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Abstract This paper is concerned with semi-linear backward stochastic partial dif-
ferential equations (BSPDE:s for short) of super-parabolic type. An L?-theory is given
for the Cauchy problem of BSPDEs, separately for the case of p € (1, 2] and for the
case of p € (2, 00). A comparison theorem is also addressed.
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1 Introduction

Since Bismut’s pioneering work [2—4] and Pardoux and Peng’s seminal work [26], the
theory of backward stochastic differential equations (BSDEs) is rather complete now.
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See, among others, El Karoui et al. [17], and Delbaen and Tang [6] for a rather gen-
eral L? theory for BSDEs. As a natural generalization of BSDEs, backward stochas-
tic partial differential equations (BSPDEs) arise in many applications of probability
theory and stochastic processes, for instance in the optimal control of processes with
incomplete information, as an adjoint equation of the Duncan-Mortensen-Zakai filtra-
tion equation (for instance, see [1, 14, 15, 32, 36, 37]), and naturally in the dynamic
programming theory fully nonlinear BSPDEs as the so-called backward stochastic
Hamilton-Jacobi-Bellman equations, are also introduced in the study of controlled
non-Markovian processes (see Peng [27] and Englezos and Karatzas [13]).
In this paper, we consider the following semi-linear BSPDE:s:

—du(t,x) =[L(t, X)ut,x) + M ({t, x)v" (t,x)+ F(u,v,t,x)]dt
— v (t,x)dW!, (t,x)€[0,T] x RY; (1.1)
u(T,x)=G(x), xeRe.

Here and throughout this paper, we denote

82
oxioxi’

L, x) :=a" (¢, x) M (t,x) = ajr(t,x)%, r=1,2,...,m.
We use the Einstein summation convention and fix 7 € (0, oo) as a finite determinis-
tic time, which can be replaced by any bounded stopping time.

To the above BSPDEs, the method of stochastic flows was developed by Tang
[33] which gives a probabilistic point of view and also gives classical solutions to
BSPDEs (1.1). On the other hand, the L? theory for BSPDEs has been established in
the framework of weak solutions (see [10, 14, 15, 36, 37], for example).

Still in the framework of weak solutions, we establish in this paper an L?-theory
for BSPDE (1.1) which seems to be the first study for the L?-theory of BSPDEs.
Motivated by Krylov’s seminal work [20, 21] on forward stochastic partial differen-
tial equations, we establish an L?”-theory which includes as a particular case the L?
theory (1 < p < 2) for deterministic parabolic partial differential equations (PDEs
for short).

This paper is organized as follows. In Sect. 2 we introduce the notions and define
some spaces. We discuss a kind of Banach space-valued BSDEs in Sect. 3. In Sect. 4
we construct a stochastic Banach space J(’z which plays the same role as spaces

Wl,l,’2 in the theory of second-order parabolic PDEs and we also give some basic
properties of this space there. In Sect. 5 we present the L?-theory of BSPDE:s in the
whole space for p € (1, 2]. Specifically, we give the definition of the L7 solutions and
list the assumptions. We first solve the BSPDEs with constant-field-valued leading
coefficients and then solve the BSPDEs for the general case. In Sect. 6 we discus two
related topics: a comparison theorem and an L?-theory for p > 2. Finally, in Sect. 7
we give some comments.

2 Preliminaries

In most of this work, we shall denote by | - | (respectively, (-, -)) the norm (respec-
tively, scalar product) in finite-dimensional Hilbert space such as R, R*, R¥*! where
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k,l are positive integers and

D=

1
k 2 ko1
|x] = (Zx?) and |y|:= ZZ)}?, for (x, y) € RF x RF*!.
i=1

i=1j=1

Let (2, F,{F:}:>0, P) be a complete filtered probability space on which is defined
an m-dimensional standard Brownian motion W = {W; : ¢ € [0, T']} such that {#;};>0
is the natural filtration generated by W and augmented by all the P-null sets in ¥ .
And we denote by P the o-Algebra of the predictable sets on 2 x [0, T'] associated
with (F}r0.

If X = (X¢)efo0,17 18 an R*-valued, adapted and continuous processes, we denote
sup;cio.77 1 X1 by X or sup, | X;| simply. And for any p € (1, 00), SP(R¥) denotes
the set of all the R¥-valued, adapted and continuous processes (X;);c[o,7] such that

1/p
I Xllsr := {E [SUPIlep“ < 00.
t

Then, (S”(R¥), || - |ls») is a Banach space.
Define the set of multi-indices

A={a=(ay,...,aq4) 1, ..., 04 are nonnegative integers}.
Forany o € Aand x = (x1, ..., xg) € RY, denote
d o o a2 od o 3\04
|a|=§ai, XU i=x iy x,t, D% := ax‘l"lax‘z"z---ax;‘d'

For a positive integer number /, we denote by C2°(R') (respectively, C2°(O) for
each open set O C R') the set of all infinitely differentiable functions with compact
supports on R! (O, respectively) and by £’ the space of real-valued Schwartz dis-
tributions on C2°(R?). For simplicity, we write C2° for the case [ = d. On R? we
denote by 4 the set of all the Schwartz functions and by 4’ the set of all the tempered
distributions. Note that C° and 4 are endowed with matching topologies. For each
positive integer N and multi-indices o, we define

Yan(f) = sup |8 £)(x)

[x|<

, fecCZ

Then C° = [J¥_; C(B(0, N)) is the inductive limit of the complete metrizable
spaces (C2°(B(0, N)), ya,n), where B(0, N) is the open ball of radius N centered
at the origin. For each «, B € A, we define

o0

e o T R S /At L
Pap(f) XSGUHEJX( P (f.8) ; 14 p;(f—2)

figesd

where p; is an enumeration of all the seminorms p, g with o, B € A. Then 4 is a
Fréchet space equipped with the metric d(-, -). It follows that C2° C 8 and 4§’ C D’.
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We shall denote by (-, -) not only the duality between £’ and C2° but also the duality
between 4§ and 4. Then the Fourier transform F(f) of f € 4’ is given by

F()E) = @m) 4> f eVTINE Frydx, &R,
R4
and the inverse Fourier transform F~!(f) is given by
Flm =@ 2 [ T et xerd,
R4

It is well known that both 7 and F~! map 4’ onto itself. As usual, for any s € R and
f €8 wedenote [;(f) = (1 — A2 f=F 11+ 1§17 F(f)E).

For given p € (1, 00) and n € (—o00, 00), we denote by H,’j the space of Bessel
potentials, that is

H:={pes :(1-A)i¢peLl(R))
with the Sobolev norm

Illnp =11 = A)2¢ll,. ¢ eH,,

where || - ||, is the norm in LP(R%). It is well known that H;} is a Banach space with
the norm || - ||,,, , and the set CZ° is dense in HZ‘ For any p € (1, 00) and n € R, with

a little notional abuse we still denote by (-, -) the dual pairing between H 1’,‘ and H1;”
where 1/p’+1/p =1, i.e., forany (u,v) € Hy x H;"

(u,v) = (1 — A)Zu, (1 — A) " 2v) :f (1= A)Iu(x)(1 — A) " Tv(x)dx
R4
where the last integral is a usual Lebesgue integral.
In contrast to H,,, we introduce the following so-called Besov space of functions

(c.f. [34] or [35)).

Definition 2.1 Lets > 0, p € (1, 00), and g € [1, c0). Define

B, = {f e LPRY): | £y, = 1l g+ > ( /R , A=Y DY £ (- + 20)

la|=[s1~
dh \ V4
—2DYf(-+h)+ D* (Il W) <00}
where s = [s]™ + {s}T, with [s]~ being an integer and {s}* € (0, 1].

Leto >0, pe(1,00), g €[1,00), and s € R such that 0 — s > 0. Then IS(B;‘,’q) =
BJ .’ In fact, we can introduce spaces B), , with s < 0 by defining B), , =

I_s11(B 11)’ 4)» although we prefer to define the Besov space through the Littlewood-
Paley decomposition (for instance, see [35]). As to the specific structure and proper-
ties of Besov space, see [35] or [34]. In this paper, only the space BZ’ p 1s involved for
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p € (1,00) and n € R and for the reader’s convenience, we define the norm which is
equivalent to Definition 2.1 when n > 0:

1 flsy, = ln-1flgy,. B,

The following lemma shows some embedding properties for the Besov spaces, whose
proof is seen in [34].
Lemma 2.1 (i) Letn € R and p € (1, 00), then

n

B p.max{p,2}’

n n
min{p,2} Hp — B

where < stands for topological embedding throughout this work.
(ii) Let p,q,r € (1, 00), then

B, B}, —00<s<I<o0.

Denote by & the set of all 8’-valued functions defined on Q x [0, T'] such that, for
any u € G and ¢ € 4, the function (u, ¢) is S-measurable.

For p € (1, 00), we define HY, := L7 (2 x [0, T] x R?, £ x B(R?), R). Denote by
H?ﬂ the set of the functions which are defined on € x [0, 7] x R? and £ x B(RY)-
measurable such that

)4
T 2
E / </ |u(t,x)|2dt) dx | < oo, Vueng.
R4 \Jo ’

Observe that every element of Hg can be considered as an Hg—valued, P-
measurable process. For any n € R, we define

HY:={fe&: (1—A)IfeH},

equipped with the norm

T . 1/p
Ilfllems := <E [/ / (1 =2)2ft, )" dxdtD :
0 JRd

Definition 2.2 Let p € (1, o0) and n € R. Define
H),,:= {u €S: (1-A)u eHgvz}

equipped with the norm

)2
T 7
lullge  :=|E / U |(1—A)7u(t,x)|2dt] dx
2 re LJo

1/p
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Definition 2.3 Let p € (1,00) and n € R. For a function u € HZ,z’ we write u €
H;, oo I

(i) there exists A(u) € Fr x BRY), P x M(A(u)) = 0 where M(-) denotes the
Lebesgue measure on R4, such that for any (w,x) € R? x Q \ A(w), (1 —
A2y (-, x) is continuous on [0, T'];

Qi) llullsg o, = (ELfga supyego,ry 1(1 = A)3u(t, )P dxD/P < oo,

When we treat the general R¥-valued function u for any integer k > 1, we still
say u € ]HI’;, iful e H’; forl=1,2,...,k. In this way, we generalize the real-valued

function space Hg to R¥-valued function space. And further, we define the norm

T . 1/p
iz :=(E[/ / |(1—A)fu<r,x)|"dxer .
r 0 Jrd

1 1 n n n n
By this means, not only can we generalize spaces H,,, H, Hp,Z and HY, , from

real-valued function spaces to any R¥-valued ones, but also we can generalize these
spaces from R¥-valued to any Hilbert space-valued function spaces. And we do it
when we need it.

Remark 2.1 One can check that the spaces H), H" , and HY,  are all Banach spaces
under the norms || - ||H" I - ||H” ) and || - ||JHI”, o respectlvely Moreover, for any
pe(l,o0)andn eR, H isa reﬂexwe Banach space whose dual space is Hp J(p—1)°
and it coincides with the space ]HI” (T) defined in [21] and [20]. On the other hand,
for s € R, the operator (1 — A)*/ ? maps isometrically H}; to H,™" and the same is
true for spaces H', Hl;,z’ and H';:,oo

In particular, as to the spaces H, and H" .2» we have the following lemma whose
proof is similar to that of [21, Theorem 3. 10]

Lemma 2.2 Let p € (1,00) and n € R. ForgeH" (sz,
a sequence {g;, j=1,2,...} in H (Hp 2 respectlvely) such that ||g — g; ||IHI’; —0
(lg —gj ||H»;’ , ™ 0, respectlvely) as Jj — oo and

respectively), there exists

J
8= 1 08w,
i=1

where g§. € C° and l'l-] are stopping times such that rijfl < ‘L'l-] <T.
For any ¢ € [0, T), define
lullem @y == lludy, 7yl for u € HY,.
p,oo°

In the same way, we define || - ”H'],,z(f) in H" 52 and || - ||Hn () inHY
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For an element u of spaces like ]HI'I’?, if it has a modification of higher regularity,
then it is always considered to be this modification. However, elements of spaces
like ]HI';, are H['j-valued only for almost all (¢, w), not necessarily for all (z,w) €
[0,T] x L.

