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Abstract We study the weak* lower semicontinuity properties of functionals of the
form

F(u) =esssup f(x, Du(x))
xeQ

where €2 is a bounded open set of RY and u € W1 (). Without a continuity as-
sumption on f(-, ) we show that the supremal functional F is weakly* lower semi-
continuous if and only if it is a level convex functional (i.e. it has convex sub-levels).
In particular if F is weakly* lower semicontinuous, then it can be represented through
a level convex function. Finally a counterexample shows that in general it is not pos-
sible to represent F' through the level convex envelope of f.

Keywords Supremal functionals - Calculus of variations in L* - Level convex
function - Absolute minimizers

1 Introduction

In the last years a new class of functionals has been considered with growing inter-
est in the mathematical literature: these functionals are represented in the so called
supremal form

F(u) =esssup f(x, Du(x)) (1.1)
xeQ

where 2 is a bounded open set of RY and u € W*°(). According to part of the
already existing literature, we will refer to a functional of the type (1.1) as a supremal
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Sfunctional or L*°-functional, while we refer to the function f which represents F as
an admissible supremand. The definition of this class is very important because in
many situations one would like to minimize a quantity which cannot be expressed as
an integral: for example, a quantity which does not express a mean property of a body
or whose values can be relevant on sets of arbitrarily small measure. In these cases
the problem could be formulated as the minimization of a supremal functional: see,
for example, the classical problem of finding optimal Lipschitz extensions, first con-
sidered by McShane in [15] or the recent formulation of the first dielectric breakdown
for composite conductors given in [13].

In order to apply the direct methods of Calculus of Variations to this class of func-
tionals, the main issue to be solved is the identification of the qualitative conditions
on the supremand f which imply the lower semicontinuity of F* with respect to the
weak* W 1% topology. In fact, under reasonable growth conditions for £, this is the
right topology which gives the compactness of minimizing sequences. The character-
ization of lower semicontinuity of a functional expressed by a supremum requires a
new notion of convexity: the level convexity. A function f = f(£) is said to be level
convex (or quasi-convex) if it has convex sub-levels. Namely f is level convex if the
set {£ : f(&) < A} is convex for every A € R; equivalently if

JOE+A=0)m) < fE)V f(n)

forevery &,n € RY and 6 € [0, 1]. In [5] Barron, Jensen and Wang show the follow-
ing sufficient condition:

Theorem 1.1 (Sufficient condition, Theorem 3.4 in [5]) Let f : Q x RY > Rbea
Borel function such that f(x,-) is lower semicontinuous and level convex. Then for
any open subset A C 2 the functional F(u, A) =esssup,c4 f(x, Du(x)) is sequen-
tially weakly* lower semicontinuous on W' ().

In the same paper, they show that this condition is also necessary.

Theorem 1.2 (Necessary condition, Theorem 2.7 in [5]) Let f:Q x RY > Rbea
Borel function such that there exists a function w : R x R — R which is continuous
in its first variable with w(0, s) = 0 for every s € R and non-decreasing in its second
variable, such that

Lf(x1,8) — f(x2, ) = wlx1 —x2l, 15])

for any x1,x3 € Q and £ e RN . Let F(u, A) = esssup,c4 f(x, Du(x)) for every
open subset A C Q2 and assume that F (-, A) is sequentially weakly™ lower semicon-
tinuous on W (A). Then for every x € Q f(x,-) is a level convex function.

Note that the last theorem requires that the localized functional F(-, A) is weakly*
lower semicontinuous for every open subset A C 2. Moreover, in the case in which
only F(-, ) is weakly* lower semicontinuous, we cannot apply the previous result
in order to deduce some convexity property for f. The proof of Theorem 1.2 heavily
relies on the continuity assumption on f (-, §). If one drops this assumption, then the
statement of Theorem 1.2 can be false as it is shown in Remark 3.1 of [14]. This
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counterexample is based on the fact that, in general, a supremal functional does not
admit a unique representation. More precisely, the Authors construct a dense open
set A C Q with |[A] >0, |2\ A| > 0, two admissible level convex supremands ¢1, @2
with @1 < ¢y on Q2 and @1 < @2 on (2\ A) x RY such that ess supq ¢1(x, Du(x)) =
esssupg ¢2(x, Du(x)) := F(u) for every u € W1 (€2). Moreover F turns out to be
weakly* lower semicontinuous since it admits a level convex supremand, but it can be
also represented by any function f, possibly non level convex, such that 1 < f < ¢.
This means that, without having a continuity property on f (-, £), one cannot expect
that any admissible supremand for a weakly* l.s.c. L functional is a level convex
function.

Despite to these facts, in most of the results concerning the class of supremal func-
tionals it is assumed that a priori that the weakly* lower semicontinuous functional F
is represented by a level convex function. For example, the existence of absolute min-
imizers (the so called AML) shown in [6], the I"-convergence result given in [9], the
homogenization theorem in [7], the principles of comparison with distance functions
for AML stated in [10], all assume such a representation. Thus the question whether
a weakly™ lower semicontinuous functional always admits a level convex supremand
turns out to be interesting and useful for applications.

The first positive answer to this problem is given in the 1-dimensional case in [16]
where in Corollary 3.1 it is shown that if F(u) = esssupg f(x, u’(x)) is weakly*
lower semicontinuous on W1-°°(Q) then there exists a level convex supremand f
which represents F.

The main contribution of this paper is the extension of this result to the
N-dimensional case (see Sect. 2, Theorems 2.5-2.7). With a completely different
technique, under mild assumptions on f(x,-) and without requiring a continuity
property on f (-, §), we prove that all weakly* lower semicontinuous supremal func-
tionals:

o F:Wh>(Q)— R of the form (1.1)
o F:W'(Q) x A— R of the form

F(u, A) =esssup f(x, Du(x)) (1.2)
A

(where A is the class of the open subsets of €2) can be represented by a level convex
supremand. The proofs of these results are given in Sect. 6 and are achieved in two
steps. First we show that if a supremal functional of the form (1.1) is weakly* lower
semicontinuous on W1%°() then F is a level convex functional on W1°(Q), i.e.
the sub-level sets

Ep:={ueW'®(Q): Fu) <}

are convex. The strategy used to prove this property follows the metric approach used
in [14] where, among other results, it is shown that a 1-homogeneous supremal func-
tional can be written in terms of intrinsic distances associated with the functionals
(see Sect. 3). The second step concerns the representation in terms of a level convex
supremand. Since we know that the representation is not unique, the main issue is
to identify a good candidate. As shows the example constructed in Sect. 8, given a
weakly* lower semicontinuous F of the form (1.1), in general it is not possible to
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choose as an admissible level convex supremand of F the level convex envelope f/¢
of f given by

JAEID)

=sup{h: RY — R: h lower semicontinuous and level convex, h(-) < f(x,-)}.

In the choice of a suitable supremand we have been inspired by the one constructed
in [8] (see Theorem 2.2 and Lemma 3.4 therein). In this paper, given an abstract func-
tional F : W1%(Q) x A — R such that F (-, A) is weakly* lower semicontinuous for
every A € A, the Authors construct a function f in the following way

f(x, &) :==inf{F(u, B, (x)) | r >0, u € W-®(Q) s.t. x €, with Du(x) =&}
(1.3)
where

u:={x € Q: x is a differentiability point of u and a Lebesgue point of Du}

and under some suitable assumptions on F, they represent the functional in the supre-
mal form

F(u, A) =esssup f (x, Du(x)), (1.4)
A

but they cannot deduce that f is a level convex function. Inspired by the above result,
we devote Sect. 5 to show that if F is a coercive supremal functional of the form (1.2)
(possibly non weak* lower semicontinuous), then the function f defined by (1.3) is
an admissible supremand of F (see Theorem 5.4). In the case in which F is weakly*
Ls.c. on Wh2°(), we show that f is a level convex supremand of F. As an easy
consequence we obtain also that the function

@(x, &) :=inf{F(u) | u e WH®(Q) s.t. x €&, with Du(x) = £} (1.5)

is an admissible level convex supremand of a weakly* l.s.c functional F of the
form (1.1). Finally, as a special case we deal with the class of the 1-homogeneous
supremal functionals already considered by Garroni, Ponsiglione and Prinari in [14]
(see Theorem 2.6).

As a consequence of these results, in Sect. 7 we show the existence of absolute
minimizers for a weakly™* 1.s.c. supremal functional. An absolute minimizer (or AML)
of the functional (1.2) is a function u € W1-%(§2) such that for all subdomain V C
one has

Fu,V)<F@,V)

for all v in W*°(V) such that v =« on dV. In [6, 9] it is shown that if the func-
tional (1.2) is coercive and represented by a level convex function f then there exists
at least one absolute minimizer of F'. Thanks to Theorem 2.7 we can give a result
of existence of AML under the natural assumptions that F is weakly* l.s.c. and co-
ercive (see Theorem 7.2). Moreover, we discuss the problem of characterizing the
AMLs by extending the principle of comparison with cones introduced by Crandall,
Evans and Gariepy in [11] for the minimizing Lipschitz Extension Problem. In [10]
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Champion and De Pascale give a comparison principle with distances but they con-
fine themselves to the case where f is globally l.s.c. Now if f is not globally l.s.c. the
possibility of giving an analogous principle is an open problem. We obtain a partial
result by showing that if u satisfies a comparison principle with the distance func-
tions introduced in Sect. 7 and associated with the supremal functional F' then u is
an AML of F.

