such that z>(xg) > z1(xp). Then, ¥>(xg) > ¥1(xo) and

Yi(x) - —o0, as |x| — oo. Therefore, for each € > 0 there exists x. such that

Ve (x) :=Sup{eﬂ//2(x) _eélﬁl(X)} — V2(xe) _ pe¥i(xe) 26611/2()%) —efV1x0) - . 4.5)
X

At x¢ we have

o
A

1 -
< _Etr[m*Dzwe] — By DV
2
_ —%e“”ztr[)»?»*Dzlﬁz] - %ef*”Z(Dwz)*M*Dzz
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2
+§e€‘”1tr[kA*D2w1] + %eﬂ”l (DY) A0 Dy

—eeV2BE DYy + eV B Dy

_ ¥t
= ee€ [ (Dyr)* AN, A*DwQ—V+(1—y)e =y —p]

1 Y1tz
e I SOYD AN DY =V + (1= y)e” ' — P]

2 2
— S 2 (DY) a0 DYy + %eﬂ”l (DYr1)* A1 Dy

137 1 * —1 * — ¥t
=e€et"? E(Dllfz) AN, —€DA'DYp =V +(A—yle 7 —p
_¥i1t20
—eef i (Dy)* /\(N_ —eDA*DY =V + (1 —yp)e 17 —,0}-
Therefore,

1 1
zeﬂﬂZ(DIpz)*x(N;l — DA Dy — ze“ﬂl (DY)*MN, ' — eD1* Dy
Yotz

> WVt p— (L= e T — NV 4 p— (1= p)e ) @6)
On the other hand, Dy, = D e€¥1~¢V2 because Dy = 0 at x, and thus,
le“ﬂz(z)w)*x(zv*l — )M Dy — Lpewn (DY) AN — e DA Dy
2 v 2 v
= %eze‘l’l_e‘/’z(le)*k(Ny_l —eD)A*Dyn —%ee'/” (DY 1)* AN, ' —eD)A* Dy

1
= Ee“/fl—fw (€1 — ") (DY) AN, — e))* Dy

L€ jevnmeta (o1 _ oV (Dyy)* a1 Dy < 0.

Then, from (4.6), it follows that
(1 = NV 4 p) = (1= e T (TP = LT <,
and so,
(€2 — MYV 4 p) = (1= ) Tr TPV TV <0 @)
by taking € such that € < ﬁ Thus, we obtain
Vixe) < —p
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from (4.7). Since V (x) — oo as |x| — oo, there exists R > 0 independent of € such
that x. € Bg and €, such that x,, — X € Bg. From (4.5), we have

Lot _ gty s L et _ gy <
€n €n

and, by letting €, — 0, we obtain

V2(X) — ¥1(X) = ¥2(x0) — Y1 (xo) > 0.

From (4.7), at x., we have

20
—

(1— y)e——y(e&—ﬁwfz _ e(e—ﬁwﬂ)
eV — o€V

—Ko<V+p=
and letting €, — 0, the right-hand side tends to —oo, which is a contradiction. There-

fore Yr»(x) < ¥1(x) for each x. In the same way, we have the converse inequality, and
hence, we proved uniqueness of the solution to (2.11). O

Let us set the operator L by
T 1 * 2 * * —1q%
Lg := Etr[)\k D gl + B,Dg + (D2)*AN, A" Dg. (4.8)

Then, inspired by Lemma 3.6 we have the following proposition useful in the proof
of the verification theorem.

Proposition 4.1 Under the assumptions of Theorem 4.2, the diffusion process with
the generator L is ergodic.

Proof Let us set
Y(x) == z0(x) — z(x).