We end this section with introducing the It6-Wentzell formula for distribution-
valued processes established by Krylov [22].

For p = 1,2 we denote by &7 the totality of u € G such that for any Ry, R, €
(0, 00) and ¢ € C2°, we have

R
/2 sup [(u(t,),¢(- —x)|Pdt <oo as.
0 lxI<R

In a similar way to spaces like H!,, we generalize G to any Hilbert space-valued
function space.
For u, f, g € G, we say that the equality

du(t,x) = f(t,x)dt + g"(t,x)dWF, 1€]0,T], 2.1

holds in the sense of distribution if f19.7) € &', glj0.7] € & and for any ¢ € C®°
with probability one we have for all ¢ € [0, T']

t t
(l/l(l, ')9 ¢) = (M(O, ')7 ¢) +'/0 (f(ss ')7 ¢) ds +[) (gk(s’ ')s ¢)dWSk

Let x; be an R?-valued predictable process of the following form

t 13
x,=/ bsds—i—/ prdwk,
0 0

where b and § are predictable processes such that for all w € Q2 and s € [0, T], we
have

T
tr(ey) < oo and / [1bs] + tr(eey)]dt < o0,
0
with 20 := pikgik,
Theorem 2.3 (Theorem 1 of [22]) Assume that (2.1) holds in the sense of distribu-
tions and define
v(t,x) :=u(t,x + x;).

Then we have

2

dv(t,x):(f(t,x+x,)+ot P ?8 jv(t x)+ b, x) v(t X)

+ 83, g, x +xz)/3"‘(t)> di
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0 .
+ (gk(t,x +x) + Fv(r,x)ﬂ"‘(z)) dwk, t€[0,T)
X
holds in the sense of distribution.

Remark 2.2 In the It6-Wentzell formula established by Krylov [22, Theorem 1], the
Wiener process (W;);>0 can be any separable Hilbert space-valued process and the
processes in & therein were defined to be D’-valued instead of being §’-valued.

3 Banach Space-Valued BSDEs

This section is concerned with Banach space-valued BSDEs. Unless stated oth-
erwise, we assume p € (1,00) and n € R throughout this section. For (F, G) €
I[-]I;’7 x LP(Q, Fr, HI',’), consider the BSDE

3.1)

—du(t,x) = F(t,x)dt —v*(t,x)dWF, (t,x)e[0,T] x R4,
u(T,x)=Gx), xeRe,

Or, equivalently
T T
u(t,x):G(x)—i—[ F(s,x)ds—/ vk (s, x)dWE,  (1,x) €[0, T] x RY.
t t

Definition 3.1 Assume that (F,G) € H’;, x LP(Q2, Fr, H[',’) with p € (1, 00) and
n € R. We say (u,v) € H’I’, X H;‘)’z is a solution of (3.1) if for any ¢ € C° and
Tt € [0, T], we have

T T
w(z. ). d) = (G. ) + f (F(s.-), ) ds — f W (s, $)dW!, as. (32)

Remark 3.1 If (u,v) € H;’, X H'I’) » 1s a solution to (3.1), then for any ¢ € HI;”,

}

T 1/2
<CE [(/ [(v(s, ), ¢)|2ds> } (using the BDG inequality)
0

T 2 1/2
=CE / ds
0

(using Minkowski inequality)

T 1/2
<CE [/d (f (1= A)2¢(x)(1 — A" ?u(s, x)|2ds) dxj|
R 0
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T 172
=CE |:/1<f |(1—A)"/2‘U(S,X)|2ds> ‘(I—A)_’l/2¢(x)‘dx:|
R 0

= Cllvlig ,I¢ll-n,p

where 1/p’ +1/p = 1. So, the process

t
/ W!(s, ), $)dW!, 1e€l0,T]
0

is a continuous martingale. Note that, throughout the paper, unless stated otherwise,
C is a positive constant and C(«, 3, ..., y) is a constant only dependingon o, 8, . . .,
and y.

Lemma 3.1 Assume that (F,G) € ]HI’;, x LP (R, Fr, H;}) with p € (1,00) andn € R.
We have

(i) Equation (3.1) has a unique solution (u, v) € (HZ ﬂH’;’oo) X H’; » Which satisfies
the following inequality

ey, o, + Nl + ol , < c(p, DUF g + 1GllLr@, 7. mp]- (3-3)
(ii) For this solution, we have u € C([0, T], H,’,‘) almost surely, and for any ¢ €
Hp_/’ép_l) the following equality
T T l )
(u(z, -),¢)=(G,¢)+/ (F(S,'),fb)ds—f W' (s,), 9)dW; (3.4
T T

holds for all T € [0, T] with probability 1.

Proof First, we prove the uniqueness of the solution. Suppose that (u1,v;) and

(uz, vp) are two solutions of (3.1) in H’I’, X HZ,z’ and take (u, v) = (U] —un, v — v2).
Then, for any ¢ € C2° and ¢ € [0, T']. We have

T
(M(t, ')7 ¢) = / (U(S, ')’ ¢)dWh a.s.
t

Then by the theory on BSDEs (c.f. [5, 17, 26]), we have

E [/Tz(u(t, -),¢)dt] =0 and E [/Tz(v(S, -),gb)ds] =0,
T] 71

for any stopping times 11 and 12, 0 < 71 < 10 < T. From Lemma 2.2, it follows that
(u,v) =0in HZ X H'I') 2 This verifies the uniqueness.

For the other assertions, it is sufficient to prove the lemma for n = 0.

Indeed, assume that the lemma is true for n = k with k € R. For V§ € R, if
(F.G) e HEP x LP(Q, Fr, HY™) then (F/, G') e HY x LP(Q, Fr, H)) with

Fl:=(1-A?F and G :=(1—-A)°G.
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From t.he induction assumption, there exists (u’,v’) € H’;)OO X H’;’Z, satisfying the
following
”u/”H];z,oo + ||M/||HAP' + ||U/||H;2 <c(p,T) (”F/”H’]g + ||G/||Lp(g,¢T,H]l;)> ,  (3.5)

such that for any ¢ € Hp_/k( —1) the equality

T T
W6 =G+ [ Fonards— [ 00w,
T T
holds for all T € [0, T'] with probability 1. Take
u=(1-A)"%% and v'=01-A)"%".
In view of Remark 2.1, (1, v) € H’l‘j“s x LP(Q, Fr, H[]§+‘s). Rewrite the last equality
into the following

T
(1= A 2u(z, ), ¢) = (1 — AY/?G, §) +/ (1= AY2F(s,), ¢)ds

T
B /r (1= 82 (s, ), p)dWi, peH | |

which is equivalent to
T
(u(z,-), (1 — AY2¢) = (G, (1 — M) ?¢) + / (F(s,), (1 — A)?¢)ds

T
—/r W'(s,), (1= A Pg)awl, ¢eH | .

—k—6 .
Hence, forany ¢ € H 0/ (p—1) the equality

T T
(u(r,-),¢)=<G,¢>+/ (F(s,->,¢>ds—f W', ), p)dW!

holds for all T € [0, T'] with probability 1. Then (u, v) solves BSDE (3.1) for n =
k + & in the sense of Definition 3.1, and satisfies the inequality (3.3) withn :=k + 6
which is exactly the inequality (3.5).

In what follows, we shall use the method of finite-dimensional approximation.

Since Hp’oo C Hp and ||u||H(1>) < C(T, p)”””H‘}.w for u € Hp,oo, it remains to
0

prove the existence of the solution (u, v) in Hg’ oo X H 0.2

following estimate

the assertion (ii) and the

Il + 0l < c(p.T) (IF g +IGI @) (3:6)

It is known (see [16]) that the Banach space L”(Rd ) admits a Schauder basis
for p e (1,00). Let {e; :i =1,2,3,...} be a Schauder basis of LP(RY). Then there
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exists an M € (0, co) and a unique sequence bounded linear functional a; such that
forany h € LP(Rd), we have

J J
sup [ Y "aj(hye;| <M|hl, and lim |h— a;j(h)e;| =0.
j>1 i=1 j—o0 P
- P - P
In particular, for convenient discussion, we consider e; (x) to be finite for every x €

RYandi=1,2,3,....

For each positive integer k, denote ék = (G1, .- - Gkk)T and I?k = (Fg1, ...,
Fu)?, with Gy = a;(G) and Fij = a;(F(1,7)), i =1,2,... k. By [5], there ex-
ist uniquely Uy := (Ui, ..., Ukk)T € SP(R¥) and a £-measurable process vi.=

(V) € LP(Q, L*([0, T]1,R¥®™)) which solve the k-dimensional vector-valued
BSDE:

T T
Uk(t):ék+/ ﬁk(s)ds—/ Vis)dw!, telo,Tl. (3.7)

t t

Define

k k
. l. !
Up = E Uiiei, vy := E Viiéi,
i=1 i=1

k k

Gy = ZGkiei’ and Fy:= ZFkiei.
i=1 i=1

(3.8)

We check that the pair (ux, vg) solves the Banach space-valued BSDE (3.1) with
(F, G) := (Fg, Gy) in the sense of Definition 3.1. Moreover, for any x € RY, the pair
(ur (-, x), v(-, x)) solves the scalar valued BSDE

{—duk(t,x) = F(t,x)dt —vi(t,x)dW!, t€[0,T], (3.9)
ui(T, x) = G(x), '
and satisfies the following estimate
r ¢
E[sup|uk(t,x)|P]+EU |vk(t,x)|2dt]
1<T 0
T
SC{E[le(x)Ip]—i-E[/ |Fk(t,x)|pdt] } (3.10)
0

where C = C(T, p) does not depend on k since the constant in the BDG inequality is
universal and does not depend on the dimension of the range space of the underlying
local martingale. Integrating both sides of the last inequality on R and then applying
the Fubini theorem, we get the pair (ux, vk) € Hg, 00 X Hg,z satisfies the following
inequality

lukllgg + Ivellgo | < e(p. DU Fellug + 1GelLr@ 7 gl Go1D)
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On the other hand, as || Fix(w,1) — F(w,t)||p, — 0 and || F(w,t) — F(w, )| <
M+D|F(w,t)|lp for (w, t) € 2 x [0, T], a.e., by using the dominated convergence
theorem we have Fy — F strongly in Hg as k — oo. Similarly, Gy — G strongly in
LP(Q, Fr, H[S)) as k — 00. Hence, there exists (u, v) € H(I),’oo X Hg,z such that it is
the strong limit of the sequence {(ug, vk)} in Hg’oo X H([)),Z as k — o0, and satisfies
the estimate (3.6).

Furthermore, in view of (3.7) and (3.8), we conclude that, for any ¢ € LP/(P=D(R%)
the equality

T T
(uk<r,->,¢>=(Gk,¢>+/ (Fk(s,o,qs)ds—/ (i(s,),p)dW! (3.12)

holds for all 7 € [0, T') with probability 1. Since
T
E |:/ dri|
0
T T 1/2
<CE [/ (f (e — 005, ), ¢>|2ds) dr]
0 T

T 2 1/2
< C(ME (/ (/ |<vk—v)(s,x>¢<x>|dx> ds)
0 R4

T
f (v} — V' (s, ), @) dW!