Finally, a paper in preparation (see [17]) is devoted to extending the previous re-
sults to the class of the supremal functionals of the form

F(u) =esssup f(x,u(x), Du(x))
Q

under a continuity assumption on f(x, -, £). Moreover we study the weak* L.s.c. enve-
lope of a supremal functional in order to show that the lower semicontinuous envelope
of a supremal functional is a level convex functional.

Let us fix some notations useful in the sequel.

Notations

e We denote by 2 an open bounded domain of RY and by .A the family of all open
subsets of 2.

e For every x € RV and r > 0 we denote by B,(x) the open ball {y € RV :
|x — y| <r} where | - | is the euclidean norm on RV

e For any set B C RY we denote by HY(B) its one dimensional Hausdorff measure.
Moreover if B C RY is a measurable set then | B| denotes its Lebesgue measure.

e A modulus of continuity is any continuous function w : [0, 4-00) — [0, +-00) such
that w(0) =0.
For every u € W*°(Q2) we denote by # the set

u:={x € Q: x is a differentiability point of u and a Lebesgue point of Du}.

2 Necessary and Sufficient Conditions for the w* Lower Semicontinuity
Before stating the main results of this paper, we introduce the following definitions.

Definition 2.1 A function f : Q x RY — R is said to be

(a) anormal supremand if:
(i) f is a Borel function;
(i1) for a. a. x € Q the function & — f(x, £) is lower semicontinuous in RY;

(b) a Carathéodory supremand if:
(i) for every £ € RN the function x — f(x, &) is measurable in Q;
(i) for a.a. x € Q the function £ — f(x, &) is continuous in R";

(c) alevel convex normal (respectively, a level convex Carathéodory) supremand if f
is a normal (respectively, a Carathéodory) supremand and f(x, -) is level convex
on R for almost every x € Q.

Definition 2.2 A functional F : X — R defined on a topological vector space X is
said to be level convex if for every t € R the level set {u € X : F(u) < t} is convex.
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Now we are in a position to state the main theorems of this paper. In Theorems 2.3—
2.5 we deal with functionals F : W% () — R of the form

F(u) =esssup f(x, Du(x)) 2.1
Q

where  is an open subset of RV .
First we show that in many situations the level convexity of the functional F is a
consequence of its weak® lower semicontinuity.

Theorem 2.3 Let 2 C RN be a connected open set with Lipschitz continuous bound-
ary. Let f: Q2 x RYN — R be a Carathéodory supremand satisfying the following
assumption: for any M > 0 there exists a modulus of continuity wpy such that

If(x, 8) = fx.ml <om (1§ —nl) (2.2

for a.e. x € Q and for every &, n € By (0). If the functional F defined by (2.1) is
weakly* Ls.c. on WH%°(Q) then F is a level convex functional.

As shown in Remark 3.1 of [14], in the general case the above result does not imply
as consequence the level convexity of f (-, £). However, we can prove that there exists
at least a level convex supremand ¢ for a level convex supremal functional F'. We
notice, as shown in Sect. 8, that ¢ may not coincide with the level convex envelope

of f.

Theorem 2.4 Let @ C RY be an open set. Let f : Q x RN — R be a normal supre-
mand and let F be the functional defined by (2.1). Then F is level convex if and only
if there exists a level convex normal supremand ¢ : Q x RN — R such that

F(u) =esssupg(x, Du(x))
Q

for all u € Wh2°(Q). In particular if F is level convex then F is weakly* Ls.c. on
whooQ).

In the previous theorem, if f is globally Lipschitz continuous then it is possible
to show that the function ¢ is Lipschitz continuous as well (see Proposition 5.2). But
when f is a Carathéodory supremand it is not clear if ¢ is a Carathéodory supre-
mand too. However if f satisfies (2.2) and a further coercivity condition, we may put
together the previous results and obtain the following characterization.

Theorem 2.5 Let 2 C RN be a connected open set with Lipschitz continuous bound-
ary. Let f : Q x RN — R be a Carathéodory supremand satisfying (2.2) and the fol-
lowing assumption: there exists an increasing continuous function a : Rt — Rt such
that lim;_, 4 5 ot (t) = 400 and

f(x,&)>a(|&]) fora.ex e, forevery& e RV, 2.3)

Let F be the functional defined by (2.1). The following facts are equivalent:
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1. F is weakly* L.s.c. on W (Q);
2. F is a level convex functional,
3. there exists a level convex Carathéodory supremand ¢ : Q x RN — R given by

0(x, &) = inf[esssup (v, Du(y)) | u € WH(Q) s.t. x €7, with Du(x) =g]
Q

2.4
such that

F(u) =esssupg(x, Du(x))
Q

forall u € W-(Q). Moreover ¢ satisfies (2.3, 2.2) (for a suitable family (W)
of moduli of continuity) and for a.e. x € Q ¢p(x,-) > f(x,-).

The following result concerns the class of 1-homogeneous supremal functional
studied in [14]. Note that, compared with the assumptions in Theorem 2.5, in the
next result we do not require that f satisfies assumption (2.2).

Theorem 2.6 Let @ C RY be a connected open set with Lipschitz continuous bound-
ary. Let f: Q2 x RY — R be a Carathéodory supremand satisfying the following
assumptions

alf] < f(x,8) < BI§] (2.5)
and
S, t8) =t f(x,§) (2.6)

for every & e RN | for a.e. x € Q and for every t € R and for some positive constants
o, B> 0. Let F be the functional defined by (2.1), let d : 2 x Q2 — R be the distance
defined by

d(x,y) =sup {u(x) —u(y),uc WI’OO(Q) cF(u) < 1}. 2.7
and let ¢4 be the metric derivative of d defined as

d(x,x +1tn)

©@q(x,n) :=limsup 2.8)

t—0t

Then the following facts are equivalent:

1. F is weakly* l.s.c. on W>(Q);
2. F is a convex functional,
3. forallu e WH*(Q)

F(u) =esssup (pg(x, Du(x))
Q

where

@J(x, &) :=sup {& - n:ga(x,n) < 1}.
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Moreover if ¢ is given by (2.4) there exists a negligible set H C Q2 such that

09(x, 6) = o(x, &)

for every x € Q\ H and for every € e RV

Finally, through a localization method and an appropriate choice of the supremand,
the results above can be extended to the class of supremal functionals F : W (Q) x
A — R of the form

F(u, A) =esssup f(x, Du(x)). 2.9)
A
In particular we give the following result:

Theorem 2.7 Let Q be an open subset of RV, Let f: Q x RV — R be a
Carathéodory supremand satisfying (2.2) and (2.3). Let F(-, A) be the functional
defined by (2.9). The following facts are equivalent:

1. F(-, A) is weakly* Ls.c. on WH2°(Q) for every A € A,
2. F(-, A) is a level convex functional for every A € A,
3. there exists a level convex normal supremand f : Q x RN — R given by

f(x,8):= inf{ess sup f (v, Du(y)) | r >0,

B (x)

ueWh®(Q) st x €7, with Du(x) = & } (2.10)

such that

F(u, A) =esssup f(x, Du(x))
A

forallu € W () and for all A € A. Moreover f satisfies (2.3,2.2) (for a suit-
able family (',) p of moduli of continuity) and for a.e. x € Q f(x,) > f(x,-).

Notice that in the previous theorem when f(-, £) is continuous for every £ € R¥
then for a.e. x € Q f (x,-) = f(x,-) (see Theorem 5.4) and therefore we obtain that
if F is weakly™* Ls.c. then f is a level convex supremand.

In order to show all the results above, we introduce some tools, recall some known
facts and prove further preliminary results. For these reasons, the proofs of the previ-
ous theorems are postponed until Sect. 6.

