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1 Introduction and Main Result

Let  C R3 be a bounded open set with a regular boundary I' and © C Q be a (small)
nonempty open subset. For 7 > 0, we consider the cylindrical domain Q = Q2 x (0, T)
in R* with lateral boundary ¥ =T x (0, T); by v = v (x) we denote the outward
unit normal vector to €2 at a point x € T'.

Let us consider the following phase field system, which is usually used to model
the solidification process of certain pure materials occurring in a region 2:

uy — Au+ 1o, = vlp in Q,

o — Ap — (ap +bg> —¢%) —u =0 in Q,

u ¢ (1.1)
—=—=0 on X,

av v

u(0)=uo, ¢(©0)=do in Q.

Here, the function u = u (x,t) is related to the temperature of the material; ¢ =
¢ (x,t) is the phase field functions used to identify the level of solid crystallization
presentatpointx € Qandtimet € [0, T']; 1o denotes the characteristic function of O;
v is a control function to be determined, which physically corresponds to the density
of heat sources and sinks to be applied in O to control the solidification process; this
is what we call control force. The given constants / > 0, a > 0 and b depend on the
physical properties of the involved material; / in particular is related to the latent heat.
The initial data ug and ¢q are suitable given functions.

As for the boundary conditions in (1.1), it is important to remark that for the phase
field ¢ the homogeneous Neumann boundary condition is the natural condition to
be imposed. This is so because it corresponds to the physical requirement that there
is no flux of phases at the boundary. Moreover, since the values of ¢ determine the
material phase, the imposition of Dirichlet type boundary conditions for ¢ would mean
that specific phases for material on the boundary should be maintained during the
solidification process, which is not an usual situation in practice. As for the boundary
conditions for the temperature, other possibilities could be considered, with similar
analysis (see, for instance, Benicasa et al. [1-3] and Morosanu [4,5]).

Our main goal is to establish the connection between a controllability property and
optimal control problem for the system (1.1). More specifically, we want to show for
this system that the control v of the local null controllability is actually the limit of
a sequence of optimal controls. For this, we will also study a controllability problem
for the mentioned system.

System (1.1) is said to be exactly controllable for trajectories at time 7T > 0 if, for
any data {ug, ¢} and any globally defined trajectory {u, b} (corresponding to the data
{uo, 50} and v), there exists a control v such that the corresponding solution of (1.1)
is also globally defined in [0, T'] and satisfies

u(-,T)=u(,T) and ¢(,T)=(,T) in Q. (1.2)

When the trajectory is null, i.e., {&r, ¢} = {0, 0} (associated to ¥ = 0 and {7y, do) =
{0, 0}), the above definition is the formulation of the so-called null controllability for
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(1.1). This is equivalent to say that, for each {ug, ¢o}, there exists v such that the
corresponding solution {u, ¢} satisfies

u(,T)=¢(,T)=0 in . (1.3)

Before we describe in more detail our mathematical conclusions, let us comment
on the importance of the phase field technique as a modeling strategy.

Phase field models are diffuse interface models for phase change, that is, those
considering that the solid and liquid regions are separated by intermediate regions with
positive width and their own physical structure. These intermediate regions are called
mushy zones or transitions layers when the width may be small and are determined
by the values of some specific variables called phase fields; this means in particular
that the level sets of such fields separate the different phase regions. This kind of
modeling is perhaps the most successful way to model phase change because there is
incorporation of several important physical phenomena. A frequent realistic situation
in which the separation among the phases involve complex geometries (dendrites, for
instance) or low regularities.

Numerical simulations of such models, although difficult, are still possible. Some
papers that dealt with several numerical aspects related to phase field models are for
instance Benincasa and Morosanu [1], Cheng and Warren [6], Hamide et al. [7], He
and Kasagi [8], Morosanu [4,9], Rosam et al. [10], Sun and Beckermann [11], Tan
and Huang [12] and Zhao et al. [13].

Some papers showing the modeling flexibility of the phase field methodology and
its mathematical richness are Ahmad et al. [14], Benincasa et al. [2,3], Boldrini and
Vaz [15], Caginalp et al. [16-19], Cherfils et al. [20], Colli et al. [21], Gilardi et
al. [22,23], Jiménez-Casas [24], Karma [25], Krejci et al. [26,27], Laurencot et al.
[28], McFadden et al. [29], Morosanu [30], Nestler et al. [31], Penrose and Fife [32],
Planas [33] and Stiner [34]. The asymptotic behavior in time of the solutions for some
phase field models has been treated for instance in Aizicovici et al. [35,36], Bates
and Zheng [37], Brochet et al. [38], Jiang [39], Kapustyan et al. [40], Roger and
Tonegawa [41] and Sprekels and Zheng [42].

Next, we will briefly comment on some mathematically rigorous results that have
some connections to ours.

The present model was studied by Hoffman and Jiang [43], where they were able
to prove existence, uniqueness and regularity of solutions. Moreover, they also proved
the existence a optimal control v minimizing the cost functional

T
/ / lv|?dxdt,
00

(1.4)

1
Fetugivy =5 [ (1. T) = wal + 166, ) = 44P) dx +

Q

[NSHNQ

where € > ( and the functions ug, ¢4 are given.
Related to this issue, and considering one control in each equation, we can mention
the work [44] by Wang and Wang, which, by means of Carleman inequality, the authors
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have shown the existence of a pair of optimal time controls and the maximum principle
for a phase field system.

Concerning controllability questions, to compare ours to other results, we must
firstly observe that we can rewrite the equations of the system (1.1) as

ur — Au+ f (u,¢) = —-IA¢p +vlp in Q,

O —Ap+g(P)=u in 0O, (1.5)

where now
Fu,d) = lu+1 (a¢ T bg? — ¢3) and g(¢) = — (a¢ +bg? — ¢3) (1.6

In [45], Barbu proved local exact controllability of (1.5) to the stationary solutions
by using two control forces. That is, he put an additional control term in the second
equation in (1.5) (the phase field equation). However, the inclusion of a control term
in the phase field equation can not be easily done in practice; in fact, in most usual
realistic situations, only the temperature can be subjected to some control. Besides,
Dirichlet boundary conditions were used in those papers.

