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Abstract. An optimal portfolio/control problem is considered for a two-dimen-
sional model in finance. A pair consisting of the wealth process and cumulutative
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some integro-differential equation, by using the Bellman principle.
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Introduction

There are several articles which suggest that some so-called heavy tail distributions fit
real data in finance well, and the importance of jump-type price processes which are
driven by Lévy processes.

For example, Eberlein [12] suggests the importance of generalized hyperbolic (GH)
distribution in empirical date. Barndorff-Nielsen [2] has pointed out the importance of
heavy tail distributions such as (generalized) normal inverse Gaussian (GIG) distribu-
tions, in the form of exponential stochastic models driven by Lévy processes whose
marginal distributions are heavy tail. Several models in mathematical finance based on
this distribution or on GH distributions have been proposed with a considerable fit. See
[13] for example.
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In this paper by the Lévy process we mean that it is a process with stationary,
independent increments which are continuous in probability. In this paper we do not
treat Brownian motion (Wiener process) nor the Brownian motion part in this class.
Hence the process admits and moves only by drifts and jumps, and can be regarded as a
typical case in the jump-type setting.

We study a stochastic model in mathematical finance based on so-called geometric
Lévy processes S, = Soe?', which can be regarded as being driven by canonical (Marcus
type) processes Z through the expression

t
St =S()+/ Su—dzl,u
0
where

Z,=Zi+ Y (M —1-AZ,).
uel0,r)
We study the wealth process X; which is based on S;. We control X, and the average con-
sumption process Y; with some decay rate using some parameter process, corresponding
to portfolio, consumption rate or disposal of the asset, so that the average utility function
(value function) attains its maximum. See Section 1 for more details, see also [11].

This type of problem is called Merton’s optimal investment problem [22]. It is
also called the consumption/investment problem. As for stochastic models, there are
extensive works by Hindy and Huang [17], Pham [29], Benth et al. [4]-[6], and Framstad
etal. [15]. Our setting is different from those in that we choose a pair consisting of wealth
process and the cumultative consumption process, in that the utility depends only on the
temporal consumption (consumption rate), or in that our utility functions can be quite
general as long as they satisfy the so-called Gossen’s law.

We can solve the Hamilton—Jacobi—Bellman (HIB) equation of integro-differential
type associated to the stochastic model. By using stochastic analysis and the Bellman
principle (Lemma 1.7), we show the existence and the uniqueness of viscosity solutions
when the domain is bounded. By this uniqueness the viscosity solution proves to be the
value function.

In some literature the Bellman principle for jump processes has been just stated
to hold, or expected to hold, in order to show the existence and the smoothness of the
solution to the HIB equation, see [30, Lemma 3.5], [28, Proposition 3.1], [5, (2.9)], [4,
(2.10)], and [32, Theorem 3.4]. This principle first appeared in [20, Theorems 3.1.10,
3.1.11], in the diffusion case. However, in the jump case, as far as the author knows, it
has not been explicitly shown in published form. To this end we follow an unpublished
master thesis by Takanobu [34], which seems to have been partly influenced by Nisio’s
suggestive lecture note [25] and by Pragarauskas [30], whereas the notion of a viscosity
solution was not known then (see [10]). We cite a good guide to this topic by the founders
of the theory [9]. This principle will also be used for other stochastic models of jump type.

On the other hand, we could not afford to give the concrete form of the optimal policy.
For an example of the explicit construction of the optimal control process associated to
X, Yy, refer to [5] and [19]. There is also a possibility of extending our model to the
case where the wealth process is driven both by Wiener and Lévy processes (see [4]).

For an analytic approach to the HIB equation (see (1.10) below), refer to [8] and [18].
Roughly speaking, under the assumption that the Lévy measure satisfies v(dz) = v(z) dz
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such that [v(z)| < C/|z]>7* for some k € (0,2) for |z| < I, the integro-differential
equation with the Dirichlet boundary condition, which is similar to the HIB equation,
admits a classical solution. The solution is weakly unique, and is more regular as the
dumping factor « > 0 gets bigger.

The composition of this paper is as follows. In Section 1 we prepare the various
notions and state our main results, Theorems 1 (existence) and 2 (uniqueness). These
theorems are proved in Sections 2 and 3, respectively, following mainly the arguments
in [4] and [5]. As for the uniqueness, while general tools from the comparison theorem
[9] may be used alternatively, we have tried to use more concrete ways of constructing
functions. No mention has been made with respect to the regularity of v. In Section 4 we
prove the Bellman principle (Lemma 1.7), which is necessary in the proof of Theorem
1, and its proof is the main feature of this paper. In Section 5 we provide small materials
which are used in the text.

1. Preliminaries

Let N(dt dz) = N(dt dz)—v(dz) dtbea compensated Poisson random measure, whose
mean measure (Lévy measure) satisfies fR\{O} min(z2, 1)v(dz) < +o0.
Let Z; be a Lévy process given by

t t
Z,:bt—}—// zN(dsdz)+// ZN(ds dz). (1.1
0 lz]<1 0 |z|>1

Here we do not admit the Gaussian part, and trajectories are chosen from the right
continuous version. We put S, = Spe? with Sy > 0 being a constant. The process (S;)
is called a geometric Lévy process.

Then S, satisfies, by the 1t6 formula, the SDE

ds, = bS, dt + S,/ (¢* — 1 — 2)v(dz) dt

lz|<1
+ S, </ (¢ — 1)N(dt dz) +/ (e — 1)N(dt dz)> ) (1.2)
lz]<1 |z|>1
‘We assume
/ (€* — v(dz) < 0. (1.3)
|z]>1

Then (1.2) can be rewritten as

dS;, = bS,dt + S,/ (et —1-— zl{‘z|<1})v(dz) dt
R\{0}

+ S,,/ (¢ — )N(dt dz).
R\{0}
We put

b=b +/ (e" =1 —zlyz<1v(da),
R\(0)
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which is finite due to (1.3). Then
dSt = I;St dt + St7/ (EZ - I)N(dt dz)
R\{0}

The probability space on which these processes are defined is denoted by (€2, F, P).
Here the filtration is given by F = U(U,>0]—',) and F; = o((X,, Ys);s < t). The
expectation with respect to P is denoted by E.

Let S be

S={(x,y);y>0,y+Bx >0}

The lines y + fx = 0 and y = 0 constitute lower boundaries of S, whose normal vectors
are (B, 1) and (0, 1), respectively. Here 8 > 0 is a weight factor which describes the
dumping rate of the average past consumption (e.g., buying durable goods). This means
that the bigger 8 > 0 corresponds to a preferance to more recent past consumption by
the investor.

Based on the driving processes (Z,), (S;), we construct the processes X = X, Y =
Y, depending on the parameter process (7, C;, L;) by

t
X,:x—c,+/ r+ b —-rn)X,ds + L,
0

t
+/ ns,xs,/ (€ — )N(dsdz),
0 R\{0}
Xo = x, (1.4)

t
0

The background to defining X; is the self-financing investment policy according to the
portfolio m;:

dX, dB; ds;

=1-m)— +7m7,—

X, ( 1) B, + S
where B, denotes the riskless bond given by d B; = r B, dt. The second equation in (1.4)
means dY; = —BY,dt + BdC,.

Here (7;, C;, L,) denotes a control which satisfies the following conditions:

; ()

(A-i) C, = fot csds, and t — ¢, is a non-decreasing adapted cadlag process of

finite variation such that 0 < ¢, < M, for all + > 0, for some M; > 0, and
that ¢; > 0 only for such ¢ that X; > 0.

(A-ii) L, is a non-decreasing adapted cadlag process such that Lo_ = 0, L, > 0
a.s., E[L;] < oo forallt > 0, AL, > 0 only for such 7 that X, € S and
X+ AX, ¢ S,and L{ > 0 only for such ¢ that X, < 0. Here L{ denotes
the continuous part of L,.

(A-iii) 7, is an adapted cadlag process with values in [0, 1].

