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Abstract. For problems in the calculus of variations with isoperimetric side con-
straints, we provide in this paper a set of points whose emptiness, independently of
nonsingularity assumptions, is equivalent to the nonnegativity of the second variation
along admissible variations. The main objective of introducing a characterization
of this condition should be, of course, to obtain a simpler way of verifying it. There
are two other sets of points available in the literature, introduced by Loewen and
Zheng (1994) and Zeidan (1996), for which this necessary condition implies their
emptiness. However, we show that verifying membership of these sets may be more
difficult than checking directly if that condition holds. Contrary to this behavior,
we prove that the desired objective of characterizing that condition is achieved by
means of the set introduced in this paper.
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1. Introduction

In order to illustrate the main objective of this paper, we start by briefly considering the
following example. Suppose that we are interested in minimizing

I(x) = /n t{x%(t) — 4x>(1)} dt
0
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over all piecewise C' functions x: [0, 7] — R satisfying x(0) = x(7) = 0 and
foﬂ x(t)dt = 0. For such a calculus of variations problem, involving an isoperimetric
constraint, necessary and sufficient conditions are well established. In particular, one
readily verifies that xo = 0 is a normal extremal for which the corresponding conditions
of Legendre and Weierstrass hold. These conditions, therefore, leave x( as a candidate
for optimality. On the other hand, the condition stating that the second variation with
respect to xg is nonnegative along admissible variations corresponds to the inequality

/” Hy*(t) — 4y* (1)} dt > 0
0

for all piecewise C! functions y: [0,77] — R satisfying y(0) = y(r) = 0 and
fon y(t)dt = 0. The verification of this condition is thus equivalent to the question
of optimality of x;.

One could try to apply the classical theory of “conjugate points” which, for the
simple fixed-endpoint problem in the calculus of variations, plays a fundamental role
in establishing both necessary and sufficient conditions for optimality. In particular, if
H denotes the set of trajectories for which the second variation is nonnegative along
admissible variations, Jacobi’s necessary condition states that if x is nonsingular and
x € H, then there are no conjugate points with respect to x in the underlying open time
interval. One can extend this notion to isoperimetric problems. Also, one can transform
the original calculus of variations problem into one involving a system of differential
equations, and try to apply results such as those of [25] which generalize in optimal
control, from a classical point of view, the notion of conjugate points. However, for
both cases, the nonexistence of conjugate points is implied only if the trajectory under
consideration is nonsingular. For the above example, x is singular, and none of these
theories can be applied.

The question posed is essentially to find a characterization of the nonnegativity of
a quadratic form. Several attempts in this direction have been made and, in particular,
those by Bernhard [4], Breakwell and Ho [5], Caroff and Frankowska [6], Dmitruk [7],
[8], Hestenes [9], [10], [12]-[15], Loewen and Zheng [16], Popescu [17], Stefani and
Zezza [21], [22], Zeidan [23], [24], and Zeidan and Zezza [25]-[28] deserve special
attenion.

It might be extremely complicated to compare these, or more, approaches to con-
jugacy, in particular when dealing with the isoperimetric problem. In this paper we
concentrate on one line of research which has been widely quoted. It corresponds to the
one initiated in 1994 by Loewen and Zheng [16] and extended to more general problems
in 1996 by Zeidan [24].

For certain classes of optimal control problems, Loewen and Zheng [16] introduced a
set G(x) whose emptiness in the open time interval, without nonsingularity assumptions,
becomes in the normal case a necessary condition for optimality. This follows by showing
that x € H = G(x) N (f, 1) = @. When reduced to the fixed-endpoint problem
in the calculus of variations, if the trajectory x is nonsingular, G(x) contains the set
of usual conjugate points in the interior of the time interval. This new condition is
thus a generalization of that of Jacobi both for more general problems as well as for
singular extremals. For the problems considered in [16], the initial endpoint is fixed and
a convexity assumption on the control set is required. For problems where both endpoints
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vary and the control set is not necessarily convex, Zeidan [24] introduced a set Z(x),
containing that of Loewen and Zheng, and shows that a necessary condition for a normal
extremal is again the nonexistence of such points in the open time interval. This condition
is implied by H in the normal case, that is, if x is a normal extremal and x € H, then
Z(x) N (ty, t;) = @. Problems in the calculus of variations with isoperimetric constraints
can be seen to be a particular case of the optimal control problems considered in those
papers when one adds a certain system of differential equations.

The main objective of introducing a characterization of the nonnegativity of a
quadratic form should be, in general, to obtain a simpler way of verifying it. We point out
that this is successfully achieved by means of the theory of Jacobi and the classical notion
of conjugate points since the original question is reduced to solving Jacobi’s differential
equation (Euler’s equation for the secondary problem). However, as mentioned before,
this theory excludes the singular case.

With respect to the sets introduced in [16] and [24], as we shall see in this paper,
one can easily find examples for which solving the question of their nonemptiness may
be more difficult than verifying directly the existence of negative second variations. In
those examples, one can exhibit an admissible variation y for which the second variation
at x is negative, showing that x ¢ H, but y does not satisfy the conditions defining
membership of these sets. In other words, by using the theories of [16] or [24], one may
fail to achieve the main objective of introducing a characterization of the second-order
necessary condition.