(using Minkowski inequality)

B T 1/2
< C(DE / (/ |<vk—v)(s,x>¢<x>|2ds) dx]
_Rd 0

<CMllvk — vIIngllfﬁllp/(pfl) —0 ask— oo,

T
E[./o |<uk(r,->—u(r,-),¢>|dr}

T
=E[/ / I(uk—u)(s,X)¢(X)|dde}
0 Jre

= Tluk —ullgy NPllp/p—1 =0 ask — oo,

and

T
/ ((Fx — F)(s,), ¢)ds drj|—>0

E[/()TI(Gk—G,¢)|dS]+E|:/OT

as k — oo,

taking limits in L'(Q x [0, T], 7 x B(R%)) on both sides of (3.12), we conclude
that (3.4) holds almost everywhere in [0, T] x 2.
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Since, for any ¢ € LP/(P~D(R?), (3.12) holds for all = < T with probability 1,
the process {(ur(t, ), ¢),t € [0, T]} is continuous (a.s.). As

E sup fu—ugll],pa < lu—ugllly =0,
0<t<T LP®) Hp.co

the process {(u(t,-),¢),t € [0, T]} is continuous. This implies that, for any ¢ €
LP/(P=D(R?), equality (3.4) holds not only in [0, T] x € almost everywhere but
also for all T < T almost surely.

Besides, since ux € C([0, T, L? (R%))(a.s.) and Esupg< <7 |lu — ”k”Zp(Rd) —
0 as k — oo, we have u € C([0, T], LP(Rd))(a.s.). We complete the proof of the
lemma. O

Remark 3.2 In view of Lemma 2.2, we can approximate in ]HI(I), x LP(Q2, Fr, H[(,))
for p € (1,2] during the proof (F, G) by a sequence (Fj, Gi) belonging to Hg X
LZ(Q, Fr, Hg). Moreover, we can assume that (Fi, Gr)(w,t) is uniformly com-
pactly supported in RY for (w, 1) € Q x [0, T] a.e. After finite-dimensional approx-
imation of (Fg, Gy) in Hg x L*(Q, Fr, HZO) where a Hilbert basis is a Schauder
basis, the rest of our proof goes in a standard way (c.f. [5]) for p € (1, 2], while not
for p € (2, 00).

Lemma 3.2 Let (u,v) e H? _ X H’;’z be a solution of (3.1) for given F € H’; and

p,00
G = 0. Then for any ¢ > 0, there exists a positive constant ¢ = c(p, T, €) < 0o such

that
ller o) = c(p, T, )llulim @) + el Flluy . ¢ €[0,T]. (3.13)

Proof First consider the case of n = 0. Without loss of generality, we assume that the
Brownian motion is one-dimensional.

Consider the approximation sequence {(uy, vx)} defined in the proof of Lemma 3.1.
For any fixed x € R the pair (ux(-, x), vk (-, x)) solves the following scalar valued
BSDE

—dup(t,x) = Fi(t,x)dt — v (t,x)dW;, t€][0,T],
up(T,x) =0,

and satisfies the following inequality (see (3.9) and (3.10)).

T 5 T
E[sup |uk(t,x)|p] + E |:/0 |vk(t,x)|2dt:| ’ <C(p,T)E |:/0 |Fk(t,x)|pdt:| .

t<T

For each n € [0, T], we have by It&’s formula
2 T 2
ek G7. 0) +/ oo x) P dr
! T
= |uk<T,x)|2+2/ ug(r, x) F(r, x) dr
n

T
—2/ ur(r, x)vg(r,x)dW,, as.
n
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Therefore,

T p/2
(/ |vk<r,x)|2dr>
n

T r/2
SC(p)< sup |uy(t, x)|” + [f Iuk(r,x)Fk(r,X)Idr]
n

re[n.T]
p/Z)
Noting by the BDG inequality that
p/2
T p/4
scl(p)E[( / |uk(r,x)vk(r,x)|2dr) ]
]

T p/4
sq(p)E[ sup |uk<r,x>|f’/2<f |vk(r,x>|2dr) }
n

+

T
/ ug(r, x)vi(r, x) dW,
n

T
/ up(r, x)vr(r,x) dW,
n

te[n,T]

we have

T p/2
E [(/ |vk(r,x)|2dr> }
n

T p/2
SC(P)E|: sup ug(t, x)|” + (/ |uk(r,X)Fk(r,x)|dr)
n

te[n.T]
p/Z]

T p/2
sc(mE[ sup |uk(r,x>|f’+</ |uk<r,x)Fk(r,x>|dr) }
n

te[n,T]

T p/4
+c1(p)E[ sup |uk<t,x>|”/2</ |vk(r,x>|2dr) ]
n

IS UNE

+

T
/ u(r, x)vg(r, x) dW,
n

te[n,T]

1 T p/2
+lg [(/ |vk(r,x>|2dr) } ,
2 n

T p/2
SC(P)E|: sup Jug (¢, x)|P + </ Iuk(r,X)Fk(r,X)ldr) }
n
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and, for any &1 > 0, there is ¢ = c(p, €1, T) > 0 such that

T p/2
E [(/ |vk(r,x)|2dr> ]
n

T p/2
SC(p)E[ sup ug(t, x)|” + </ Iuk(r,x)Fk(r,x)Idr> }
1

te[n,T]

te[n,T] teln,T]

T p/2
se(mE[ sup |ug(t, )17 + sup |ug(r, x)|P/? (f |Fk(r,x>|dr) ]
n

T
§c(p,81,T)E[ sup |uk(t,x)|p:|+£1E|:/ |Fk(r,x)|pdri|. (3.14)
reln, T 1

On the other hand, using Corollary 2.3 of Briand et al. [5], we have almost surely
r 2 2
lur(t, )| + CO(P)/ i (s, X7~ Ly (5,003 vk (s, X) | “ ds
t
T
SP/ luie (s, )P~ | Fi(s, x) | ds
t

T
— p/ |uk(s,x)|p72uk(s,x)vk(s,x)dWS, te[0,T] (3.15)
t

where co(p) = pl(p — 1) A 1]/2.

As (ug, vy) € Hg’oo X H(,);,za from the preceding inequality, we have almost surely

T
/ |k (5, X) P~ L (s.0)20) [0k (5, ) |* ds < 00, 1 €[0, T],
t
and further,

T
co(p)E [/ |”k(sax)|p_2]l{u/<(s,x)7é0}|vk(S»x)|2dsi|
t

T
<pE |:/ |uk(s,x)|p_1|Fk(s,x)|ds] , tel0,T]. (3.16)
t
From (3.15) and (3.16), using the BDG inequality we have

E[ sup fuc(s. 017
selt,T]

T
SPE[/ |uk(s,x)|P—1|Fk(s,x)|ds}
t

T
+pE[ / |uk(s,x)|p72Mk(S,)C)Uk(S,X)dWS
t

]
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|

.
/Iuk(s,x)l”_zuk(s,X)vk(s,x)dWs
t

+ pE| sup
re(t,T]

T
SPE[/ |uk(s,x)|'”|Fk(s,x)|ds}
t

T 1/2
+c(p)E[(f (|uk<s,x>|f’—1|vk(s,x>|)2ds> ]
t

T
pr[/ |uk(s,x>|"‘1|Fk<s,x>|ds}
t

selt,T]
T 12
p—2 2
X </ 2k (8, 177" Dy (5,0) 7203 Uk (5 X)) | dS) :|
t

T 1
<pE [/ Iuk(s,x)l”_lle(s,X)ldS} + —E[ sup Iuk(s,x)l”]
' 2 Lyepm

+c(p)E[ sup |ug (s, x)|P/?

c(p)?
2

T
E [/ |Mk(S,X)Ip_zﬂ{uk(s,x>;e0}|vk(s,x)lzds}
t

T
<c(p)E [/ |uk(s,x)|”‘l|Fk<s,x)|ds]+%E[ sup_Ju (s, )" |
t

selt,T]

Thus, for any &> > 0, we have

E[ sup |uk(s,x)|p]
selr, T]

T
<2d(p)E [/ lu (s, x) [P~ Fi(s, x))| dS}
t

T T
<c(p,e)E |:/ |uk(s,x)|pdsi| + & E [/ |Fk(s,x)|pdsi| . (3.17)
! '

Combining the last inequality with (3.14), and letting € and &, be small enough such
that exc(p, 1, T) + &1 < &, we get

T p/2
E [(/ |vk(r,x)|2dr> }
t

T T
<CE |:/ |uk(s,x)|pdsi| +¢E |:/ |Fk(s,x)|Pds]. (3.18)

t t

Here the constant C = C(p, T, ¢) is independent of k.
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Now, integrating on R? both sides of the preceding inequality and letting k — o0,
we get (3.13) for n = 0. The general case can be proved by induction. The proof is
complete. g

Remark 3.3 The arguments in the proof of Lemma 3.2 are more or less standard (see
pp- 115-118 of [5]).

4 A Stochastic Banach Space

In this section we shall define a stochastic Banach space which will play a crucial
role in L? theory of BSPDEs.

Definition 4.1 Forn € R, p € (1, 00) and a D’-valued function u € H’;,, we say u €
Hif ey € Hgfz, u(T,) e LP(Q, Fr, BZ}Z/”), and there exists (F, v) € H;f*Z x
H’})’l such that, V¢ € C2°, the following equality

m

T T
W(t. ). $) = (T ). ) +/ (F(s.).¢)ds =Y | (0F(s.). ) dWE, (4.1
t

r=1"1

holds for all + < T with probability 1.

Define J(’[’j’o = Jf; N{u:u(T,-)=0}, and for u € Jf;

P
luel e = ||uxx||H;z+||F||H;z+||vx||H;z+<E||u<T,.>||’;;;2/p) S

Remark 4.1 By Lemma 2.1, there holds BZ;,Z/I’ — BZ,_Ir%in{Z,p} — H;}_z for p €
(1, 00). Thus, L?(Q2, 7, BZ;,z/p) is continuously embedded into L? (2, Fr, H;"z).

n—2

Ifue Jf;, it follows from Lemma 3.1 that u € ]HIP’OO,

ve H’;;z and

1/p
Esup llu(t, )7, )+ vl
< ),‘5? HI~? H
< e e
< lullgy-2 + 0l
= c(p. 1) (I F gy + 16T oo g7 -2 )
=cp. 1) (IFllgy2 + 10T g 5, o-m)) -
Remark 4.2 From Remarks 4.1 and 3.1, the fact that u € J(,’; implies, in some sense
{u(t, x)}o</<7 1s a semi-martingale of drift F (¢, x)o<;<r and diffusion v (¢, x)o</<7.
Further, by Lemma 2.2 and the estimates in Remark 4.1, Doob-Meyer decomposition

theorem implies the uniqueness of (F, v). Therefore, the norm (4.2) is well defined.
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Without confusions, we shall always say that F and v are the drift term and diffusion
term of u respectively. In the following, we denote the diffusion term v of u by Du.

On the other hand, it is worth noting that the elements of J(;‘ are assumed to be
defined for all (w, t) and take values in £’, and that ]€1’§ is a normed linear space
in which we identify two elements u| and u» if ||u; — u2||;g;; = 0. In view of Defi-
nition 4.1, for any p,q € (1,00) and n,r e R, if u € J(’Z and ||M||]({; < 00, One can
check that u € qu’ and that, in particular, ||u ||}(Z =0 implies ||u|| = 0.