(A-iv) m;, C;, L, are processes such that

if (x,y)eS, then (X,,Y,)eS as. (x%)
holds for ¢ > 0.
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Those controls (7, ¢;, L,) which satisfy (A-1)—(A-iv) are called admissible, and the
set of admissible controls for (X, ¥;) starting from (x, y) will be denoted by A
which may often be written simply be A.

An example of such a control is (7, ¢;, L;) = (0, 0, 0) with » = 0. Another (non-
trivial) example of reflection type is stated in Theorem 4 of [15]. Hence A is not empty.
See the Remark below.

Intuitively, X, denotes the wealth process, C, the cumultative consumption up to
time ¢, and ; € [0, 1] the fraction of wealth invested in the risky asset (e.g., stock)
subject to S;, whereas the constant ¥ > 0 is the interest rate of the safe asset (e.g., bond).
The control C; is used only when the investor has non-negative wealth (X, > 0). On
the other hand, the process L, is a control to adjust the wealth (X, may take a negative
value), which may correspond to some sporadic additional income (e.g., selling some
asset, recieving aid). This control is used only when the investor has a debt (X; < 0),
and its jump part is used only when (X, ¥;) may exit S.

The process Y; models the average past consumption process, which must be non-
negative (otherwise the investor abandons her living). The intuition behind (1.4) is that
if a jump brings the process (X, ¥;) out of S, then an admissible control will bring it
back to S immediately. We consider no transaction costs with respect to those controls.

We remark (0X/0C,0Y/dC) = (—1, B), (AL X, ALY) = (1, 0). We also remark
that Ay X, > —m,_X,_ > —X,_if X,_ >0,sincee* — 1> —1.

In case that the value of (m;, ¢/, L;) is determined by the value of (X;, Y;), this
control is called a Markov control.

Viewing (7, c., L)) as a fixed parameter, we put v™¢-L) by

1
(m.,c.,L) y (7 .c.L)
U(”"C"L’)(l‘; X, y) — E(X”\- Do ) |:/ eaSU(CS)dSi| ’
0

where X,(”"C"L'), Y,(”"C"L') are processes X,, Y; given (, c., L.). Also we put the value
functions
Co L, m..c. L, t
v@x,y) = sup EXETUIETY) [ / e'“U(cs)ds} : (1.5)
(m,c,L)e A 0
o0
v(x,y) = sup E XUt yre.L) |:f e‘“U(Cs)dsi| , (1.6)
(m,c,L)e A 0

where @ > 0 is the dumping rate of the utility, the supremum is taken over admissible
controls (7, ¢, L), and the expectation is taken with respect to the law of (X, ¥;) due
to N(dtdz). Our goal is to characterize v as a viscosity solution to the HIB equation
stated below.

The function U (-) is a utility function following the so-called Gossen’s law, which
depends on the consumption rate, and the hasty investor would like to maximize the
utility. We assume U is strictly increasing, differentiable, and concave on [0, 0o) such
that U (0) = 0, U(o0) = oo, U'(0) = oo, U'(00) = 0. Since U(-) is differentiable, it is
continuous and locally bounded. Since ¢ + U (c) is concave, it is bounded by K (1 + ¢)
for some K > 0.

Examples of such functions are the power function ¢ — (1/y)c” (0 <y < 1) and
the logarithmic ¢ — log(c + 1). For a more realistic meaning of those types of utilities,
see [3] and [19].
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Remark. We can show the existence of the optimal control to (1.6). That is, there
exists (7*, ¢*, L*) € A such that

v(x, y) _ E(X(]T*'L'*‘L*);y(”*'[‘*'l‘*)) [/ e—aSU(C;:) ds} (17)
0

holds.

We denote the trajectory associated to this optimal control by (X}, Y¥,*). We give the
sketch of the proof for this assertion in Section 5.

Associated to (X, Y;), the generator (integro-differential operator) A = A™° is
given by

Av(x,y) = —av — Byv,

+ {(r + (b~ r)xvy + /(v(x + (e = 1), y) = v(x, y)

—xve(ef — 1))v(dz)}
+U(c) — c(vx — Buy), wel0,1], ce[0, M]. (1.8)
Further, we put
Nv =v, - Ix<q,
Mv = (Bvy — vy) - Lk} (1.9)

Here v, (resp. vy) denotes the partial derivative with respect to x (resp. y). We note that
the operators M, N correspond in (1.4) to the continuous parts of the controls C;, L,,
respectively (see Section 2).

The HIB equation (integro-variational inequality) is then

max{Nv,sup{Av},Mv} =0 in S,

T,c

v=20 outside of S. (1.10)

Conditions Nv < 0, Mv < 0in S may be viewed as a Neumann-type condition. We
seek solutions to (1.10) in a weaker sense. For classical studies for this type of operator,
see [8] and the reference therein.

o0 } (1.11)

We write the function space
for / > 0. This is a space of functions having the constraint on the asymptotic order at
infinity. We remark C;(S) C Cp(S) ifl <1'.

o(x,y)
A+ x|+ [y

Ci(S) =19 e C(S); sup
(x.y)eS

|
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If it holds for § € C2(S) N C;(S) for some [ > O that
Nv <0, Mv <0, and supAv <0 inS,
,c
then it is well known that, for the value function v,
V=<1 inS. (1.12)

The proof is given in Section 5.
We put the constant k(y) by

k(y) = max [y(r +m(b—1)

+/ (A+m(e =) =1 —ym(e - 1))v(dz)] ;
R\(0)

which is finite for each y > 0 due to (1.3), and k(y) — Oas y — O.
We write

B ((x,y),v) = /(v(x +x(e — 1), y) —vx, y) — wxve(e’ — D)v(da),

and for§ > 0, p € R,

B™((x, y), 0. p) = /

(p(x +mx(e® = 1), y) —o(x,y)
|z|>8
—mxp(e’ — 1)v(dz),

Bg((-x9 y)v @, p) = /

g 8(<p(x +rxe —1),y) — e, y)
—map(@ — D)u(dz);

so that

B™((x,y),v) = B™((x, y), v, vx) + B (x, ¥), v, v,), §>0.

Further, we use the notation F = F?¢ given by

F((x,y),w,s, t;0,p, ¥, q)

aw — Byt + Omaxl{(r + 7'[(5 —r))xs
<7<

+ B™((x, y), ¢, p) + By ((x, ¥), ¥, q)}
+ U(c) —c(s — Bt)

(1.13)
when it is necessary. Here s, t, p, g are scalars. We note that

Av(x,y) = F((x,y), v, U, Uy; U, Uy, U, Uy).
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Definition 1.1 (see [4] and [5]). LetE C S.

(1) Any v € C(S) is a viscosity subsolution (resp._supersoh_ltion) of (1.10) in E iff
forall (x,y) € Eall 8 > 0and all ¢ € C*(S) N C(S) such that (x, y) is a
global maximizer (resp. minimizer) of v — ¢ relative to E, it holds that

max (Nw, sup(F (-, v, ©x, @y; @, Ox, @, Ox)), Mw) (x,y) >0 (1.14)

(reSp- max (Nw, Sup(F (-, v, @x, ©y; @, Ox, ©, Px)), Mw) (x,y) < 0) .

QvecC (6_‘) is a constrained viscosity solution of (1.10) iff v is a viscosity sub-
solution of (1.10) in S and a supersolution of (1.10) in S.

Definition 1.2. LetE C S. Anyv e C (S) is a strict supersolution in E iff for every
(x,y) € E, ¢ € C*(S) N C,(S) such that (x, y) is a global minimizer of v — ¢ relative
to E, there exists v > 0 such that

max (Nw, Sup(F (-, v, @x, ©y; @, Ox, @, Px)), Mw) (x,y) < —v.
-

Showing that the solution to the HJB equation exists in the sense of viscosity solu-
tions was studied, initially, in terms of analytical methods (e.g., elliptic regularization),
see [33] and [23]. Here we use a stochastic method. To this end we define the following
functions:

We put, for (r,c,L) € A, t > 0and u € Cp(S),

t
0

t
GZ(TF,,C_»L.)M(X’ y) — E(XX,YV) [/ eiasU(C‘Y) dS + €7atM(XX, Y[V)i| ,
0

and let

Gi(x,y)= sup  GTM(x,y),
(m.,c,L)eA

G;ﬂv,C.,L.)