The main purpose of this paper is to introduce a new set of points R(x), applicable
to the fixed-endpoint problem in the calculus of variations involving isoperimetric side
constraints, for which x € H & R(x) = , and the objective of simplifying the condi-
tions defining membership of H is achieved. This set corresponds to a generalization of a
set of points introduced in [1] which is applicable to the fixed-endpoint problem without
isoperimetric conditions. The idea underlying the definition of R(x) is simple. Given a
trajectory x, a point s belongs to R(x) if there exist two functions y, u, depending on
s, satisfying certain conditions. If R(x) # @, then (extending y to the whole interval by
zero) the choice of an admissible variation # + ¢y makes the second variation along x
strictly negative for sufficiently small ¢ of appropriate sign. Conversely, if the second
variation along x is negative for some variation y, then, by choosing u = y, one of the
endpoints belongs to R(x).

A further property of R(x) should be mentioned. We shall prove that R(x) con-
tains G(x) for any trajectory x and, therefore, it also generalizes (both for isoperimetric
problems as well as for singular trajectories) the usual notion of conjugate points and
Jacobi’s necessary condition. We emphasize that the classical conjugate point theory
concerns the solution of a two points boundary value problem for a linear ordinary
differential equation. The notion which is proposed here consists in finding a trajec-
tory with special properties which assure the possibility of making the quadratic form
negative.

Since we are dealing with a problem concerning a quadratic form, and the question of
characterizing it can be seen independently of the variational problem, the set introduced
in this paper can certainly be extended to more general optimal control problems such
as those treated in [16] and [24]. We have chosen the case of isoperimetric constraints
not only because of its importance in itself, but to be able to concentrate mainly on the
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unique aspects of the approach initiated in [16] and improved in several respects in the
theory developed in this paper.

For the example we are dealing with, observe that the function y(#) = sin2¢ (¢ €
[0, ]) satisfies the required conditions y(0) = y(w) = 0 and fon y()dt = 0, but
fon t{y2(t) —4y%(t)} dt = 0. The condition that the second variation along x, evaluated
at y, should be nonnegative, is not violated. However, as is easily proved, this function
can be used to show that 0 € R(x) for any trajectory x, and hence one concludes that
the problem has no solution. On the other hand, this particular function cannot be used
in trying to prove that the point s = 0 belongs to G(xg) or Z(x).

The paper is organized as follows. In Section 2 we state the isoperimetric problem
we deal with, and give a summary of well-known necessary conditions for optimality. In
Section 3, by transforming the original problem into one involving a system of differential
equations, we derive the corresponding sets of “generalized conjugate points” G(x) and
“generalized coupled points” Z(x) introduced in [16] and [24], respectively. These sets
are originally defined in the underlying open time interval. For completness we prove that,
even if we include the (corresponding) endpoint in the definition, we have G(x) C Z(x)
and, if x is a normal trajectory, then x € H = Z(x) = {J. Section 4 is devoted to two
simple examples which illustrate serious difficulties in trying to prove nonemptiness of
these sets. These examples motivate the need for introducing a new set of points for which
these difficulties do not occur. In Section 5 we introduce such a set R(x), prove that its
emptiness is equivalent to the necessary condition x € H, and show, by an application
of this result, that the problems of Section 4 have no solution.

2. Isoperimetric Problems

This paper concerns a characterization of the nonnegativity, along a set W, of a quadratic
form given by

f {(y@), Fex (X(0)y(@)) + 2(y (1), Fei (X)) y(0)) + (y(0), Fee (X)) y(0))} dt,

fo

where (x(2)) is short for (¢, x(¢), x(t)),
F(t,x, %) = L(t,x, %) + Y ALi(t, x, %),
1

and W is the set of all piecewise C ! functions y: [fy, ;] — R” satisfying y(ty) =
y(t;) = 0 and

/ {(Lix(x(@)), y(O)) + (Liz(X(1)), yO))}dt =0 (@ =1,...,m).

This specific quadratic form corresponds to the second variation of a calculus of variations
problem involving isoperimetric side constraints. We state the problem together with
well-known necessary conditions for a normal solution. A full account of these results
can be found in [11] and [20].

Suppose we are given an interval T := [fy, t;] in R, two points &, & in R", an open
set Ain T x R" x R", constants «y, . .., &, in R, and functions L, L1, ..., L,, mapping
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T x R" x R" to R. Denote by X the vector space of all piecewise C' functions mapping
T to R", set

XA)={xeX |t x@),x@)ecAleT)l
X.(A) :={x € X(A) | x(to) = b0, x(11) = &1},

consider the functionals 7, Iy, ..., I,; X — R given by
H
I(x) :=/ L(t,x(t), x(t))dt (x € X),
fo

Ii(x) =a; + / l L;(t,x(t), x(t))dt xeX, i=1,...,m),

1o

and let
Z,(A) ={xe X, (A | L(x)y=03G=1,...,m}

The problem we deal with, which we label (P), is that of minimizing I over Z,(A).

Elements of X are called arcs or trajectories and they are admissible if they belong
to Z.(A). An admissible trajectory x is said to solve (P)if I (x) < I(y)forally € Z,(A).
For any x € X we use the notation (x(¢)) to represent (¢, x(¢), x(¢)) (¢t € T), and we
assume throughout that L, L; € C*(A) i = 1, ..., m).

