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Abstract We consider a nonlinear stochastic optimal control problem associated
with a stochastic evolution equation. This equation is driven by a continuous martin-
gale in a separable Hilbert space and an unbounded time-dependent linear operator.

We derive a stochastic maximum principle for this optimal control problem. Our
results are achieved by using the adjoint backward stochastic partial differential equa-
tion.

Keywords Martingale · Stochastic evolution equation · Stochastic maximum
principle · Optimal control · Variational inequality · Adjoint equation · Backward
stochastic partial differential equation

1 Introduction and Motivation

We consider a system governed by a stochastic evolution equation (SEE for short)
given by

{
dX(t) = (A(t)X(t) + F(X(t), ν(t)))dt + G(X(t))dM(t), t ∈ [0, T ],
X(0) = x ∈ K,

(1.1)

where A(t), t ∈ [0, T ], is an unbounded closed linear operator on a separable Hilbert
space K , M is a continuous martingale in K , F and G are suitable functions to be
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introduced later and ν(·) is a control. These types of SEEs have appeared in [15–17,
20, 21, 34].

We are concerned here with minimizing the cost functional over the set of admissi-
ble controls, see (3.3) and (3.4). We will be approaching this through using the theory
of backward stochastic partial differential equations (BSPDEs for short) for deriving
a stochastic maximum principle for this control problem; cf. the BSPDE (5.2) in
Sect. 5. This is due to the fact that we can not use the dynamic programming as we
shall shortly tell about it.

Since the existence problem of optimal control is a different problem, we do not
include it in this paper. However, a special case can be found in [4]. Some results in
this direction can also be developed from the works of [1, 2] and [34].

It is noted that the use of backward stochastic differential equations (BSDEs) in
deriving the maximum principle for forward controlled stochastic equations was first
discussed by Bismut in [9]. Actually, it was shown there that linear BSDEs may arise
from some stochastic control problems and can then be regarded as their resulting ad-
joint equations. See also Kushner [22, 23] and [18]. Bensoussan in his lecture notes
[7] studied similar cases particularly for controlled diffusions, and used somewhat
different variational methods. Later Peng in [28, 29] studied the nonlinear BSDEs
in order to study the stochastic maximum principle; one can see also [19]. The re-
lationship between BSDEs and the maximum principle for some SDEs is shown in
several works, among them for instance are [29] and [35] and the references of Zhou
cited therein. Extensive discussions are found in [33] and [36]. Bensoussan in [8,
Chap. 8] presents a stochastic maximum principle approach to the problem of sto-
chastic control with partial information treating a general infinite dimensional setting.
The adjoint equation as a BSPDE is derived also there. Another work on the max-
imum principle that is connected to BSDEs can be found also in [6]. An expanded
discussion on the history of maximum principle can be found in [35, pp. 153–156].

To work with adjoint BSPDEs (or even with BSDEs if the above operator A(t) =
0) it is common to require the filtration furnished for such equations to be the Wiener
(Brownian) filtration. This is the case of [35, pp. 114, 116], where such a restriction
is made. One can see also our work in [5] in this respect. Recently we proved in
[3] the existence and uniqueness of solutions to infinite dimensional BSPDEs, which
are driven by infinite dimensional martingales. In our work here we shall drop that
restriction and work with an arbitrary right continuous filtration that can also be larger
than the Wiener filtration. The work in [3] will be our main tool to overcome the
difficulties that may arise when working without such a restriction.

Another motivation is that the dynamic programming approach for a similar op-
timal control problems associated with a given controlled SDE requires usually a
Markov property to be satisfied by its solution, which does not hold in general when
the driving noise is a martingale as in the case of the SEE (1.1). So the maximum
principle remains a good tool to study the optimality for such controlled SEEs.

On the other hand, SEEs and SPDEs arise naturally from studying various appli-
cations in a number of fields that include physics, biology, control theory and finance.
We refer the reader to [11, 12, 27, 32] and the references therein and to [10] and [14]
for some applications to control theory.

It may be useful to know that the maximum principle in infinite dimensions started
after the work of Pontryagin [31]. One can see Li & Yong [24] and the references
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therein for a detailed description of theses aspects. Besides Tudor [34] and Al-
Hussein [4] the work of this paper, where the driving noise is an infinite dimensional
martingale, is among the first works and our results here are new.