In the more realistic setting of only one control force, but still with Dirichlet bound-
ary conditions, Ammar-Khodja et al. [46] proved the exact controllability to the trajec-
tories for a system similar to (1.5) in the case when f = 0 and g is such that g (0) =0
and

fim — 56 _ (1.7)
lsl=00 [s| In*/2 (1 +|s])

In [47], Gonzéles-Burgos and Pérez-Garcia proved the null controllability, the exact
controllability to the trajectories and the approximate controllability for (1.5) in the
case when f = f (u, Vu, ¢, V@), under certain suitable conditions, and g also satis-
fying (1.7). So, they generalized the result in [46] and also improved the result in [45].

We point out that the function g given in (1.6) does not satisfy (1.7), and thus the
results used in [47] does not seem directly applicable to our case. However, the authors
in [47] commented that their controllability results, at least locally and with Dirichlet
boundary conditions, may be adapted for system (1.5).

In this paper, before to establish a connection between a certain optimal control
problem and the controllability one of the system (1.1), we state local controllability
properties for (1.1) in the Theorems 4.1 and 4.2. Note that we are dealing with the
more realistic Neumann boundary condition for the phase field and with a classical
nonlinearity derived from the two-wells potential. This controllability result improves
the one in [45], but we cannot say the same with respect to the results in [46] and [47],
since theirs and ours nonlinearities and boundary conditions are different.

To prove Theorems 4.1 and 4.2, we will adapt the ideas from [47], whose strategy
consists, firstly, to linearize the problem and then to introduce a fictitious control in the
second equation (phase field equation) of this linearized one. So we will prove the null
controllability of this linear system with two controls. To obtain this control property,
we will get an observability estimate for the solution of the corresponding adjoint
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system as a consequence of suitable Carleman and energy inequalities. In a second
step, we will eliminate the control in the phase field equation and will construct,
by using the parabolic regularizing effect of the problem, a control v that gives a
controllability of linearized problem. Finally, we will apply the Kakutani fixed point
theorem and we will deduce the claimed controllability result for the nonlinear phase
field system (1.1).

It is important to note that the control that leads to solution of a system to any
desired target states may not be unique. In this way, to build the desired control v in
Theorems 4.1 and 4.2 (see Sect. 3) we will make use of minimization of functionals
Je (see 3.16).

In this work, we will establish that the sequence of solutions of optimal control
problem which minimize the functionals (1.4) converges to solution of the controlla-
bility problem obtained in the Theorems 4.1 and 4.2. This result is, in our opinion,
interesting from a computational point of view, since in practice is easier to treat with
the functionals F, (see 1.4) than ones J¢ (see 3.16). In numerical approximations
context and using the same type of ours cost functionals F., we can cite the paper [48]
by Cao, where this kind of limit behavior for an optimal control problem associated
to linear parabolic equations, was analyzed and simulations were presented.

The rest of the present work is organized as follows. In Sect. 2, we fix the notation
and recall certain known results to be used later on. Section 3 is dedicated to obtain
null controllability for the linearized system. In the first part of Sect. 3 it is obtained
null controllability for the linearized system by using two control functions. In the
second part, we eliminate one of these controls to obtain null controllability for the
linearized system by using only one control function. In Sect. 4 itis proved the local null
controllability for the nonlinear system and then we get the local exact controllability
to stationary trajectories. Finally, in Sect. 5 it is obtained a connection between the
proposed optimal control problem and the controllability one.

2 Preliminaries

In this section some definitions, notations and technical results involving regularity of
a linear parabolic system are presented. These results will be used latter.

Here we will use standard notations for Sobolev spaces, i.e., given 1 < p < +o00,
k € N and any open set V € R", we denote the usual Sobolev space by

WEQV) ={f € LP(V): D*f € LP(V), |a| <k} and HX(V) = WE(V).

Properties for such spaces can be found for instance in Adams [49].

To study the Eq. (1.1), we will need the following functional spaces: let any 1 <
r < oo, T € (0,00), B aBanach space, § € [0, T) and any open set V € R", we
denote

L0, T;B)y={f:(0,T) = B: I fOls llro.1)) < +0}.
W25, T; V) = {f L S, T:W2(V) : fie L'(V x (0, T))} ,
w2l(0) = w>0, T; Q).
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For results concerning the last two spaces, we refer for instance to Ladyzenskaja
and Solonnikov [50] and Mikhaylov [51]. Here we recall a result that sometimes is
called the Lions—Peetre embedding theorem (see [52, p. 24]); it is also consequence
of Lemma 3.3, p. 80, in Ladyzhenskaya [50]:

Lemma 2.1 Ler V C R3 an open and bounded domain satisfying the cone property
andlet Q(8,T; Q) = Q x (8, T), with0 <8 < T < oo. Then W' (Q(5, T; Q) C
LP(Q(8, T; Q)) with compact and continuous embedding for

. AN
p<|\-—2) ir<5/2
r 5
(ii) 1 < p<ooifr=5/2,
(iii) p =o00ifr >5/2.
We will also need the following Hilbert spaces:
WO.T)={f € L*O.T; H'(Q) : f; € L*0, T: (H'(2)")

and

of

:IfeH2(Q):E=O onF}.

In the sequel, C denotes a generic positive constant; sometimes we will explicitly
write its dependence on parameters; for instance, when we write C = C (2, T), we
means that C only depends only on €2 and 7.

Next, we present a result on existence, uniqueness and regularity of solutions of
the following liner parabolic system:

—Au+lu+oap=—-IA¢p+ f1 in Q,

o —Ap+Bd=u+fr in Q,

8u28¢> 0 on X, 2.1)
ov av

u ) =up, ¢(0)=dgo in Q.