Definition 2.1. If F is any function mapping 7 x R" x R" to R and

J(x) = / l F(t,x(),x())dt x € X),

fo

then, for all x € X, we define (whenever the derivatives involved exist) the first variation
of J at x by

J'(x;y) = / {F:(x (@), y(O)) + (Fe(x (@), y(@)}dt  (y € X),
and the second variation of J at x by

J' (x5 y) = / 2Q@, y(@), y@)dt  (y € X)

fo

where, forall (¢, y,y) € T x R" x R",

2Q(1, y, y) =y, Fux (X(0)y) + 2(y, Fi (X@))y) + (3, Fee (X(1))y).

Denote by Y the space of trajectories y € X satisfying y(ty) = y(¢;) = 0.

Definition 2.2. An admissible trajectory x is said to be normal to (P) if {I(x; -)}]" is
linearly independent on Y.
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Note 2.3. Following the definition given in [11], if J(x) = jZ)‘ F(t,x(t),x(@))dt
(x € X), a trajectory xo is called an extremaloid for J if J'(xo; y) = O forall y € Y.
Clearly, x( is a normal arc to (P) if it is not an extremaloid for an integral of the form
J(x) = Y A;I;(x) where Ay, ..., A, are constants, not all zero. It is also a simple fact
(see [11]) to show that xy is normal to (P) < there exist y;,..., y,, € Y such that
[(xo; y)|#0G, j=1,...,m).

LetC(x):={ye X | I/(x;y) =0(@ =1,...,m)}, and forall

A= (A1, ..., Ay) € R" define

F(t,x,%;0) == L(t, x, X) + ZAiL,-(t, %)  ((t,x,x) e T xR" x R"),
1

L) =1 + Y M) =Y Aia +/ P v, 500 di - (x € X),
1 1 fo

and consider the following sets:

Ey:={xeX|J/(x;y)=0forally € Y},
H,:={xeX|J/(x;y)>0forally € Y N C(x)},
Ly :={xeX| F;;(x(t);») >0forallt € T},
Wi(A) == {x € X(A) | &, x(1), x(1),u) = 0
forall (f,u) € T x R" with (¢, x(¢), u) € A},

where
Et,x,x,u) =F(t, x,u; M) — F(t,x,X; ) — (u — x, Fi(t, x, x; A)).

The following theorem corresponds to a set of necessary conditions for a normal
trajectory solving (P).

Theorem 2.4. If x solves (P) and is normal to (P), then there exists a unique A € R"
such that x € E,. Moreover, x € H, N L, N W, (A).

The sets E, and H, depend explicitly on the first and second variations of J,,
respectively. The first one is usually characterized as follows:

Proposition 2.5. Letx € X(A) and » € R". Then x € E; < there exists ¢ € R" such
that

Fi(x(t); 1) = / Fe(x(s); A) ds +c¢ (tel).

to

The theory of “conjugate points” in the calculus of variations, leading to Jacobi’s
necessary and sufficient conditions, characterizes the conditions that are expressed in
terms of the second variation. This theory depends upon the hypothesis that the trajec-
tory under consideration is nonsingular which, for the problem we are dealing with,
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corresponds to the assumption that | F; (X(¢); 1)| £ 0 for all € T. As explained in the
introduction, for isoperimetric problems such as the one we are considering, one can find
in the literature two sets of points for which the nonnegativity of the second variation
implies their emptiness independently of the nonsingularity of the trajectory. We devote
the next section to a study of these two sets.

3. Generalized Conjugate and Coupled Points
The problem we are dealing with can be transformed into one involving a system of

differential equations for which the notions of “generalized conjugate points” and “gen-
eralized coupled points,” introduced in [16] and [24], respectively, can be applied.

To do so, let o := (¢, ..., ) and, for any (¢, x,z,u) € T x R" x R" x R",
define
I:(t, x,z,u) = L(t,x,u), flt,x,z,u) =, Li(t, x,u), ..., Ly,(t, x,u)).

Denote by X the space of all piecewise C' functions (x, z) mapping 7 to R" x R™, and
by U the space of all piecewise continuous functions ¥ mapping 7 to R". As one readily
verifies, our original problem (P) is equivalent to the problem, which we label (P), of
minimizing

[(x,z,u):= f ] L(t, x(1), z(1), u(t)) dt

fo

overall (x,z,u) € XxU satisfying

(x(@),z(0) = f(t,x@), z(0), u(®))  (eT),
(t,x(),u)) € A,
(x(20), 2(0), x(11), 2(11)) = (0, 0, &1, —a).

An element of X x U is called a process and it is admissible if it satisfies the above three

conditions. For this class of problems define, for all (z, x, z,u, p,q) € T x R x
Rn % Rn+m

H(t, x,z,u, p,q) = ((p,q), f({t,x,z,u)) — L(t, x, 7, u).

Accordingto the deﬁnitign givenin [16], an admissible process (x, z, u) is called extremal
if there exists (p, g) € X such that

(p(1),q(1) = (=Hy, —H:) and 0="H,, ey

where the partial derivatives of H are evaluated at (¢, x(¢), z(¢), u(t), p(t), q(1)).