2 Preliminaries

We will give the necessary background on infinite dimensional martingales and sto-
chastic integration.

Let (�, F ,P) be a complete probability space equipped with a right continuous
filtration {Ft }t≥0. Fix 0 < T < ∞ and denote by P the predictable σ -algebra of
subsets of � × [0, T ]. For a K-valued process we say that it is predictable if it is
P /B(K) measurable. Denote by M2[0,T ](K) the Hilbert space of cadlag square in-
tegrable martingales {M(t),0 ≤ t ≤ T } taking their values in K , which is equipped
with the inner product (M,N) �→ E[〈M(T ),N(T )〉

K
]. Let M2,c

[0,T ](K) be the sub-

space of M2[0,T ](K) consisting of all square integrable continuous martingales in K .

We say that two elements M and N of M2[0,T ](K) are very strongly orthogonal (VSO)
if E[M(u) ⊗ N(u)] = E[M(0) ⊗ N(0)], for all [0, T ]-valued stopping times u.

For M ∈ M2,c
[0,T ](K) let 〈M〉 denote the predictable quadratic variation of M and

Q̃M be the predictable process associated with the Doléans measure of M ⊗ M and
takes its values in the space L1(K), where L1(K) is the space of nuclear operators
on K. Let 〈〈M〉〉t = ∫ t

0 Q̃M(s,ω)d〈M〉s . Then M ⊗ M − 〈〈M〉〉 ∈ M2,c
[0,T ](L1(K)).

Moreover M is VSO to N if and only if 〈〈M,N〉〉 = 0. More details and proofs of
these as well as the following facts can be found in [25] and [26].

For (t,ω) if Q(t,ω) is a symmetric, positive definite nuclear operator on K, we
denote by LQ(t,ω)(K) the set of all linear (not necessarily bounded) operators �

which map Q1/2(t,ω)(K) into K such that �Q1/2(t,ω) ∈ L2(K), where L2(K;H)

(or shortly L2(K) when H = K) denotes the space of Hilbert-Schmidt operators
from K to the Hilbert space H. We shall denote the inner product in L2(K) by 〈·, ·〉2
and by ‖ · ‖2 to its norm.

We define the stochastic integral
∫ ·

0 �(s)dM(s) for mappings � such that for each

(t,ω), �(t,ω) ∈ LQ̃
M

(t,ω)
(K), for every h ∈ K the K-valued process � ◦ Q̃1/2

M (h) is

predictable, and

E

[∫ T

0
‖(� ◦ Q̃1/2

M )(t)‖2
2 d〈M〉t

]
< ∞.

The space of such integrands is a Hilbert space with respect to the scalar product
(�1,�2) �→ E[∫ T

0 〈�1 ◦ Q̃1/2
M ,�2 ◦ Q̃1/2

M 〉d〈M〉t ]. Simple processes in L(K) are ex-
amples of such integrands. Now denoting by �2(K; P ,M) to the closure of the set
of simple processes in this Hilbert space we obtain a Hilbert subspace.

Let us next consider the following space:

L2
F (0, T ; K̃) :=

{
φ : [0, T ] × � → K̃ predictable and E

[∫ T

0
|φ(t)|2dt

]
< ∞

}
,

where K̃ is a separable Hilbert space.
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We quote the following proposition from [4], which describes the integrands with
respect to martingales as in this paper.

Proposition 2.1 Let M ∈ M2,c
[0,T ](K). Suppose that there exists a predictable process

Q(·) such that for each (t,ω), Q(t,ω) is symmetric, positive definite nuclear operator
on K and 〈〈M〉〉t = ∫ t

0 Q(s) ds. If for some positive definite nuclear operator Q on
K, Q(t) ≤ Q for all t ∈ [0, T ] a.s., then

φ ∈ L2
F (0, T ;L2(Q1/2(K);K)) ⇒ φ ∈ �2(K; P ,M)

and

E

[∫ T

0
‖φ ◦ Q̃1/2

M ‖2
2 d〈M〉t

]
≤ E

[∫ T

0
‖φ‖2

Q dt

]
. (2.1)

Proof It is known for example from [13] that for bounded linear mappings 	i : K →
K , i = 1,2, it is true that Image(	1) ⊆ Image(	2) if and only if ∃c > 0 such that

|	∗
1 x| ≤ c|	∗

2 x| ∀x ∈ K. (2.2)

Thus by taking 	1 = Q1/2(t) (for a fixed t) and 	2 = Q1/2, we find that (2.2) holds
with c = 1; see for instance [30, Lemma 8.15]. Consequently Image(Q1/2(t)) ⊆
Image(Q1/2) which implies since t is arbitrary that we can define φ(t) on any
(Q1/2(t))(K) for all t.