Theorem 4.1 The spaces #, and J(’; o equipped with norm (4.2) are Banach spaces.
Moreover, we have

lullsgy < Cp. Dlullzeg,  E[suplute, 7, | < Co T ully. 43)

1<T Hy?
Proof The second inequality of (4.3) is given in Remark 4.1. Since

loellem, = NI(1 — Aullgp -2

< —
= lullg-2 + llull se;

1/p
< 77 (E[sup luet, )17, ]) " + lull g,

n—2
t<T Hp

we have the first inequality of (4.3).
It remains for us to show the completeness of Jfl',’. Let {u;} be a Cauchy sequence
in #¢;. Then it is also a Cauchy sequence in HY, and there exists u € HY, such that

lim |ju —ujllgm =0.
j—oo ’ P

Furthermore, {u ..} is a Cauchy sequence in ]HI’;,_2 and

im ||Ujxx — U 2 =0.
%oo” Jxx XXHH';,

J

For u;(T), F;, and the corresponding u ;, there exist u(T) € LP(Q, ¥r, BZ:,}/[’) C

LP(Q, Fr, Hi™?) and F € H,~? such that
jli>ngo lu(T) — Mj(T)”Lp(Q’fT’H;l*Z) =0,

and

1. F_F n— :0
fm l il

Let v; be the diffusion term of u ;. Using the argument from Remark 4.1, we conclude
-2

that there is v € Hg’l N H’; 5 such that
llm Uy — (U5 n—2 — 0 and lim V—U; n—2 — O.
. lvx — ( ])x||Hp m, I j ”Hﬂ

@ Springer



Appl Math Optim (2012) 65:175-219 193

Since for any ¢ € C2° the equality

T m T
wjt,),$) = uj(T,"), $) +f (Fj(s.),¢)ds =Y | (s, ). ) dWE (44)
t

k=1"!

holds for all # < T with probability 1, by taking on both sides limits in L! ([0, T'] x
Q, Fr x B(RY)), we show that for any ¢ € C2° equality (4.1) holds in [0, T] x Q
almost everywhere.

Furthermore, (4.3) implies that for u (at least for a modification of u), we have

hm E[sup||u(t ) —u(t, )”Hn 2]

t<T

Since the processes {(u;(t,-),¢),t € [0,T]}, j =1,2,... are all continuous, it fol-
lows that {(u(t, -), ¢),t € [0, T]} is continuous. Therefore, for any ¢ € C2°, equality
(4.3) not only holds in [0, T'] x Q almost everywhere but also for all T < T almost
surely. Hence, u € J¢), and u j converges to u in J¢),. So, J}, is a Banach space.

In a similar way, we can check the completeness of # ;’0. The proof is complete. [J

Remark 4.3 The estimate (4.3) can be verified for ul( 1, t € [0, T'). Especially, we
have

E sup (s )2 < Cp. T lullyy
se(t,T]
with [l gen ) := llul e, 71l 561 -
Now, we show an embedding result about the stochastic Banach space J¢),.
Proposition 4.2 For u € 3¢, and v = Du, the following assertions hold:

Q) IfB:=n—d/p>0, thenu e L?((0,T], £,CPRY)) satisfying

T
B| [ 00000 ] = O plully = T, oty

where CP (R?) is the Zygmund space which is different from the ordinary Holder
spaces CP(R?) only if B is an integer. In particular, if p € (1,2] and B > 1, we
also have

T
E [ /0 oGt 21 g dr] < C(Ton.d, pllullyy.

(i) Ifn>landn—d/p=1—d/q, then

T
E [/O lutz, )17, dt] =Cd,n.d, p)llullﬁ?) = C(T,l,n,d,p)llullgg;-
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In particular, if p € (1, 2], we also have

T
E[/o ||v(r,~>||,”_1,qdr}SC(T,z,n,d,p)||u||§fg.
(iii) Ifg = p and 6 € (0, 1), then for
d d
n>l—=+% 420 -0,
q p

we have u € LP/?((0, T, Hé) (a.s.) and

E[(/ Juete, 7Y dr) ]sC(T,n,l,q,d,p,e>||u||2fn.
0 P

In particular, if
d 2q—2p—d
qg>p and nzl+—+%,
4 q

-1

by taking 6 = pq™", we have

T pla
E [(f Juate, I, dr) i|SC(T,n,l,61,d,pﬂ|M||§gn.
0 ’ P

Proof By Lemma 3.1 and Theorem 4.1, the assertions (i) and (ii) are straightforward
in view of the classical Sobolev embedding theorems, which say that under conditions
in (i) and (ii), we have H) C CP(R?) and H » C Hé, respectively. On the other hand,
from the Sobolev embedding theorems, we get

1flltg < CA.d,q, P fllivasp-dsg.p < CAd g, p.OIFIL 5 IF 1,

where ' :=1+d/p —d/q +2(1 — ) < n. Hence,

E[(/O luete, 7Y dr) ]SCE (/0 e IG5 e, 1, )9}

R ;
1-0)p/0
<ce|( [ meony ||u(z,-)||5,pdt)}

T 0
1-6
<CE sup||u||£l 2}”(/ ez, ')||r,:,pdt> :|
0

t<T

< C(E[supull]_o ] + iy

t<T

< Clullfyy-

The last inequality is derived from Theorem 4.1, and C = C(T,n,l,q,d, p,0). The
proof is complete. 0
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5 LP Solution of BSPDEs
5.1 Assumptions and the Notion of the Solution to BSPDEs

Let B(RY) be the Banach spaces of bounded and continuous functions on R4,
cnl=L1(R4) the Banach space of all (|n| — 1) times continuously differentiable func-
tions with all the (up to the (|n| — 1)th order) partial derivatives being bounded and
all the (|n| — 1)th order partial derivatives being Lipschitz continuous on R?, and
C"+7 (R?) the usual Holder space. The space B™*7 of Krylov [21] is defined as
follows.

BRY) ifn=0,
Blinl+y — C=LURdY ifp=+1,42,...,
CI"+7(R9)  otherwise.

Here, n € (—00, 00), and y € [0, 1) is fixed such that y = 0 if n is an integer; y > 0
otherwise is so small that there is no integer in [|n], |n| 4+ v].
Consider the following semi-linear BSPDE:

—du(t, x) = [a" (1, X)ui ;i (1, %) + oK (¢, )0k (0, %) + F(u, v, 1, x)]dr
—vl(t, x)dW!, (t,x)€[0,T] x RY; 5.1
u(T,x)=G(x), xe€ R,

Here and in the following, denote

32 d . 4
Uyiyj = Wu, Uyi == ﬁu’ 'Uxi = ﬁv s
Uy :=Vu=Uy,...,Uua), Upx = (Uyiyi)1<i,j<ds

and
o1, .
a = Za’ko/k.
2k:l

Assumption 5.1 (Super-parabolicity) There exists a positive constant A such that
[a" (2, %) — o (1, 016°87 = A5 (5.2)
holds almost surely for all x, & € R andt e [0, T].

Assumption 5.2 There exists an increasing function « : [0, o0) — [0, 00) such that
k(s) J Oass | 0and

d d m
Dl x) —a T, I+ YD o x) — ot <kx =y (53)

i,j=1 i=1k=1

holds almost surely for all (¢, x, y) € [0, T] x RY x R<.
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Assumption 5.3 The functions a’/ (¢, x) and o?*(z, x) are real-valued  x B(R%)-
measurable, such that

a’l(t,),0™(t.) e B and (@ (¢, )| gy + 0@ ) gy <AL (5.4)
almost surely fori, j=1,...,d,k=1,...,m,and r € [0, T].

Assumption 5.4 F(0,0,-,-) € H,. For (u,v) € H[’)‘Jr2 X H;}“, F(u,v,t,-) is an
H} -valued J-measurable process such that there is a continuous and decreasing
function o : (0, 0c0) — [0, co) such that for any ¢ > 0, we have

| F@ur,vr,t,-) — F(uz, v2,t, )lln,p
<e(llur —uallnt2,p + v — v2llnt1,p) + 0@ Ulur — ualln,p + llvr — v2lln, p),

Ui, Uy € H;,H_z and vy, vy € H[’,H_l, (5.5

holds for any (¢, w) € [0, T] x 2.

Remark 5.1 Assumption 5.4 holds for the following (u, v)-linear functional:
Fu,v,1,x) = b (8, X)ui (t, x) + c(t, )ult, x) + 5, x)ok (2, x)

for (u,v,t,x) € HI',"“2 X H[r’z+l x [0, T] x R4, if all the coefficients b', ¢ and ¢¥

satisfy Assumption 5.3 like the components of a and o. For any f € C° (RI+d+2my
the following nonlinear functional:

F(u,v,t,x) =1, f(Iyu, 1,Vu, v, Liy12v)](t, x)

for (u,v,t,x) € H,’j"’z X H[’;H x [0, T] x R4, also satisfies Assumption 5.4. In fact,
we recall that I, = (1 — A)*/? for s € R and note that, for any (¢, ¢) € HI')"|r2 X H['j"H

12, . 1/2 -1
Inv120lp < ll@llaipllell, sy, < €l@lnzp +€ 1@l p

1/2 1/2
1.Vl < COd)pllntrp < Cr. gl 5911, ,

<elplnszp+€ ' Co, plgln,p, Ve >0,
Therefore, for any uy, us € Hg“ and vy, vy € Hg“, we have
M _nlf Tnur, 1, Vuy, Iyvi, Liyipv)](E, )
— 1 4 fyuz, 1,Vuz, Iyva, Iiy1202)1(E, n,p
= |Lf nur, 1,Vur, Lyvi, Lip12vD1(E, )
— fpuz, I,Vuz, Lyvy, Ini12v2)10, Hllp
< L([HaQuey —u2)llp+ 1V (uy — w2l
+ 1 a1 — vl p + Mng12(01 — 02 p)
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<L{[1+ LA+ C@m, p)e™ lur — uzlln,p + lvi — v2llnp)
+ L7 e (Jlur — uzllnsz.p + o1 = v2llns1.p) }
<& (lluy — uzllng2, p + llvi = v2llnt1,p)
+L[1+LA+Cn, pe" ] (lur — uzlln,p + llvr = v2lln,p) »

with L being a positive constant depending only on f, and ¢ > 0 being arbitrary. We
expect that the L?-theory to be established in this work includes some fully nonlinear
BSPDE:s. In the proof of Theorem 5.5, the well-posedness of our BSPDE (5.1) only
requires (5.5) to hold for some small positive number &. Assumption 5.4 is therefore
formulated to expose this fact, though it seems quite technical.

Remark 5.2 Assumption 5.4 implies that F(u, v, t, x) is Lipchitz continuous with
respect to (i, v) € H;}” X H;}“ for any (¢, w) € (0, T] x 2, that is there is C > 0
such that

||F(I/l1, V1, ls ') - F(u27 v2, tv ')”n,p
<C — — Hn+2 d Hn+1
= C(lur —uzlln42,p + lvr = v2llng1,p), ur,uz € H,"“and vy, v2 € H, ™.

Further, with o =0, it implies that F does not depend on the pair (u, v).

Definition 5.1 We call u € J(;” a solution of BSPDE (5.1) if for any ¢ € C2°, the
equality

u(t.).¢) = (G.¢) + / (@’ (t, Yy i (¢, ) + o™ (1, ) Du) @, )

T
+F(u,Du,t,~),¢)dt—/ (Duw) @, ), p)dW!, (5.6)

holds for all T € [0, T'] with probability 1. As usual, we also call (u, Du) a solution
pair of BSPDE (5.1).