Now, for any s € [f, 1), set Ty := [s, 11], let XY be the space of piecewise c!
functions mapping 7 to R" x R™, let U; be the space of piecewise continuous functions
mapping Ty to R", and let ?s(x, z, u) be the set of functions (y, w, v) € f(s x Uy such
that (y(s), w(s)) = (y(r), w(t)) = (0, 0) and

v _ (@)
(w(t)) = A0 <w(t)) +BOv) ey,
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where A(t) = (fx, f2), B(t) = f,, and the partial derivatives are evaluated at (¢, x(¢),
z(t), u(t)). Denote by Y (x, z, u) the set Y,O(x, Z,U).

We are now in a position to define, for the problem (P), the set of “generalized
conjugate points” introduced in [16].

Definition 3.1. Let (x, z, u) € X x U be an extremal and let (p,q) € X satisfy (1). A
point s € [tg, t;) is called~a generalized conjugate pgint (to #; with respect to (x, z, 1))
if there exist (y, w, v) € Ys(x, z, u) and (g1, g2) € X, such that if

. p* q1(t) Y(t)
o) = B0 <q2(t)) + (Hur, M) (w(,)) M) (€T,

then:
. q1(t) % q1(t) Hee Ha: y(®) Hyu
» (42(0) A (qm)) = (H H) (w(r)) - (H) V@
(t € Ty).
(i) (q1(s), q2(s)) # (0, 0).
>iii) (v(t), u(t)) = 0 (¢t € Ty) and either (a) or (b) holds:
(a) (v(t), u(r)) > 0 on a set of positive measure.
(b) There exists (y;, wy, V1) € Y (x, z, u) such that

@ (1), q1(9)) + (wi(s), g2(5)) > 0,
(i) (vi(0), () =0 (1 € Ty).

For the specific functions we are dealing with, this definition can be simplified as
follows. Observe first that the function H corresponds to

H(tvxvzvu7 p»CI) = <p’”> +qu‘L[(t,x,M) _L(tsx7u)'
1

Hence (x, z, u) in X x U is an extremal if and only if it is admissible and there exists
A= (A1,..., An) € R" such that

p(t) = LeE®) + Y MiLiz(R(1))
1

= pt)=LEM)+ Y ML)  (eT).
1

Observe that A(¢) and B(¢) are (n+m) x (n+m) and (n+m) X n matrices, respectively,
given by

Onxn Onxm In><n
le(i(t)) Ol><m Llu(i(t))
an=|""" T oBo=|
me(i(t)) Ol><m Lmu (i(t))

and so the differential equation appearing in the definition of Y,(x,z,u)is equivalent to

y(@)y=v() and w;(r) = Liy(x(@®)y(@) + L, G@O)v(@r) (G =1,...,m).
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For any s € [fo, t;) let X, be the space of piecewise C' functions mapping 7 to R”, let
Y, be the set of functions y € X; for which y(s) = y(#;) = 0 and, for all x € Xj, let

Cs(x) = {y € X / {(Lix(x(@)), (1)) + (Liz(X(1)), y(1))} dt =0

(i:l,...,m)}.

It follows that if (x, z, u) is an admissible process and (y, w, v) € )N’s(x, zZ,u), then
y e Y, NCy(x).
In view of these remarks, we can redefine the set introduced in [16] as follows:

Definition 3.2. Forall x € X and A € R" let G, (x) be the set of points s € [ty, t;) for
which there exist y € Y; N Cy(x), g € X, and k = (ky, ..., k,,) € R” such that if

p(t):=q(1) + ZkiLix(i(t))—Fxx(i(t); My (1) = Fix (xX(0); M)y (1) (reTy),
1

then:

(i) ¢ + 21T kiLix(X(1)) = Fo (R(0); My (1) + Foir(X(1); M)y(0) (t € Ty).
(i) (q(s), k) # (0, 0).
(i) (y(@), u@)) =0 € T;)
and either (a) or (b) holds:
(@) (y(), u(r)) > 0 on a set of positive measure.
(b) There exist§ u € Y N C(x) such that if

pi (t) 12/ {{(Lix(X(7)), u(t)) + (Liz (X (7)), u(r))} dt (tel),
then v

(@) (u(s),q()) + 2\ kipi(s) > 0,
(1) (u(0), u(0)) =0 (1 € Ty).

The main result in [16] relating this set to the condition that the second variation
is nonnegative along admissible variations states that, for any x € X and A € R", x €
H;, = G, (x) N (t, t;) = ¥ [16, Theorem 4.3]. Combining this result with Theorem 2.4
we obtain that if x is a normal solution of P(A), then there exists A € R™ such that
G,.(x) N (ty, t1) = B [16, Theorem 4.6].

We turn now to the set of points defined in [24]. Consider the system

vy _ y (@) yo)\ _ (O
(w(t)) = A(1) (w(t)) + B(t)v() (teT), (w(to)) = (0)
for all (y, w, v) € X x U.Let ®: T — R" x R"*™ satisfy

)= —-dNAW) (teT), d)=1I

so that any solution (y, w, v) of the above system can be expressed as
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The definition of “generalized coupled points” given in [24], applied to problem (P), is
the following:

Definition 3.3. Let (x, z, u) € X x U be an extremal and let (p,q) € X satisfy (1). A
point s € [ty, ) is calleid a generalized coupled point (to t; with respect to (x, z, u)) if
there exist (y, w, v) € Ys(x, z, u) and (g1, g2) € X, such that if

— i (1O ¥(0)
n(0) = B*(1) ( 6]2(f)) + (s o) (wm) +Hav() (T,

then:
. qi1 () " q:1(1)
® (tb(t)) 470 (c]z(t)>

- (Z): ZZ) (lyu((tt)>) - <Z> o) (EeT)).