The inequality (2.1) is justified as follows. We observe that Q̃M(t) = Q(t)
q(t)

and so

〈M〉t = ∫ t

0 q(s) ds, where q(t) := tr(Q(t)). Hence

E

[∫ T

0
‖φ(s)Q̃1/2

M (t)‖2
2 d〈M〉t

]
= E

[∫ T

0
‖φ(s)Q1/2(s)‖2

2 ds

]

≤ E

[∫ T

0
‖φ(s)Q1/2‖2

2 ds

]

< ∞,

as required. �

The inequality (2.1) and the isometry property (3.1) given below will be used
frequently in the sequel.

We close this section by introducing the notion of a rigged Hilbert space
(V ,K,V ′). That is V is a separable Hilbert space embedded continuously and
densely in K. Hence by identifying K with its dual, we obtain the continuous and
dense two inclusions: V ⊆ K ⊆ V ′, where V ′ is the dual space of V. If v ∈ V and
x ∈ V ′ we denote by 〈x, v〉 (or 〈v, x〉) the duality between V and V ′. We observe that
|〈v, x〉| ≤ const |v|

V
· |x|

V ′ , ∀v ∈ V , ∀x ∈ V ′ and 〈v, x〉 = 〈v, x〉K if x ∈ K .
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3 Statement of the Control Problem

Let O be a separable Hilbert space (e.g. R
k as in [29]) equipped with an inner product

〈·, ·〉O , and let U be a nonempty convex subset of O. We say that ν(·) : [0, T ]×� →
O is admissible if ν(·) ∈ L2

F (0, T ; O) and ν(t) ∈ U a.e., a.s. The set of admissible
controls will be denoted by Uad .

Let M ∈ M2,c
[0,T ](K) be such that M(0) = 0, and there exists a measurable map-

ping1 Q(·) : [0, T ] → L1(K) for which Q(t) is symmetric, positive definite, 〈〈M〉〉t =∫ t

0 Q(s) ds, and Q(t) ≤ Q for some positive definite nuclear operator Q on K. This
process Q(t) is called the local covariation operator of the martingale M(t). As in
the proof of Proposition 2.1 it follows that Q̃M(t) = Q(t)

q(t)
and 〈M〉t = ∫ t

0 q(s) ds,

where q(t) := tr(Q(t)). In particular if � ∈ �2(K; P ,M),

E

[∣∣∣∣
∫ T

0
�(s)dM(s)

∣∣∣∣
2]

= E

[∫ T

0
‖�(s)Q1/2(s)‖2

2 ds

]
. (3.1)

We shall consider from here on the so-called continuous filtration {Ft ,0 ≤ t ≤ T }
in the sense that every square integrable K-valued martingale with respect to it has a
continuous version.

Let F : K × O → K, G : K → LQ(K), g : K × O → R and φ : K → R be
measurable mappings.

Consider the following controlled SEE:

{
dX(t) = (A(t)X(t) + F(X(t), ν(t))) dt + G(X(t)) dM(t), t ∈ [0, T ],
X(0) = x ∈ K,

(3.2)

for which we shall denote its solution by Xν(·). Consider also the cost functional:

J (ν(·)) := E

[∫ T

0
g(Xν(·)(t), ν(t)) dt + φ(Xν(·)(T ))

]
, (3.3)

where ν(·) ∈ Uad .

We shall impose the following assumptions.
(H1) F,G,g,φ are continuously Fréchet differentiable with respect to x, F is con-
tinuously Fréchet differentiable with respect to ν and the derivatives Fx , Fν , Gx , gx

are uniformly bounded. Also

|φx |K ≤ C(1 + |x|K)

for some constant C > 0.

(H2) gx satisfies Lipschitz condition with respect to ν uniformly in x.

(H3) A(t,ω) is a linear operator on K, P -measurable, belongs to L(V ;V ′) uniformly
in (t,ω) and satisfies the following two conditions.