Then, as was seen in the proof of Theorem 4.2, ¥ (x) — o0, as |x| — oo. Further,
from (4.3) it follows that

1 * 2.7 * 1.7 %9 A=l k.7
—p = SlMA* DX 1+ B DV + (D20) AN, '3 DY
—%(D&)*AN;IA*D& TV =y T7.
Since zg = z + ¥ we have
%tr[m*o%/}] + B DY + (D2)*AN, ' 2Dy
— —%(Dl/_/)*)\Ny_lk*Diﬁ V4 A=y TT —p
Thus, we can see that Z& (x) - —oo as |x| — oo and hence the proof is complete. O
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5 Verification Theorems

Let us set the value functions

o
H(x)= inf E" /efp’c,yey f(;{”(x“hf)*cx}dsdt
(h.,c)eA
0
for y <0, and
o
Sy = sup E /e—prctyeyJ&{n(xs,hs)—cs}dsdt
(h.,c)eA 0

for 0 < y < 1, where A; is the sets of admissible strategies defined in the end of
Sect. 2. For a solution z(x) to (2.11), we shall prove that e = v(x), for y < 0,
under assumptions (2.13)-(2.15) (resp. (2.13)-(2.16)) for p > 0 (resp. p = 0), and
that ™) = ¥(x), for 0 < y < 1, under the assumptions of Theorem 4.2. For the
solution z(x) to (2.11), define a function fz(x) by

h(x) = (0™ N or*Dz + &) (x)

l—y

and

A )

c(x)=e v,
We define also

ils = ]’Al(Xs), é\s = é(Xs)

Let us prepare the following lemma for the proof of the verification theorem.
Lemma 5.1 Let Y; be a solution to the stochastic differential equation

dYI :U(t’ Yl)dWl+M(Ia Yl)dtv YO =X,

where o and p are locally Lipschitz continuous with respect to x and continuous in
t. We moreover assume that |u(t, x)| < C(1 + |x|) and o is bounded. For a given
continuous function H (t, x) satisfying |H (t, x)| < C(1 + |x|), define p; by

o = oo Hs. Y dWs=5 [§1H(s.X;)Pds

Then, we have

Elps] =1, Vi
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The proof of this lemma is similar to that of Lemma 4.1.1 in [1] and we omit the
proof.
We have the following theorem.

Theorem 5.1 For p = 0 (resp. p > 0), assume assumptions (2.13)—(2.16) (resp.
(2.13)—(2.15)). Then, for a solution z(x) to (2.11), we have

e}
o0 — inf ED / Pl ¥ Sy in(Xesh)—elds g,
h.,ceA !
0
o
— gh /e—ﬁfég’e)/f(;{fl(xs,hs)—és}dsdt (5.1
0

withy < 0.

Proof Let us first note that fzs satisfies (2.8). Indeed, because of the gradient estimates
for the solution z given in (7.1) in Appendix 2, we can see it by using the above
lemma. Thus, we have a probability measure P under which X, satisfies the stochastic
differential equation

14

. Ao ¥ (oo™ Dz(X,))dt,
-y

dX, = MX)dWh + (B, (X)) +

where

14
I—y

Ao (o) La(x).

By (x) = B(x) +
Set
. 1 * 2 * 14 * * xy—1 *
LY f:= Etr[kk D f]—i—ﬂVDf—i—m(Dz) Ao (00™) oA DSf.

Then, by I1t6’s formula, we have

t

t
2(Xy) — z(Xo) = /L”Z(xs)ds +/(DZ)*)\(XS)dW§
0

0
t

1 I -
= / [Etr[AA*Dzz] + B, Dz + 5 (D2)*AN; 13" Dz
0

+ (Dz)*ko*(ao*)_lak*Dz](Xs)ds

_ry
201 —y)

t t
+ / (D2)*A(X,)d Wl — % / (D2)*A\* Dz (X,)ds
0 0
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t

_z(Xs)
=/[—UY(XS)—(1—]/)6 = +p
0
+2(+_V)(Dz)*ka*(oa*)_la)»*Dz](Xs)ds

t t
+/(Dz)*A(XS)de - %/(Dz)*AA*Dz(XS)ds.
0 0

Note that
n(x, h(x)) = —;(Dz)*,\a*(aa*)”ax*m + ;&*(ao*)*& +r
’ 2(1=vy) 2(1—=vy) ’
and hence,
r 14 * * *y—1 *
nx,h(x))=U, — ——(Dz)"Ao™(60™) "ocA™Dz.
’ AT