(1) (v(0), () =0 (1 € T).
(iii) If the inequality in (ii) is equality for all ¢ € T, then, for any « € R" x R"
satisfying

(r(), u(t) — B*()®*()a) <0 forall reT,

and r: Ty > R" piecewise continuous,

there exists v;: [fy, s] — R" piecewise continuous with

yi(s) « _ ()
<(w1<s)>  Ps)e <q2<s>)> <0,

where (y;, wy) is the solution of

o\ _ i)
(u')l(t)> =40 (wl(t)> + B®vi(t) (¢ € [to, 51),

yi(to) \ _ (O

w (fo) 0/
One can easily verify that the matrix ®(¢), for the specific functions delimiting the
problem, is given by

Il’lXI‘l Onxm

[ Lic(F(0)) dt

1]
O(1) = = I(n+l71)><(n+m) +f A(t) dt.
t

Imxm

[ L (3 (7)) d

In view of this fact and the remarks following Definition 3.1, we can redefine the
set of points defined in [24] as follows:
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Definition 3.4. Forall x € X and A € R" let Z, (x) be the set of points s € [t, #;) for
which there exist y € ¥y N Cy(x),q € X, and k = (ky, ..., k,) € R" such that if

p(t) :==q() + ZkiLix(i(t)) — Fix(X(0); My (1) — Fee(X(0); M)y (@)t € Ty),
1

then:

1) ¢(0) + X1 kiLix(X(1)) = For (X(1); M)y() + Foi(R(0); M)y(@) (t € Ty).
) (y@), u() =0 €Ty).
(iii) If the inequality in (ii) is equality for all ¢ € Ty, then, for any («, 8) € R" x R™
satisfying

W) = o + (le(f(t)) + / L) dr .. L (R()
+/ Lo (B(0) dr)ﬂ (et

there exists u: [ty, s] — R" piecewise C I with u(ty) = 0 such that if

pi (1) 12/ {Lix(x(1)), u(D)) + (Liz(X(7)), u(D))} dr (1 € [to, 51),

then

<u(s),a+</]L|x(i(t)) dt,...,/]me()E(t)) dt) ,B>

+ D Bipi(s) < (u(s), g()) + Y kipi(s).
1 1

In [24] itis proved (by applying a weak version of Pontryagin’s maximum principle)
that if x is a normal solution to (P), then there exists A € R™ such that Z, (x)N(fg, t;) = ¥
[24, Theorem 5.1].

Now, it is a simple fact to show that the set of generalized coupled points contains
that of generalized conjugate points (see Lemma 5.2 in [24]). Moreover, if x is normal
to P(A), then x € H), = Z,(x) = . For completness we prove these results when they
are reduced to the problem we are considering in this paper, and including the endpoint
t=1.

Note 3.5. Forany (x,1) € X x R", G, (x) C Z5(x).

Proof. Lets € G,(x)andlety € YN Cs(x),q € X,andk = (ky,...,k,) € R" beas
in Definition 3.2. If (a) holds, then s € Z; (x). If (a) does not hold, then the inequality in
(ii) of Definition 3.4 is equality for all ¢ € T and there exists u € ¥ N C(x) such that if

pi (1) 1=/ {{Lix(xX (D), u(D) + (Lix(X(x), u(x)}dr  (teT),
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then (u(s), q(s)) + Y| kipi(s) > 0 and (u(r), u(t)) > 0 (¢t € Ty). Assume, without
loss of generality, that there exists («, 8) € R" x R™ such that, for all ¢ € Tg,

u(t) = o+ <L1x(i(t)) + /ln Lix(x(7)) dt, ..., Lpg(x(1))
+f[l] Lo (R(1)) dt) B.
Since u € C(x), we have
ft:{(Lix(i(t)), u(t)) + (Lix (x(2)), u(t))} dt

—_ / (Lo W), u(®)) + (Lis R0, ()} di

and therefore, as one readily verifies,

<u(s),a+</ LuGoyr..... [ me<i(t)>dt)ﬂ>+2ﬁfpi(s)
s s 1

= —f (), () dt <0 < (u(s), g()) + Y_ kipi(s). O
s 1

Theorem 3.6. Suppose x is normal to (P). Then, for any . € R", x € H, =
Z)L (x) = 0.