1One can also let Q(·) : [0, T ]×� → L1(K) be a predictable process and proceed as in this work without
any major difficulties.
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• (i) A(t,ω) satisfies the coercivity condition:

2
〈
A(t,ω)y, y

〉 + α|y|2
V

≤ λ|y|2 a.e. t ∈ [0, T ], a.s. ∀y ∈ V,

for some α,λ > 0.

• (ii) A(t,ω) is uniformly continuous, i.e. ∃k1 ≥ 0 such that for all (t,ω)

|A(t,ω)y|
V ′ ≤ k1|y|

V
∀y ∈ V.

Under (H1) and (H3) there exists a unique solution to (3.2) in L2
F (0, T ;K). The

proof of this fact can be found in [4, Theorem 3.2], [15, Theorem 4.1, p. 105] and can
be gleaned from [16].

Our control problem is to minimize (3.3) over Uad . Any ν∗(·) ∈ Uad satisfying

J (ν∗(·)) = inf{J (ν(·)) : ν(·) ∈ Uad} (3.4)

is called an optimal control. The corresponding solution Xν∗(·) of (3.2), which we
denote briefly by X∗ and (X∗, ν∗(·)) are called respectively an optimal solution and
an optimal pair of the stochastic optimal control problem (3.2)–(3.4).

Since this control problem has no constraints we shall deal generally with progres-
sively measurable controls. However for the case when there are final state constraints
one can mimic our result here and use in addition Ekeland’s variational principle (see
[35]). For our approach here we shall use a certain variation method starting from
the following section to derive the maximum principle for (3.2). This result will be
established in Sect. 6 below, but we need first to prove some estimates.

4 Estimates

Let ν∗(·) be an optimal control and let Xν∗(·) be the corresponding solution of (3.2).
Let ν(·) be such that ν∗(·)+ν(·) ∈ Uad . For a given 0 ≤ ε ≤ 1 consider the variational
control:

νε(t) = ν∗(t) + εν(t), t ∈ [0, T ].
We note that the convexity of U implies that νε(·) ∈ Uad .

Considering this control νε(·) we can consider the Xνε(·) as the solution of the
SEE (3.2) corresponding to νε(·). We shall denote it briefly by Xε. Let p be the
solution of the following linear equation:

⎧⎪⎨
⎪⎩

dp(t) = (A(t)p(t) + Fx(X
∗(t), ν∗(t))p(t)) dt

+ Fν(X
∗(t), ν∗(t))ν(t) dt + Gx(X

∗(t))p(t) dM(t),

p(0) = 0.

(4.1)

The following three lemmas contain some important estimates that will play a vital
role in deriving our desired maximum principle in Sect. 6.
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Lemma 4.1 Assume (H1) and (H3). Then

sup
t∈[0,T ]

E[|p(t)|2] < ∞.

Proof Using Itô’s formula we find that

E[|p(t)|2] = 2E

[∫ t

0

〈
p(s),A(s)p(s)

〉
ds

]

+ 2E

[∫ t

0

〈
p(s),Fx(X

∗(s), ν∗(s))p(s)
〉
ds

]

+ 2E

[∫ t

0

〈
p(s),Fν(X

∗(s), ν∗(s))ν(s)
〉
ds

]

+ E

[∫ t

0
‖Gx(X

∗(s))p(s)Q̃1/2
M (s)‖2

2 d〈M〉s
]
.

By applying (H1), Cauchy-Schwartz inequality and Proposition 2.1 we deduce
that

E[|p(t)|2] + αE

[∫ t

0
|p(s)|2V ds

]

≤ (λ + C1)E

[∫ t

0
|p(s)|2 ds

]
+ C2E

[∫ t

0
|ν(s)|2 ds

]
,

where C1 and C2 are some positive constants.
Thus Gronwall’s inequality gives

sup
t∈[0,T ]

E[|p(t)|2] ≤ M1 (4.2)

for some universal constant M1 > 0. �

Lemma 4.2 Assuming (H1) and (H3) we have

sup
t∈[0,T ]

E[|Xε(t) − X∗(t)|2] = O(ε2).