Giu(x,y) = sup u(x,y)

(m.,c,L)eA
for u € Cp(R).

Proposition 1.3.

(1) For each bounded E C S,

lim sup sup |v(t; x,y) —v(s; x,y)| =0. (1.15)
8=0 5€[0,T1,)t—s|<8 (x,y)eE
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(2) The value function v(t; x, y) is continuous in (x, y) uniformly to t € [0, T].
(3) The function Gu(x, y) is continuous in (x, y) uniformly int € [0, T].

The proof of this proposition is given in Section 5.
We now have our first main result.

Theorem 1. The value function v(x, y) is well defined, and it is a constrained viscosity
solution of (1.10). Further, it is bounded.

The proof of this theorem is given in Section 2. For the proof of this theorem we
prepare several lemmas.

Lemma 1.4 [15, Lemma 2.4]. Let (x',y") = (x,y) + m(—1, B) + I(1, 0). Then, for
alll > 0,m > 0,

v(x,y) > v, y). (1.16)

Lemma 1.5 (Bellman Principle). For any stopping time t and any t > 0,

TAL
v(x,y)= sup E [/ e U(cy)ds + e (X, Y;VM)] ,
(m,c,L)e A 0

(x,y) €S, (1.17)

where (7w, c., L) is taken over admissible controls.

This principle is mentioned in a simple form in Theorem 3.19 of [16]. The exact
expression is obtained by approxmating t by a sequence (s,) such that s, — 7. An un-
published article by Takanobu [34] proves it more precisely. In the case where (X;), (Y;)
are diffusion processes, this result is well known (see, e.g., Chapter XI of [26] and see
also p. 134 of [20]). We give a proof of the above in Section 4.

By considering e~ - 1y0.r7;(¢) in place of e~ and by restricting ¢ to [0, T], we
have the following lemma.

Lemma 1.6 (Bellman Principle (2)). For any stopping time t in [0, T] and any 0 <
t E T’

TAt
v(t;x,y)= sup E [/ e~ "U (c,) du41p < _efa(r/\t)v(t — XY Yf})il ’
(m,c,L)eAlp,T) 0

(x,y) €S. (1.18)

The proof of this lemma follows that of Lemma 1.5.
A slight modification of the definition of super- and subsolutions is the following.

Lemma 1.7 [7, Lemma4.1]. Letv € Cy (5) andE C S.Thenvisa viscosity subsolu-
tion of (1.10) in E = S (resp. supersolution of (1.10) in E = ) if and only if, for every
peC*S)ands > 0,

max <N<p, Sup(F (-, v, @x, ©y; U, Ox, @, Px)), M<p> (x,y)=0 (1.19)
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whenever (x,y) € E is a global maximizer of v — ¢ relative to E

(resp. max (Nw, SUP(F (-, v, @x, @y} U, @, @, y)), M(ﬂ) (x,y) <0
C

whenever (x,y) € E is a global minimizer of v — ¢ relative to E).

With respect to the uniqueness of the viscosity solution, we have the following
result.

Theorem 2. For each y > 0 choose a > 0 so that o > k(y). Assume vy € C; (S) is

a subsolution of (1.10) in S and v € C;(S) is a supersolution of (1.10) in S. Then
v<v onS. (1.20)

Consequently, the HIB equation admits at most one constrained viscosity solution in

C;5(S).

This implies that the solution must coincide with the value function, since it is
bounded and hence belongs to C;;(S) for all y > 0. The proof of this theorem is given
in Section 3.

2. Proof of Theorem 1

We divide the proof into three steps.

(0) Property of v.  The value function v(x, y) is well defined as a non-negative function
on S, by the boundedness of r — ¢; and the local boundedness of U (-). The continuity
of v follows from Proposition 1.3 and the local boundedness of U (-).

For the boundedness, since U (-) is concave we have

U(e) =K +c)

for some large K > 0. Hence

E |:/[ e_‘”U(cs)ds:|
0

We reach the conclusion by letting ¢+ — oo.

IA

t t
E |:K/ e (1 +cs)dsi| < K/ e (1 4+ M)ds
0 0

IA

1
—(1 4+ M)K(1 — e,
o

(1) v is a Subsolution. Let ¢ € C*(S) N C1(S) and let (x, y) be the global maximizer
of v — ¢ in S. We assume (v — ¢)(x,y) = 0.
We would prove

0 < max |:Nv, sup Av, Mv:| . 2.1

w,c

|
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Assume on the contrary

0 > max |:Nv, sup Av, Mv] (x,y). 2.2)

T,c

By the continuity, there exist an open ball B, = B,((x, y)) with center (x, y) and
radius r > 0, ¢ > 0, and ¢ such that

0> Mo, 0> Nog, (2.3)
U(¢) — c(gx — Boy) — av — Byg,
+ mfx{(r + 7(b — r)xv, + BT ((x, ¥), ¢, 92)} < —ea, 2.4)

on m and that
v<g¢—e on 9B, NS. (2.5)
Let (Xy, Yp) = (x, y), and put
™ =inf{t > 0; (X;,Y;) ¢ B,}, 7, =inf{t > 0; AL X; # 0}.
Further, put T = min(z., t¥).
We first remark t; > 0 a.s. Indeed, let (7 *, ¢*, L*) denote an optimal control given

in (1.7), and let (X*, Y*) denote the corresponding optimal trajectory. Then we have the
following lemma, according to Lemma 5.3 of [6].

Lemma 2.1 (see Lemma 5.3 of [6]). Let Ay denote the event that the optimal trajectory
(X7, Y[) starting from (x, y) has an initial jump of size > 0 at t = 0 due to the control
L. Suppose that for each ¢ which appears in (1.14)

My <0, Ng <0, sup Ap < —ea

m,c

holds. Then we have P(A;) = 0.

Proof. We denote the position of (X}, ¥;*) after the initial jump from (x, y) caused by
(AL; AL > 0) by

(X, V) = (X(AL), Y(AL) = (x + AL, y).
By the Bellman principle, we may assume without loss of generality that (X,Y) e

B, NS for some r > 0.
We have by the Bellman principle

an=EMK?H=/

AL

v(X, ?)dP+/ v(x, y)dP.
Q\A,
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Hence
W(X,Y) —v(x,y)dP =0.

AL

Since v < g and (v — @) (x, y) =0,

@X,Y) —@(x,y)dP > 0. (2.6)
Ar

We denote AL, att = 0 by .. By the assumption,
9(X(e1), Y (21)) < p(X(2), ¥ () 2.7)

for0 < e <e¢jp.
Suppose first that ¢, > 0. Then

ox(x,y)- P(AL) >0 for e=<eL. (2.8)
Indeed, by (2.6) and (2.7)
(@p(X(e). Y(e)) — p(x,y)dP = 0
Ar
for ¢ < g,. Hence by Fatou’s lemma,

/ lim sup (é((p(x +¢&,y) —ox, y))) dP > 0.
AL

e—0

Hence (2.8) follows.
Hence, in view of the assumption of Lemma 2.1 and (2.8), we have

P(AL) =0
as long as ¢, > 0. O

We now return to the proof of Theorem 1.

(1) On {t* < 7.}, any one of the terms C,, L, or N will make the process (X, Y;)
move out of B,. Let (x/, y") be on the intersection of dB, and the line connecting
(Xg#—, Yrr_) to (X¢+, Yi+). The slope vector of this line is (—1, 8) or (1, 0), and v is
decreasing along this line by Lemma 1.4.