3 The Class of Difference Quotients

In order to show that a weakly* lower semicontinuous supremal functional is level
convex, we recall some results and some tools given for the 1-homogeneous supremal
functionals in [14] with the aim to extend them to more general supremal functionals.
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We consider a supremal functional (2.1) represented through a Carathéodory supre-
mand f : Q x RV — R¥ satisfying (2.2) and (2.3). Inspired by the distances intro-
duced in [12], with every A € R such that the sub-level set E; := {u € WH°(Q) :
F (4) < A} is nonempty, we can associate a distance d,, in the following way:

dy(x,y) = sup{|u(x) —u(y)|:ue Wl’OO(Q) F(u) < A}. 3.1

Notice that if B,(x) C €2 then, from (2.3), we have that dj (x, y) < a~Y(W)r for
every y € B, (x). In general if €2 is a connected open set, then for every x, y € 2 the
inequality

di(x,y) <a”')Ix — yla (3.2)
holds, where
Ix — ylo =inf{L(y) : y € Ty ,(Q)},

"y, (£2) being the set of Lipschitz curves in © with end-points x and y, and £(y) the
Euclidean length of y. In particular if €2 is Lipschitz continuous then there exists a
constant C > 0 such that

di(x,y) < |x =yl = Clx —y|. (3.3)
Moreover for every A € R there exists 6 = §(A) such that for every x, y € Q
dy(x,y) = 8lx — yl. 34

In fact since E; is nonempty, then there exists ¢ > 0 and u € W1°°(Q) such that
F(u) <A —e¢e.Now fix x, y € @ and, without loss of generality, assume u(x) > u(y).
Chosen M > ||ul|1, there exists O < o < 1 such that wy42(f) < ¢ for every 0 <
t<o.Thusif 0 <§ < min{m, o} then the function

=y
lx —yl

v(z) :=u(z) +6

is such that
lvll1,00 <M+ 6(diamQ) +0 <M +2
and
F)<Fu) +wy208)<i—ce+e=A.
This implies
d(x,y) = [v(@) —v(M|=18lx — y| +u(x) —u(y)|
=dlx — yl4+ux) —u(y) =8lx — y|.

Now, for every A such that Ej is nonempty, we consider the functional R, :
W1(Q) — R given by

Ruw) = sup 14D ZuOI (3.5)

X,YEQ, xF£Yy d/\(x,y)
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The functional R; is referred to as the difference quotient associated with the sub-
level set E of F.

Proposition 3.1 For every A s.t. E; # () the difference quotient R, is a convex lower
semicontinuous functional with respect to the strong convergence in L>°. Moreover
R;.(u +v) < Ry.(u) + Ry.(v) for every u,v e WH®(Q).

Proof Let u € WH°(Q) and let {u,} € W*°(Q) be a sequence converging to u in
L*°(2). We have that for every x, y € Q such that 0 < dj (x, y) < +00

) —uWl _ . 40 @) = un ()]

= < liminf R .
Gy T gy S mint R

Taking the supremum for x, y € 2, x # y we get the thesis. The convexity and the
sublinearity of R, are trivial. (]

The key tool we will use in the sequel is the following lemma. It is an adaptation
of Lemma 3.4 in [14]. We report its revised proof for the sake of completeness.

Lemma 3.2 Let Q@ C RN be a connected open set with Lipschitz continuous bound-
ary. Let F be a supremal functional on W->°(Q) represented by a Carathéodory
supremand f : Q X RY > R satisfying (2.2) and (2.3). Let v € WLoo(Q) be such
that R) (v) < 1. Then there exists a sequence {v,} C whoo(Q) converging to v in
L*>°(Q) with F(v,) < X forn e N.

Proof Let us fix r > 0. By the fact that R, (v) < 1 and thanks to (3.4), for every x,
yeQwith |x —y|=r
v(y) —v(x)| <dp(x,y) — vy, (3.6)

for a positive constant ¥ depending on r. Let us fix 0 < & < %. For every x € Q

L.
and for every y € B, (x) N 2, by the definition of d;, there exists a function w; "~
WwL2°(Q) such that:

1. F(wyY) <a;
20w () —wr (0] = di(x, y) — €
3wl (x) =v(x):;

the third property it is possible to fulfill thanks to the translation invariance of the first
two. By properties 2, 3 and by (3.6), for every y € B, (x) N Q

e () = v()] 2 dy(x,y) =& > [p(y) — V@) +y —&. 3.7)

Note that by (2.3) we have that esssupgq |Dw;”| < a~1(%), and hence there exists
8 > 0 (depending only on ¢) such that

lwy ' (2) = v(@)| > [v(2) —v@)|+y — 2> [v(2) —vx)|+e
forevery z € 0B, (x) NQ2: |z — y| <4. 3.8)
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Moreover, since w;” (x) = v(x), there exists 0 < r’ < r (depending only on ¢) such
that

lwy Y (2) —v(x)| < [v(z) —v(x)| +& forevery z € B (x) NQ. (3.9)

For every x € €2, let us fix a finite set of points {y1, ..., yn} on d B, (x) N €2 such that

N
aB,(x)nQc | Bs(y).

i=1
and let us set the function w;’ : B, (x) N 2 — R defined by

w¥(z) :=maxw, ' (z) forevery z € B,(x) N Q. (3.10)
1

By construction and by (3.8, 3.9), we have:

L. esssupp (nnq f (2, Dwy) < Ai;
2. |[wi(z) —v(x)| > |v(z) —v(x)| + ¢ for every z € 0B, (x) N Q;
3. Jwi(z) —v(x)] <|v(z) —v(x)| + ¢ forevery z € B/ (x) N Q.

Now let Z, be a finite set of points of €2 such that

Qc | Br@.

2€Z,

and consider the function w, : 2 — R defined by

wr(x):= min  wi(x). (3.11)
z€Z,NBy(x)

From properties 2 and 3 above it follows that w, is continuous. Moreover, for almost
every x in 2, Dw,(x) coincides with Dw?(x) for some z € Z, and this implies that
w, € WH(Q) and F(w,) < A.

Now let us prove that ||w, — v||sc — 0 as r — 0T. To this aim, let us fix x € ,
and let z € B, (x) be such that w, (x) = w?(x). Recalling that by construction w?(z) =
v(z), and using (3.2) and (3.3), we conclude

lwy (x) = v = [wy(x) — wi ()] + [w;i(z) — v(x)]
= Jwi(x) —wi (@) + v(z) —v(x)]
< IDwilloclx — zlg + di(x, 2)

<2a7'W)Ix —zlg <22~ '(MW)Cr.
Therefore, for every {r,} — 0, the sequence v, := w,,, does the job. O

The following result is a variant of the Lemma 3.2: we remove the assumption that
2 has Lipschitz continuous boundary but we require that the supremal functional is
weakly™ L.s.c. on every open subset of €2.
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Lemma 3.3 Let Q C RN be an open set. Let F be a supremal functional on
WLo(Q) of the form (2.9) represented by a Carathéodory supremand f : Q x
RY — R satisfying (2.2) and (2.3). Assume that F (-, A) is weakly* l.s.c. on W1 (A)
for every A € A. If v e WH(Q) is such that R (v) < 1 then F(v, Q) < A.

Proof Fix r e RV. If x € Qf = {x € Q : d(x,0R) > 7} then B,(x) C Bi(x) C Q
for every 0 < r < r. In particular for every x, y € Q7 with |[x — y| =r we have that
d;.(x,y) <2a~'(1)r. By repeating the proof of the previous lemma, for every r € Rt
we can construct a function w, € WI’OO(Q) such that F(w,, Q7) <A and

lwy (x) — v(x)| <2271

for every x € Q5. If {r,} — 0, the sequence v, := w,, weakly* converges to v in 7
and thanks to the weak* lower semicontinuity of F (-, 27) we have that

F(v, Q7) <liminf F (w,,, Q7) <liminf F(w,,, Q) < A.
n n
This easily implies that F (v, 2) < A. t

Finally, we cite the following result obtained in [14] as a corollary of Lemma 3.2.
This will be useful when we will be interested to the 1-homogeneous supremal func-
tionals represented by a Carathéodory function.

Proposition 3.4 (Proposition 3.5 in [14]) Let f : Q x RN — R be a Carathéodory
supremand satisfying (2.5) and (2.6). Let d : Q x Q — R™T be the distance defined by

d(x,y) :=sup{u(x) —u(y),ue W(Q) resssup f(x, Du(x)) < 1}. (.12
Q

If the functional F (u) = esssupgq f(x, Du(x)) is a weakly* l.s.c. on W1o°(Q) then

u(x) —u(y)
F(u)= —
(u) x,yesgl,)x;éy d(x, )’)

for every u € WH®(Q).

4 Approximation of Supremal Functionals
4.1 Moreau—Yosida Transform

A key tool we shall use is a modification of the Moreau—Yosida Transform first in-
troduced in [1] by Alvarez, Barron and Ishii for functions f : RN — R U {+o0}.
This modified infimal convolution is compatible with the max operator V just as the
classical convolution is compatible with the + operator.

Proposition 4.1 (Theorem 3.1in [1]) Let f: Q x RN — [0, +00) be a normal supre-
mand. If we set for every ). > 0

filx, &) =inf{ f(x,n) VAIE —n|: £ eRV} (4.1)
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then we have that f; is a normal supremand such that

[f2.(x, ) — fulx, M| < Al — 1
and

[, &) =sup{fu(x,&): >0}
for every x € Q and for every &, 7 € RV

In this section we apply this modified infimal convolution to a functional F :
W12°(Q) — [0, +00] and we show an analogous approximation result.

Theorem 4.2 Let F : W12 (Q) — [0, +00] bea (strongly) L.s.c. functional such that
F(u+c)=F(u) for everyu € whoo(Q) and for every c € R. If we set

Fy.(u) := inf{ F(v) V 1| Du — Dv|lo : v € W' ()}
for every A > O then we have

F(u) =sup F; (u).
A

Moreover, the functional F) satisfies the condition

F,(u) < F)(v) + Al|Du — Dvl|| foreveryu,v € WI’OO(SZ). “4.2)
Therefore if F is finite in at least one point then

|Fy.(u) — F),(v)] < A||Du — Dv|ls foreveryu,v e W1’°°(§2).