Proof Applying Itô’s formula, taking expectation and using (H1) yield

E[|Xε(t) − X∗(t)|2] + αE

[∫ t

0
|Xε(s) − X∗(s)|2V ds

]

≤ (λ + 1)E

[∫ t

0
|Xε(s) − X∗(s)|2 ds

]

+ E

[∫ t

0
|F(Xε(s), νε(s)) − F(X∗(s), ν∗(s))|2 ds

]
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+ E

[∫ t

0
‖(G(Xε(s)) − G(X∗(s)))Q̃1/2

M (s)‖2
2 d〈M〉s

]
. (4.3)

But from (H1) we get

E

[∫ t

0
|F(Xε(s), νε(s)) − F(X∗(s), ν∗(s))|2 ds

]

≤ 2E

[∫ t

0
|F(Xε(s), νε(s)) − F(X∗(s), νε(s))|2 ds

]

+ 2E

[∫ t

0
|F(X∗(s), νε(s)) − F(X∗(s), ν∗(s))|2 ds

]

= 2E

[∫ t

0
|F̃x(s, ε)(Xε(s) − X∗(s))|2 ds

]
+ 2E

[∫ t

0
|δεF (s)|2 ds

]

≤ 2C4E

[∫ t

0
|Xε(s) − X∗(s)|2 ds

]
+ 2C3ε

2, (4.4)

where, for y ∈ K,

F̃x(s, ε)(y) =
∫ 1

0
Fx(X

∗(s) + θ(Xε(s) − X∗(s)), νε(s))(y) dθ

and

δεF (s) = F(X∗(s), νε(s)) − F(X∗(s), ν∗(s)).

We have used here with the help of (H1) the following inequality:

E

[∫ T

0
|δεF (s)|2 ds

]
= E

[∫ T

0
|F(X∗(s), νε(s)) − F(X∗(s), ν∗(s))|2 ds

]

= E

[∫ T

0

∣∣∣∣
∫ 1

0
Fν(X

∗(s), ν∗(s) + θ(νε(s) − ν∗(s)))

× (νε(s) − ν∗(s)) dθ

∣∣∣∣
2

ds

]

≤ ε2C3. (4.5)

Similarly Proposition 2.1 and (H1) imply

E

[∫ t

0
‖(G(Xε(s)) − G(X∗(s)))Q̃1/2

M (s)‖2
2 d〈M〉s

]

= E

[∫ t

0
‖G̃x(s, ε)(Xε(s) − X∗(s))Q̃1/2

M (s)‖2
2 d〈M〉s

]

≤ C5E

[∫ t

0
|Xε(s) − X∗(s)|2 ds

]
, (4.6)
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where, for y ∈ K,

G̃x(s, ε)(y) =
∫ 1

0
[Gx(X

∗(s) + θ(Xε(s) − X∗(s)))(y)Q̃1/2
M (s)]dθ.

It follows by applying (4.4), (4.6) in (4.3) and using Gronwall’s inequality that

E[|Xε(t) − X∗(t)|2] ≤ M2ε
2 (4.7)

for some universal constant M2 > 0. �

Lemma 4.3 Assume (H1) and (H3). Let ηε(t) = Xε(t)−X∗(t)
ε

− p(t). Then

lim
ε→0+ sup

t∈[0,T ]
E[|ηε(t)|2] = 0.

Proof Using the corresponding equations (3.2) and (4.1) we deduce as in the proof
of Lemma 4.2 that

ηε(t) =
∫ t

0
A(s)ηε(s) ds

+
∫ t

0
[F(Xε(s), νε(s)) − F(X∗(s), νε(s)) − Fx(X

∗(s), ν∗(s))p(s)]ds

+
∫ t

0

[
1

ε
δεF (s) − Fν(X

∗(s), ν∗(s))ν(s)

]
ds

+
∫ t

0
[G(Xε(s)) − G(X∗(s)) − Gx(X

∗(s))p(s)]dM(s),

=
∫ t

0
A(s)ηε(s) ds

+
∫ t

0
[F̃x(s, ε)ηε(s) + (F̃x(s, ε) − Fx(X

∗(s), ν∗(s)))p(s)]ds

+
∫ t

0

[
1

ε
δεF (s) − Fν(X

∗(s), ν∗(s))ν(s)

]
ds

+
∫ t

0
[G̃x(s, ε)ηε(s) + (G̃x(s, ε) − Gx(X

∗(s)))p(s)]dM(s). (4.8)