Proposition 2.2 Let ] > 0 a constant and o, B € L*°(Q) be given.

(i) If uo, ¢po € L*(Q) and fi, f> € L2(0 T: (H'(R))), then there exists a unique
weak solution {u, ¢} € [W (0, > of (2.1) in the following sense

[(ur, v) + (Vu, Vv) + 1 (u, v) 4+ (a¢p, v)] dt

St~

T
=/ L (V. Vo) + (fi. v)]dr in Q. 9
0

T
/ (1. 0) + (V. Vo) + (B, )] di = / (. 9) + (fop)]di in O,

0
u(0) =ug, ¢(0) =g in Q,
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SJorall{v, ¢} € [HY(Q)]?, where (-, -) denotes the pairing between (HY(Q)) and
HY(Q) and (-, -) denotes the inner product in L2().
Besides, this solution satisfies the estimate

[l {ue, ¢}||[W((),T)]2 < Cl|H{uo, ¢0}||[L2(Q)]2 + I{f1. fz}||[L2(0,T;(1-11(Q)))f]2,

for some constant C = C (Q, T, llollLe(g, ||,3||Loc(Q)) > 0.
(ii) Ifuo, ¢o € W2™"(Q NV and fi, f> € L"(Q) for some r € [2, 00), then the

weak solution {u, ¢} of (2.1) belongs to [W,Z’l(Q)]2 and satisfies the estimate
”{M, ¢}||[W,2'I(Q)]2 S C(“{”O? ¢O}||[Wr2_2/r(9)]2 + ”{f] ) f2}||[L’(Q)]2),

for some constant C = C (SZ T,1, lallLe(g), ||/3||Loo(Q)) > 0.

The first part [item (i)] of the last proposition is proved by using Faedo-Galerkin
method. The second part [item (ii)] is proved by using (i) and a *bootstrap’ argument.
By combining the local regularity of heat equation and a *bootstrap’ argument the
following local regularity result is obtained for the linear parabolic system (2.1).
Proposition 2.3 Let [ > 0 a constant, « € L®(Q), B € L>®(Q), ug, po € L*()
and fi, fa € L%, T: (H! (R))) be given and let {u, ¢} € [W (0, T)]2 be the corre-
spondent unique solution of (2.1). Let V C Q and O CC 2 be two open sets and let
r € [2, 00) given.
(i) If fi, f2 € L"(8, T; L"()) for some € (0, T), then {u, ¢} € [W>' (8, T; )7
forany 8' € (8, T) and there exists constants C1 > 0, Co > 0 depending on L,
L lallLecoy, IBllL=(), independents of T such that

|| {M, ¢} || [W,Z’I(S’,T;Q)]z

< €C|TC2 (1 +

K
. 8) (||{f17 S .o + IHu, ¢}||[W(0,T)]2) ;

where KC > 0 is a constant.

(ii) If f1, f» € L"(0,T; L"(V)) and u(x,0) = ¢(x,0) = 0 in Q, then {u, ¢} €
[Wr2’1(0, T: V) for any V' CcC V C S and there exists a constant C =
C (Q L lall Lo oy, ||,3||Loo(Q)) > 0 independent of T such that

”{M’ ¢}”[Wr2’l(0,T;V’)]2
<CA+T) (If15 Hzro,7:romp + 1 o wo, ) -
(iii) If f1, f» € L"(0, T, Lr(Q\@)) and u(x,0) = ¢(x,0) = 0in R, then {u, ¢} €

[Wrz’] 0, T; Q\0))? for any O cC O’ CC Q and there exists a constant C =
C (SZ, L el o< 0y, ||,3||L°°(Q)) > 0 independent of T such that

e, dYl w21 0. 7. 002
<C(+T) (”{fh P om0, 00 + i ¢}||[W(0,T>]2) :
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(iv) Assume that hypothesis in part (ii) are satisfied. Suppose also that f>, u €
L7(0, T; WL (V)), VB € LY (Q)3, with y given by

[ max{r,5/2} if r#£5/2,
| e+5/2 (foranye > 0) if r=5/2.

Then ¢ € L"(0, T; W3 (V")) and ¢, € L (0, T; W} (V")) forany V' cC V C Q
and there exists a constant C = C (Q L lallLee(oy, ||/3||Loo(Q)) > 0 independent
of T such that

ol w3y + 1DelliLro.rwronyy = €A+ T)*(1 4+ VBILr o)

X (”fl Izro.7:Lr vy + 25 ubll 1 o powtor oy + ||¢||W(0,T)) .

3 Null Controllability for the Linear Phase Field System

In this section we will adapt the ideas from [47] to prove the null controllability for a
linear phase field system. Here, the strategy consists in to introduce a fictitious control
in the second equation (phase field equation) of the linearized system and prove the null
controllability of this linear system with two controls. To obtain this control property,
we will get an observability estimate for the solution of the corresponding adjoint
system as a consequence of suitable Carleman and energy inequalities. In a second
step, we will eliminate the control in the phase field equation and will construct,
by using the parabolic regularizing effect of the problem, a control v that gives a
controllability of linearized problem.

The aim of this section is to prove the null controllability property for the following
linear phase field system:

ur — Au+lIlu+ap =—-IA¢p +vlp in Q,

¢ — AP+ Bdp=u in Q,

8_u_8_¢:0 on X, G-
av ov

u0) =ug, ¢(0)=d¢o in €,

where «, B € L* (Q). For this, we will study, initially, the null controllability for the
auxiliary linear system with two control forces:

uy — Au+lIlu+ap =—IA¢p +vilp in Q,

¢ — Ap+ B =u+ w2l in Q,

u  0¢ (3.2)
—=—=0 on X,

av av

u0) =up, ¢(0)=d¢o in Q.