Proof Fix u € WH°(Q). By taking v = u in the definition of F) (1) we obtain the
inequality

F.(u) < F(u).

Take now ¢t < F(u); since F is lower semicontinuous there exists § > 0 such that
t <inf{F(w):we W"®(Q), lu — wlyieg) <38}

’ )
Let0<é§' < m.Then

t <inf{ F(v):ve W' (Q), ||Du— Dv|le <8} 4.3)
In fact, let v € W12 () be such that
|Du — Dv|ls <& .
Fix xo € Q2 and define w(x) :=v(x) + u(xg) — v(xg). Then

| Du — Dw|loo = [|Du — Dvlloc <&’
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and for a.e. x € Q2

u(x) —w )] < [(u(x) — uxo)) — (w(x) — wlxo)l

< ||Du — Dw||so|x — xg| <8 - diamQ.

Therefore
||Lt - U”Wl,oo(Q) < (S/ +8/ -diam2 < §.

This implies F(v) = F(w) > inf{F(w) : w € whoo(Q), lu — wnwl.w(g) < 8} and
thus (4.3) follows. Now let A > 0 be such that A - 8" > ¢. For every v € W1 (Q) with
|Du — Dv||s < 8 we have

F() Vv A||Du — Dvl||oo = F(v) >t
whereas for every v € W12°(Q) with || Du — Dvl|s > § we have
F()VA|Du — Dol > A8 > t.
Hence F) (u) >t and, since ¢ was arbitrary, this proves the inequality
F(u) <sup {F;L(u) A > 0}.
Finally let u, v € W1%°(Q). For fixed ¢ > 0, let w € W1*°() be such that
F,(v) > F(w) VA|Dv— Dw|ls — €.
Taking into account that for every a, b, c € R we have
avb<avc+|b—c|
we obtain

F,(u) < F(w) V Al|Du — Dwllso
< F(w) VA|[Dv — Dwlls + A|| Du — Dwlloo — [[Dv — Dw||o|
< F(v) + &+ Al Du— Dvllso.

Since ¢ was arbitrary, inequality (4.2) follows and the proof is achieved. O
4.2 An Approximation through Coercive Functionals

Here we approximate a non-negative supremal functional through a sequence of co-
ercive supremal functionals.

Proposition 4.3 Let Q2 be an open subset of RN . Let g : @ x RN — R* be a normal
supremand. Let

1
gn(x,§) 1=g(x,§)\/;|§| 4.4
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and for everyn € N let G, G, : W () — R be the functionals defined by

G(u) =esssup g(x, Du(x)) 4.5)
Q

and by
G, (u) =esssup g, (x, Du(x)) 4.6)
Q

respectively. Then:

(i) for every n € N and for every u € W1 (Q)
1
Gn(u)=Gu) Vv ;”Du”LOO(Q); 4.7)

(ii) the sequence (Gy), pointwise converges to G;
(iii) if G, is a level convex functional for every n € N, then G is a level convex
functional.

Proof In order to show (i), fix n € N and u € W12°(Q). The inequality G, (1) <
Gu) Vv %”DM”LOO(Q) is trivial. For the converse inequality, for fixed § there ex-
ists Bs C © with |Bs| > 0 such that g,(x, Du(x)) > G,(u) — é for every x € Bs.
Set Bf = {x € By : gu(x, &) = g(x,£)} and By = {x € Bs : gu(x,§) = ;£]}.
If |B;| >0 then G(u) > G,(u) — & while if |B; | > O then %”DMHLOO(Q) >
G,(u) — 5. In both cases %”DMHLOC(Q) VvV G(u) > Gp(u) — 8 for every § > 0. Then
,1—z||Du||Loo(Q) v G(u) > G, (u). As a consequence, for every u € W1(Q)

1
IimG,(u) =1imG) vV —||Dul =) =Gu) vV0=Gu).
n n n
Finally, concerning (iii), fix u, v € X and A € (0, 1). Then
Ghu+ (1 —-MNv)=limG,Qu+ (1 —1v) <limG,(u) v G,v) =Gu) Vv G(v)
n n

i.e. G is a level convex functional. O

5 Some Representation Results

This section is devoted to the construction of admissible supremands for supremal
functionals of the form (2.1) and (2.9). Note that, as shown in the example given in
Sect. 1 of [8], if F is a supremal functional of the form (2.9), it is not possible to
represent F through the function / defined by

h(x, &)= ingF(wx,g, B, (x))

where wy £ (y) :==u+& - (y —x).
The following proof is inspired by the proof of Lemma 3.3 in [8].
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Proposition 5.1 Let Q be an open subset of RN . Let F : W1%°(Q) — R be a func-
tional such that for any M > 0 there exists a modulus of continuity wys such that

|F(u) — F(v)| < wm (| Du — Dvllo)

foreveryu,ve WH®(Q) s.t. | Dulloo, || DV|loo < M. Let ¢ : Q@ xRN — R be defined
by

@(x, &) i=inf{ Fu) |u € WH®(Q) s.t. x €, with Du(x) =£}.  (5.1)

Then for every € € RV the function x — ¢(x, &) is measurable in .
Moreover if there exists an increasing continuous function a : RT™ — R such that
lim;_, 4 oo (1) = 400 and F(u) > a(|| Du|| ) then:

(1) ¢ is a Carathéodory supremand satisfying (2.3) and (2.2) for a suitable family
(@) m of moduli of continuity;
(i) for any u € WHo°(Q)

F(u) > esssupp(x, Du(x)).
Q

Proof Let £ € RN and X € R be fixed. Define the sets
Ax):={ue WI’OO(Q):xETZWith Du(x) =£&}, 5.2)
and
={xeQ:VueAkx) Flu)>Al={xeQ:9x,§) > A} (5.3)

If we prove that K is measurable for every A € R, then ¢(-, £) is measurable. Sup-
pose that K is not measurable. Then there is a set C with K C C s.t. C is measurable
and of minimal measure. Let x( € C \ K, where C the set of the points of density 1
of C. From the definition of K, there is some u € A(xqp) such that F(u) < A. Now,
fix ¢ > 0 such that F(u) < X — ¢. Since the functional F is strongly continuous in
WL (Q), then there exists § > 0 such that F(v) < A for every v € W12°(Q) such
that [|[v — ully1.00(q) < 9. Set

Al = {x €Q|x e, lu(x) —u(xg)| <8/2, |Du(x) —&| < ﬁm(ﬂ) } 5.4

Note that A is measurable and since xq is a Lebesgue point of Du, then |A{| > 0.
We claim that A; N K, = @. In fact, if x € A;, then the function v, € W1 ()
defined by

ve (y) == u(y) + (u(xo) — u(x)) + (Du(xo) — Du(x), y — x)
belongs to A(x) and ||vy — u||W1,OO(Q) < 4. Thus it easily follows that F'(vy) < A. So
x ¢ K, which implies that K; C C \ Aj. Moreover the set C\ A is still measurable.
If we show that xq is a point of density 1 of A; then there exists > 0 such that
1
[A1 N By (x0)| > §|Br(x0)| and
3
|C N By (x0)| > Z|Br(x0)|~
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Therefore

A1 N C| = |A1 N Br(x0) NCl=|A1 N Br(x0)| — [A1 N By (x0,) \ C|
> |A1 N By (x0)| — |Br(x0) \ C|
> |A1 0 Br(x0)| = [Br(x0)| + | Br(x0) N C|

3 1
> ZlBr(Xo)l — |Br(x0)| + ElBr(xo)l

1
= §|Br (x0)l-
In particular |C \ A;| < |C| and since K C (C\ A1), we have contradicted the min-
imality of C. In order to show that xp is a point of density 1 of A; note that there
exists ro = ro(8) > 0 such that for every r < rp

B, (x0) N Ay = | x € B, (x0); x €, |Du(x) — &| < 5q00y |- (5.5)
Now
B-ao)NAIl _ 1B NA S e @
| B, (xo)| | B, (x0)]| | B, (x0)]|
1 —M |Du(x) — &|dx

- 8By (x0)| JB, (xo)
and since xg is a Lebesgue point of Du with Du(xp) = &y we obtain

|B,(x0) NAL| _
0+ |By(x0)|

i.e. xg is a point of density 1 of A;. Now we assume that F satisfies also the coercivity
assumption F'(u) > a(||Dulls) for every u € W1o°(Q). We show that ¢ satisfies
assumption (2.2) for a suitable family of moduli of continuity. Let M > 0 be fixed.
Then there is some constant K = K (M) such that, for any (x,&) € @ x RV with
|€] < M and for any v € WH°(Q),

[F) <o, &) +1] = [Dvllc<M.
In fact, from the continuity assumption on F,
F)=ox,§)+1=F(pe) + 1= FO)+ou(5) +1
where ¢ (x) :=& - x and, from the coercivity condition on F, we have

IDvlloo <M (F(0) + wp (M) + 1).