Consequently by using Itô’s formula, (H1) and (H3) it follows that, for each t ∈
[0, T ],

E[|ηε(t)|2] + αE

[∫ t

0
|ηε(s)|2V ds

]
≤ (λ + C6)

∫ t

0
E[|ηε(s)|2]ds + ρ(ε), (4.9)

where

ρ(ε) = 2E

[∫ T

0
|(F̃x(s, ε) − Fx(X

∗(s), ν∗(s)))p(s)|2 ds

]
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+ 2E

[∫ T

0
‖(G̃x(s, ε) − Gx(X

∗(s)))p(s)Q̃1/2
M (s)‖2

2 d〈M〉s
]

+ E

[∫ T

0

∣∣∣∣1

ε
δεF (s) − Fν(X

∗(s), ν∗(s))ν(s)

∣∣∣∣
2

ds

]
. (4.10)

But (H1), (4.2) and the dominated convergence theorem give

E

[∫ T

0
|(F̃x(s, ε) − Fx(X

∗(s), ν∗(s)))p(s)|2 ds

]

= E

[∫ T

0

∣∣∣∣
∫ 1

0

(
Fx(X

∗(s) + θ(Xε(s) − X∗(s)), νε(s))

− Fx(X
∗(s), ν∗(s))

)
p(s) dθ

∣∣∣∣
2

ds

]

≤
∫ T

0

∫ 1

0
E

[∣∣∣(Fx(X
∗(s) + θ(Xε(s) − X∗(s)), νε(s))

− Fx(X
∗(s), ν∗(s))

)
p(s)

∣∣∣2]
dθ ds

→ 0, as ε → 0+.

Similarly we have

E

[∫ T

0
‖(G̃x(s, ε) − Gx(X

∗(s)))p(s)Q̃1/2
M (s)‖2

2 d〈M〉s
]

→ 0,

as ε → 0+.

On the other hand, as done for (4.5),

E

[∫ T

0

∣∣∣∣1

ε
δεF (s) − Fν(X

∗(s), ν∗(s))ν(s)

∣∣∣∣
2

ds

]

≤
∫ T

0

∫ 1

0
E

[∣∣(Fν(X
∗(s), ν∗(s) + θ(νε(s) − ν∗(s)))

− Fν(X
∗(s), ν∗(s))

)
ν(s)

∣∣2]
dθ ds → 0, (4.11)

if ε → 0+, by using (H1) and the dominated convergence theorem.
Finally applying these three results in (4.10) shows that

ρ(ε) → 0, as ε → 0+,

whence from (4.9) and Gronwall’s inequality we obtain

sup
t∈[0,T ]

E[|ηε(t)|2] → 0, as ε → 0+,

as required. �
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Remark 4.4 From the preceding lemma one can obtain that

sup
t∈[0,T ]

E[|Xε(t) − X∗(t) − εp(t)|2] = o(ε2).

In the following we shall try to derive our variational inequality.

Theorem 4.5 We suppose (H1)–(H3). Then for each ε > 0,

J (νε(·)) − J (ν∗(·)) = εE[φx(X
∗(T ))p(T )]

+ εE

[∫ T

0
gx(X

∗(s), ν∗(s))p(s) ds

]

+ E

[∫ T

0

(
g(X∗(s), νε(s)) − g(X∗(s), ν∗(s))

)
ds

]
+ o(ε).

(4.12)

Proof Note that

J (νε(·)) − J (ν∗(·)) = I1(ε) + I2(ε), (4.13)

where

I1(ε) = E[φ(Xε(T )) − φ(X∗(T ))]
and

I2(ε) = E

[∫ T

0

(
g(Xε(s), νε(s)) − g(X∗(s), ν∗(s))

)
ds

]
.

It is easy to see from Lemma 4.3, Lemma 4.2 and the dominated convergence
theorem that

1

ε
I1(ε) = 1

ε
E

[∫ 1

0
φx(X

∗(T ) + θ(Xε(T ) − X∗(T ))(Xε(T ) − X∗(T )) dθ

]

= E

[∫ 1

0
φx(X

∗(T ) + θ(Xε(T ) − X∗(T ))(p(T ) + ηε(T )) dθ

]

→ E[φx(X
∗(T ))p(T )], as ε → 0+.