Remark 5.3 Assume that (u, v) belongs to H;;“ X H';,+1 with u(T,-) € LP(Q, Fr,

BZ:;,Z_Z/ Py, and further that the equality

T
u(z,), )= (G, $) + f (@ (8, i (8, ) + 0@, D50, ) + Fluy v, 1,0, §) di

T
—/ W', ), p)dW!, V(,¢)€[0,T) x C® (5.7)

holds with probability 1. Then by Lemma 3.1, u has a modification, still denoted by
itself, such that the pair (u, v) € H;y 00 X ]HI’I') 2 solves the Banach space-valued BSDE

G with F(2,-) == a" (&, Juyi i (¢, )+ 0@, 08 @) + Fu(e, ), v, ), 1,),1 €

[0, T'], belonging to H’;ﬁz. Hence, by Lemma 3.1 for any ¢ € C2°, (5.7) holds for all
7 € [0, T'] with probability 1. Hence u € J¢},.
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Note that Definition 5.1 includes as a particular case the notion of weak solution
to deterministic parabolic PDEs. For example, consider the particular case:

(5.8)

—%u =Au+f,
u(T)=ur.

By reversing the time, we have the following proposition (see [24]).

Proposition 5.1 For any f € LP([0, T] x RY), and ur € By /" with p € (1, 00),
there exists a unique weak solution u € W;’z(T) to (5.8) with terminal data u(T) =
ur. In addition,

||u||Wp1,2 =CW,p, T)(||f||Lp((o,T)de) + ||14T||B]27;)2/p)a (5.9
where
||M||W11)12 = NuxxllLro,myxrey + lux e o, 7yxrey + 1l Lr 0, 7y xR
+ luellLr 0,7y xR -

In Proposition 5.1, the space Wl,l,’2 can be replaced with J(’g in an equivalent way.
This fact also explains why the Besov space B;’?’ p is used for the terminal value in
Definition 4.1.

5.2 The Case of Space-Invariant Leading Coefficients

Consider the following BSPDE

—du(t, x) = [a" (i (t, x) + o @)05 (1, x) + F (1, x)1d1
—vl(t, x)dW!, (t,x) €0, T] x RY; (5.10)
u(T,x)=G(x), xeR?

where (F, G) e H, x LP(Q, F, H;;+1), with p € (1,2] and n e R.

Theorem 5.2 Assume that the coefficients a'’ and o' i,j=1,...,d,l=1,....,m,
are P-measurable real-valued functions which are defined on Q x [0,T] and
bounded by a positive constant A\, and also that they satisfy the super-parabolicity
condition 5.1. Take (F,G) € H'I’, x LP(2, Fr, H[',"H), p € (1,2],n € R. Then, we
have

(i) BSPDE (5.10) has a unique solution u € ﬂ;” and for this solution, we have
||M||J€;+2 <C(T,n, d, D, A, A)(”G”Lp(g’}'ﬂH'pH'l) + ”F”HZ)»
(i1) we have u € C([0, T], Hl',’) almost surely and

ltlleg o, + IDullgn , < C(Ton,d, p, 2 AU F i, +1Gll g 5, 1)
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(iii) in particular, for the case G = 0, there is a constant C(d, p, A, A) which does
not depend on T, such that

ltxx Iy + (D) iy < C(d. po A, A) || F sz,

IIMIIJ€3+2 =C,p,» A) || Fllgm-
In view of Lemma 3.1 and Remark 5.3, the assertions for p = 2 can be deduced
from [10, 14, 36], while Theorem 5.2 for p € (1, 2) seems to be new. The proof of

Theorem 5.2 will appeal to a harmonic analysis result which is due to Krylov [19,
Theorem 2.1].

Lemma 5.3 Let H be a Hilbert space, p € [2,00), —00 <a <b <00, g €
L?((a,b) x RY, H). Then

b t p/2
/R , / [/ |vnsg<s,-)<x>|%,ds} dtdx

b
<Cd, p)/d/ \g(t, x)|b ddx (5.11)
R4 Ja

du

, 1 >0, is the semigroup corresponding to the heat equation 5 =

where T; == ¢
Au in R4,

Remark 5.4 The assertion of Lemma 5.3 is not true for p < 2.
We have the following more general version.

Proposition 5.4 Let a'/ (t) satisfy the strong ellipticity condition, i.e. there exist two
positive constants L1 and A1 such that

AIEP? > aY (1)ETET > alE (5.12)

holds for all £ € R?, t > 0 with probability 1. Assume that g € H, with p € [2, 00)
and n € R. Then, the SPDE

dn(t,x) = a (t)n;(t, x)dt + g (t, x)dW!, (t,x)€[0,T] x R4, 5.13)
n(0,x) =0, xeR9, '
has a unique solution n € ]HI'I’,'H such that for any ¢ € CZ°, the equality
T . T ; ;
n(r,), )= fo (@ ()i (t, ), p)dt + /o (&', ), $)dW,, (5.14)

holds for all T € (0, T] with probability 1, and there holds the following estimate

el < Cd, p, A1, ADIGllm- (5.15)
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Proof In view of [21, Theorem 4.10], SPDE (5.13) has a unique solution. It remains
to prove the estimate (5.15). It is sufficient to prove the estimate for n = 0, and other
cases can be proved by induction.

We follow a standard procedure which is due to Krylov (for instance, see [21,
Theorem 4.10, pp. 205-206]).

First, for the model case a := (a;;)1<;, j<a = I, it can be checked that

t
n(t,x):/ T,_,gl(r,x)der a.s.,
0
and thus,
t
nx(t,x)=/ VT— g (r,x)dW! as.,
0

where T, := e®!, t > 0, is the semigroup corresponding to the heat equation %—’; = Au
in R?. From Lemma 5.3, we get

T
172 Il 20 =E/ /
4 R4 JO

T t p/2
<C(ME / / [/ |VT,sg<s,~)<x>|2ds} didx
R4 JO 0

EC(d,p)llgIIHg'

' p
/ VT,_rgl(s,x)dW£ dtdx
0

For the general case, we can take a > I, otherwise we take a nonrandom time change.
Take o (1) = 0*(¢) > 0 as a solution of the matrix equation oz(t) + 21 = 2a. Further-
more, we also assume that there is a d-dimensional Wiener process (B;);>0 indepen-
dent of (F7)o<7.

Then, like the model case, the equation

t
de(t,x) = Az (t, x)dt + g (t, x— / a(s)dBS> dw!,
0

with the zero initial condition has a unique solution ¢ € H(I), satisfying (5.14) and
(5.15). Note that the predictable o -algebra & is replaced by o-algebra generated by
F: V o (Bs; s <t) here. In particular, as our norms are all translation invariant with
respect to the space variable, we have

Ixllmg = C(d, p)lIgllmo -

From Theorem 2.3 it follows that the field Y (¢, x) := ¢ (¢, x + fot o(s)dBy), (t,x) €
[0, T] x R4 solves the SPDE

dY(t,x)=a’ ()Y, (. x)dt + g'(t, x)dW + Y i (t,x)o (t)dB], Y(0,x)=0.

Forany ¢ € C° and ¢ > 0,
t
(n(t.).$) = EL(Y (1. -),¢)|%1=E[<c<t,-+/o o(S)st),d)N%} as.

@ Springer



Appl Math Optim (2012) 65:175-219 201

t
(nx<t,->,¢>=E[(¢x(t,-+/0 o(s)st>,¢)

As C2° is separable and dense in HI? J(p—1)° it follows that

Therefore,

?}:| a.s.

Ine(e, )My < E[Igee. )l ol Fi] - as.

Hence,
Il < 12+ llug < C(d. p)IIglug-

By considering the possible nonrandom time change, we get (5.15) for n = 0. g

Proof of Theorem 5.2 Without loss of generality, assume that m = 1.
Step 1. We use the duality method to prove assertion (i).
Consider the following SPDE:

d(t, x) = [a" ()i (8,) + f (1, x))d1
+[—a! ()i (1, x) + g(2,)1dW,, (1,x) €[0,T]x R4, (5.16)
n(0,x)=0, xeR?,

where (f, g) € (]HIZ_”_2 HH;/"_Z) X (]I-]Iz_"_1 OH;,”_I), and 1/p+1/p’ =1.In view
of [21, Theorem 4.10], SPDE (5.16) has a unique solution u € H(;” such that

Inllg;n < CCTod,q. 3 A lns + g lgon),
e g2 < € g, 2 AU fllgg 2+ Iglgn ) (517)

E sup |In@, )l g—n-1 <C(T,d,q, 7, N[ f -2+ 18llg=n-1)
tel0,T] q q q

for ¢ =2, p’. For the moment, assume that

(F,G) € (H}, NHy) x (L7(Q, Fr, Hyth N LAQ, Fr, H ™).

For p =2, BSPDE (5.10) has a unique pair (u, v) € Hgﬂ X Hg“ such that (see
[36])

lullgen + [0l gger < CCTods2s MUF g +1G 20 77 gy

and for any ¢ € C° and 7 € [0, T]
(u(z, -),¢>)=(G,¢)+/ (@’ (Ouyiyi(t, ) + o' (v, (t, ) + F(t,-), p)dt

T
x/ w(t, ), $)dW;, as. (5.18)
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Furthermore, keeping in mind the existence of (u, v) € Hg” X H’;H, we conclude
that (at least for a modification of u) for any ¢ € C2°, the equality (5.18) holds for all
T € [0, T'] with probability 1. From Remark 5.3, we have u ]{’;""2.

The parallelogram rule yields the following

n+l

/ (1= AT u(t, )1 = A)~"F 5, x)dx
]Rd

1 ntl _ntl
= U0 = 2T ue, )+ (1= 27T 0 )72 g,
ntl _ntl
I = 2) T u(t,) = (1= 277 1, )2 ga))-

Applying Itd’s formula to compute the square of the norm (see [23, Theorem 3.1]),
we get

T
EA (M(t9')7 f(ts '))+(U(t9')7g(t7 ))dl

T
=G, (T, )+ E/ (F(t,-),n(,-))dt
0
= ”G”Lp(g’]:T’H;”rl)”n(T)”Lp/(Q‘ng’H;,"*I) + ”F”H’; ”77”}]1;/”
=< (”G”LP(Q,TT,H;'H) + ||F||H7,)(||77(T)||Lp’(9,¢T,H—,n—l) + ”77”]1-]1*/")
p P

< CT 0 A PUG] Ly g gty + I iy (1 g+ 180

Note that (F, G) € (H', N\ H3) x (LP(Q, Fr, Hi*) N LA(Q, Fr, Hyth).
For (F,G) € ]HI'['? x LP (2, Fr, HI',"H), we choose a sequence (Fk, Gk e (H’;, N
Hj) x (LP(, Fr, H;;“) NLX(Q, Fr, Hy™)), k=1,2,..., such that
|F = Fllgy +1G* = Gl g g7 gty = 0 as k — 0o, (5.19)

Denote by (u, vr) the unique solution pair to BSPDE (5.10) for (F, G) := (Fk, Gk).
Thus,

T
E /0 @ (t,), f(t.)) + F @, ), g, )t
T
= (G* (T, ) +E /0 (FX (1, ). (2, )
<C(T.d, p. s UG | g g gy + ||Fk||H;)<||f||H;;hz + Il

where C(T,d, p,x, A) is independent of k. Noting that H," % N ]HI;,”*2 and
H"~'n H;,”_l are dense in H;,n_z and H;,"_l respectively, and that (f, g) €
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(H =20 H;,”_z) x (H n=ln ]HI;,”_I) is arbitrary, from the last inequality, we have
I gz + 10" gt < C(Tod pods UF Ny +1G 1 8, grnr))- (5:20)
Moreover,
2 = Nk Ny + " + 07 o+ F¥

k k
+ ||vx||H; + G ”LP(Q,TT,BZ?E,Z_ZW)

< Cn.d, p, h, M)l Ny + 10 gy + 1 F g

k
F1G o,y 1)

< Cn,d, p.a, M)l gz + 10" g
k k
+ ”F ”H’,‘, + ”G ”LI’(Q,\'FT,H;H)]

< C(T.n.d. .o DI F Ny + 1G5 1o gy )]

and this combined with u* € ;2. implies u* € #1*? fork=1,2.3, ...
From (5.19), (5.20) and the last inequality, it follows that u* is a Cauchy se-
quence in ﬂ’;“. By Theorem 4.1, there exists u € ](’;“ such that [|u* — ul| ju+2 —
p

0, as k — oo, and there holds the following estimate
”u”](]';'*-z =< C(Ta n,p, d, A, A)[||G||L1)(Q,TT,H;,'+1) + ”F”H’;]

Denote v := Du. It is obvious that ||v* — V|lgn+1 — 0, as k — oo. In view of Remark
14
4.1, one can check that v € H’;ﬁl N H’;’ ,- By taking limits one can check that u €

H5+2 is a solution of BSPDE (5.10).