In particular if £, € By (0) and ug € W12(Q) is such that F(ug) < p(x,8) +¢
where 0 < ¢ < 1 then

px,n) < Flug +¢p—g) < Flug) +op (1€ —nl) <o, §) +op (1§ —nl) +¢
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where M/ = Ywp (M) + F(0) + 1) + 2M. As ¢ — 07 the last inequality implies
ex,m) <@, 8) +op (& —nl)

and, by changing the roles of £ and 7, it follows
lp(x, ) —@(x, E)| < wpr (1§ —nl).

Then it is sufficient to define ), := wy. Finally by the definition of ¢ it follows that

esssupp(x, Du(x)) < F(u)
Q

for every u € WH°(Q). O

Under the stronger assumption that F is a Lipschitz continuous functional, it is not
necessary to require a coercivity assumption in order to show that ¢ is a Carathéodory
supremand.

Proposition 5.2 Let Q be an open subset of RN . Let F : W-*°(Q) — R be a func-
tional. Assume that there exists L > 0 such that F is L-Lipschitz continuous func-
tional i.e.

|F(u) — F)| < Lllu — vlyioq foreveryu,ve WH>(Q).
Then:
(i) the function ¢ defined by (5.1) is a Carathéodory supremand such that
lp(x,8) —o(x, M < LI§ —nl (5.6)

for every x € Q and for every &, n € Q;
(ii) for any u € WH°(Q)

F(u) > esssupp(x, Du(x)).
Q
Proof Thanks to Proposition 5.1, for every & € RV the function x > ¢(x, &) is mea-
surable in €2. In order to show that for every x € Q ¢(x, -) is L-Lipschitz continuous,
fixxeQand &, n e RV Let ug € W1 () be such that F(ug) <¢(x,&)+¢. Then
o, n) < Fug +¢p—g) < F(ug) + LI§ —nl < o(x,§) + LI§ —nl|+e.
As & — 07 the last inequality implies
p(x,n) =@x,§) + L|§E—n|

and, by changing the roles of £ and 7, it follows

lpCx, m) —e(x, 8] < LI§ —nl. U
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Lemma 5.3 Let Q be an open subset of RY. Let f: Q x RV — RY be a
Carathéodory supremand satisfying assumption (2.2) and let ¢ and f be the func-
tions given respectively by (2.4) and (2.10). Then there exists a negligible set H C 2
such that

¢>f=>fon(Q\H) xR,

Proof By definition, it easily follows that ¢ > f. Now, for every & € QV let N¢ be
the negligible set such that £ \ N is the set of the Lebesgue points of f(-,&). Then
UgeQN N is a negligible set and if x € Q' = Q \ (UEGQN Ng) then x is a Lebesgue
point of f(-, n). In fact, let (§,), C QN be such that &, — 5. Fix ¢ > 0 and ng € N
such that |£, — n| < ¢ for every n > ng. Then for every n > n¢ and for every p > 0

/ L am) = f (e mldy
B, (x)

<,
By

o

)If(yyn) —f(y,én)ld%l-/

B,(

)If(y,f;'n) — f(x. &)ldy

+/ 1,0 = iy

By(

5/ 2wM<|n—sn|>dy+/ f (5 En) — fx.E0)ldy
B,(x) B, (x)

52|Bp|wM<a>+f

By (x

: L. 8n) = f(x, &)ldy.
Letting p — 0 we obtain

im —— [f(y,m) — fx,mldy < 2wy (e)
p=0|Bp| JB,(x)

and from the arbitrariness of ¢ we can conclude. Now we show that for every x € Q'
and for every £ € R it holds

fx,8) > fx,8). (5.7)

Note that © \ Q' is a negligible set. Fix x € ' and & € R, Then there ex-
ists By(x) and u, € WH°(Q) such that x € ity, Duy(x) =& and f(x,£&)
esssupp () f (v, Dux(y)) — &. If we show that x is a Lebesgue point of A
f(, Du,(-)) then

fx, &) >esssup f(y, Duc(y)) —e > f(x,6) —¢

B, (x)

v

for every € > 0 and thus we can conclude. Let us show that x is a Lebesgue point of
the function 2 (y) := f(y, Dux(y)). For M = || Duy ||« We have

/B ( )If(y, Duy(y)) — f(x, Duy(x))ldy
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< /B O D) = £ D (ol
+/B 0 D) = (5. Do)l
< / w0y (1Di (¥) — Dty (1) dy
B, (x)

+fB ( )If(y,DMx(X))—f(x,Dux(x))IdY-

Since x € ' we have that

— [ f(y, Dux(x)) — f(x, Duy(x))|dy — 0
[Bol JB,(x)

(5.8)

when p — 0. Then for fixed ¢ > 0 there exists ro = ro(¢) such that for every p <ry

/ |Dux(y) = Dux(x)|dy < €| By|.
By (x)

By Chebishev Theorem we have that

1
Iy € B,(x) : [Duly) — Dutx)| = ve)| < ﬁf |Dity () — Duty (x)|dy

Bﬂ(x)
< VelB,|.

Thus for every p < rg, we have

/ (1D (y) — Duy(¥))dy
B, (x)

wm (|Dux(y) — Dux(x)))dy

v/{yEBp(X)IID(y)—Du(X)>\/5}

+ f o (1Duy(y) — Dig (x))dy
{yeB, (x):|Du(y)—Du(x)|</€}

SC\/E|Bp| +CUM(\/§)|B,0|

where C = max{wy (§) : |1§| <2M}. Thus

. 1
lim — wm (|Dux(y) — Duy(x)))dy < C/e + oy (V/¢)
p—0% |Bpl JB,(x)

for every ¢ > 0 and thus

1
im — wp (|Duy(y) — Dux(x)|)dy =0.
p=0% |Bpl JB,(x)
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In particular from (5.8) and (5.9) it follows that
= |f (v, Dux(y)) — f(x, Duyx(x))|dy — 0
|Bol JB,x)
when p — 0. This completes the proof of (5.7). U
We underline the difference between the following theorem and the representation
result shown in Theorem 2.2 in [8]. We prove that the function f is an admissi-
ble supremand for a localized supremal functional F(u, A) =esssup, f(x, Du(x))

without requiring that for every open set A C Q F(-, A) is weakly* lower semicon-
tinuous.

Theorem 5.4 Let Q be an open subset of RV. Let f : Q2 x RV — RT be a
Carathéodory supremand satisfying assumptions (2.2) and (2.3). Then

(i) the functions ¢ and f given respectively by (2.4) and (2.10) are Carathéodory
supremands satisfying (2.3) and (2.2) for a suitable family (w),)y of moduli of
continuity;

(ii) for every u € WH°(Q) and for every A € A

esssup f(x, Du(x)) =esssupo(x, Du(x)) and
Q Q
esssup f(x, Du(x)) = esssup f(x, Du(x));
A A
(iii) if f(-, &) is continuous on Q2 for every § € RY then there exists a negligible set
H such that f = f on (2\ H) x RV,
Proof By applying Proposition 5.1 to the functional F : W1-*°(Q) — R defined by
F(u) =esssup f(x, Du(x))
Q
we obtain that the function ¢ is a Carathéodory supremand satisfying (2.3) and (2.2)
for a suitable family (w),)» of moduli of continuity and such that
esssup f(x, Du(x)) > esssupp(x, Du(x))
Q Q
for any u € W1°°(Q). The converse inequality follows from Lemma 5.3.
Now let us choose a countable base (A,),eN of open subsets of 2 and for every

n € N and for every u € W12°(Q) define F), (1) := ess supy, f(x, Du(x)). By apply-
ing Proposition 5.1 to the functional F,, we obtain that for every n € N

on(x, &) ::inf{ess sup f(x, Du(x)) | u € WL(A,) s.t. x €7, with Du(x) = é}
Ap

is a Carathéodory supremand such that

esssup f(x, Du(x)) > esssup ¢, (x, Du(x)) (5.10)

Ay Ap
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for any u € WH2°(A,,). Since

f = inf(pna
we have that f is a Borel function. Moreover by applying Proposition 5.1 for any
M > 0 there exists a modulus of continuity @/, such that

lgn(x, &) — @n(x, M| < @)y (16 — 1)

for a.e. x € Q and for every &, n € By/(0) and for every n € N. This implies that
|f (. §) = Fam)] < oy (1§ =)

for a.e. x € Q and for every &€, n € By;(0). Therefore f is a Carathéodory supremand.
Finally thanks to (5.10) we have that for every n ¢ N

esssup f(x, Du(x)) > esssup f(x, Du(x))

An An

for any u € W*°(A,,). Thanks to Lemma 5.3 the converse inequalities follow and
since (Ap)neN is a countable base of open subsets of €2 it follows that

esssup f(x, Du(x)) = esssup f(x, Du(x))
A A

for any u € W'*°(Q) and for every A € A.
3 Finally in order to show (iii) thanks to (5.7) it is sufficient to show that f(xg, &) >
f(x0, &) for every xo € €'. Fix x¢ € '. By the definition of f

esssup f(x, &) > f(xo, £).