In particular

I1(ε) = εE[φx(X
∗(T ))p(T )] + o(ε). (4.14)

Similarly

1

ε
I2(ε) = 1

ε
E

[∫ T

0

(
g(Xε(s), νε(s)) − g(X∗(s), νε(s))

)
ds

]
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+ 1

ε
E

[∫ T

0

(
g(X∗(s), νε(s)) − g(X∗(s), ν∗(s))

)
ds

]

= E

[∫ T

0

∫ 1

0
gx(X

∗(s) + θ(Xε(s) − X∗(s)), νε(s))(p(s) + ηε(s)) dθ ds

]

+ 1

ε
E

[∫ T

0

(
g(X∗(s), νε(s)) − g(X∗(s), ν∗(s))

)
ds

]
.

But by applying Lemma 4.3, Lemma 4.2, the continuity and boundedness of gx in
(H1) and (H2) and the dominated convergence theorem we can derive

E

[∫ T

0

∫ 1

0
gx(X

∗(s) + θ(Xε(s) − X∗(s)), ν∗(s) + εν(s))(p(s) + ηε(s)) dθ ds

]

→ E

[∫ T

0
gx(X

∗(s), ν∗(s))p(s) ds

]
.

Thus in particular

I2(ε) = εE

[∫ T

0
gx(X

∗(s), ν∗(s))p(s) ds

]

+ E

[∫ T

0

(
g(X∗(s), νε(s)) − g(X∗(s), ν∗(s))

)
ds

]
+ o(ε). (4.15)

The theorem then follows from (4.13), (4.14) and (4.15). �

5 The Adjoint Equation

Recall the SEE (3.2) and the mappings in (3.3), and let the Hamiltonian H : [0, T ] ×
K × O × K × L2(K) → R be defined by

H(t, x, ν, y, z) = −g(x, ν) + 〈
F(x, ν), y

〉 + 〈
G(x)Q1/2(t), z

〉
2, (5.1)

where (t, x, ν, y, z) ∈ [0, T ] × K × O × K × L2(K).

The adjoint equation of (3.2) is the following BSPDE:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−dY ν(·)(t) = [A∗(t)Y ν(·)(t)
+ ∇xH(Xν(·)(t), ν(t), Y ν(·)(t),Zν(·)(t)Q1/2(t))]dt

− Zν(·)(t) dM(t) − dNν(·)(t), 0 ≤ t ≤ T ,

Y ν(·)(T ) = −∇φ(Xν(·)(T )),

(5.2)

where ∇φ denotes the gradient of φ, which is defined, by using the directional deriv-
ative Dφ(x)(h) of φ at a point x ∈ K in the direction of h ∈ K, as 〈∇φ(x),h〉K =
Dφ(x)(h)(= φx(h)). The operator A∗(t) is the adjoint operator of A(t).

The following theorem gives the unique solution to this BSPDE (5.2).
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Theorem 5.1 Assume that (H1)–(H3) hold. Then there exists a unique solu-
tion (Y ν(·),Zν(·),Nν(·)) of the BSPDE (5.2) in L2

F (0, T ;V ) × �2(K; P ,M) ×
M2,c

[0,T ](K), which satisfies Nν(·)(0) = 0 and Nν(·) is VSO to M.

The proof of this theorem can be found in [3].
We shall denote briefly the solution of (5.2) corresponding to the optimal control

ν∗(·) by (Y ∗,Z∗,N∗).

6 Maximum Principle

In Theorem 4.5 we derived our main variational inequality. This inequality will play
a vital role in proving the maximum principle as we shall see in this section.

We start by giving another variational inequality.

Lemma 6.1 Suppose that (H1)–(H3) hold. Then

−εE
〈
Y ∗(T ),p(T )

〉 + εE

[∫ T

0
gx(X

∗(s), ν∗(s))p(s) ds

]

+ E

[∫ T

0

(−δεH(s) + 〈
Y ∗(s), δεF (s)

〉)
ds

]
≥ o(ε), (6.1)

where

δεH(s) = H(X∗(s), νε(s), Y
∗(s),Z∗(s)Q1/2(s))

− H(X∗(s), ν∗(s), Y ∗(s),Z∗(s)Q1/2(s)).

Proof Since ν∗(·) is an optimal control, then J (νε(·)) − J (ν∗(·)) ≥ 0. Thus the rest
follows from (4.12) and (5.1). �

We need the following relation.