After that we will eliminate the control in the phase field equation (3.2), and will
construct a control v that gives a null controllability of (3.1). We divide it into two
subsection.
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3.1 Null Controllability for Linear Phase Field System with Two Controls

For the linear phase field system (3.2) we have the following null controllability result:

Theorem 3.1 Let T > 0 and initial data ug, ¢ € L? (2) be given, then there exist
two control functions vy, vo € L* (Q) such that the solution {u, ¢} of (3.2) satisfies
(1.3). Furthermore, there exists a constant C = C(T, |||l (g) ||,3||LOC(Q)) > 0
such that

{v1, U2}||[L2(Ox(0,T))]2 < C [{uo, ¢O}||[L2(Q)]2 . (3.3)

The proof of this theorem is a consequence of the suitable observability property
for the following adjoint system:

—¢r —Ap+ Bopt+ay =—IAYy in Q,

- =AY+ =9 in Q,

o _W_, on 3. (34)
av av

o (T) =9y, ¥ (T)=1o in Q.

Precisely, we have to prove the observability result:

Theorem 3.2 Let T > 0 and initial data ¢q, Yo € L? () be given, then there exists
a positive constant C such that

He 0, ¥ O 2qp = € / (1o +1v?) dxdr. (3.5)
Ox(0,T)

Proof The proof of this observability result combines a suitable Carleman and energy
estimates for the solution of the adjoint system. We set

) A _ Hle(a)
) t) = DN ) 1) = )
§(x,1) T p(x,1) T =0
Ml (g (3.6)
N e _ MMe(@)
9 t = 9
p(x,1) T
where A > 0 and the function 5 € C? (@ is such that
n>0inQ, n=0onT and Vp #0in Q\O', 3.7)

with @’ CC O being an arbitrary fixed subdomain of 2. We refer to [53] for the proof
of the existence of a function satisfying (3.7).

The following Carleman estimate for the solutions of (3.4) holds:

@ Springer



548 Appl Math Optim (2014) 70:539-563

Lemma 3.3 Let functions &, p and p be deﬁned as in (3.6). Then there exists a number
A > 0 such that for an arbitrary A > A, there exists a positive function so = so (1)
such that for every s > sq the solutions of problem (3.4) satisfy the following inequality

/ [(ﬁg —C1 = CT? = CLCT P || s) o2 + = Vgl ] (€ + €»P) dxdt

3

+ / [(s% — CaT* lalloo) 1912 + 5E IV 2] (€27 + ¢27) dixd

0
<Gt / $3E3 1pI? (€ + e¥P) dxdt + C / SEYP (¥ + e*P) dxdt
Ox[0,T] Ox[0,T]
+ C1CT 1 |2 / sYE3 [y 1? (¥ + €¥P) duxdt, (3.8)
Ox[0,T]

where the constants C1 > 0 depends continuously on A and the constant C» > 0
depends continuously on A and || B -

Proof of the Lemma 3.3 By applying the Carleman inequality (see [53]) in (3.4)2 we

can guarantee the existence of a number A1 > 0 and of a positive function s; = 51 (A)
such that

/ [é (lelez + IAwIZ) +sE VY |? + 5783 |¢,|2] (ezsp +e2sﬁ) dxdt
0

/ o (¢ +¢*7) dxd + / P8 P (2 + %) dat |
0 Ox[0,T]
3.9)

for & > A; and s > s1, where the positive constant C depends continuously on A.
On the other hand, we see that the first equation of (3.4) is equivalent to

yi—=Ay+By=—-0T =)o —at(T =)y —1t(T —1) Ay, (3.10)

where y =t (T —t) ¢.
Thus, by applying once again the Carleman inequality to Eq. (3.10), we obtain the
existence of a number A > 0 and of a positive function s, = s (1) such that

1 =

/ [— (1302 + 1Y) + 58 195 + 5% |y|2} (2 +7) dxar
5%

o

< C2T2/ Pk (ezw n em) dxdt + C,T* IIaIIOO/ Ve (eZSp + 62”7) dxdt
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+ C TP / t(T —1) | Ay [? (ezm + ez‘*ﬁ) dxdt
0
TN / $3E3 o2 (625” + e%‘f") dxdt, 3.11)
Ox[0,T]

for & > A, and s > 5o, where the positive constant Cy depends continuously on A and

1Bl - _
Since r (T —t) = e}‘”/E with A > 0 and n > 0 in €2, we have by (3.9) that

/; (T — 1) |AY? (¥ + e¥P) dxdr < || s/iS |AY (€27 + e*7) dxdt
N
0 0

<C; He”’ ||Oo /s lp|? (62”) + ez‘fﬁ) dxdt + / s*e3 |y )P (e2sp + ezyﬁ) dxdt |,
0 Ox[0,T]
(3.12)
for A >/):] and s > s1.

Taking’): = max {/):13:2} and 5o = max {sy, s}, for A > 2 and s > so We can
replace (3.12) in (3.11) to obtain

/ (5 IVol* +57¢ |¢|2) (eZSp + em) dxdt
) §

< CgTz/ o) (e2sp 4 em) dxdt + C>T* ||oz||oo/ |2 (ezfp + em) dxdt
0 0

+ CCT?1? He)‘”Hoo /s lp? (ez”’ + ezsﬁ) dxdt
0

+ / SYE3 |y 2 (ez‘w + eM) dxdt

Ox[0,T]
+ C1* / 363 |o)? (ezm + eW) dxdt. (3.13)
Ox[0,T]
By combining (3.9) and (3.13), we get the inequality (3.8). O

In order to complete to proof of Theorem 3.2, it is sufficient to show the existence
of a positive constant C such that

g (). ¥ O}, 2 e < C [ (I + 1W[*) dxat. (3.14)
[L2(2)]
0
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This can be easily done by means of classical energy estimates. In fact, by multiplying
the Eq. (3.4)1 by €9 (¢ > 0 to be chosen), (3.4), by v, integrating in 2 and adding
the obtained equations we can deduce that