By (x0)
By letting r — 0 and by using the continuity of f(-, §) it easily follows f(xo,§) >
f(x0,8). O

Finally we consider the particular case in which f(x, -) is a I-homogeneous func-
tion. Note that inequality (5.11) cannot be proved directly by applying Lemma 5.3
since f does not satisfy (2.2).

Theorem 5.5 Let Q be an open subset of RV. Let f : Q2 x RY — R be a
Carathéodory supremand satisfying assumption (2.5) and (2.6). Then the function ¢
given by (2.4) is a Carathéodory supremand satisfying assumption (2.5) and (2.6)
and such that:

(i) fora.e.x € Q
o(x, &) > f(x,€) VEeRY; (5.11)
(ii) for every u € WH*(Q)

esssup f(x, Du(x)) =esssupe(x, Du(x)).
Q Q
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Proof Let F be the functional defined by

F(u) =esssup f(x, Du(x))
Q

for all u € W1%°(). In order to show (i) of Definition 2.1(b), let £ € RN and » € R
be fixed. Consider the sets A(x) and K defined respectively by (5.2, 5.3). If we prove
that K, is measurable for every A € R, then ¢(-, §) is measurable. Suppose that K
is not measurable. Then there is a set C with K; C C s.t. C is measurable and of
minimal measure. In fact, let xg € C \ K, where C the set of the points of density 1
of C. From the definition of K, there is some u € A(xg) such that F(u) < A. Now,
fix £ > 0 such that F(u) < A — ¢ and set § := % By (2.5) we have that F'(v) < ¢ for

every v € WH®(Q) such that lvllwieo(q) < 3. Now consider the set A; defined by
(5.4). We claim that A; N K, = f. Now, if x € A1, then the function v, € W1(Q)
defined by

e (3) ;== u(y) + (u(xo) — u(x)) + (Du(xo) — Du(x),y — x)

belongs to A(x) and |[vy — u|ly1.00(q) < 8. By Proposition 3.4 we can write F as

u(x) —u(y)
F(u)= _—
w x,yEsSlll,px;éy di(x,y)

where d is given by (3.12). In particular, by Proposition 3.1
Fu+v)<Fu)+ F(v) (5.12)
for every u, v e W1H(). This implies
Fu,))<F(vy—u)+ Fu)<e+i—e=AX.

So x ¢ K. This implies that K, C C\ Aj. Moreover the set C\ A1 is still measurable.
Repeating the proof of Proposition 5.1 one can show that

1
|AiNC| > §|Br(x0)|
which implies that |C \ A;| < |C| and since K C (C\A1), we have contradicted the

minimality of C. Now we show (ii) of Definition 2.1(b). Let us fix x € 2, ¢ > 0 and
£1,& € RY such that |§] — & < min{m, %}. From the definition of ¢ we

can find some u € W% () such that Du(x) = & and ¢(x, &) > F(u) — €. Then,
defined wy g (y) :==&; - (y — x), we have

I
lwy,g — wx,sznwlvoo(gz)) =< E
and thus

P, 5) < Flu+wye —wyrg) < Fu) + Flwys —wyg) <o, &) +e.
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By changing the roles of & and & we obtain that ¢(x, -) is uniformly continuous
on R¥. Concerning (5.11), for every n € N one can define

fn(x,8) = iIgN{f(x,n)VnIS—nl}- (5.13)
ne

Then, thanks to Proposition 4.1, for every n € N the function f, is Lipschitz con-
tinuous with Lipschitz constant equal to n, f,, < f;; if n <m and since f(x,-) is
continuous, we have

f(x, &) =sup{fu(x,&):neN}.
Now for every n € N let ¥, be defined by

Yn(x, £) ::inf{ess sup fn(x, Du(x)) | u € WH(Q) s.t. x € @, with Du(x) :g}.
Q

(5.14)
By definition, we have that v, < ¢ for every n € N and, thanks to Theorem 5.4, ¥,
is a Carathéodory supremand such that there exists a negligible set H,, C €2 such that

Yn> fu on(Q\ H,) xRV,

In particular, by defining H = | J52, H, we obtain that

0(x,&) = \/ ¥n(x,£) = \/ fulx, &) = f(x,&) on (Q\ H) x R

neN neN
which implies that for every u € W1 (Q) the inequality

esssup@(x, Du(x)) > esssup f(x, Du(x))
Q Q

holds. By the definition of ¢ the converse inequality is also true and thus (ii) fol-
lows. -

6 The Proofs

Now we are in a position to show the main theorems of this paper. In the proofs it
is fundamental the application of Lemma 3.2 in order to deduce the convexity of the
sub-level sets of a weakly* lower semicontinuous functional.

Proof of Theorem 2.3 Suppose that f is a Carathéodory supremand satisfying also
the coercivity assumption (2.3). Let A € R be such that the sub-level set E; := {u €
WLo(Q) : F(u) < A} is nonempty. If K, := {u € W->(Q) : F(u) < A} is nonempty
too, then let R, be the corresponding difference quotient defined by (3.5). Now we
show that

E,={ueWh Q) : R <1)}. 6.1)

In fact, if R, () <1 then for every 0 < § < 1 we have that R, (du) <§ < 1. By
Lemma 3.2 there exists a sequence {u,} C W% () converging to du in L®()
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with F(u,) < A. Since F is weakly* lower semicontinuous it follows F(§u) < A and
then, by the same reason, letting § — 1 we can conclude F(u) < A. Vice versa, if
F(u) < X then for every x,y € Q we have d, (x,y) > |u(x) — u(y)| by definition
of d, . This implies R (u) < 1. By (6.1), by applying Proposition 3.1, it follows that
E) is a convex set. Finally, if K, is empty, note that K, . is nonempty for every
e > 0 since E) C K. and from the first part of this proof it follows that E;, . is a
convex set. Since

E), = ﬂ EA+£

e>0

then E, is a convex set, too. Now we remove the previous coercivity assumption
on f. Define

g(x, ) :=arctan(f (x, £)) + %

and for every n € N consider the function g, given by (4.4) and the functionals G
and G, given by (4.5) and (4.6) respectively. Then it holds:

1) gn(x,&) > %|§| for every n € N, for a.e. x € Q and for every £ € RV;
(i1) forevery n € N, for a.e. x € Q and for every &, 1 € By (0)

|gn(x, &) — gn(x, )| < 0y, (1€ — 1) (6.2)

, 1
where @), (s) := wp (s) V 5 Is].

Property (i) is trivial; concerning (ii), fix n € N and let x € @, &,n € By (0). If
gn(x,&) > 11€| and g,(x,n) = ;In| then (6.2) is wivial. If g,(x,€) < ;|¢| and
gnx,n) < %|n| then (6.2) is trivial. It remains to show (6.2) when g, (x, &) < %|§|
and g, (x,n) > %|77|. In this case

1
gn(xaé) _gn(-xa T’) = ;'El Vg(‘xﬂé) _g('x’ 7))

IA

1 1
(;IS —nl+ ;Inl) V (g, n) +ou (€ —nl) —glx,n)

IA

1
=& —nlvou(é—n)
n

and

1 1
gn(x, &) —gn(x,n) =18l —gx,n) Vv =]
n n

v

1 1 1
— &l = (g(x, &) +om(E =) v (-I%‘ —nl+ —I";“I)
n n n

v

1
—(—IE —nlVou(§— nl))-
n

Now, since the function i (s) = arctan s is uniformly continuous and increasing on R,
then the supremal functional G is weakly™ lower semicontinuous on W1-*°(2). Thus,
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thanks to (4.7), for every n € N the supremal functional G, is a weakly™ lower semi-
continuous on W1°(Q). Since G,, is represented through a coercive function, from
the first part of this proof it follows that (G,), is a sequence of level convex func-
tionals. Since (G,), pointwise converges to G, then G is a level convex functional,
too. As an easy consequence, F is a level convex functional. U

Proof of Theorem 2.4 One implication is trivial. Now assume that F is a level convex
functional. For every n € N, let F,, : W!°°(Q) — R be the functional defined by

F,(u) ::inf{F(v) Vn||Dv— Dul|x :v € Wl’OO(SZ)}.