Therefore,

t

t
I S 1
2(X)) — 2(Xo) = —y/(n(xs,hs)—cs)dwpr—/e s + M, - 50,
0 0

where

t
M, = / (D2)*A(X, )W,
0

Once again, owing to the above lemma, we see that M, satisfies (2.19) with respect to
P" and therefore (¢, fz) € A,. Thus, we obtain

(e.¢]
2 t AL A
£ / e PIEY o¥ X ~é0ds gy

0
00

_2Xs)
gh /e—ﬁax,)—z(x,)ﬂ(xm—fo’e TV ds M= (M) g,

0
e , X
_ 0 ph /e*ﬁZ(Xl)ffoe = ds M-S M)
L0
N BT 55}
=ez(x)Eh /e_WZ(X’)_foe l_y gy , 5.2)
L0
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since

i
ar |\ _ Mo, (5.3)

dph
7

_2(Xs)

_f(; 5Ze’Z(XS>dS — f()te =y ds

When setting ¢; = e , we have

2(Xs)

1 Bt vl
—WZ(Xt)—foe -y dsd

_d‘Pt =e f.

From Theorem 4.1, we have

_2(Xs5)

t 1=
O§¢t§€7foe Vdsienyt

Y 1
with K, =c¢ =7 (_—1) =7 and thus, lim7_ » @7 = @ = 0. Therefore we see that

=h * —Lax )—f[ eizl(i(ii)ds —h
E / e Ty dt | = E [0 — 9ol = 1.
0

Hence,

e ¢]

0

Now, we shall prove that

o
W < EN / ePlel e hXsho—edsgy | y(e by e A (5.4)
0

For the controlled process defined by
dX; = )»(X,)thh +{BX)) +yr o (Xp)h}dt, Xo=x, (c,h) € Ay,

we have
t

2(X;) — 2(Xo) = /(Dz)*X(XX)dWSh

0
t

+/ [%tr[/\,\*z)zz] + B+ Mo*hs)*DZ}(Xs)ds
0
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t
> / =y (1(Xy, hy) = c5) — /e
0

t t

+/(DZ)*)»(Xs)dWSh - %/(Dz)*AA*Dz(XS)ds,
0 0

from H-J-B equation (2.11). Therefore,

t t
- 1 -~
—pt +y / (1(Xy, hy) — c5)ds > z2(Xo) — z2(X,) — / el e ¥ Xds + M, — S M),
0 0
where
t
M, =/(Dz)*A(XS)dW;’.
0

Thus, we obtain

[o0]

1
£ / Pt o X —eods gy
0
[~ oo
> o2 ph C;/e—z(x,)—fo’ i e 2 Xds M3 (M)e g,
Lo

o
= EWE" /ctye_Z(Xr)—fé ey e Mds g
0

’

where P is a probability measure defined by

Let us first assume that ¢; < K, Vt, for some positive constant K > 0. In this case,

t
/cZe‘Z(X-Y)ds > KYe €t
0

holds since z(x) is bounded above by a constant C. Then we have

@ = e—‘écze—Z(X“ds < e—KVe_CZ
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and thus obtain
o0
Fh /Cg/e—Z(Xt)_ﬁ; Cg}v/efz(X'Y)dsdt — Fh [@0 _ @OO] =1.
0

Hence (5.4) holds.
For general (c, h) € A; we set cﬁn) := min{cy, n}. Then, we have

oo oo
Eh / =P ()7 ¥ fyXsh—eds gy | < / P (MY g X ) —eds gy
0 0

and therefore
o0
ez(x) S Eh /efpt(ct(n))}’e}/ f(i(’](xmhx)*cs)dsdl
0

Hence, by monotone convergence theorem we have (5.4). O

Theorem 5.2 Under the assumptions of Theorem 4.2, for a solution z(x) to (2.11),
we have