1d € el?
3 (GWF44¢V)dx+l/[EIV¢V4-(1—45)|V¢F]dX+J/WWFdXW
Q Q Q

L+ ol L+ e a
< (B ) [ aar s L [ypan Gas)
Q Q

Taking € < 2/1? and integrating (3.15) in time from O to ¢, it follows that

[ (e @+ @F)dx < ¢ [ (10 @F + 1w @) dx

Q Q
t
+ C// (|§0 D + Y (x, t)|2) dxdr.
0 Q

By majorizing the last integral by taking # = T in it, and then integrating in time from
0to T, we obtain (3.14) and this concludes the proof of Theorem 3.2.
Now, we return to the proof of Theorem 3.1.
Proof of the Theorem 3.1 In view of the observability inequality (3.5), the null con-
trollability result of the linearized system can be proved as the limit of an approximate
controllability property. Let us first discuss the approximate controllability property.
Given ug, ¢o € L* () and € > 0, we introduce the following functional:

Jo [L2 (Q)]2 >R
| T
Jelgo. o) = 5 / / (¢ + v2) dxdr + € {0, Yol 2 g
00

+ / Luog (0) + ¥ ()] dx. (3.16)
Q

where {¢, ¥} is the solution of the adjoint system (3.4) with data {¢g, ¥} .
The functional J, is continuous and strictly convex in L%(Q), and it is also coercive.
More precisely, arguing as in [54], it can be seen that

i Je {@o, Yo}
m

inf > (3.17)
o w0}l 2(q2 =0 @0, Yolllir2 @)

In this way, J¢ has a unique minimizer in [L? (2)]%. Let us denote it by {@0.¢» 17/1\0,6}.
Proceeding as in [54], it can be checked that the pair of controls {vl,e, vz,é} =
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{Pe, V), where {Pe, W} is the solution of (3.4) associated to minimizer {Q0.c. 1%,5}
is such that the solution {u, ¢} of (3.2) satisfies

{ue (T), pe (THlz2()p2 < €- (3.18)
The null-controllability property can be obtained as the limit when € tends to zero

of the approximate controllability property above. However, to pass to the limit, we
need a uniform bound on the control. To get this bound, we observe that, by (3.5),

T
1
Je {wo, Yo} = 5//((,024-1#2) dxdt
00

1/2

T
_\/E // ((,02 + 1#2) dxdt ||{M(), ¢0}||[L2(Q)]2 . (319)
00

On the other hand,
Je(@o.e, Vo.e} < Jef0,0) = 0. (3.20)

By writing (3.19) for {¢o.e, l/ﬂ\()’e}, the minimizer of J. in L*(2), and combining
with (3.20), we deduce that

H {vl,ev v2,€} ” [LZ(OX(O,T))]z = 2\/5 ”{MO’ ¢0}||[L2(Q)]2 ’ Ve > 0

In other words, {v} ¢, v2.c } remains bounded in [L? (O x (0, T))]* as € — 0. In this
way, by extracting subsequences, we deduce that, as € — 0,

{vie, v2.} = {v1,v2} weaklyin [L? (O x (0, T))1?, (3.21)
for some pair {vy, v2} € [L% (O x (0, T))]2.
Itis easy to see that the limit {v1, vy} is such that the solution {u, ¢} of (3.2) satisfies

(1.3). Moreover, by the lower semicontinuity of the norm with respect to the weak
topology and in view of (3.21), we get

w1, v2Hliz2ox . ry < liminf [{v1e. v2.e} 200 0.2

< 23/C |l{uo, doXl2)p »

this completes the proof of Theorem 3.1. O

3.2 Null Controllability for the Linear Phase Field System with One Control

For the linear phase field system (3.1), the following null controllability result holds:
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Theorem 3.4 let T > 0, r > 2 and data ug, ¢y € W,Z_z/r(Q) NV be given,

then there exists a control function v € L" (Q) such that the solution {u, ¢} of
(3.1) belongs to [Wrz’l(Q)]2 and satisfies (1.3). Moreover, there exists a constant
C = C(T, ”a”LOO(Q) . ”IBHLOO(Q)) > 0 SMCh that

Ivllrox 0,1y < C l{uo, Potllir2()p2 (3.22)
and
Proof Let with O; be a regular nonempty open subset of €2 such that Oy cC O C Q.
Let 01,02 € L? (Q) be two controls provided by Theorem 3.1 associated to O
and the solution {u, ¢} of (3.2). We consider a function ¢ € C* ([0, T]) such that
¢=1in[0,T/3],¢=0in[27/3,T],0<¢ <land [’ ()| = C/T in[0,T],
and we introduce the change of variables

u=U+c¢u and ¢ =D+ o,

where {i, ¢} solves

U — Au+lu+ap=—IA¢ in O,

b — AP+ ph =1 in Q,
ou 9

—=—=0 on X,
av av _

u(0) =uo, ¢(0)=¢o in €.

Notice that, the proof of the null controllability of (3.1) is reduced to find a control
v that solves the null controllability for the following system:

U — AU +1U+ad=—-IAD—-¢'u+vlp in Q,

O, — AP+ BOP=U—-('¢p in Q,

oU  0d (3.24)
—=-—=0 on X,

ov av

U0)=20)=U((T)=d(T)=0 in Q.

Let us consider Oy, O3 and Oy three regular open subsets of 2 such that O CC
O, cc O3 CC O4 CC O and a function 6 € D (Oy) satisfying 6 = 1 in O,. We
Take

dP=(1-0)D, U=(1-0U+60¢+2V0-VO+dAI (3.25)
and
vV=00T—2IV0 VD —IDAO +2V6 - VU + UAO

d o ~ ~
N (d_t At l) (605 +2V0 - VP + 3A0) | (3.26)
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where {17 , 6} defined by

solves the problem

U —AU+1U +a® = —IAD - T4 vlp, in O,

O —AD+BD=U—'¢+ulo, in 0,

oU 9o (3.27)
—=-—=0 on ¥,

v i ~ -

and {1, $ } being the solution of (3.2) (with null initial data and O instead O) satisfying
(1.3). Notice that the solution {iz, $} can be determined by Theorem 3.1.