Then, thanks to Proposition 4.2, for every n € N F,, is an n-Lipschitz continuous
functional such that
F=\/F,.
n

Moreover, for every n € N, the functional F;, is level convex. In fact let uy, u; €
W1 () and 6 € (0, 1). For fixed & > 0 there exist vy, vo € W% () such that

Fy(uj) = F(vi) V n||Dv; — Dujljcc — €
for every i € {1,2}. Then
Fy(Bui + (1 —0)uz)
< F(@v1+ (1 =60)v2) Va|D@Oui + (1= 0)uz) = D@1 + (1 =Hw) |
< F() Vv F(v2) Vnl|Dui — Dvillec V n|| Duz — Dv2) |0
< Fu(up) Vv Fp(uz) +¢.
Since ¢ is arbitrary, it follows that
Fp(Oui + (1 —0))us < F(u1) V Fy(u2),
i.e. F; is a level convex functional. Now define
@n(x, &) = inf{F,(u) |u € W'(Q) s.t. x €@, with Du(x) =&}. (6.3)

Thanks to Proposition 5.2, for every n € N ¢, is a Carathéodory supremand,
n-Lipschitz continuous w.r.t. £ and such that

esssup ¢, (x, Du(x)) < F,(u). (6.4)
Q

Moreover, for every n € N ¢, is a level convex function. Fix x € €, £, 7 € R and
A € (0, 1). By the definition of ¢, there exist B, (x), ug, vs € W1.2°(Q), differentiable
at x such that Du.(x) =&, Dv.(x) =n and ¢,(x,&) > F,(u;) — ¢ and ¢, (x,n) >
F,(v,) — e. Since F,, is a level convex functional then

@n(x, 28 + (1 —2)n) < Fy(ue + (1 — A)ve)

< Fa(ue) V F(ve) < (n(x,8) — &) V (pn(x,n) —&).
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Letting ¢ — 0 we obtain the thesis. The sequence {¢,}, is non decreasing and thus

Iime, (x. &) = \/ gu(x, &) =: o(x, £).
n
n
It is easy to verify that ¢ is a level convex normal supremand and letting # — 00 in
(6.4) we obtain
esssup@(x, Du(x)) < F(u).
Q
In order to show the converse inequality, for every n € N we use again the functions

Sns ¥y defined by (5.13) and (5.14). Now for every n € N and for every u € whoo(Q)
it holds

esssup fr(x, Du(x)) < F,(u). (6.5)
Q

In fact, by definition, for fixed ¢ > O there exists u, € Wl’oo(SZ) such that

F,(u) > esssup f(x, Dug(x)) Vn||Dug — Dullso — €.
Q

In particular for a.e. x €
F,(u) > f(x, Dug(x)) Vn|Dug(x) — Du(x)| — e > f,(x, Du(x)) — e
which implies
F,(u) > esstup fn(x, Du(x)) —e.

Since ¢ is arbitrary, then (6.5) follows. From (6.5) and the definitions of f;, ¥, ¢,
we deduce

Fu(x,E) < Yn(x,6) < @u(x,8) on (2\ H) x RY

where H C 2 is a negligible set. By passing to the limit as n — oo in the previous
inequality and by applying the fact that

fe)=\/ falx.8)
neN
we obtain that
fO§) p(x,§) on(Q\H)xRY
which implies that
F(u) <esssupg(x, Du(x)). O
Q
Proof of Theorem 2.5 1 = 2. It follows from Theorem 2.3.
2 = 3. Thanks to Lemma 5.3 and Theorem 5.4 it remains to show that ¢ is

level convex w.r.t. £. Fix x € Q, £&,n € R and A € (0, 1). By definition of ¢ there
exist ug, v, € WH°(Q), differentiable at x, such that Du,(x) = &, Dv,(x) =7 and

@ Springer



138 Appl Math Optim (2008) 58: 111-145

o(x,&)> F(uy) — ¢ and ¢(x,n) > F(v,) — €. Since F is a level convex functional,
we have that

@(x, 26 + (1 =1)n) = FQue + (1 = ve) < Flue) Vv F(ve)
= (g, 8) —&) Viplx,n) —e).

Letting ¢ — 0 we obtain the thesis.
3 = 1 It follows by Theorem 1.1. (]

Proof of Theorem 2.6 1 — 2. By applying Proposition 3.4 we have that

u(x) —u(y)
F — A T
w x,yessg,px;éy d(x, )’)

Then F is convex (see for instance the proof of Proposition 3.1).

2 = 3. Thanks to Theorem 5.5 we can represent F' through the function ¢ given
by (2.4), i.e. F(u)=esssupg ¢(x, Du(x)) for every u € W120(Q). If we show that
@ is convex w.r.t. £ then by applying Propositions 2.4 and 2.5 in [14] it follows that
F can be represented also through the function <p2. Fix xeQ, &,neRY and A €
(0, 1). By definition of ¢, there exist u,, vy € WI'OO(Q), differentiable at x such that
Dugs(x) =&, Dv.(x) =nand ¢(x,&) > F(u;) — € and ¢(x,n) > F(ve) — €. Since
F is a convex functional, we have that

e, A8 + (1 =2)n) < Fhug + (1 = Mve) <AF(ue) + (1 = A) F(ve)
=Me(x,8) —e) + (1= M)(e(x,n) —é),

and letting ¢ — O we obtain that ¢ is convex w.r.t. £. Finally, thanks to Lemma 5.3,
we have that there exists a negligible set H C 2 such that

(pg(x, &) <p(x,&) foreveryx e Q\ H, for& e RV.

The converse inequality follows by applying Proposition 1.6 in [14].
3 = 1. It follows by Theorem 1.1. ]

Proof of Theorem 2.7 1 = 2. For every open subset A C €2 with Lipschitz continu-
ous boundary, it is sufficient to apply Theorem 2.3 to the functional F (u) := F'(u, A).
Now let A C Q2 be a generic open set and uj, us € Whoo(Q) and 6 € (0, 1). Then
there exists a countable family of open sets (A;),en Wwith Lipschitz continuous
boundaries such that A = J, A,. For every n € N we have that

FOui + (1 —0)uz, Ap) < F(v1, Ap) V F(v2, Ap).
This implies

FOui+ (1 =0z, A) = \/ FOui + (1 —0)uz, Ay)
neN

<V Foi, Ay v \/ Fu, Ay

neN neN
= F(vi, A) V F(v2, A).
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2 = 3. Since f satisfies all the assumptions of Theorem 5.4, F' can be repre-
sented also by the Carathéodory supremand f. It remains to show that f is a level
convex function. Fix x € Q, £, 7 € RV and A € (0, 1). By the definition of f there ex-
ist B, (x), ug, ve € WH(Q), differentiable at x such that Du,(x) = &, Dv.(x)=n
and f(x,§) = F(ue, B, (x)) —¢& and f(x,n) = F (v, B, (x)) — e. Since F(-, B (x))
is a level convex functional then

F,2& + (1= 2)n) < FOue + (1 — e, By (x)) < F(ug, By (x)) V F(ve, By (x))
<(fx, &) =)V (fx,n) —e).

Letting ¢ — 0 we obtain the thesis.
3 = 1. It follows by Theorem 1.1. O

7 An Existence Theorem of AMLs and a Principle of Comparison

In general a minimizer for a supremal functional is not necessarily a local minimizer
(see Example 1.2. in [9]). Then, by analogy with the case of integral functionals,
G. Aronsson introduced the following notion of local minimizers for a supremal func-
tional of the form

F(u, A) =esssup f(x, Du(x)) (7.1)
A

(for instance see [2—4]).

Definition 7.1 Let g be a Lipschitz function defined on 92 and let us denote by

W;’OO(Q) the space of functions such that (u — g) € W) N Cy(R2). An absolute
minimizer or an AML for the problem

min  F(v, Q) (7.2)
veW, ™ ()

(where F is given by (7.1)) is a minimizer u such that for all open subset V CC
one has

Fu,V)<F@,V)

for all vin W% (V) such that v=u on 9 V.

With different techniques Barron et al. in [6] and Champion et al. in [9] have
proved an existence theorem of AML for a supremal functional F' by assuming that
it is represented by a level convex function f. Now, thanks to Theorem 2.7, we can
give the following:

Theorem 7.2 Let f : Q x RY — R be a Carathéodory supremand satisfying (2.2)
and (2.3). Let F (-, A) be the functional defined by (7.1). Let g be a Lipschitz function
defined on 9Q2. If F (-, A) is lower semicontinuous with respect to the weak* conver-

gence of WHo(Q) for every A € A then there exists at least one absolute minimizer
1,00
ve W, ().
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Proof By applying Theorem 2.7, we can represent F through a level convex
Carathéodory supremand satisfying (2.2) and (2.3). Then we can conclude by ap-
plying Theorem 4.1 in [9]. O

Remark 7.3 In [9] (see Theorem 4.7) the authors give another existence theorem
for AML based on a Perron-like method. They show that if the functional (7.1) is
weakly* L.s.c. and coercive and satisfies the additional hypothesis that for any A € A,
we WH®(A)NC(A) and y € A, the image set

Ayw={u®y):uc WI};OO(A), u is an AML)

is connected, then there exists at least one absolute minimizer v € W;’OO(Q). Now
if the functional (7.1) is weakly™* lower semicontinuous for every A € A and f sat-
isfies (2.2) and (2.3), then the last assumption is trivially satisfied. In fact, thanks to
Theorem 2.3, F is a level convex functional and then the sets A ,, are convex.