Proof. Suppose there exists s € 2, (x). Lety, g, k, i be as in Definition 3.4, and define
z(t) ;== 0fort € [ty, s] and z(¢) := y(¢) fort € [s,#;]. Thenz € Y N C(x) and

n

2 2) =/'2m<r,z<r>,z<r)> di = —/ $0), w(0) dt < 0,

I s

where 2€2; is the integrand of the second variation of J; at x. If condition (ii) of Defini-
tion 3.4 holds strictly on a set of positive measure, then J;'(x; z) < 0, contradicting that
x € H,. Therefore, the inequality in (ii) of Definition 3.4 is equality for all # € T, and
so J;'(x; z) = 0. In this event, z is a (normal) minimum of the isoperimetric problem of
minimizing J;'(x; -) over ¥ N C(x). Hence (applying Proposition 2.5 to this so-called
accesory problem) there exists a unique v = (vy, ..., v,) € R such that if

p(t) = Fi G(1); Mz(t) + Fiei (X (0); Mz(t) + Z v Liz (X(1)) (teT),
1
then

p(t) = Fux (x(1); M)z(t) + Fiei (X(2); M)z2(r) + Z viLix(x(1)) (@ eT).
1
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Leta :=¢g(t;) — p(t;) and B := k 4 v. By (i) of Definition 3.4 we have

m

p(t) =q) = p(t) + Y _ BiLiu(Ft) =a+ Y f BiLix(X(r)) dr
1 1 t

m

+Y BiLi(E1)  (teT).
1

Observe that, up to this point, s can take any value in the half-open interval [z, ;).
Now, by condition (iii) of Definition 3.4, there exists u: [fo, s] — R" piecewise C ! with
u(ty) = 0 such that if

pi (1) :=/ {Lix(X()), u(D)) + (Liz(X (7)), u(0))} dr (1 € [to, 5]),

then

n
K

0< <u<s>,q(s)—a—2ﬂif Lix(x<z>>;dr>—2v,-pi<s>.
1 1

This implies, in particular, that the assumption s = #; yields the desired contradiction.
For the case s > 1, observe that the right-hand side of the last expression is equal to

(u(s), p(s)) —/ {p@), u(@®) + {p@), u@®)} dt =0

and so, in all cases, we reach a contradiction. O

4. Examples

As mentioned in the Introduction, there are examples where one can exhibit a function y
for which the second variation along a normal extremal x € E) is negative, showing that
x ¢ H,, but y does not satisfy the conditions defining membership of G, (x) or Z; (x).
The first example we consider in this section illustrates this fact.

Example 4.1. Minimize /(x) = f07 t{x2(t) — x(¢)} dt subject to x(0) = x(7) = 0
and ] x(t) dr = 0.

Inthiscasen =m=1,T =[0,7], & =& =a; =0,A=T xR%, L(t,x, %) =
t(x% = x?),and L, (¢, x, ) = x.

We want to see if xo = 0 is a solution of the problem. First observe that, since
L(x) = [ x(t) dt, we have I](x;y) = [) y(t) dt, and x € Z,(A) is normal if
there exists y € X with y(0) = y(7) = 0 such that |f07 y(t) dt| # 0. Thus, any
trajectory x € Z,(A) is normal. Also, x € L; N W, (A) for any x € X and A € R, since
F:i(X(t); A) =2t > 0 (¢ € T) and the “excess” function &, is given by ¢ (u — x)2. Now,
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forall L € R,

7

7
Auﬁi/F@mmwh=/{uﬂm+anw
0 0

and so

;
Ty (x; y)=/0 2t (x @)y (@) = x(O)y (1)) + Ay(1)} dr.

Thus xo belongs to Ey. One necessary condition remains to be verified, namely, that x,
belongs to Hy. By definition, this set corresponds to those x € X for which

;
frw%n—fa»mzo
0

for all y € X satisfying y(0) = y(7) = 0 and f07 y()dt =0.Leta := % and define

t if te]0,a],
y(@):={2a—t if te€la,3al,
t —4a if t € [3a,4al].

By construction, y(0) = y(7) = Oand f07 y(¢) dt = 0. Moreover, as one readily verifies,

7
/rw%o—ﬁa»m

0

a 3a da
:/ t{l—tz}dt+/ t{l — 2a — )% dt+/ t{l — (t — 4a)*} dt
0 a 3

2 , a* 49
=a"|8—3a —i—? =——<0

and therefore xo ¢ Hp. Thus x( is not a solution of the problem. Also, since H, is
independent of X, the same proof shows that the problem has no solution at all.

We turn now to the sets G, (x) and Z, (x). By definition, s belongs to G (x) if
s € [0,7) and there exist y € Y, with f:y(t) dt =0, q € X;, and k € R such that if
u(t) == q(t) —2ty(r) (¢ € Ty), then:

@) g0) +k==2ty@) (t € T)).
(i) (q(s), k) # (0, 0).
(i) y@)u@) =0 (¢ € Ty)
and either (a) or (b) holds:
(a) y(®)u(t) > 0 on a set of positive measure.
(b) There exists u € Y with f07 u(t) dt = 0 such that if p(¢) := fot u(r) dt
(t € T), then
@) u(s)g(s) +kp(s) > 0,
(i) u(®)u@) =0t €T).
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On the other hand, Z; (x) is given by those points s € [0, 7) for which there exist
y € Y, with f: y() dt = 0,q € Xy, and k € R such that if w(z) := g(t) — 2ty(¢)
(t € Ty), then:

() ¢(t) +k==2tyt) (t € Ty).
(i) y@®p@) =0 € T5).
(iii) If the inequality in (ii) is equality for all ¢+ € T then, for any («, 8) € R?
satisfying u(t) = o+ B(7—1) (t € Ty), there exists u: [0, s] — R" piecewise
C! with u(0) = 0 such that if p(¢) := fj u(r) dt (¢ € [0, s]), then

u(s)(a+ B(7—s)) + Bo(s) < ul(s)g(s) + ko(s).