Hence we have from the above, for some ¢ > 0,

V(X Yer) S0, )) S o, )) —e < (X, Yee) — e

Then

s

v(x, y) =f e~ U(cy)ds + e v(Xype, Yor)
0
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*

T
< / e U (cy)ds + e %% v(Xyps, Yer) — €77
0

+ e (X, Yool ) — €77

.r*
=/ e U(cy)ds
0

* T
+ {<P(x,y) +f (—a)e ™ p(Xy, Yy) ds +/ e o (X, Yy) dX;
0 0

* *

T T
+ f ey (X,, V) dY, + / e (X, Yo dIX, YT
0 0
1 [~
+3 / e (X, ¥y dIX, XI°
0

s

1 T
s / e, (X,, V) dIY, YT
0

+ Y e p(X. Yy) — p(Xom Yeo) — (pu(X—, V) AKX,
se[0,7%)

+ %(Xs—a Ys—)AYx)}} —ee "

= —ge ¥ + o(x,y)

s

+ / e U (¢;) — ae (X, Yy) + (r + 7(b — 1)) X, ¢
0

- ﬂYSQOy + Bn((X.3‘1 Ys)v @, (px)}ds

* *

T

T
+ / e (—px + Boy) (Xs, Yy)es ds + f e ox (X, Yy) dL;
0 0

+ Y e (X + AL Yie — ALY — p(X-, Yo0))

s€[0,7*)
+/ /‘eias((p(xx— + nS—X‘Y—(eZ - 1)9 YS—)
0
— ¢(X,—, Y, )N (ds dz). 2.9)

Since —¢y + Byy < 0on{x > 0}, and ¢, < O0on{x <0}, p(X,— + AL, Y,_) —
@(X,—,Y,~) <0, and since —ap < —av — o < —av,

5

RH.S. < ¢(x,y) — ge " +/ e (—ea)ds
0

+/ /\eias((p(xxf + 7Ts7Xs7(eZ - l), st)

0
— ¢(X,—, Y, )N (ds dz)

<oekx,y)—¢ +/ '/‘eias((p(xs— +r X, _(ef—1),Y)
0

— (X, Y,_))N(ds dz).
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(i) On {t* > 1.}, T = 7, > O a.s. Then

TL
f e U(cs)ds +e "Xy, Yr,)
0
173
< / e “U(cs)ds +e " p(Xy,, Yr,)
0

TL A
<o, y)+ / dse”{U(c;) —ae™ Xy, Ys) + (r + (b — 1)) Xs¢x
0

- IBYS(p)’ + Bﬂ((Xsa Ys)v (07 @x)}
+ Y e (X + ALy Y0) — 9(X,—, Yi0))

s€l0,tr)
+/ ' fef‘“ (X + X, (&8 — 1), Y, ) — (X, Y, ))N(ds dz)
0
<opx,y)—e(l—e ™)
+ / /e_‘“ ((Xs— + X, (&8 — 1), Y,) — o(X,_, Ys_))N(ds dz).
0

From cases (i) and (ii), we have

T
E |:/ €7wSU(CS)dS +eiafv(X1'a Y‘L’)]
0

<E |:1{I*<rL} ’ (/ e U(cs)ds + e_m**v(xr**, Yz**)>:|
0

175
+E |:1{1*er} . (/ e U (cs)ds + e “"u(Xy,, YIL))i|
0
<@(x,y) —€E[l — ljprsg e ] < p(x,y) —eE[l — e *™]. (2.10)

By the Bellman Principle (Lemma 1.5),

AL
v(x,y) = sup E [ / e U (e;)ds + e (X, Yw)], 2.11)
(,¢,L)eA 0
where v(x,y) = ¢(x,y), we have a contradiction by letting t — oo in view of
Lemma 2.1.

) visa Supersolutio:z. Let ¢ € CZ(S) N Cl(g), and let (x, y) € S be the global

minimizer of v — ¢ in S. We assume (v — ¢)(x, y) = 0. Then by Lemma 1.4

px,y)=vx,y) > vix—m+IL,y+Bm) > ox —m+1,y+ pm). (2.12)

Hence

0=o((x,y) +m(=1,8) +1(1,0) — p(x, y).
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Dividing by m (resp. [) and letting m — 0 (resp. [ — 0), we get

Let 7, be the exit time from B, = B,((x,y)). We apply Lemma 1.5 with 7, =
7w, c; =0, T = 1, A h. Further, by the assumption v(x, y) = ¢(x, y), we obtain

TAL
0>FE |:f e “Ul(cy)ds + eia(tAt)(P(Xr/\z» Yr/\z)i| —o(x,y)
0
TAL R
> E |:/ e_m{U(Cs) — 0y — IBYs(py + @+ b —-r)m) X0
0

+ B*((Xs, Ys). o, %)}dS}

> E[(1/a)(1 — e % o). ( iggﬂ [U(c) —ap — Bypy + (r + (b — rymxe,

+ B"((x, ), ¢, ¢0)].

By the right continuity of the paths, 7, > 0 a.s. Hence lim;_o E[(1/h)(1 —
e~ (") = o, Dividing the above inequality by %, and then letting 4 — 0 and r — 0,
we obtain

U(c) —ag — Bygy + (r + (b — r)m)xg, + BT ((x, ), ¢, ¢x) <0 (2.14)

for every m € [0, 1]. This implies, in view of (2.13), that v is a viscosity supersolution.
This proves the assertions. O

3. Uniqueness of the Viscosity Solution

The proof goes almost parallel to Section 4 of [4], hence we give a sketch of the proof.
‘We prove the uniqueness of the viscosity solution under this assumption. For the sake of
notational convenience, we write (only in this section) the coordinate by (x;, x,) instead
of the previous (x, y). For example, a point in S will be written X or X,,, and their
coordinates will be written by (x1, x») or (x;,1, Xn2), respectively. We believe that the
reader will not confuse these symbols with the original processes.

First we begin with Theorem 2 in Section 1:

Theorem 3.1.  For each y > 0 choose a > 0 so that o > k(y). Assume vy € Cj (5’)
is a subsolution of (1.10) in S and v € Cy(S) is a supersolution of (1.10) in S. Then

v < onS. 3.1

Consequently, the HIB equation admits at most one constrained viscosity solution in
C; (S).
7
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Choose ' > y such that @« > k(y’). To show the assertion above we shall prove
that

(1) there exists K > 0 such that, for any 6 € (0, 1],
4 _ ) -
vV=((1-60v+60[|K+ 1+|X1|+7 eCyr(S)

is a strict supersoluti(_)n; and that
(2) vo <v’inanyE C S.

Then (1) and (2) imply (3.1) by letting 6 — 0.

Proof of (1). We put

3 al
w=K+ 1+|x1|+7 3.2)

for some K > 0. Here K > 0 is a large constant. We note that w,, = y'(1 + x| +

lxa2l/B)” " sgn(xy) and wy, = (v'/B)(1 + 1] + |x2l /B)” " sgn(xa).
We first claim for some f € C(S), strictly positive in any E C S, that

max (Nw, Sup(F (-, w, Wy,, Wy,; W, Wy,, W, Wy,)), Mw) (x1, x2)
< —fx1,x2) on E. (3.3)

This implies that w is a strict supersolution in any E C S.

Then we claim that v9 is a strict supersolution of (1.10) in S.

For any ¢ € CZ(S), (x1,x2) € S is a global minimizer of v — ¢ iff (x, x;) is a
global minimizer of 7? — <p9, where

o' =1 -0+ 0w, ' =1 —-0)v+6w.
Since v is a supersolution of (1.10) in S,

Mo =By, —¢x, <0 for x; >0,
No =¢,, <0 for x; <0,

and hence
Mg’ = (1= 0)(Bes, — @x,) + 0(Bwy, —wy,) =0 for x; >0, 3.4
N<p9 = =0)p, +0w, < —9)/)(””1 for x; <O. 3.5

Here we put x (x1, x2) = 1 + [x1| + |x21/8.
We denote by 7* € [0, 1] the maximizer of

gy xi(b—r)+ / (" (01 + 71 (€ = 1), x2) — ¢ (31, 3%2)

— @) (x1, X)X (e° — 1)) dv(2). (3.6)
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Then
F((x1, %), 0%, 9% 009 00 9% 0))
= (1 —)U()—c((1 = 0) (g, — Box,)) —a(1 — 0)D — Bxa(1 — )¢y,
+ (r + (b —)r)xi (1= 0)gy, + (1 = 0)B™ ((x1,x2), 9)
+0U(c) — cO(wy, — Bwy,) —abw — Bxr0w,,
+ (r + (b — r)a*)x10wy, + 0B ((x1, x2), w)
S =0)F((x1,%2), U, @x,, Py} @5 P15 @, Pxy)
+ OF((x1, X2), W, Wy, Wyy; W, Wy, W, Wy,)
<= —=-0pw+06f) <-0f. (3.7)
This implies the assertion.