In Theorem 3.5 of the paper [10], Champion and De Pascale characterize the ab-
solute minimizers of a wide class of supremal functionals by extending the princi-
ple of comparison with cones introduced by Crandall et al. in [11] for the minimiz-
ing Lipschitz Extension Problem. Their characterization relies on the fact that when
f = f(x,&) is a lower semicontinuous function, satisfying (2.3) and level convex in
the &-variable, then for every open set V C R¥ the pseudo-distances

py (x,y) =sup {u(x) —u(y),u e WH(V):esssup f(x, Du(x)) <1}  (7.3)
\%4

coincide with the following distances:

1
8V (x,y)= inf / O, v/, M) dt
(X e Jo .y

where £ is defined by

FOa ) =sup 6 -n: fr,m) <2}
(see Lemma B.3 and Proposition A.2 in [10]). Now if f is not lower semicontin-
uous this equality could fail. In fact let = (—2,2)? and consider the segment

S = (-1, 1) x {0}. Consider the Carathéodory supremand defined by

BIEl ifx € 2\,

FO=0 el ifxes,

with 0 < 8 < «. Then f is not globally lower semicontinuous on €2 and for every
A >0 and for every x, y € V = (—1, 1)? it holds

v A
3, (x,y)= Elx =yl
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If ¥ = (—1,0) and ¥ = (0, 1) then

Voo o 2% 2A Voo -
Sx(x,y)=;<gsz(x,y)~

This inequality is due to the fact that when one modifies the values of the supremand
f on a negligible subset of €2 the distances § )‘f can change while the distances p)‘f do
not depend on the supremand f chosen to represent F.

Now when f is not globally l.s.c., it is an open problem if it is possible to charac-
terize the AMLs of the problem (7.2) through a comparison principle with distance
functions. However, thanks to the results shown in Sects. 3 and 6, we can give a par-
tial result. We consider a supremal functional F represented by a Carathéodory supre-
mand f:Q x RY — R™, level convex in the £-variable, satisfying (2.2) and (2.3).
For any open set V CC €, for every x, y € V and for every A € R we define

sup{lu(x) —u(y)| :u € Who(Q), F(u, V) <1}

lf)\, > infvewl,oc(v) F(va V)v

dy (x,y):= (7.4)

infeood),, (x,y) if A=inf, ey F0, V),
—0 if A < infvewl.OO(V) F(U, V)

Moreover for every x, y € V and for every A € R we define
d (x, y) = inf{liminfd! o, y)  (ns Oa C V. 0 = %, 30 > v} (@1.5)

We point out that, since the boundary of V may be non regular, it may happen that
dX (x,y) = +oo for some A € R and for some x € 9V and y € V. In this case it is

easy to show that dAV (x,y)=-+4oo forevery y e V.

Definition 7.4 We shall say that a continuous function u : Q — R satisfies the com-
parison with the distance functions d)Y from above in €2 if and only if for any con-
nected open subset V CC €2, any xg € V, any A € R and « € R the inequality

u<d (xo.)+a ond(V\ {xo))
implies
u §d)§/(xo,.)+(x onV.
Now we can easily show the theorem.

Theorem 7.5 Under the assumption of Theorem 7.2 if u € WH(Q) satisfies the
Comparison with the Distance Functions dX on Q from above then u is an absolute
minimizer of F.

Proof Assume that u satisfies the comparison principle with the distance func-
tions d)t/ .Let V CC Q2 be an open set. We will show that

F(u,V)=inf{F(v,V):ve W'®(V),v=uondV}.
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In fact, since F (-, V) is weakly* L.s.c. and coercive, there exists w € W2 (V) such
that

F(w,V)=A=min{F(v,V):ve W'®(V),v=uonaV}.
If A > inf{F(v, V) : ve W-®(V)} then

lwx) —wy)| <d) (x,y) (7.6)

for every x,y € V. Now w — u = 0 on 9V means that there exists a sequence
wy, € Cgo (V) weakly* converging to w — u. In particular the sequence (w, + u),
is bounded in W!°(Q) and thus it admits a subsequence which weakly* converges
to a function v € W1*(Q). In particular v = w on V and therefore

lv(x) — v <d) (x,y)

for every x,y € V. Since v € C(V) and v = u on 3V, by continuity we obtain that

lu(x) —u(y)| <dy (x,y) (7.7)

for every x,y € dV. Since u satisfies the principle of comparison, (7.7) yields to
u(x) <u(y) +d)§/ (x,y) forevery y € dV and for every x € V. By applying again the
principle of comparison we obtain that u(x) < u(y) + dX (x,y) for every y,x € V
ie.

Ri(u,V):= sup Mfl
x,yeV,x#y d)L (x,y)

and thus for every 0 <8 < 1 Ry (du, V) <§ < 1. Now we can notice that thanks to
Theorem 2.7 F(-, V) is weakly* Ls.c. in W% (V). Thus by applying Lemma 3.3
we have that F'(du, V) < A. By letting § — 1 we can conclude that F(u, V) < A.If
A=min{F(v,V): ve W1'°°(V)} it is sufficient to note that

lwx) —w)| <dy  (x,y)

for every x, y € V and for every ¢ > 0. By repeating the first part of this proof, it is
easy to show that F (u, V) < A + &. By letting ¢ — 0T we obtain the thesis. ]

8 A Counterexample

In this section we will show that in general even if F(u) = esssupg f(x, Du(xf))
is weakly* lower semicontinuous on W 1-°°() it cannot be represented by the level
convex envelope flof fie.in general ess supg, fle(x, Du(x)) < F(u).

In fact, a suitable modification of Example 3.2 in [14] gives the following:

Example 8.1 Let us call G the set of all continuous functions g : R¥ — R, positively
1-homogeneous and satisfying || < g(&) < B|&| for all £ € RV, and let

C:={CCRN:C={teR": g(&) <1} for some g € G}. 8.1
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Note that the sets in C are closed, star-shaped (with respect to the origin), and that by
definition with every C € C is associated a function g € G, which we denote by gc.
Moreover C is closed under intersection and union.

Let now B be the unit closed ball in RY centered at 0. Then B € C with g(&) =
|&]. Let H € C satisfy the following properties:

1. H is not convex;

2. H N B is convex;

3. H\B#@and B\ H # 0;

4. B is contained in the convex hull of H.

Finally let us construct an open and dense set A C 2 with 0 < |A| < || as fol-
lows. Let {v;};en be a dense subset of 0B and let {p;} jen be dense in 2. For a given
positive constant § > 0 we define

. 8
A= U {x € Q:dist(x, {p; +svj,s €R}) < 27} .
i,jeN
Clearly, if § is small enough, we have that 0 < |A| < |2]. Roughly speaking the set A
is given by a countable union of thin strips along a dense set of directions.
We consider the functions f, fy : 2 x RN — R defined by

gp() ifxeA,
gu§) ifx e\ A;

gB(5) ifxeA,

S8 ::{ gnnp(€) ifxeQ\A.

f+(x, %) 12{

The associated supremal functionals are

F(u):=esssup f(x, Du(x)) and F4(u):=esssup fi(x, Du(x)).
Q Q

Now we show the following facts:

1. F = F4 and therefore F is weakly* lower semicontinuous (in fact F is weakly™*
lower semicontinuous being represented by a (level) convex function);
2. Ju € WH°(Q) such that F(u) > esssupg £ (x, Du(x)).

In fact, by construction we have that F; > F, and so let us assume by contradic-
tion that for some u € W (Q) we have

Fy(m)>1 while F(u) < 1. (8.2)

This will imply that Du € H \ B on a set of positive measure. Therefore there exists
apoint x € 2 of differentiability for u with |Du(x)| > 1. To simplify the notation we
can assume x = 0 and u(0) = 0. Let {p,} be a sequence converging to zero, and for
every n let us consider the function u, : B — R defined by

1
up(x) := —u(p,x) foreveryx € B.
Pn
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By the definition of A, for every n and for every ¢ > 0 we can find an open strip L,
in B such that p, L;, C A and such that L, contains two points a;, and b, with

b (_M)‘ <e. 83)
[Du(O)]

_ £y — b
osssup | ity ()| = sup un(x) —uy(y) . un(anz u:( )
& x,yeLt |-x_y| |an_bn|

o Du©
" |Du(0)|

By Proposition 3.4, we have that

n

Using that, by the differentiability of u at 0, {u,} converges to Du(0) - x uniformly,
by (8.3) we deduce that, for n big enough,

esssup | Du, (x)| > |Du(0)| + o(e),
L;

where o(¢) — 0 as ¢ — 0. Therefore, recalling that | Du(0)| > 1, we can find ¢ and
n such that ess sup L |Duy(x)| > 1. We conclude that

F(u) > esssup|Du(x)| > esssup | Du(x)| =esssup |Du, (x)| > 1,
A

Pn Lfg sz
which is in contradiction with (8.2).

Finally let £ € B such that £ is notin H N B. In particular £ belongs to the convex
hull of H and therefore

flC(X,E) <1 ae.on.

On the other hand by the definition of f and the choice of & we have
fr(x,E)>1 ae.onQ\A. (8.4)
Therefore if we define u(x) = x - £ we obtain

F(it) > 1 = esssup f(x, £) = esssup f%(x, Dii(x)).
Q Q
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