Now we prove the uniqueness of the solution. Suppose that F =0, G =0 and
ue Jt’z*z solving BSPDE (5.10). It is sufficient to show u# = 0, which is immediate
from the last estimate with F =0 and G = 0.

Step 2. We prove assertion (ii).

Note that LP(Q2, Fr, H;,’“) is continuously embedded into L”(S2, ¥7, H;,’).
From Lemma 3.1, it follows that u € HZ,OO, v e H;,Z’ andu € C([0,T], HI',L) almost
surely. In fact, in view of Lemma 3.1 and Theorem 4.1, we have

el o, + Nv e
< C(T, p)(llauyiy; + ™8 + Fllw +1Gll .57 1))
< C(T, p. &y M)l + loxlizm + I F i + 1GllLr i 57 )
< C(T. p. & A)(lull ns2 + 1 Flliy + G llLr @77 5)

<C(T,n,d, P A, A)(”F”H;’, + ||G||LP(Q,?T,H;‘+1))'
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Step 3. We prove assertion (iii) using the duality method.

Consider G = 0. For (f, g) € (H;," NH"™) x (]I-]I;/”+1 N HZ_”H), the Hessian 7,
of the corresponding solution solves SPDE (5.16) with (f, g) being replaced with
(fxx, &xx)- For the SPDE with (f, g), we have the following analogue to (5.17):

el < Cd, p, &, AU fllg—r + 118 llg=n+1)-
P P p

Furthermore, proceeding identically as in the proof of assertion (i), we have
T
E/ (uxixj (tv ‘)7 f(ta )) + (vxix.f (t7 ')’ g(t7 ))dt
0
T
=B [0 Fu ) + 01, g 1D
0

T

= E[ (F(tv ')7 77xixj (t’ ))dt

0
< IF N e g
P
<COuL AL, p)||F||H’;,(||f”H*," + ||g||H—/n+1), fori,j=1,...,d.
P P

Hence, by the arbitrariness of (f, ¢) and the denseness of (H ;" N H,") x (H | o
H, "1y in B x B it follows that

ez + Vxx o1 < €, po &y A) |1F e - (5.21)
p P
On the other hand, let { (¢, x) ;= u(¢, x + fol o (s)dWy). By Theorem 2.3, we have

—di(t,x) =@’ (t) — aV () (t, %) iy + Ft,x + [y o(s)dWy)ldt
—[oic,i(t, x) +v(t,x + fota(s)dWs)]dW,, (t,x) €[0,T] x RY;
o(T,x)=0, xeR4
(5.22)
We consider the dual SPDE

dyr(t, x) = (@’ (t) — o ()Y, (¢, x) dt
+h(t,x)dW,, (t,x)€[0,T] x R4, (5.23)
v(0,x)=0, xeR4

where h € H;," NH;™", 1/p"+1/p = 1. In view of Proposition 5.4, we conclude that
SPDE (5.23) has a unique solution ¥ € H;,"H satisfying

I¥xllg—=n = Cd, p, &, M)hllg—n.
P p

Moreover, we have

T t
E/ <O’i§xixj(l‘, -)—i—vx,-(t,-—i-/ a(s)dWs),h(t, -))d;
0 0
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T t
ZE/ <O—l§x’(ta )+U<t,+/ O—(S)dWS>,hx7(t, ))dl‘
0 0
T t
ZE/ <‘/ij(t,'),F<t,~+/ o(s)dW5>)dt
0 0
t
F(','Jr/ O(S)dWs(')>
0

=Cd, p, 2, A)IIhIIH;,n [ Flles  forj=1,....d. (5.24)

< Wrellgg-n
P H;')

Since h is arbitrary and H;," NH," is dense in H;," , we have

=Cd,p, 4, M Flm,
L

t
O—i{xix('v')"i_vx('a"i_\/ U(S)dWS>
0

which yields
loiu,i, + Vel < C(d, p, &y M) F ||y

Therefore,
lvallim < 10" ui i + 07wy + vella < C(d, p, &y A Fllgm, — (5.25)

which, combined with (5.21), implies the assertion (iii).
The proof is complete. g

Remark 5.5 Our assumptions listed in Theorem 5.2 are required by [21, Theorem
4.10] for the dual SPDE (5.16) to have a unique solution. In the whole proof, Propo-
sition 5.4 is used only in Step 3 to prove assertion (iii) of Theorem 5.2. In particular,
using the sharp harmonic analysis result (Lemma 5.3), Krylov established the L9-
theory ([21, Theorem 4.10]) for ¢ > 2, which implies via duality the assertions of
Theorem 5.2.

Remark 5.6 If the assumptions of Theorem 5.2 are satisfied for both ¢; and ¢ in-
stead of p, where g1, ¢> € (1, 2], then the solutions in ](;l+2 and Jf;z“' 2 coincide.

Indeed, we need only to take (F¥, G¥) e (H NH; NHE) x (L9(Q, Fr, H)THN
LX(Q, Fr, HTY N L2(Q, Fr, HJ*1)) during the proof of Theorem 5.2. Then the
approximating solutions in Jé’;’]“ and }fg‘z"’ 2 coincide in H) +2_ This implies the so-
lutions to (5.10) in Jt’(;']” and Je;ﬁ coincide.

Remark 5.7 For the case p € (2, 00), consider the following BSPDE
—du(t,x) = [a" (t)u,ij(t,x) + o (@t v, (t, x) + F(t, x)ldt
— vk, x)dWF,  (t,x) [0, T] xR, (5.26)
u(T,x)=G(x), xeR?,
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and SPDE:

dn(t,x) = [a" ()i, (8, %) + f (2, x)]dt
—a* (i (t, x)dWk, (t,x)e€[0,T] x R4, (5.27)
n(0,x)=0, xeR?,

where f € H;,”_z, (F.G) e H", x LP(Q, Fr, H*), 1/p+1/p'=1, n € R and
(a"j)15,',j5d and (aik)lgifd,lfkfm are the same as Theorem 5.2. Ifa =1 and o =0,
one can check that n(t, x) = fot 209 £(s, x)ds € H;/" is the unique solution of
(5.27) in the sense of [20, 21]. For the general a and o, by applying the It6-Wentzell
formula and the technical method used in Proposition 5.4, we can conclude that (5.27)
has a unique solution n € H . It is crucial that o is invariant in the space variable.

Then through a procedure similar to the proof of Theorem 5.2, we can conclude
that BSPDE (5.26) has a unique solution pair (u, v) such that u € H’;ﬂ‘z NnH"?

p.oo°
v+ o ok (s)dawky e HI’, , and for any ¢ € C2°, the equality
w(t.").¢) = (G.¢) + f @ (i () + 0™ OVh ,) + Ft, ), p)dr
T

T
— f Wk, ), p)dwk,

holds for all 7 € [0, T] with probability 1. For this solution pair, we have u €
C([0, 1], Hl',’) almost surely and

Iz + Nl + 10, < CCTomds p 3 ) (G g gy gty + 1 F i)

where v/ = v(-, - + fo Uk(s)de). In particular, when G = 0, we have |[u||gn+2 <
14
C(d. p. 3 A) [ F .

5.3 The Case of General Variable Leading Coefficients
Now we deal with the general case.
Theorem 5.5 Suppose that the Assumptions 5.1-5.4 are all satisfied. Consider

GellP(Q,¥Fr, HI',"H) with p € (1,2] and n € R. Then BSPDE (5.1) has a unique
solution u € Jf;”, satisfying the following inequality

il g2 < C(T,1,%,0.d, p 2 A) (||F(O, 0, )z, + ||G||LP(Q,}.T,H3+1)) .(5.28)
The following lemma can be found in [21, Lemma 5.2].

Lemma 5.6 Let { € C*° (R be a nonnegative function such that f C(x)dx =1 and

define ¢ (x) = kdg(kx), k=1,2,3,.... Then for any u € H?, p € (1,00), and any

n € R, we have
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@ llaulln,p < Cllall gty etlln, p where C =C(d, p,n,y);
(i) |lu * Ck”n,p = ”””n,pa le — u §k||n,p — 0as k— oo.

Applying Lemma 3.2, we get a priori result about the solution of BSPDE (5.1),
which is given in the following lemma. It will play a key role in the proof of Theorem
5.5 and distinguish our proof of BSPDEs from that of SPDEs in Krylov [20, 21].

Lemma 5.7 Letu € J(’” *2 be a solution to BSPDE (5.1). Let the Assumptions 5.1—
5.4 be satisfied. Then for any & > 0, there exists a constant C = C(T, p, €) such that

IDuller ) < el e + 1 Duw)llm ) + 1FO, 0, - w1
+C(T,p,¢, 0, A)||u||]1.1p;’(,), tel[0, 7).

Proof Denote v := Du. By Lemma 3.2, for any £ > 0, there exists a constant C =
C(T, p, &) such that

loller , < EllLu+ M+ Fu, v, )l + C(T, p. &)l

< EC(A) lutxx Ny + lox iy + 1F(0.0, )5z
+ &) + D(lullzzy + v llsy) + C (T p. &) ez

Since
ol < TP vl
we choose & sufficiently small so that 1 — £(o(1) + 1)T?~P)/2 > 1/2. Therefore,
lvllg , < 28C (Al llg + lvelle + 15,0, -, ) 1]
+2&(e(1) + Dllulley +2C(T, p, &) l|ullm,
< 26C(M)[luxxllm + lvxllz +1F0,0, -, e 1+ C(T, p, & o(1) llullms-

This shows that the lemma is true for # = 0. Replacing HY, with H',(r), we can prove
the lemma for any ¢ € [0, T') similarly. O

We have the following result about the perturbed leading coefficients.

Theorem 5.8 Ler Assumptions 5.1-5.4 be satisfied. Then there exists a constant € €
(0, 1) depending only on d, p, > and A such that if the inequality

Ia(t, ) = a@)’ @) iyillnp + 1@ ) =& N @D Iy
= 8(||(ul)xx||n,p + ”(Ul)x”n,p) + KO(”“I”n,p + ”Ul”n,p)v
Yy, vi) € HiY2 x Hit' 1 >0, (5.29)

holds for some constant Ky and some pair (a, o) which satisfies the assumptions in
Theorem 5.2, there exists a unique solution u € J(ZJBZ to (5.1) with G =0. Moreover,
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we have
lull gen+2 = C (T, Ko, 0. d. p. & MIF(0,0, -, ) g, (5.30)
In particular, C is independent of T if Ko =0 and o =0.