Assertion (3.3) follows almost similarly to (4.11) in Section 4 of [4], where we use
the condition for k(y’).

Proof of (2). We observe

,V/
_ > X
vo(x1, X2) — 07 (x1, x2) < C(1+ [xi] + |x2])” — 6 (1 + x|+ %) . (3.8)

The right-hand side tends to —oo as |(x1, x)| — o0 in S.
Hence we may assume E = {(x, x2); —(1/8)x2 < x; < R,0 < xp < R} for some
large R > 0 without loss of generality. Assume on the contrary that

M = max(vy — v) > 0. (3.9)
E

Since vg, 17 are continuous, there exists some Z € E so that the maximum is attained.

Then either Z € E or Z € 9E. First we consider the case Z € 9E.
_Since JE is piecewise C 2, there exist iy > 0, k > 0, a uniformly continuous map
n: E — R? such that

Bu(X+hn(X)) CE  forall XeE, #&el0,h (3.10)

(see p. 1111 of [32]). We write it by n(X) = (n(X)1, n(X)2). o
Form > 1 and ¢ € (0, 1) we define the function ® = ®9 : E x E — R given by

(X, Y) = vo(X) — 0(Y) — ImX =Y) + en(@)|)? — e|X — Z|%.

Let M,, = maxg, g ®(X,Y), and let (X,;, Y,,) be the maximizer of (., .). We
observe Y, € Eand X,, € E. We put

9(X) = 0" (Y,) +Im(X = Y,) + en@I* + X, — Z%,
YY) = v X)) + mXp = Y) +en@) +elX,, — ZI.
Since v is a strict supersolution in S, due to the maximum principle (Lemma 1.7),
for every ¥ € C%(S), every 8§ > 0, and every admissible control ¢. we have, for some
v >0,

F(Yo, 0, Wy, W3 00, ¥y, W, Wy, < — v (3.11)
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Similarly, since vy is a subsolution in S we have, due to Lemma 1.7, for everyp € C 2 (S ),
every § > 0, and every admissible control c,

F (X, v0, @x,5 @xys V0, @xps @5 @x,) = 0. (3.12)
We subtract (3.11) from (3.12):
0 < F(Xon, V0, @, Pay V0, @y s @ 0x,) — F (X 07, 9y, W5 07, 0y, ¥, 4y
< [(U(e) = (o, — Bro.,) X)) — (U (c) — c(@, — BTy ) (Yu))]
— a[vo(Xm) — 07 (V)] = Blxm20w, Xin) = Ym2¥y, ()]
+ max [0+ (b = )L, ) = Yt ¥y, (V)]

+ I + L+ [Bf X @) — B (Yu, Y11 (3.13)

Here we put

L = ./{:S o 1}{[UO(T”(Z, X)) — ﬁe(Tﬂ(Z’ Y, )1 — [vo(Xn) — 1‘)9(Ym)]

— Lm0 Kn) = Y ¥y, (Yo I(e" = D}v(d2), (3.14)
L= f {(lo(T7 (2. X)) — 7' (T7 (2, Yo))] = [00(Xe) = 07 (Y,0)]
{lzI=1}
— Lm0 Kn) = Y ¥y, (Yo I(e" — D}v(d2), (3.15)

where we put
T7(z,X) = (x; + wx1(e* = 1), x2).
Note first that
Bf Xy, 9) > 0 and B (Y, ¢)—0
as 8§ — 0, since ¢ and ¥ are C? on E.
Next, we have by the (Lipschitz) continuity of vy, 9 and by direct calculation (see
(4.19) of [4]) that
Y, — X, = (¢/m)n(Z) + o(1/m) as m — 409,
and hence

[xmi‘/)x,- (Xm) - ymiWyi (Ym)] = 2”l(xmi - ymi)[m(-xmi - ymi) + Eﬂ(Z):]
=o0(1) as m— 400, i=1,2.

We obtain, since M = maxg(vo — 1?) = (vo — v?)(Z) for some Z € JE,
L < f UM + 0" (T™ (2, X)) — 0" (T™ (2, Yn))) — My}
{lz|=1}

— [xm19x, Xin) = Y1 ¥y, (Ym)1(e* — D]v(dz)
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<M — M,)v({lz| = 1}) +/ @N(T™ (2, X)) — 0 (T™ (2, Y)))V(d2)
{lz|>1}

+ (/ le* — 1|v(dz)> -o(1). (3.16)
{lz|=1}

The third term tends to 0 as m — o0, the second also tends to 0 since v is continuous

and since X,, —> Z,Y,, = Z, and the first one tends to O since M,, —> M as m — oQ.
Next we give the estimate of /. Since 77 (z, X,,), T"(z, Y) € Eforz € (—1, 1),
we have by an easy calculation that

q)(Tn (Z, Xm)v " (Z, Ym)) - CD(Xm, Ym)
= [vo(T™ (2, X)) — 0" (T (2, Yo)) — (o (X)) — 8 (Yn))]
- lc;(71757711(ez - 1)(7Txml(ez - 1) - 2Zl))

— (M (o1 — Y72 (€ = 1) - (1 — Y (T (¥ = D)}
Hence the integrand of I, is equal to

(D(Tn(zs Xm)v Tﬂ(zv Ym)) - <D(Xm’ Ym) + S(n-xml(ez - 1)(7Txml(ez - 1) - ZZI))
+ m* (X1 — ym1) (¥ — D (e — 1) — 27),

and

I < (e(xpy + 1) +m?Comt — Ym1)?) (e* — D*(d2). (3.17)
{d<|z|<1}

Since o (X1 — ym1) = —en(Z), as ¢ — oo and since the integral is convergent, we
have

lim lim I; <O.

e—=>0m—00

Returning to (3.13), since

XmiPx; Xin) = Ymi ¥y, (Ym) = 0
asm — oo,i = 1,2, we have, by letting m — o0,

0 < c((@, = BUL)(Z) — (v, — Bo.w,) (@) — mlvg(Z) — v°(Z)].
Since c. is arbitrary in the above, we have

—m[vy(Z) — v%(Z)] > 0, (3.18)
which is a contradiction since m > 0.

The case for Z € E follows without much difficulity, and we omit the details. See
Case Il in Section 4 of [4]. O
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4. Bellman Principle

In this section we prove the Bellman principle (the dynamic programing principle,
Lemma 1.5) for jump processes. As stated above, this principle makes it possible to
show the existence of a (sub)solution for (1.8). In previous articles, this principle in the
framework of jump processes has been either just assumed (e.g., p. 282 of [4], p. 452 of
[5], p- 84 of [6], and p. 9 of [28]) or stated with a very rough sketch of the proof (e.g.,
the Remark in Section 3 of [28]).

The proof is rather long. The idea is that we seek a representation of v(¢; x, y) =
SUP,c 4 V*(f; x, y) in terms of approximating step controls instead of general adapted
control a € A. This idea and the proof are due to the Master’s thesis of Takanobu [34],
which seems to have been partly influenced by Nisio [25] and Pragarauskas [30]. See also
Section 3.4 of [16]. Since [34] is not published, we repeat his argument in a somewhat
proper form.

Let A = [0, 1] x [0, M;] x [0, 00). In this section we denote by a, = (7r;, ¢;, L;) :
[0, o0) x 2 — A any control satisfying conditions (A-1)—(A-iii) in Section 1. The set of
such controls is denoted by .A°. Note that A° > A.

In this section we fix the starting point (x, y) of (X,, Y;), and denote A, (resp.
.A?qu)) by A (resp. A°).