It follows that if a point s € [0, 7) belongs to G, (x) or Z;(x), then, necessarily,
there exist c, k € Rand y € Y, with y £ 0 and f: y(t) dt =0, such that

(1) <c —kt — 2/ ty(t) dt — Zty(t)) >0  forall fels,7l.

Consider now the function y defined above satisfying y(0) = y(7) = 0 and
f07 y(t) dt = 0, and for which the second variation along any trajectory is strictly
negative. Observe that, in view of the above inequality, we require the constants ¢, k € R
to satisfy

t
c—kt—2/ t*dr>2  forall t€[0,]]
0

and

7/4 t
c—kt—2/ rzdr—/ (7 =21)dr < =2t
0 7/4
forall te[Z,71].

However, there are no constants ¢, k € R for which both relations hold, and so y fails to
satisfy the conditions defining membership of these two sets.

This fact can be easily generalized to any function y whose derivative does not
vanish and it changes sign in an interval (for such functions the condition y € C,(x)
is not even required). These functions, just like the one defined above, are natural to
be considered in trying to prove nonemptiness of G, (x) or Z; (x) since the conditions
y € Y; and y # 0 imply that y changes sign along the interval [s, 7]. Suppose then that,
as in the previous case, for some b, ¢ > 0 with [b — ¢, b+ ¢] contained in (s, 7), y(¢) > 0
fort € [b —¢,b] and y(¢) < O for ¢ € [b, b + ¢]. In this event the constants ¢, k € R
must satisfy

t
c—kt—2/ ty(t) dt > 2ty(t) >0 forall t e [b—e,b]
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and
1
c—kt—2/ ty(r) dr <2ty(t) <0 forall rel[b,b+¢],
P

which is not possible.

In the next example, posed in the Introduction, the verification that a certain trajectory
does not belong to H, is not as simple as in the previous one. One can exhibit, however,
an admissible variation for which the second variation vanishes and this function fails
to satisfy the conditions defining membership of G, (x) and Z; (x).

Example 4.2. Minimize [ (x) = % foﬂ t{x%(t)—4x%(t)} dt subjecttox(0) = x(w) =0
and [ x(1) dt = 0.

Inthiscasen =m=1,T =[0,7],é =& =01 =0,A=T x RZ,L(t,x,)'c) =
t(x% —4x?)/2,and L\ (¢, x, X) = x.

As in Example 4.1, any trajectory x € Z,(A) is normal and x € L, N W, (A) for
any x € X and A € R. Also, xo = 0 belongs to Ey, and we want to see if it is a solution
of the problem.

By definition, H, is given by those x € X for which

/ 0 — 4y ()} dt = 0

0

for all y € X satisfying y(0) = y() = 0 and foﬂ y(t) dt = 0. To begin with, a function
like the one defined in the previous example (setting a := /4, so that it vanishes at 0
and 7 and satisfies fon y(t) dt = 0), yields a positive value to the above integral. On the
other hand, for the function y(t) = sin2¢ (¢ € [0, 7]), the required conditions hold but
the above integral vanishes. It is in fact not clear (at this point) how to exhibit a function y
satisfying the endpoint conditions and for which the second variation is strictly negative.

Though the function sin 2¢ does not yield a negative value to the second variation, let
us see if it can be used to prove nonemptiness of the sets defined in [16] and [24]. Similar
arguments to the ones given in Example 4.1 show that if a point s belongs to G, (x) or
Z; (x), then, necessarily, there exist ¢, k € Rand y € Y, with y = 0 and ff y()dt =0
such that

t
y(t) <c—kt—4f Ty(7) dr—t}'z(t)) >0 forall ¢ e [s,x].
Note that, for the function y(¢) = sin2¢ (¢ € [0, ]), we require that

1

2cos 2t (c — kt —4/ Tsin2t dt — 2tcos2t> = 2cos2t(c — kt — sin2t)
0

>0 forall r e |0, n].

Howeyver, as before, there are no constants ¢ and k£ in R for which this relation holds.
Indeed, observe that t = n/2 = 2¢ < kw,and t = 7 = ¢ > km, implying that k < 0.
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If k = 0, then ¢ = 0 which is clearly not possible. Thus k # 0 and so ¢ < 0. However,
t = 0 = ¢ > 0 which is a contradiction.

5. A New Notion of Conjugacy

In this section we introduce a new set of points whose emptiness is equivalent to the
nonnegativity of the second variation, and for which the difficulties that appear in trying
to apply the theories of [16] and [24] do not occur. Moreover, as mentioned in the
Introduction, this set achieves (contrary to the sets defined in [16] and [24]) the main
objective of introducing a characterization of this second-order necessary condition,
namely, to obtain a simpler way of verifying it.

This new set of points corresponds to a generalization of a set first introduced in
[1] for problems without isoperimetric constraints. We refer the reader to [2], [3], [18],
and [19] for further properties of that set.

Definition 5.1. For any x € X and A € R" let R, (x) be the set of points s € [ty, t1)
for which there exists y € Yy N Cs(x) such that if

v(t) 1= Fix (X(0); L) y(1) + Fei (X(2); M)y (1),

w(t) := Fe(X(1); M)y (0) + Fox (X(2); M)y () (teTy),
then:

M [ {5, v@®) + (y@), wt)} dt <0.