[e )
o0 _ ph /e—Pfég’e)/ Xy ho)=e)ds g

0
00

= Sup Eh /eiplclyey f()t{"(xxxhs)*cx}dsdt

h.,c.eAy
0

Proof Similarly to the proof of Theorem 5.1, we see that (¢, /;s) € A and have

. o0 o0 2(Xs

N A _2(Xs)
£ /efpz@lyeyf(,’(n(xs,hs)fac)dsd, _ /efﬁdxr)ffée = ds g,

0 LO
. B o]
—h
=WE" | - / dey |, (5.5)
L 0
where
_z(Xs)
(Pt = e_.[Oe =y ds.

We first note that (X;, Fh) is the ergodic diffusion process with the generator L defined
by (4.8) according to Proposition 4.1. Moreover,
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z(x) <z +C

and, for each R > 0, there exists a positive constant Cg such that

_c _z(0)+C
e "R <e T-vr | x € Bp.

Therefore,

T T

_HXp+C 1 _c
/ Ty ds > ?e /IBR(XS)ds — ¢ “Rm(BpR)
0 0

. . . —h
as T — oo, where m(dx) is the invariant measure of (X;, P ). Therefore, we see that

T

_2Xg)+C i

e v ds— o0, P as.
0

as T — oo, and thus we have o7 — 0, P a.s. since

,2(§S)+C T 721(Xs) & 2D
e—foe I dsZe—fOe v ds_(pT_e fO e 'dl
Thus, we have the first equality.
To prove
oo
't
W > gh /e_p’c;/ey haXsho=eddsqy | (e, by € Ay,

0

we use H-J-B equation (2.12) similarly to the above, and then we arrive at

oo oo
£h / et o OXeh)—cods gy | < i E! / of e~ K= fy el e Xas g,
0 0

IA

= lim E'[go - gr]
T—o0

< 2,

O
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6 Appendix 1

Here, we give the proof of the existence of a solution to (2.11) along the line of Hata
and Sheu [7], which complete the proofs of Theorems 4.1 and 4.2. We rewrite the
equation (2.11) as follows.

1
Etr[mz)zz] +b(x,z,Dz;¥) =0, in R", (6.1)
where
1 B _z
b(x.2, piy) = By ()P + ZpTAN, WP+ Uy () + (1 = )e ™7 —p.

To prove the existence of a solution to (6.1), we first consider the Dirichlet problem
on Bg:

1 * )2
Su[AA*D?z] + b(x,z, Dz; y) =0, x € B
[2r[ 2] +b(x,z, Dzy y) X € Bg 62)

=7z, x € 0Bg,

where z is a smooth sub-solution to (2.11). For y < 0, z is the sub-solution appeared
in Lemma 3.1 and for 0 < y < 1, z = —C with sufficiently large C. In proving the
existence of a solution to (6.2) we appeal to the following theorem, a modification
of the Leray-Schauder fixed point theorem, according to the scheme due to Hata and
Sheu ([7]).

Theorem 6.1 (Hata and Sheu [7]) Let B be a Banach space with the norm || - |5
and T a continuous, compact operator from B x [0, 1] to B. Assume that there exists
a constant M > 0 such that || & ||g< M for all (&, ) satisfying &€ = T (&, 1), or
& =1T(&,0). Then, there exists a fixed point § € B: £ =T (&, 1).

In applying this theorem, we consider the following problem for each v € [0, 1]:

1 * 2
Str[AL*D*z b(x,z,Dz;ty) =0, e B
{2[ z1+b(x,z, Dz; ty) X € Bg 6.3)

=713, x € dBg.

We note that, under assumptions (2.13)—(2.15), for x € Bg, |z| < M, we have

1
il < SEMFE < olE)?, EeR"

FO() (x)

bx 2, p Tyl + 12— < e3(1 + 1),
Xj

where c1, ¢; and ¢3 are positive constants. To study (A.3), we consider the linear partial
differential equation

(6.4)