Let d be a given metric on the parameter space A such that d(p,q) <1, p,q € A.
We introduce a metric p on A° by

o0 m
p(a', a%) = 22"” <1 ANE |:/ d(a),a?) dt]) , al a’e A%
m=1 0

Here the expectation is taken with respect to the controls. We define the topology on A’
in terms of the convergence with respect to p, that is,

a" >ain A’ < p@",a) >0 as m— oco. 4.1)
In the case where a € A and a” — a in A%, we say a” — ain A.

We sometimes denote, for the sake of simplicity, by x® = x*® = (x** y*”)
the process with the control a defined in Section 1.

We begin with the following simple assertion.

Proposition 4.1. For any random variable t|, 7, such that 0 < 71 < 1) < T, the
mapping a = (7, c, L) € A — R,

1)
a_+—>/ e “Ul(cg)ds 4.2)
7

is L2-continuous.

Proof. Let(a™);>_,,a" = (z™,c™, L™), be a sequence of the controls in A such that

a” — ain A°. Since U (M) —Ulcs)| <2U (c5)|c — ¢5l asm — oo, E[fOT U () —
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]

U(cs)|*> ds] — 0as m — oco. Hence

(2} 2
E f e U(cl)ds —f e *U(cg)ds
T

2
<E |: e~ U () —eO”U(cs)|ds> :|
<7 [/ (U E) - Ule)l) ds] =0
as m — 00. O

Corollary to Proposition 4.1.

(1) v3(¢; x, y) is continuous in (a, (x, y)) € A° x S for each t.
(2) G,u(x,y) is continuous in (x, y) € S for each t,u € Cy(S).

Proof. The first assertion follows from the expression
ax yay !
vi(t; x,y) = EXTTTD |:/ e_‘“U(Cia))dsi|
0

and Proposition 4.1. Here ¢® is such that a = (77, ¢®, L). The second assertion follows
from the definition of G;. O

Next we consider a series of step controls approximating arbitrarily given control
ac A
LetA: 0=ty <tj <th <---<t, <---— 00 be any partition of [0, co). Let

{BG)i=1,2,3,...} (4.3)

be any given countable dense subset of A. For N =1, 2,3, ..., we define a set of step
controls Ay (A) C A° by

An(A) = {a;; there exist F;,-measurable functions a;: @ — {B(1), ..., B(N)}
such that a,|;,—o = ap and a, = a; for

i <t<ty;i=0,1,2,...}, “4.4)
and put
AD) = An(a). (4.5)
N=1

The topology of A(A) is the weak topology induced by that of each Ay (A).

Proposition 4.2. For any series of partitions (A,)5_; of [0, 00) such that lim,,_, «
|An| =0, the set | o, A(A,,) is dense in A.

m=1
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Proof. We divide the proof into four steps.
For N =1, 2,3, ..., we define another set of step controls Ay C A by

Ay ={a, € A°; foreacht € [0, 00) and w, a, (w) takes values in

{BA), ..., BN} (4.6)
We put

A= | Ay 4.7
N=1

Step 1. A* is dense in A°. Thatis, for any given a € A° there exists a series (a”)%°_, C
A* such that a” — ain A,
Indeed, for each ¢ > 0 and @ € A, we put

ie(@) = min{i; d(a, B(Q)) <e&}. 4.8)
Then i, («) is Borel measurable with respect to «, since

{a € Ajig () =i}
—{eeAid B)>elN---N{xeAide i —1) > e

We nextputk, y () = B(N Ai(«)). Then k. y (cv) is Borel measurable with respect
to «, since

o e Asken(@) =B0)})={a e A; N ANig() =i}. 4.9
For each a € A° we put 2™V = (a"") by a)"" = ky/,, y(a;). Then 2"V € Ay, and
we have, for any T > 0,

T T
: m,N
limsup E |:/ d@"", a,) dt] < —. (4.10)
N—00 0 m

In effect, it follows from (4.8), (4.9) thata™" e Ay.On the other hand, since d(a’ N ,a;)
=d(BN Niym(a)), a),

Jlim d@"", a,) =d(B(iyma)), a) < 1/m.

Since d(a™", a,) < 1, we have

: ! m,N ’ : m,N T
limsup E d@"",a)dt| <E lim d(a",a)dt| < —.
0 0 N—oo m

N—oo

Next we show that, for any a € A°, there exists a series (@™)o>_, C A* such that

— ain A°.

Indeed, form = 1, T = 1 wecanfindin (4.10) some N; > lsuchthatE[fo1 d(a,l’N,
a;)dt] <2(1/1),forN > Ni.Form =2, T = V2 we can find in (4.10) some N, > N,

such that E[foﬁd(atz’N, a,)dt] < 2(1/«/5), for N > N, Form=3,T = /3 we can

m
a
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find in (4.10) some N5 > N, such that E[foﬂd(a?”, a,)dt] < 2(1/+/3), for N > Nj.
We repeat this procedure, to obtain the sequence {N,,}5>_,.
We now have

Nm+1 > va

E /ﬁd(a’”Na)dt <2< ! ) for N >N,
: 3 = e or s m-
0 ' ' m

Hence E[[Y" d(a)""", a,) dt] < 2(1//m). We choose a” = (a’), by a" = a""".
Then a™ € A* and a” — a in A0. This follows since

T m
limsup E |:/ d(@", a,)dti| < limsup E / d(@", a,;)dt
0 0

m— 00 m—00

1
< lim 2 —)=0.
_ml~r>%o < /m)

This proves the assertion of Step 1.

Step 2. For each a € Ay there exists a sequence (a™)5_, C (U, A(A)) N Ay) such
thata™ — ain A°. Letx,...,xy € [0, 1] x [0, 00) x [0, c0) be the points such that
|x; —xj] = 1 (i # j).For (¢, w) € [0, 00) x Q we putb;(w) = ZIN:I Lia =iy (t, ®) - x;.
Then b is an adapted process which satisfies d(a,, a;) < |b, — by|?>. This is since
b, —b|> = |x; —x;1> =0 (G = j), |b, —by|?> > 1 (i # j), both of which are greater
than or equal to d(a,, a,) by the definition of d.

We extend the above b, by putting b, = by fort < 0. Forn = 1,2,..., put
k(n,t) = j-27"if j-27" <t < (j+1)-27" for j € Z. Then there exists some
s € [0, 1] and a subsequence (n") of N such that, for any T > 0,

T
E U b, — bk(n/,t_smlzdt] -0 .11
0
asn’ — 0o.

To show (4.11), we first remark that |b;| < max;<;<y |x;| and that r — 27" <
k(n,t) < t. This implies fOT [b, s —b,|?dt — 0as h — 0 by the definition of b. Hence

1 T
[ s [ b= b — 0
0 0

asn — oQ.

Indeed,

1 T
/ ds f by — brgus—syrs|* dt
0 0

1 T—s
_ f ds f by — by |2 d
0 —5
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1 T
< f ds / Ibris — eyt > dt
0 —1

T 1
2
2/ dtf b ys — bin,+s|” ds
-1 0

T 14+k(n,t)

2

_ / dt / Ibrsstin — bsl>ds
—1 k(n,t)

T
< f dt / 2|y ss—kmry — bsl*ds
—1 0
2

<(T+1) sup / Ibyin — bs[*ds — 0
[h|<27 J—~1

as n — 0o. By the dominated convergence theorem

1 T
E U ds/ b, — bk(n,,_s)ﬂfdt} -0
0 0

as n — 00, that is,

1 T
/ dsE[ / |b,—bk<n,,_x)+s|2dt}—>0
0 0

as n — oo. This implies, by taking a subsequence, (4.11).
We now put a” = (a"), a = ag(u.—s)+s)v0, Where s € [0, 1] is given in (4.11).
Then a" € (U A(A)) N Ay . Further, we have a” — ain A° since

d@, a,) = d@xw.—s)+5v0> &) < D —s)tsv0 — Bel* = [brirr—s)+s — bel%
and we can apply (4.11).