It is easy to see that the control function v given by (3.26) (together with {U, ®})
solves (3.24). Consequently, the control v (together withu = U +¢uand ¢ = &+ )
gives the null controllability of system (3.1).

Proceeding asin [47], we can obtain the estimates (3.22) and (3.23) as aconsequence
of the parabolic results in Sect. 2. O

4 Controllability for the Nonlinear Phase Field System

The main aim of this section is to obtain controllability properties for the nonlinear
phase field system (1.1).

In order to use the results of the previous section, we begin by considering the
following local null controllability result:

Theorem 4.1 Let T > 0 be given, then there exists ro > 0 such that for any data

(o, g0} € [WE25() N VI, with s > 5/2, satisfying

”{uOv ¢0}||[WA?*2/5(Q)]2 <o, (41)

there exists a control function v € L2 (O x (0, T)) such that the solution {u, ¢} of
(1.1) satisfies (1.3).

Before starting the proof of the theorem, let us observe that system (1.1) can be
rewritten as

ur — Au+lu+h(p)p = —-1A¢p +vlp in Q,

¢ — AP + (D) = u in Q,

w _3 _ on . 4.2)
v dv

u(0) =up, ¢ (0) = o in @,

with

h(a):l(a+b0—02) and §(o)=—(a+ba—02).
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Next, we consider

X :=L*0,T; H'(Q) x L>*, T; Wsl/z(sz))

and
o if |o| <R,
M) = [R sgn(o) if |o| > R, @3)
where R > 0 is an arbitrary constant.
For each {z, £} € X, let us consider the linear system
uy — Au+lu+asp =—IA¢p+vlp in Q,
gt_Ag)+ﬁ§¢:u in Q,
u_99 _, on I, 4.4)
v dv )
u(0) =uo, ¢(©0)=do in €,

where
@ = h(lg(§)) and B = g(Ig(£)).
We note that
az € L°(Q) and Bz € L®(Q)N L%, T; Wsl/z(sz)),
with

lleeg | Loo @) = maX\U\SR{Vi(O')'} =: ag,
|Bell Lo (@) = max|s|<rilg(0)]} =: Br.

By using the previous notations and remarks, we return to Theorem 4.1 to prove it.

Proof of Theorem 4.1 First of all, for each pair {z, £} € X let us apply Theorem 3.4
to find a control v such that the solution (u_ ¢, ¢, ¢) of system (4.4) with control v and
potentials g and B is such that u, ¢ (x, T) = ¢, ¢(x, T) = 0in Q.

Since ug, ¢pg € Wsz_z/s(Q) NV (s >5/2) and, for each {z,&} € X, we have
a € L™®(Q) and B € L®(Q) N L3200, T; W51/2(Q)), we can apply Theorem
3.4, with r = 2 (this implies that y = 5/2), to guarantee the existence of control
Vg € L?(Q) such that the corresponding solution {u 2.6 ¢Z,§} of system (4.4) satisfies

g € L0, T; W/ @) NCQ), ¢.6 € WH(Q),
with
”uz,s ”LS(O’T;WSI(Q))QCO(E) + ||¢z,§ ”WSZ’I(Q) <l {MOa ¢O} ||[WY2_2/S(Q)]2’ 4.5)
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where C; = C1(R2, O, T, |lagllL=(0), I BellL>(g)) > 0 and
ue(T)=¢,(T)=0 in Q.

Besides, the control function v satisfies the estimate
” UZ,E ”LS (0,T; Wsl (O))nco(éx[o’r]) S C2 ” {u()v ¢0} “ [LZ(Q)]2 ) (46)

where Cy = C2(2, O, T, llag L0y, I1Be Iy, 1Bt 1520, 7 wl @) > 0.

In the sequel, for each fixed pair {z, £} € X, we will denote by {u,, ¢,} the solution
of (4.4) associated to control v and potentials czg and B¢ . By simplicity, the dependence
of {z, &} will be omitted here.

Now, for each pair {z, £} € X, we define the family of control functions

Atz &) = v e L2(Q) : luu g} € (L. T: W/ @) n (D))
x W2 (Q)uy(x, T) = ¢y(x, T) = 0in  and v satisfies (4.6)}.

Then, we can consider the multi-valued mapping
Arp: X — X

where Apg {z, &} is the family of pairs {u,, ¢,} € (LS(O, T; WSI(Q)) N CO(E)) X
W2'(0) such that v € Ag {z, £} and {uy, ¢} satisfies (4.5).
Let us apply Kakutani’s fixed point theorem to A g. For this, we observe that:

(1) Ar{z, &} #@forall {z,&} € X.

Let be given {z, £} € X; by our previous discussion on the linear system (4.4)
and the fact that
[(LS(O, T; W) N cl(Q)) x WSZ’I(Q)] C X, we can conclude that there
exists {uy, ¢y} € Ag(z, §).

(i) Ag{z,&}isaconvex setforall {z,&} € X.
This follows directly from linearity of system (4.4).

(iii) Ag {z, &} is closed for all {z, £} € X.
For this, let us fix an arbitrary pair {z, £} € X. Let {u,, ¢} € Ar{z,&},Vn € N,
such that {u,, ¢,} — {u, ¢} in X. Let us denote by v, the control function
associated to {u,, ¢,} for each n € N. We have that {u,, ¢,} satisfies (4.5) and
consequently there exists a subsequence (that we will denote again by ({u,,, ¢,,})
by simplicity) such that

{tn, pn} — {u, ¢} weakly in (L‘Y(O,T;Wsl(Q))ﬂCO(E))fo’l(Q).