Proof Step 1. We first prove that there is a generic constant ¢ € (0, 1) such that the
inequality (5.29) yields the estimate (5.30) for any solution u € }f"+2 to BSPDE
(5.1). Denote v := Du and rewrite BSPDE (5.1) into the following form

—du(t, x) = [Lu(t, x) + Mok (t, x) + (L = Lyu(t, x) + (M — M)k, x)
+ F(u,v,t,x)]dt — vk (t,x)dWF, (t,x)€[0,T] x RY;
u(T,x)=0, xe R4
(5.31)
where

L=a" a2 M"—a"ki k=1 m
7 axiaxd’ U axi T

In view of Theorem 5.2, we have

luall g2
<C(d, p,h, ML= Ly + (M = M + Flu, v, -, )
<C(d, p, & M)leCleellim, + lvellsm ) + KoCllula, + Ivls)
+1F 0,0, ) e + 1 (luxr e + llvxllsm ) + (@(e1) + &) (ull + I10/l5m)]
=CW, p, 2, Ml(e + &) (uxx llpm + loxllem)
+ (Ko +0(e1) + &0 (lullsm + [vllem) + 1F(0,0, -, ) 1 1.

Note that the above still holds if Hg is replaced by ]HI’I’, (t) fort € [0, T). Furthermore,
if Ko =0 and o =0, the map F does not depend on (u, v) and we get instead that

lull gon2 < Cd, ps & A& (tx lmn 4 NvxllEn) + 1 F w1,
p

which implies the last assertion of Theorem 5.8 by taking ¢ small enough such that
cd, p,r, Ne <1/2.

Now, fix 7 € [0, 7). Then, noting that [[v|les ) < T<2—P>/2||u||H;§2(t), from
Lemma 5.7, we conclude that for any ¢ > 0, there exists a constant C =
C(T, p, &2, 0) such that

lvlle o)
< e2(lluxx e o) + x| @) + 1F(0,0, -, e o) + Co(T, p, €2, 0, M) llullmn o).
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Thus, it follows that

il g2
= Cid, p. &, M){le +e1 + (Ko +o(e1) + e)e2](luxx 1w @y + lox lmm o)
+ [(Ko +e(e1) +ene2 + HIIF (0,0, -, ) llmn @
+ (Ko +o(e1) +e)(1 + Co(T, p, €2, 0)) lullEm ) }-
Taking 1 =¢, e =¢/(Ko+0(¢) +e+1)and e =1/(4C1 + 1), we get
lall gen2py = SIF 0, 0, -, Il 1) + C(T, pods &, A, Ko, o)l o)
which immediately implies the following inequality

I3y < CCT. . 1 A Ko, 0@ UF O, 0, )y )+ ey )

Since (see Remark 4.3)

E su ) P o<C , T P ,
Sup G5, g < CCp Tl

we have

T
S C(T1 pvdv )"7 K(), A1 Q(S)) <||F(07 07 “ )”H[')H’;)(Z) + Ef ”M(S, )”[]Z];;lds>
t

T
L AP P
<C(T,p,d, A, Ko, A, 0(¢)) (IIF(0,0, , )IIH,;’(,)—F/[ IIMII%;H(S)ds).

Using Gronwall inequality, we get the desired estimation (5.30).
Step 2. We use the standard method of continuity to prove the existence of the
solution u € J(’;,H‘z. For 6 € [0, 1], we consider the BSPDE

(5.32)

—du = (Lou + MV + (1 —0)F(u, v,t, x))dt — v dWF
u(T,)=0

where

Lo=0L+(1-0)L and ME=0M+ (1 —O)M-,

Note that the priori estimate (5.30) holds with the constant C being independent of
0. Assume that BSPDE (5.32) has a unique solution u € J{’Z‘SZ for 6 = 6y. Theorem

5.2 shows that this assumption is true for 6p = 1. For any u| € Jt’;’f’z, the following
BSPDE

—du = {Loyu + M5 v* + (1= 00)F (u, v, 1,x) + (0 — 00)[(£ — Lyuy
+ (ME = MOYDu* + F(ur, Duy, 1, )l)dt — vkd W, (5.33)
M(T, ') = 05
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has a unique solution u in ,}62462, and we can define the solution map as follows

R, : Jf;fgz — J(’[”?’ng, Ui u.

Then for any u; € J(’I’;JBZ, i=1,2, we have

Mooz — Rttt ggn+2
< €10 = 60lI1(£ — L) (2 — u) + (M* = M") Duz —Dup)*
+ F(ua,Duy, t,x) — F(uy, Duy, t, x)||Hf1«)
< €16 —Golllur = 2] -2,
where C does not depend on @ and 6. If C|0 — 6y| < 1/2, Ry, 1s a contraction

mapping and it has a unique fixed point u € %;BZ which solves BSPDE (5.32). In this

way if (5.32) is solvable for 6y, then it is solvable for @ satisfying C|0 — 6| < 1/2.
In finite number of steps starting from 6 = 1, we get to 8 = 0. This completes the
proof. O

Lemma 5.9 Under the Assumptions 5.1-5.4, there existsane = e¢(n, y,d, p, ., A) >
0 such that if k (c0o—) < ¢, then the condition of Theorem 5.8 is satisfied . In this case,
by Theorem 5.8 we conclude that there exists a unique solution u € J{’Z:gz to BSPDE
(5.1) with the zero terminal condition satisfying the following inequality

lull goniz < C(T', 0, d, p, &, M) F(O,0, -, )[[E .
p

Proof Define a(t) = a(t,0) and 6 (¢) = o (¢, 0). It follows from Lemma 5.6 that, for
any (u1,vy) € HI’,”r2 X HI’,‘“, we have

@ —a)" (t, ) @)ijlln.p + 1o — &), YWD
<Cn,d, p,y) (I@—ayt, ) g @) xxlln,p
+ 10 = &), ) gmier 1Dl p) - (5.34)

In view of (5.29), there exists a constant €1 = ¢1(n, v, d, p, A, A) such that if

la(t, ) —a@)| gy 1@ xxlln,p + llo (2, ) — o @)l gty | (VD xlln,p < €1,
vt € [0, T], (5.35)
the condition (5.29) in Theorem 5.8 is satisfied. With a standard method (c.f. [21,

Lemma 6.6, pp. 215-216]), we can check that if ¢ in our lemma is sufficiently small,
(5.35) holds true. This complete the proof. 0

To prove Theorem 5.5, we need a generalization of the Littlewood-Paley inequal-
ity, which is due to Krylov [19].
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Lemma 5.10 Let p € (1,00), n € (—00,400), § >0, and ¢ € C*, k =
1,2,3,.... Assume that for any multi-index o and x e R4

sup » | DG (x)| < M(a),

xeRd k

where M () is constant. Then there exists a constant C = C(d, n, M) such that, for
any f € H?,

> Nk flInp < CULIE -
k

If in addition
> la@)” =8,
k

then for any f € H",

LR, <Cdon, M. 8) Y e fIF -
k

Proof of Theorem 5.5 Step 1. Without loss of generality, assume that G = 0.
In fact, by Theorem 5.2, there exists a unique solution u € # ’;+2 for the equation

{—du = Audt —v*dW}, 1€][0,T]; (5.36)

u(T,x)=G(x)
satisfying the estimate
||I,_l||}(;+2 =< C(T7 P, da )"7 A)”G”LP(Q,TT,H;+1)'

Without loss of generality, we consider (i(t,-), Du(t,-)) € H,’,Z+2 X HI’}H for any
(t,w) €[0,T] x Q. Setting (u, v) := (& + u, v + v), we need only to consider the
BSPDE

—dii(t,x) = [a" (t, X)iiyi,.i (t, x) + 0™ (2, )%, (¢, x) + F (@i, 0,1, x)1dt
— ok, x)dwk
where
F(it,0,t,x) = F@+it, 0+ 0,t,x) +a" (t, )iti i (1, x)
+o (@, )05 (1, x) — Aii(t, x).

It can be checked that F satisfies the same condition as F.

Step 2. We give a priori estimate for the solution u € %;Bz to BSPDE (5.1).

For ¢ > 0 in Lemma 5.9, by Assumption 5.2, there exists &g > 0 such that K (s) < &
forany s € [0, eo]. Let {¢;: 1 = 1,2, 3, ...} be a standard partition of unity in R4 such
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that, for any /, the support of ¢; lies in the ball B(x;, ¢9/4). For any [, take a function
n1 € C2° valued in [0, 1] such that the support of #; lies in B;(x;, €9/2) and n; =1 on
B;. Denote v := Du. Then we get

—d(ug)(t, x) = [Li(t, x)(Gu)(t, x) + ME(t, ) (Gv*) (2, x) + F (2, x)1dt
— )k, x)dwf (5.37)
(ug)(T,x)=0

where

Li(t,x) = (x)L(t, x) + (1 — m)) LT, x),
M (t,x) = )MEE, x) + (1= ))MEE, x),
F(t,x) = =208 a"u, (£, x) = () i ia ut, x)
— (&) VR, x) + G F(u, v, 1, x).
From Theorem 4.1 and Lemma 5.9, we get
luillggnsz + 10&llggner < C(T. 0. A, d. P F .

Applying Lemma 5.10 and 5.6, we can get such conclusions as

> laF@.Dllkp < CILF (@, )]},
!

D M@ ia (. DI, < Cllau, DI, < Cllul .
!

(@, Dllnp < C Y NG1(@, Dlln,p < Clu@, Dln,p,  (@,1) €Qx [0, T] e,
!

Integrating each term on Q x [0, T'], we have
il g2
= C(T,mke,d, py s DU v, )l + Nullgper + 0]53)
<Ci(T,k,n,d,p, A, A)(81||M||J€;;+2 +1F(0,0,-, ')llH';,
+ (I +o(e) llullm + vllm)

where &1 > 0 is arbitrary. Then, noting that [|v||p < T@=p)/ 2||v||H; ,» from Lemma

5.7, we conclude that for any ¢, > 0, there exists a constant C = C(T, p, &2, ¢) such
that

ol < e2Cllull jonsz + 1150, 0, - )llmy) + C2(T, p, €2, 0, A llullg.-

By choosing €1 + €3 small enough such that C1 (T, «,n,d, p, x, A)(e1 + &) < 1/2,
we get

lull g2 < C(Tokes 0,y p 2oy AYAF©,0, Iz + ullszy)- (5.38)
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In view of Theorem 4.1 and Remark 4.3, we can show in a similar way the following
inequality

T
Ellu(,)lln., < CIIF(0,0,-, ')IIﬁZ +C/ Ellu(s, )5 pds
t

for all ¢ € [0, T']. Using Gronwall’s inequality, we have
llullﬁﬁ =C|F(,0,, ')IIﬁ;,
which along with (5.38) implies the following estimate
lull gon+2 = C(T ke, 0., d, p, 2y MIIF (0,0, -, )l (5.39)

Step 3. In the end, proceeding identically as in Step 2 in the proof of Theorem 5.8,
we can prove the existence and uniqueness of the solution. The proof is complete.
O

Corollary 5.11 Let the assumptions of Theorem 5.5 be satisfied. We assume that the
assumptions are not only satisfied for p but also for q € (1,2]. Then the solution u in
Theorem 5.5 belongs to Jf;""z.

Proof We can prove our corollary by completing the Step 3 of the proof of Theorem
5.5. The difference from Step 2 in the proof of Theorem 5.8 lies that we use the Picard
iteration this time instead of the contraction mapping principle. Assume that for some
0 = 6y, equation (5.32) with zero terminal condition admits a unique solution u €
%;Bz( TN JQ’;}SZ. By the way, this assumption is satisfied for 6y = 1 by Theorem 5.2
and Remark 5.6. Set ug = 0 and take iterations u; = Rgyu;—1, [ =1,2,3,.... Then
there exists a constant § > 0 independent of 6y such thatif 6 € [0y — &, 6o+ 1N [0, 1],
u; is a cauchy sequence both in Jf;};z and }(’;:52 and for these s the solutions in

Jf;‘j)z and %;Ez coincide. In finite steps from 6 = 1, we get to & = 0. This completes
the proof. O
6 Two Related Topics

The proofs of the following results are similar to that of the SPDE in [21], and will
be sketched only.