Step 3. Let a € (| J, A(A)) N Ay be given. Then there exists (a") C An(A,) such
that a" — ain A°. We now fix a € (|, A(A)) N Ay arbitrarily. Then by definition
there exist 0 = s < sy < -+ < 5, < --- — 00, and a set of controls a;: Q —
{,B(i)}{\’:]: F,,-measurable such that a;, = ap (r = 0), a, = a; (5; < t < si41),
i=0,1,2,....

We denote the partition by A, : 0 = £ < " < --- < t--- — 00. Since
lim,, o |A| = 0, we have

[A,]| < inf{(siy1 —s;)51 > 0}, m > my, (4.12)

for some mq > 0.
For ¢t > 0, m > mg, we put

m

p(t) = max{p;s, <1}, gm(t) = max{q; 1, < t}.
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We then have s,,(n) <t < §,(m)4 by the definition. We also have due to the assumption
") )+
(4.12) that

#q:0 = q < gu(T), p(ty") # p(ty )}
=#q;0 =g = gu(T), p(t") < pgy )}
=< P(t;;(r)) < p().

We now put, for m > my, aj' = ap (t = 0), a’ = apam (t;” <t < t;”+]),q =
0,1,2,.... Then apam) takes values in {8(1), ..., B(N)}, .E;«—measurable. We have,
further,

T
E [/ d@", a,)dt] =0 (4.13)
0

asm — oo foreach T > 0.
Indeed,

T
/ d(al',a,) dt
0

ll’1711n(7‘)+l m
< d(a/,a,)dt
0

qm(T) t:/”Jrl qm (T) l‘/]”“
= Z/ d(@", a,)dt = Z/ d(@yqm, a,) dt
1 —
g=0

q=0 14 1y

= E +
q:0=q=qun(T),p")=p@" ) ¢:0=¢=qu(T),p(t")#p@} )
o

Tg+1
X / d(ap(,{;"), a,) dt

m
Iy

lr:"ﬂ
= > / d(@pm. a)dt < K|A,|p(T),
4:0=q =g (T), p)#p(e, ) ' 1a

which tends to 0 as m — oc. This implies (4.13). Hence a” — a..

Step 4. Finally we show that for each a € A° there exists a subsequences m' and a
sequence (a™) C A(A™) such that 2" — ain A°. We fix a € A°. It is sufficient to
show that for each ¢ > 0 there exists a® € Uf::l A(A,,) such that p(a®, a) < ¢.

By Step 1 there exist N > 1 and a’ € Ay such that p(a’,a) < ¢/3. By Step 2
there exists a” € (|, A(A)) N Ay such that p(a”,a’) < ¢/3. By Step 3 there exists
a” €, A(A,) such that p(a”, a”) < e/3. These imply the first assertion. The second
assertion follows immediately. O

Corollary to Proposition 4.2. Let (A,,) be a series of partitions of [0, 00) such that
Ay C Apyr,m = 1,2, ... (that is, A, 41 is more fine than Ay,). Then for any a € A
there exists a sequence (A,,) of controls a™ € A(A,,) such that a" — ain A.
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Indeed, there exist, by Proposition 4.2, a subsequence ()7, and controls a™ €
A(A,,,) such that a™ — ain A. Since A,, C Ayy1, A(A,) C A(A,41). Hence by
putting a™ = a™, m; < m < myy, this (a™) satisfies that a” € A(A,,),a"™ — ain A.

Proposition 4.3.  For any series of partitions (A,;,) of [0, 00) such that A,, C A1,
m=1,2,...and that lim,,_, o, |A,,| = 0, we have

v(t; x,y) = lim sup v*{;x,y), t>0. 4.14)

Mm—=00 ac A(A,)

Proof. We‘ﬁx e > 0. Since v(f;x,y) = sup,c4 V*(; x, y), there exists a° € A
such that v® (z; x, y) > v(t; x, y) — €. By the corollary to Proposition 4.2 there exists
(@™o, a”" € A(A,), such that a” — a® in A.

By Proposition 4.1, v¥" (¢; x, y) — v® (t;x,y), t > 0. Hence v(t;x,y) — & <

v (15 x, y) = limyoo v¥ (15 X, y) < limyos o0 SUPGe 4(a, ) V2 (5 X, ).
We let ¢ — 0 to obtain

v(t;x,y) < lim  sup V(s x, y).
m_M)OaGA(Am)

On the other hand, we have

v(t;x,y) > lim  sup V¥ x,y)
m=>00 ac A(A,)

by definition. Hence the equality holds. |

Next we seek a representation of v(f; x, y) using the functions G, and C_;, of
Section 1.

Lemma 4.4. Lett; <ty and let y: Q — A be a given F, -measurable function. Let
a € A be a constant control such that a, = y = (7Y, ¢, LY fort € [t1,1r). Then for
u e Cp(S),

153
E |:/ e U () ds + e "Pu(Xy, Y,':)|.7-',l:| =e "Gl u(X],Y}). (4.15)

1

Proof.

Step 1. We denote by p(¢) the Poisson point process associated to the original Poisson
random measure N (ds dz). We put p(t) to be the shifted process p(t) = p(¢t + t;) of
p(t)byty,fort € Dy ={t;t +1, € Dy}, Fy = Frpsy-

Fora = (w,¢,L),b = (7', ¢/, L"), we denote by y,b, z, the processes given by

=0 s
t t
P =x +/ (r+ (b —rym)y> ds +/ /rr;fy;"x(ez — 1)N;(ds dz),
0 0

t
WY =ye P 4B e Pl ds,
0



Optimal Control Problem Associated with Jump Processes 47

and z, = (2, 2});
t R t _
=X+ / (r+ (b —rn)zeds + /0 f 7l z,(e* — DN;(ds dz),

Zr_Ytavf,sz_i_ﬂ/ —B(r— s)o

where Nj(ds dz) denotes the new random measure induced by p.
Then by Theorem 5.1 in Section 5 we have for any measurable F: A x D — [0, 00),

ELF(y. )1 Fol = ELF (b, y™)]ly_, o

Step 2. We have z; —xm forO<t <t —1t.
Indeed, by the Burkholder—Davis—Gundy (BDG) inequality,

E[ sup IZf—X?’fnlz}

0<t<t—t

50/ | I{E[I(r+(13—r)n?)2f = O+ b= Nz
0

h—h
+E [ / 7022 (e — 1) — s 4ry) 2} (€ — l)lzv(a’z)“ ds
0

Since a, = y fort € [t1, 1),

x ax 2| _
E|: sup |Zt _XH-tll :| =0.
0<t<t,—1

The assertion that z; = Y/} follows similarly.

Step 3. We have

153
E U e U (¢y) ds + e“(”“)u(xgﬂ}',]] =Gl _, (x}).
151

Indeed,

h—1

5]
/ e U(c)ds + e u(x?) =/ e U (y)ds + e uGxd_, )
n 0
=F(y,z)  (say)

by Step 2. Hence by Step 1

5]
- [/ e U () ds + e—“z—"’u(x,i)m]

n

= E[F(y,2)|Fol = E[F (b, yb)]lb:y,(x,y):xg
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h—1
=FE |:/ e~ U(c)ds + e"‘(’z")u(y,l;,])i|
0

b=y, (x,y)=x

b

Since xp =7 yP, the right-hand side is equal to G _,

u(x, )’)|b_— (x,y)=x2- This leads
v, (x, 0
to the assertion.

Step 4. Finally we have

2}
E |:/ e “U(cy)ds + e_“’zu(xg)u-}l] =e Gl _,ux).
1

‘7:11:|

15}
=e"E [ / U(ey) ds + e_a(’r")u(xf‘)|}',lj| =e "Gl _, (x}). O

2
t

Indeed,

15}
LHS.=E |:e_°”' </ Ulcy)ds + e_“(lz_“)u(xg))

5]

We denote by A([0, #]) a partition of [0, 7] suchthat) =59 <51 < --- < §,, = 1.