Since v, satisfies (4.6), for all n € N, we have the existence of a subsequence
(that we will denote again by (v,) by simplicity) such that

v, — v weakly in L2((9 x (0, T)).
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By using the previous convergences to pass to the limitn — oo (in a subsequence
if necessary) in (4.4) we obtain that {u, ¢} is the solution of (4.4) with control
v and potentials og and Bg. Furthermore, we get u(T) = ¢(T) = 0 in Q and
{u, p} € Ag{z, &}. So we conclude that Ag {z, £} is closed.

(iv) Ag {z, &} is uniformly bounded for all {z, £} € X.
This follows from estimate (4.5).

(v) Ag: X — X is a compact mapping.
Let B C X abounded set and Ag(B) = U{Ag{z,&} : (z,€) € B}.
Let us consider an arbitrary {u,, ¢,} € Ag(3). Since B is bounded, it follows, by
estimate (4.6), that Ag (B) is uniformly bounded in L?(Q). By applying Propo-
sition 2.2 (with r = 2, f1 = vlp, fo = 0) and using estimate (4.6), we obtain

” {uva ¢U} |I[W§vl(Q)]2 = C” {M(), (bo} ”[HI(Q)]Z’
with C = C(2, O, T, ag, Br). Besides, by (4.5),
||¢U||[W3](Q)]2 = C” {M(), d)o} ||[W372/S(Q)]2’

withC = C(Q,0, T, ag, Br).
Since {uy, ¢y} € Agr(B) is arbitrary, the previous inequalities imply that
Ag(B) is bounded in [W22’1 (0)1%. Moreover, W22’1(Q) C L300, T; H'(©)) and
WSZ’I(Q) c L3?0,T; W51/2(Q)) with compact imbeddings, because s > 5/2.
Consequently, Ag(B) is relatively compact in X. Thus, Ag(B) : X — X is
compact.

(vi) Ar: X — X is upper hemicontinuous.

Here we need to show that for each bounded linear real-valued function © on X,
ie., u € X', the real-valued function

X —>R

{z,8} = sup  (u,{u, d})
(u.g)eAr(z6)

is upper semicontinuous. In other words, we need to show that the set
Brp=q{z.6beX:  sup  (u {u o)) =k
{u.pteAr{z.E}

is closed in X, for all u € X’ and all k € R (see Doubova et al. [55]).
For this, let us fix arbitraries © € X’ and k € R. Let be ({z,, &,}) a sequence in
Bk, such that {z,,, &,} — {z, &} in X. In this way, we have

&, — & strongly in L%(0),

ag, =1 (a+bTp(E) — Tg(E)?) — e stonglyin LY4(Q),
Be, = — (a+bTg(E) — Tr(E)?) — P stronglyin  L34(Q).
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Observe that oz, Bz € L°°(Q) by definition of «, 8.
Now, for each n € N, Ag {z,,, &} is closed and relatively compact in X, then it is
a compact set. Thus, there exists {u,, ¢,} € Ar(zn, &) such that

k S Sup <I"l” {M’ ¢}> = <I"L’ {’/‘na ¢n}> (47)
(u,9)eAR{zn,En}

By definitions of Ag {z,,&,} and Ag {z,, &,}, there exists a control function
vp € L*(Q) such that {u,, ¢,} € (L°(0, T; WH(R)) N C°(Q)) x w2 (0) is solu-
tion of (4.4) with control v, and potentials ag, = h(I1g(£,)) and Bz, = g(ITr(£y)).
Furthermore u,(T) = ¢,(T) = 0 in Q and v,, {u,, ¢,} satisfy (4.6) and (4.5),
respectively.

Since (v,) and ({u,, ¢,}) are uniformly bounded sequences in L%(Q) and
(LS O, T; Ws1 ()N Co(a)) X Wsz’l(Q), respectively, then, considering a subse-
quence if it is necessary, we have that

{n, bu} — {@, ¢} weaklyin (L5(0, T; W) () N C°(Q)) x W' (Q),
v, — 0 weaklyin L*(O x (0, T)).

By using the previous convergences to pass to the limit, as n — 00, in prob-
lem (4.4), we obtain that (i, 3) satisfies this problem with control ¥ and potentials
@z = h(TIg(€)) and Bz = Z(T1(£)). Besides, #(T) = ¢(T) = 0 in Q and v, {7, ¢}
satisfy (4.6) and (4.5), respectively. Thus,

e Arlz, £} and (@, @) € Ar{z, &}

Next, by passing to the limit in (4.7), since {&, ¢} € AR {z, £}, we obtain

k<(w (@o)< sup (i, {u, o).
{u,p}eAR(z,8)

Thus {z, &} € By, which implies that By, is a closed set and then A is upper
hemicontinuous.

Since hypotheses of Kakutani’s fixed point theorem are satisfied by Ag : X — X,
we conclude that there exists at least a fixed point {u, ¢} € X of Ap, that is, there
existsacontrol v € L2(Ox (0, T)) such that {u, ¢} € (L*(0, T; W} () N C°(Q)) x
WS2 o1 (Q) is the corresponding solution of problem (4.4) with potentials ¢y =
h(ITr(¢)) and ey = g(ITg(¢)). Moreover, v and {u, ¢} satisfy (4.6) and (4.5), resp.,
andu(x,T) =¢(x,T) =0 in Q.