(i) Thereexistsu € Y NC(x) such that y := f;' {{u (), v(t)) + (u(), w))} dt #
0.

Theorem 5.2. Forallx € X(A)and » e R",x € H, & R, (x) = 0.

Proof. (=) Suppose there exists s € R, (x), and let y, u be as in Definition 5.1. Since
y # 0, we have y # 0. Let z(¢) := 0 for ¢ € [fy, s] and z(¢) := y(¢) for ¢ € [s, t;]. Note
first that

J{ (x5 2) =/ 2Q.(1, 2(1), 2(1)) dt =/ {y@), w)) + (y(0), v(1))} dt < 0.

Setk := JJ'(x; u),  := —(y +k/2y), and y, := u + az. Then y, belongs to ¥ N C(x)
and

n
J) (X3 Ya) =/ 2Q(t, Y1), Yo (1)) dt =k + o T} (x; 2)

+206/]{(u(t),w(t)>+(12(t),v(t))}dt

<k+4+2ay =-2y><0.

(<) Suppose x &€ H;.Lety € Y N C(x) be such that J;'(x; y) < Oandletu = y.
Then ty € Ry (x). O
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Combining Theorems 2.4 and 5.2 we obtain the following necessary condition:

Theorem 5.3. If x is a normal solution of (P), then there exists . € R™ such that
Ri(x) = 0.

Note 5.4. Denote by 7~3x (x) the set of points s € [#, ¢;) for which there exists y € Y; N
C, (x) satisfying strictly the inequality in (i) of Definition 5.1. Then Rs(x) C R;.(x). This
follows simply by setting u(t) := 0 for t € [to, s] and u(¢) := y(¢) for ¢ € [s, t;]. Then
u € YNC(x)andy < 0. A similar reasoning shows thats € R, (x) < [y, s] C R (x),
so that R, (x) # ¥ is always an interval containing the point f.

We now return to the sets defined in [16] and [24]. A simple proof provided below
shows that, for any x € X and A € R, R, (x) contains all generalized conjugate points
with respect to x and A. With respect to the set of generalized coupled points observe
that, by Theorems 3.6 and 5.2, if x is normal to (P), then Z; (x) # ¥ = R, (x) # @. This
implies, in particular, that if one detects nonoptimality of x by applying the theories of
[16] or [24], proving nonemptiness of any of these sets, one also detects it by means of
the set introduced in this paper.

Theorem 5.5. Forany (x,1) € X x R", G, (x) C R, (x).

Proof. Lets € Gy(x)andlety € Y,NCs(x),q € X andk = (ky,...,k,) € R" beas
in Definition 3.2. Note that, in terms of these functions, v, w defined in Definition 5.1
satisfy

v(t) =q() + Y _kiLiz(X(t)) — u(t) and
1

m
w(t) =q) + Y kL (E@®) (€T
1
Condition (i) of Definition 5.1 is a consequence of condition (iii) of Definition 3.2 since

/{(y'(t),v(t)>+<y(t),w(t))}dt
:Zki/ {(Y(t),Lix(i(t)))+(y(t),L;x()?(l))Hdt—/ (@), n(@)) dt
1 s s

= - f (50, n(0) dr < 0.
If (a) holds, then s € 7~3x (x) C R, (x). If (b) holds, then
Yy = / {{a(®), v(®)) + (u@), w))} dt

1
K

= ). () = Y kipss) — [ 0. pio dr <. o
1
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We now consider the examples given in Section 4.

For Example 4.1, the function y for which the second variation at x is negative
shows that 0 € 7~€x (x), and an application of Theorem 5.3 implies that the problem has
no solution.

For Example 4.2, R, (x) is given by those points s € [0, 7) for which there exists
y € Yy with [ y(r) dt = 0 such that:

() [] t{y* (1) —4y* (1)} dr < 0.
(i) There existsu € Y N C(x) such that y := fs” t{u(t)y(t) —4u(t)y(@)} dt #0.

We claim that 0 € R, (x). Let y(¢) := sin2z (¢ € [0, 7]). Since y(0) = y(;r) = 0 and
fon y(t) dt =0, wehave y € Yy N Co(x) = Y N C(x), and condition (i) holds since

T T
/ t{y*(t) — 4y* (1)} dt = 4/ tcosdt dr = 0.
0 0
To show that (ii) also is satisfied observe first that if we set
v(t) :=2tcos2t (=ty(t)) and w(t) := —4rsin2t (= —4ty(1)),

then w(t) — v(t) = —2 cos 2t and, therefore,

y f {u@®)v(t) + u(®w(t)} dt = u(m)v(r) +/ u(®){w() —v(@)} dt
0 0

=u(m)v(m) — 2/71 u(t) cos2t dt.
0

Let, for example, u(t) := sin8¢ for ¢t € [0, r/4] and u(¢) := 0 for ¢t € [7/4, w]. We
have u(0) = u(wr) = 0 and fon u(t) dt = 0, so that u € Y N C(x). Moreover, as one
readily verifies,

/4 X
y:—Z/O sin 8¢ cos 21 dt = —15.

Hence (ii) holds and so 0 € R, (x) for any x € X and A € R. This proves the claim. By
Theorem 5.3, (P) has no solution.
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