Tu[Ar*D?z] + b(x, w, Dw; ty) =0, x € Bg
=713, X € 0Bg.
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for a given function w € CLHe(Bp), 1 > u > 0. Under assumptions (2.13)—(2.15), we
have a unique solution z € C211 (Bg) since z € C>*(Bg) (cf. [13]). Thus, we can
define a continuous, compact mapping 7 (w, 7) of B x [0, 1] into Bas T (w, ) = z,
where z is the solution to (6.4) for a given functionw € B := C'"(Bg)andt € [0, 1].
Indeed, since b(x, w, Dw; ty) € CO'“(ER) forw € C”‘(ER), and we assume that
17 € C>*(Bg), T (w, 1), for every 7, transforms the function w € C1*(By) into
z(x; ) in C2Hn (BR). Further, we have

Iz ||C2,}J«/P«(ER)§ S w ”CU‘-(ER))?

where f is a continuous monotonically increasing function of ¢ € [0, 00). Since an
arbitrary bounded set in C2'“,”(§R) is compact in the space C*(Bg), T (w, 7)
maps each bounded set of the pairs (w,7) in C"#(Bg) x [0,1] into a com-
pact set in C'*(Bg). On the other hand, when || w; — w» 1z, goes to 0,
I b(x,wy, Dwy; ty) — b(x, w2, Dwy; Ty) ”CW(ER) tends to O uniformly with
respect to t. Moreover, T (w, t) is continuous in t uniformly with respect to
(x,w,Dw) € Brp x {u € R"; |lu| < c} x {p € R";|p| < c}. Therefore T(w, )
is a continuous map of (w, 7) € CH*(Bg) x [0, 1] into CV#(Bp).

Note that a fixed point z(™ of T, z(™ = T'(z(™, 1), is a solution to (6.3) and z is
a solution to (6.2). On the other hand, if we set zo = T (w, 0), then z satisfies

%tr[kk*Dzz] +b(x,w, Dw;0) =0, x € By 65)
=0, x € dBg, '
with
* 1 * * —w
b(x,w, Dw; 0) = B(x)*"Dw + E(Du)) AM*Dw+e " — p.
Therefore, z(()r) = tT (w; 0) turns out to be a solution to the equation
%tr[kA*Dzz] +tb(x, w, Dw;0) =0, x € Bp 66)
z=0, x € dBg. '
Hence, a fixed point zj = T (Z: 0) is a solution to
Ju[AA*D2z] + th(x,z, Dz;0) =0, x € Bg 67
= 0, X € 8BR.
Now, let us give the proof of the existence of a solution to (6.1).
Step 1. Proof of the existence of a solution to (6.2).
Owing to Theorem 3.8 in Hata and Sheu [7], we have the estimate for 7™
70 < 270 4 (1= 1) fy(), (6.8)
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where fo(x) is the solution to

Sa*D2 fol + Bx)Dfo —p+1=0, x € Bg ©69)
Jo=1, X € 0Bg. '
Moreover, we see that
D) > -C (6.10)

for sufficiently large C > 0. Indeed, when y < O, for x € {x;z(x) < 0} 7z(x) >
z(x) > —C for each T € (0, 1] since z(x) is bounded in Brk. 7z(x) > —C holds
as well in x € {x;z(x) < 0}°. Moreover, —C becomes a sub-solution of (6.3) by
taking C to be sufficiently large. Therefore we see (6.10) owing to Lemma 3.6 in [7].
Similarly, (6.10) holds also in the case of 0 < y < 1.

Further, owing to Theorem 3.9 in Hata and Sheu [7], we have

— pElog) < 2y < log(1 + E[og)), 6.11)
where og = inf{¢; |X;| = R}, and X, is the solution to the stochastic differential

equation:
dX[ = Tﬂ(X[)dl"’)x(X[)dW[, X():.x.
Therefore, from Theorem 4.1 and 6.1, Chapter 4 in [13], we obtain the estimates

suplz @) < M, suplz{”| <M

Bg Bg

for a positive constant M independent of 7, z™ and z(()t). Then, from Theorem 4.1 and
6.1, Chapter 4 in [13], we obtain

sup [V < My, sup |Vz{"| < My,
Br Bpr

n n
S Diz Nerw @< Mo DN Dizl” llerw o= Ma.
i=1 i=1

where the constants M1, M» and u’ are determined by n, M, ¢y, ¢2, and c¢3. Thus, we
can consider the operator 7 (w; t) only on the space

Z:={z¢€ Cl’”(ﬁR); sup z] < M + €, sup|Vz| < M
Br Br

n
+e D I Dizllcrw gy < M2 + €}
i=1
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for € > 0. Then, we see that there exists M such that
| z® ”C”’“/(ER)’ I Zér) “C]‘“‘/(ER)< M

for any fixed points z(* and z(()f). Hence, Theorem 6.1 applies and we see that z €
C2H (Bg) such that z = T'(z, 1).