To complete the proof, we just need to show that [Tg(u) = u and [Tr(¢) = ¢. By
using (4.5) we have

lulleco) + l1@llL=co) = Clllulicog) + 1Plly21 )

S Cl(Q, Ov Ta R)”{“Ov ¢O}||[WY2_2/Y(Q)]2
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By taking § = R/C{(2,O,T,R) > 0, we obtain from last inequality that if
{uo, ¢0}||[W32—2/s(9)]2 < §, then I1g(u) = u and [1g(¢p) = ¢. This proves the theo-
rem. O
Notice that the null controllability can be read as the exact controllability to the
trajectory {, é} = {0, 0} (associated to ¥ = 0 and {ily, ¢} = {0, 0}). In particular
for the null stationary trajectory {u, é} = {0, 0} (associated to 7 = 0).
Considering {ug, ¢4} a steady-state (equilibrium) solution to system (1.1), i.e.,

—Aug =0 in €,

—Adq — (aga +bpg — ¢3) —ua =0 in @, 4.8)
dug  9¢qg ’
L =9 on T,

av av

we can proceed as in the proof of Theorem 4.1 to obtain the following result:

Theorem 4.2 Let be T > 0 given. If {uq, ¢4} is a solution of (4.8), then there exists

ro > 0 such that for any data {ug, ¢po} € [Wsz_z/S(Q) N V12 withs > 5/2, satisfying

”{MO — Uq, ¢O - ¢d} ||[WY2*2/S (Q)]2 < 1o, (49)
there exists a control function v € L*>(O x (0, T)) satisfying

lvllz20x0.7y) < C I{uo — ua, po — a2 (4.10)
such that the associated solution {u, ¢} of (1.1) satisfies

u(-,T)=ug and ¢(,T)=¢; in Q. 4.11)

5 Optimal Control and Controllability

Our goal in this section is to establish a connection between optimal control problem
obtained in [43] and the exact controllability for trajectories achieved in the Theorem
4.2.
According to Remark 5.1 in [43], we have the following result:

Theorem 5.1 Let T > 0 and {ug, ¢o} € [ 5,2_2/S(§2) N V1?2 be given. If {ug, ¢g} €
[L2(2)1?, then for each fixed € > 0 there exists a optimal controlve € L>(Ox (0, T)),
which minimizes the cost functional F, given in (1.4). That is, ve € L0 x (0,T))
is such that the corresponding solution {u., ¢c} of (1.1) satisfies

Felue, Ppe; ve) = inf  Fe(u, ¢; v), (5.D
vel2(0)

where {u, ¢} is the corresponding solution of (1.1) with v.
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The next result gives us a relation between optimal control problem and exact
controllability one. More precisely, it establishes that a sequence of solutions of optimal
control problems (5.1) converges to solution of the exact controllability obtained in
Theorem 4.2.

Theorem 5.2 LetT > Oand{ug, ¢o, uaq, ¢q} satisfying the conditions of Theorem4.2.
For each € > 0 consider {uc, ¢, ve} the solution of optimal control problem (5.1)
associated to {ug, ¢o, uq, ¢4}. Then, as € — 0, the following convergences hold:

{e, pe, ve) — {u*, ¢*, v} weaklyin [W5'(Q)) x L> (O x (0,T)) (5.2)
and
{ue, p} — {u*, ¢*} stronglyin [L°(Q)1%, (5.3)

where {u*, ¢*, v*} is the solution of the exact controllability problem obtained in
Theorem 4.2.

Proof We fix an arbitrary (small) € > 0 and let us take {u4, ¢4} and {uq, ¢o} satisfying
the hypotheses of Theorem 4.2. In this way, we have a control function v € L>(O x
(0, T')) such that the associated solution {u, ¢} of (1.1) satisfies (4.11). By other hand,
Theorem 5.1 assures us the existence of a optimal control ve € L%(O x (0, T)). Let
us denote by {u., ¢} the corresponding solution of (1.1). Then, by (5.1), we have

Felue, e; ve) < Fe(u, ¢; v).
By the last inequality and (4.11)
Hue, 9e}(T) = {a, ¢alf 20y + €lvel 7205 0.7y
= ||{u, ¢}(T) - {ud’ ¢d}”[2L2(Q)]2 + GHUHiZ(OX(O,T))
2
= GHUHLZ(OX(O,T))'

The last inequality and (4.10) imply that

uc(T) — ug strongly in LZ(Q),
¢ (T) — ¢pg strongly in L*()

and that | v ||L2(Ox(0,T)) is bounded. Then, there exists v* € LZ(O x (0, T)) such
that

ve — v* weakly in L*(O x (0, T))

Next, by Theorem 3.1 in [43], we have that ||{uc, ¢} || (w2 is bounded. Then,
2

there exists {u™, ¢*} € [W22’1(Q)]2

(N
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ue — u* weakly in WZZ’I(Q),
¢ — ¢* weakly in WZZ’I(Q),

which implies

ue — u* stronglyin L°(Q),
$e — ¢* stronglyin L°(Q).

To conclude the proof of the theorem, it remains to show that u*(7) = uy and
¢*(T) = ¢q. In fact, let us consider any function w € C*® (@) such that supp w CC

Qx(0,T].
By multiplying first equation of the system satisfied by {u., ¢¢},1.e (1.1), by w and
integrating by parts in Q, we have

T T T
/ué(T)w(T)dx —//uew,dxdt—i—//Vué~dexdt+l//(¢€),wdxdt
Q 0 @ 0 Q 0 Q
T
://véwdxdt.
0

@
By using the previous weak convergences, we obtain

T

T T
/udw(T)dx—//u*wtdxdt+//Vu*-dexdt+l//¢t*wdxdt
Q 0 Q 0 Q 0 Q

T
=//v*wdxdt.
0

(@]

Since {u*, ¢*} satisfies (1.1), by multiplying it by w and integrating by parts in Q,
we have

T T T
/u*(T)w(T)dx—//u*w,dxdt—l—//Vu*-dexdt—i—l//qb,*wdxdt
Q 0 Q 0 Q 0 Q

T
://v*wdxdt.
0

(@]

Being w arbitrary, we conclude that u*(7T') = uy. By similar procedure we obtain
¢*(T) = ¢q4. This concludes the proof. m|
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