Lemma 6.2

E
〈
Y ∗(T ),p(T )

〉 = E

[∫ T

0
gx(X

∗(s), ν∗(s))p(s) ds

]

+ E

[∫ T

0

〈
Y ∗(s),Fν(X

∗(s), ν∗(s))ν(s)
〉
ds

]
. (6.2)

Proof Use Itô’s formula together with the fact that

〈∇xH(X∗(t), ν∗(t), Y ∗(t),Z∗(t)Q1/2(t)),p(t)
〉

= −gx(X
∗(t), ν∗(t))p(t) + 〈

Fx(X
∗(t), ν∗(t))p(t), Y ∗(t)

〉
+ 〈

G(X∗(t))Q1/2(t),Z∗(t)Q1/2(t)
〉
2 a.s. ∀t ∈ [0, T ]
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and

∫ T

0

〈
G(X∗(s))dM(s),Z∗(s) dM(s)

〉

=
∫ T

0

〈
G(X∗(s))Q1/2(s),Z∗(s)Q1/2(s)

〉
2 ds a.s.,

which can be gleaned from the proof of Proposition 2.1. �

We are now ready to state our main result.

Theorem 6.3 Suppose (H1)–(H3). Assume that (X∗, ν∗(·)) is an optimal pair for
the problem (3.2)–(3.4). Then there exists a unique triple (Y ∗,Z∗,N∗) solving the
corresponding adjoint BSPDE (5.2) such that the following variational inequality
holds:

〈∇νH(t,X∗(t), ν∗(t), Y ∗(t),Z∗(t)Q1/2(t)), ν∗(t) − ν
〉

O ≥ 0,

∀ν ∈ U, a.e. t ∈ [0, T ], a.s. (6.3)

Proof Consider the BSPDE (5.2). With the help of Theorem 5.1 there exists a unique
solution (Y ∗,Z∗,N∗) to (5.2). Hence it remains to prove (6.3).

From (6.1) and (6.2) we derive

E

[∫ T

0

(〈
Y ∗(s), δεF (s) − εFν(X

∗(s), ν∗(s))ν(s)
〉 − δεH(s)

)
ds

]
≥ o(ε).

Moreover as we did for (4.11), by using the continuity and boundedness of Fν in (H1)
and the dominated convergence theorem, it follows that

1

ε
E

[∫ T

0

〈
Y ∗(s), δεF (s) − εFν(X

∗(s), ν∗(s))ν(s)
〉]

ds

= E

[∫ T

0

〈
Y ∗(s),

∫ 1

0

(
Fν(X

∗(s), ν∗(s) + θ(νε(s) − ν∗(s)))

− Fν(X
∗(s), ν∗(s))

)
ν(s) dθ

〉
ds

]
→ 0,

as ε → 0+. In particular

E

[∫ T

0

〈
Y ∗(s), δεF (s) − εFν(X

∗(s), ν∗(s))ν(s)
〉
ds

]
= o(ε).

Hence

−E

[∫ T

0
δεH(s) ds

]
≥ o(ε). (6.4)
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Therefore dividing (6.4) by ε and letting ε → 0+ yield:

E

[∫ T

0

〈∇νH(t,X∗(t), ν∗(t), Y ∗(t),Z∗(t)Q1/2(t)), ν(t)
〉

O dt

]
≤ 0.

As a result by arguing as in [8, p. 280] we deduce (6.3). �

Remark 6.4 It would be intersecting to know if in the SEE (3.2) a control variable
ν(·) can be allowed to enter in the domain of the mapping G, which is the inte-
grand of the stochastic integral with respect to the martingale M. This case would
require new results concerning existence and uniqueness of solutions to some certain
“second-order" backward stochastic partial differential equations driven by martin-
gales in order to solve the resulting adjoint system; Chapter 3 of [35] and [28] would
be useful in this direction. The solutions of such so-called second-order adjoint sys-
tem should consist of at least six processes (Y,Z,N, Ỹ , Z̃, Ñ) such that N and Ñ

are martingales in M2[0,T ](K), for which we have to take into account that certain
properties of a very strong orthogonality and a general martingale representation in
parallel to those in [3] must also be present for this research problem.

Acknowledgement I would like to thank the referee(s) for the useful remarks and suggestions which
helped in improving further the first version of the paper.
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