Step 2. Proof of the existence of the solution to (6.1).

Let us take a sequence {R,} such that R, — oo, as n — oo, and a sequence
of solutions zg, to (6.2). Since z is a subsolution to (6.1), we can see that zp, is
nondecreasing because of the maximum principle. Further, we can see that zg, is
dominated by the super-solution Z(x) again by the maximum principle. Therefore,
there exists z(x) to which zg, converges as n — oo. Note that there exists a constant
M independent of n such that

sup |Vzg,| < M +r)

X€eB,

for r < R,, which can be seen in a similar manner to the proof of Proposition 3.2 in

[17] (cf. Appendix 2 and also (3.8)). Therefore, we can see that zg, — z, Wllo’f weakly

Vp > 1 by taking a subsequence if necessary. The convergence can be strengthen as

2

Vzg, convergesin L7 _ strongly to Vz. As aresult we can see that z € Wllo’c‘" is a weak

loc
solution to (6.1). Then, from the regularity theorem we see that z € C>*" and that it
is a classical solution to (6.1). m]

7 Appendix 2

Let us give the gradient estimates for the solution to H-J-B equation (2.11).

Lemma 7.1 Under assumptions(2.13)—(2.15), the solution z to (2.11) satisfies the
following estimate.

|Vz| < C(1 4+ |x]) (7.1)

for some positive constant C > 0.

The proof of this estimate is almost the same as the one of Proposition 3.2 in [17].
Here we only give some remarks that the proof could proceed in almost parallel to it.
One could see [17] to be more precise.

Proof Set Q' = (ANV—I,\*)i-/ and differentiate (2.11). Then, we have

1 N ) , .
0= E(M*)U Djjkz + By Dikz + (Diz) QY Djxz + DxUy — Dyze ™7

1 iy . 1 .
+§Dk(M*)” Djjz + (DiB,)Diz + E(DiZ)(Dk 0")Djz (7.2)
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Set F = |Vz|> = >}_, |Dxz|? and
1 .. . .
I'(F):= E(A.A.*)ZJDijF —i—ﬂ;DiF + QUDI‘ZD]'F.
Then, we have

[(F) = 0" DixzDjiz + Diz{ 00 Dijez + 28} Dixz + 20" D;zDjy.2}
= O DygzDjiz + Diz{—2DgU, + 2Dgze” 77 — Dy (A% Djjz
—2(Di ;) Diz — (Diz2)(Dy Q) Djz)

1 - 1 y |Vz]>  8C
> (O D22 4+ ~ (A DigzD gz — e — —|D%z|?
= 2ney {( ) UZ} + 2( ) ikZDjkZ 23 2 |D”z|
—2|Vz||VU, | +2|VzPe” 7 — 2|V’ |IVB, | — [VzP |V
1 . |Vz|? _z
> (YD, i7)? — —2|Vz||[VU, | +2|Vz|?e 7
_chz{( )Y Djjz} 5 [Vz||VU, | +2|Vz|"e

—2|Vz[*|VB,| — IVzI*IVQI.

Here we have used (7.2) and the matrix inequality (tffAB])> < nCtr[AB?], for sym-
metric matrix B and nonnegative definite symmetric matrix A having the maximum
eigenvalue C. Thus, in a similar manner to the proof of Proposition 3.2 in [17] (cf.
also [9,10, 15]) we can obtain estimate (7.1) by using H-J-B equation (2.11) again in
the last line in the above. Although we have the term (1 — y)e_lii? in the equation it
does not affect the proof since it is nonnegative. O
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