6.1 Comparison Theorem

The following theorem shows that the solution to BSPDE (5.1) is continuous w.r.t. the
leading coefficients ¢/ and o*¥, the non-homogeneous drift term F, and the terminal
value G.
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Theorem 6.1 Assume that forl =1,2,3, ..., we are given allj,alik, F;, and Gj ver-
ifying the same assumptions as a'/, o'*| F and G in Theorem 5.5 with the same con-
stants A, A and the same functions «, 0. Let {(x) € CX° be a real function taking
values in [0, 1] such that ¢ (x) =1 if |x| <1 and {(x) =0 if |x| = 2. Define ¢ (x) =
t(x/r) for r =1,2,3,.... And we also assume that, for r = 1,2,3,...,i,j =
1,....d,k=1,...,m,te€[0,T], and w € 2,

I 4a” &, ) — ai’ (6, Wl p + 1546 @, ) — 5, Nlwp =0 (6.1)

as | — 00. Furthermore, assume E||G; — G| — 0 and

P
n+l,p

”F(M,U,',')—F](u,v,',')”Hg—)0, (62)

whenever u € RZ“ and v :=Du. If we take the function u from Theorem 5.5 and for
any | define u; € J{’;H as the unique solution of the following BSPDE

—du(t,x) = [al” (t, X)upyii(t,x)+ O'lik(t, x)vlkx, (t,x) + Fi(up, vy, t, x)]dt
— vk, x)dWk,  (t,x) [0, T] x R,
u(T,x)=G(x), xeR?,
(6.3)
where v; :== Duy, then we have ||u — ulllﬂ,zu — 0asl— oo.

Proof Letu; =u — u; and v; = v — v;. Then we have

—di(t, x) = [alij (t, X)ity i (2, %) + ok (2, x)ﬁl"x[ (t,x) + fi(a, op)ldt
= f (e, 0)dWE, (5,x) €[0, T x RY, 6.4)
i (T,x)=G(x), xeR,

where
filig, o) = @7 — aYuyi i + (0 = /") v + Fu,v) — Fj(u — i, v — 0).
Then by Theorem 5.5, we obtain
i =il g2 < C I,
where C is independent of / and
B =@ = a il + 110 = 0/*) v e
+1I1F (u,v) = Fiu, o)l + (EIIGi — Gy, )P, (6.5)

By our assumptions, we have

limsup J; < limsup{||(a” — alij)uxixj llEm + (o™ = o/*yv,ilgm ). (6.6)
[—o00 [—o00 ! b

Then the following is standard (for reference, see the proof of Theorem 5.7 of [21]
pp- 209-210).
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For any ¢ € C2°, let r be so large that ¢, = ¢. Then, by Lemma 5.6, we get

. ij . ij
@’ —a; uyiyilln,p < Cli = @)yixilln,p + 1@ —a; )i rilln, p

ij ij ij ij ij ij
(@' — a YBrii ”n,p = (a" — a Vr@rivi ”n,p <Cll(a" — a )er ||n,p||¢||B\"I+2+y7
6.7)

where the constants C’s are independent of r and /. Thus,

limsup [[(@” — a Yuyijlln,p < Cll = @)yiilln,p for (1, ®) €[0.T] x Q, ae.,
[—o00

and the arbitrariness of ¢ implies the left-hand side above is zero. Then by Lemma
5.6 and the dominated convergence theorem, we conclude that

lim [[(a” — @ yuyi ;| = 0.

[—o00 P
Similarly, we can get lim;_, o || (0% — alik)vxi ||H77 =0. g
Remark 6.1 From Lemma 2.2, it follows that the condition (6.2) holds for any u €
Jf;” if and only if it is satisfied for u(r, x) = ¢, v¥(r, x) = ¢* with any ¢, ¢* €

CX k=1,...,m.

Corollary 6.2 Take ¢ from Lemma 5.6. Under the assumptions of Theorem 5.5, for
[=1,2,3,..., we define

(GZ,U[)Z(Q,O')(t, )*;l(-x)v GIZG*CI(-X)7
and also

H(uvvvtax):F(u7vs[7')*§l(x)=/l\{d F(M(.X), U(x)at’x_y)é‘l(Y)dy-

Then the assumptions of Theorem 6.1 are satisfied, and if we take u; € J(ﬁ” as the
unique solution of BSPDE (6.4), we have |lu — u;|| yn+2 — 0 as | — oo.
4

As the proof of the corollary is just a verification, which is very similar to [21,
Corollary 5.10], it is omitted here.

Theorem 6.3 Under the assumptions of Theorem 5.5, let u be the solution of BSPDE
(5.1) for n = 0. And further, assume that

F(u,v,t,x)= b (t, X)uyi +cot, x)u(t,x) + c (¢, x)vk(t, x)+ f(t,x),
where b (t,x),co(t,x), ck(t,x),k=1,...,m are bounded P x B(Rd)-measurable

functions on [0, T] x 2 x R? and f(,x)=>0.Also assume that G > 0 almost surely.
Then u(t,-) > 0 forallt € [0, T] almost surely.
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Proof First, we take two nonnegative sequences ( f ! )i>11in L®(Q2 %[0, T], £, Hg) N
HY and (G');>1 in LA(Q, F7, H)) N LP(Q, F7, H}) such that || f' — £l — Oand
IG! — G||Lp(QfT,H;) — 0 as [ — oo. Next, Corollary 6.2 allows us to assume that

G!, f! and all the other coefficients are infinitely differentiable in x.

After those above, by Theorem 6.1 we get an approximating solutions u! of u.
In this case the assumptions of Theorem 5.5 are satisfied for p =2, and any n > 0.
Then, Corollary 5.11, yields ul € Jfg for any r > 0. Furthermore, in this case the
assumptions of [10, Theorem 5.1], [15, Theorem 6.1] and [33, Theorem 6.1] are all
satisfied, and the comparison theorems there all imply u’ > 0 (a.e. (¢, x,)). By
taking limits, we get u > 0 (a.e. (¢, x, ®)). On the other hand, in light of Lemma 3.1,
it follows that u € C ([0, T, Hg) a.s., which implies u > 0 (at least for a modification
of u) for all # € [0, T] almost surely. O

6.2 LP Theory for p > 2

When p < 2, the assertion of Lemma 5.3 is not true in general. This fact makes

the LP-theory we have established in Sect. 5 require the assumption p € (1,2]

and Krylov’s seminal work [20, 21] require p € [2, co). However, if we consider

SPDEs (5.27) where the diffusion is homogeneous in the unknown variable, the har-

monic result (Lemma 5.3) can be avoided, which could allow us to get further results.
Consider the following BSPDE

—du(t,x) = [aij(t, Xy (t,x) + aik(t)vl;,- (t,x) + F(u, O'il/lxi + v, t,x)]dt
—vk(t, x)dWkK, (t,x) €0, T] x RY;
w(T,x)=Gx), xeR4.
(6.8)
Definition 6.1 We call (1, v) a solution pair of BSPDE (6.8) in H’;ﬁz X H;,Z if
ueHy, v(, -+ I ok (s)dawky e H;,Z and for any ¢ € C2°, the equality
W 9.) = G+ [ @It )+ a0k )
T

+ F(u,0'uyi +v.t,), ¢)dt — /T(vk(t, ), p)WE,
T
V(t,¢)€[0,T) x CZ (6.9)
holds for all T € [0, T'] with probability 1.
For the case p > 2, we have presented some results in Remark 5.7 on BSPDEs
with constant-field-valued coefficients. Through a procedure similar to the case p €

(1, 2] we get the following result.

Proposition 6.4 For p > 2 and n € R, suppose that a and o satisfy Assumptions
5.1-5.3 with o being invariant in the space variable. Let F (0,0, -,-) € HZ. For any
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(h,g) e H’;fz X H’; 2 F(h,g,t,")isan H;’-valued P -measurable process such that
there is a continuous and decreasing function o : (0, 00) — [0, 00) and a constant
L > 0 such that for any ¢ > 0, we have

IF(h, &) = F(h' g, )l
<ellh—h iz + 0@ Ih = Hlley ) + LIE — &'llz o).

h,h' e H)Y? and g, ¢’ € HY, 5, (6.10)

holds for any t € [0, T). Consider G € L? (2, ¥r, H;H)‘ Then BSPDE (6.8) has a
unique solution pair (u, v) in H’;“ X H?ﬂ‘ For this solution pair, we have

ol + 110

= C(T,}’l, K, Q?d’ P, A, A)(”F(O, 0, )”H’II, + ”G”LP(Q,?T,HSH))
where v'(t,x) = v(t,x + [y X (s)dW¥), (t,x) €[0,T] x R%.

Here, we only give a sketch of the proof. First, take ¢ (¢, x) = u(¢, x + fot ak(s)dW;‘).
By Theorem 2.3, we can rewrite the BSPDE (6.8)

—dg(t,x) =[a" (t,x)¢i i (t,x) + F(&, 0 ¢ + V', t,x + [y ok (s)dWE)]dt
— (@Mt x) + v, x)dWk, (t,x) €0, T] x R,
¢(T,x)=G(x), xeR?,

(6.11)
where a(t, x) := a(t,x + [3 o*(5)dW¥*) — Loo7 and G = G(x + [ o*(s)dWh).
Actually the estimate about v are deduced from Lemma 3.1. The proof of the other
assertions are very similar to those seen in Sect. 5.3.

7 Comments

In the framework of weak solutions, we establish in this paper an L”-theory for
BSPDE (1.1) which seems to be the first study for the L”-theory of BSPDEs. Mo-
tivated by Krylov’s seminal work [20, 21] on forward stochastic partial differential
equations, we establish an L?-theory which includes as a particular case the L?-
theory (1 < p < 2) for deterministic parabolic PDEs. As the L?-theory for SPDEs
essentially relies on the sharp harmonic result Lemma 5.3 for the case p € [2, 00), the
LP-theory for the Cauchy problem of BSDPEs obtained via duality herein requires
p € (1,2]. For p > 2, we give some separate results.
Finally, we would like to make the following remarks:

(1) In this work, we establish the LP-theory for BSPDEs (1.1) with the unknown
random field u being scalar valued. In a similar way, we can also present the
corresponding L?-theory for systems of backward stochastic partial differential
equations with the unknown random field u taking values in a Euclidean space,
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2)

3)

“)

®)

on the basis of the L”-theory for systems of SPDEs obtained by Mikulevicius and
Rozovskii [25], which is left as an exercise to the interested reader. As a particular
nonlinear system of BSPDEs, the two-dimensional backward stochastic Navier-
Stokes equation is studied by Qiu, Tang and You [31].

The super-parabolicity and bounded assumptions on the coefficients are required
in this work. For the degenerate, unbounded and irregular cases, refer to [8, 12,
15, 28-30, 33].

In this work, our BSPDE (1.1) is addressed in the whole space. For BSPDEs in
domains, refer to [7, 11, 28]. In particular, strong solution to the Cauchy-Dirichlet
problem of BSPDE:s is considered in [11]. However, to the best of our knowledge,
when p # 2 the corresponding L?-theory for BSPDEs in domains is still blank.
For the critical case p = 1, LP-theory for BSDEs is given in [5]. In [29], we
discuss the L'-theory for BSPDEs and obtain some similar properties to those
for BSDEs.

In unbounded control with stochastic coefficients, quadratic BSPDE arises. Bor-
rowing the techniques of Kobylanski’s seminal work [18], Du and Chen [9] gives
a fairly complete theory for quadratic BSPDEs.
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