Lemma 4.5. For any series of partitions (A; ([0, t])) of [0, t] such that A; ([0, t]) C
Ai1([0,2]),i = 1,2, ... and that lim;_, o | A; ([0, £])| = 0, we have

v(t;x, y) < liminf G _ -+ Gy _g  (x,y). (4.16)
i—00 1

(i) " Sm-1)
Here m(i) is given by the relation A;([0,1]) : 0 < sé < si <o < sfn(l.) =1.

Proof. 'We extend the set of partitions (A; ([0, #])) on [0, 7] to the partitions (A;) on
[0, 00) as follows; we put

Al = A ([0, 1]),
AiCAi+l, l=1,2,,111’1’1 |Al|=0
1—> 00

By Proposition 4.3 we have

v(t; x,y) = lim sup v(t; x, y).
1= ac A(A))

Hence we can choose some series (a'), a' € A(A;), of controls such that v t;x,y) —>
v(t; x, y). Here we must have for each i, a;, = aj- fors e [s;, s;+1), for some {a}; Jj=
0,1,2,...,m(@i) — 1}. We write a' = (%, ¢, LY).
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m(i)

For each i we define a sequence (u}) 20 u; € Cy(S), of functions by

i _ i _ .
Upiy = 0, Uniy-1 = G%(,’)*Szln(n—] ’

ut =G

; SjH,S;u;H, i=0,1,2,...,m(@i)—2.

Then we have by Lemma 4.4 for j =0, 1,...,m(@) — 2,

YY)

b
1 S

Sj+1 . F . ;
E / e U (cy)dr +e Ul (X5
K s

y
—as! aj. i a yal

= Ele JHGvi _gi”j-s-l(Xs" s YS,- )]
i+l ) J J
—as’ i i i —as’ j i i

< BTGy ul (X2, )] = Ele™u) (X2, Y.

That is,

Sj+1 X
E / e " U(c.)dr

J

—ast i i i —ast i i i
= —Elerug (X LY 1 Elem™ (X5, YOl

Hence
t ) m(i)—1 5‘;'_*_1 )
E U e—‘”U(c;)dr} =Y E / e U(c) dr
0 j=0 st
m(i)—1 ) ) . .
SE| 3 @ X8, v e (XY )
j=0 J J Jj+1 Jj+1
= up(x) — E[e™"ul, ;) (X, Y1),
Since uj(x, y) = G s Gs’()—si : l()c, v) and since u,,;y = 0, we have
m(i m(i)—

VUt x,y) <Gg_gi--Gy _g  (x,¥).
1 0 m(i) m(i)—1
Letting i — oo,
v(t; x,y) <liminfGy_i---Gg _g  (x,)
i—00 1% m(i)” “m(i)—1
= sup Gs'ifs(’; "'Gs'(,)fs" o ]()C, y) O
; m@ " Sm)—

Lemmad4.6. Foranypartition A([0, t]) of [0, t] suchthat0 = 5o < sy < -+- < 5, =1,

v(t;x, y) 2 Gsl—SO"’Gsm—sm,l(x’ y) (417)
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Proof. The proof is rather long. We devide it into three steps.

We put Up—1(x,y) = Gs,,,fsm,l(xs y) and u; (x, y) = Gs,ﬂfs;uiJrl(-xv ), i = 0,
1,...,m—2.

Step 1. Fixe > 0. Fori =0, 1, ..., m — 2 there exist measurable functionsb;: S — A
such that u;(x, y) < Gg’g’;@uiﬂ (x,y)+e. This follows as below. Let {b(k)}72, be a
dense setin A. Now wehave u; (x, y) = Gy, —s;Ui+1(x, ¥) = SUDpc 4 G?,»H—s,-ui"rl (x, ).

Since b — G?’,H s, Ui+1(x, y) is continuous by the corollary to Proposition 4.1, we have

b(k
ui(x,y) = sup G.s-,.ﬂ,)_s‘.uiﬂ (x, y).
k>1

For (x, y) € R*> we put k;(x, y) = min{k > 1; u;(x,y) < Ggf)_siuiﬂ(x, y) +¢}. We

put b; (x, y) = b(k; (x, y)), then this satisfies the required condition.

Step 2. For any given u = W', u?) :[0,00) = S, we puta* = (*, c*, L*) : [0, 00) —
A by

a(u) =bo(ug.ug)  if s €[0,50),
aju) =bi(ug,u}) if s €lsisiv), i=01,...,m=2,
at(u) =bo(0,0) i s € (t,00).

Then we can construct a cadlag process w, = (wl, w?) which satisfies the following
SDE:

w! :x—Cf—{—/ r + (b —r)a*)w! ds
0
+L¢+/ / 7wl (ef — 1)N(ds dz),
0 J{lzI=1}
T
w? = ye PT —I—,B/ e P qcr.
0
Indeed, we put D,o = {t; T +si € D,}, p?(r) = p(r +s:1), T € Dyor, FO = Fry,.

Here p(-) denotes a Poisson point process corresponding to N(ds dz). Let z\,i =
0,1,2,...,m,be the process defined by the following SDE, respectively:

T

O =x—-Cr+ f r+ b -rnHz0ds+ L*

0
T ~

+/ / rrw! (¢ = 1)NO(ds dz),

0 J{lzI=1}
D =7D_cr 4 / r+ (b —ra)zPds + L
0

+ / / mrw! (&8 — 1)ND(ds dz),

0 J{z|=1}

i=1,...,m.Here N (LR N® are compensated Poisson random measures corresponding
to p©, p®, respectively.

|
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We then put w! by
=x (r=0), w! = zi’lsi (i <T < Sip1),

=" (=0.

1
Wy
1
T

w

The second component w? is given similarly. Then these satisfy the above condition.

Step 3.

U(t; X, y) = GSl*SO e GSm*Sm—l ()C, y)

Indeed, we put a;(w) = af(u) withu = w(w). Thena = (a;(w)) € A, a, = b; (wy,) for
s € [Si,Si+1),i =0,1,...,m—1.
By Lemma 4.4, fori =0,1,...,m —1,

Si+1
E [/ e " Ul(c,)dr + e“”’*‘ui+1(xf‘;(f’y))]
Si

b; (x2)
. —as; i (X a
= E[e™G,, L uin(x;

> Ele™ (u;(x2™Y) —e)]  (by Step 1)

> E[e™u;(x2C)] — .

,(XJ’))]

Hence fori =0,1,...,m — 1,
Si+1
E [ / e‘“’um)dr} = —Ele” " uin 05 + Ele™ (e )] — e
Si
This implies

t
E |:/ e “Ul(c) dri| > ug(x,y) — E[efo”um(x,a'(x’y))] — me.
0

Hence

Ua(t; X, y) Z Gm—so t Gx,,,—s,,,,] (xv y) —me

by the definition of u;, and

v(t; x, Y) = Gsl—so cee Gsm—sm,l (x, y) — mEe.
We have the assertion by letting ¢ — 0. O

Corollary to Lemma 4.6. For any series of partitions (A; ([0, t])) of [0, t] such that
Ai1([0,2]) € A;([0,¢]),i = 1,2, ..., and lim; _, » |A; ([0, £])] = 0, we have

v(t;x,y) = lim Gy_; -Gy _g  (x,9). (4.18)
i—00 17°0 m@i) “m(i—1)
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s i (x, y) By Lem-
m(i)” m(i—1)

Proof. By Lemma 4.5, v(t; x, y) < liminf;_, Gsll'_sfi) .G

Sm(l)_s:n(i—l)(X7 )
These imply the assertion. O

ma 4.6, v(t; x, y) > limsup;_, o Gy
Lemma 4.7. Forany (x,y) € Sandany0 <s <t <u,

Gisv(u—t;x,y) <v(u—s;x,y). 4.19)

Proof. Wefixb € A.Let (A; ([0, u—t])), A; ([0, u—t]) : 0 = sé < s{ <-o<st 0 =

m

u — t be a series of partitions of [0, ¢] such that A; ([0, ]) C A;([0,¢]),i =1,2,...,
and lim; . o |A; ([0, £])| = 0. By the corollary to Lemma 4.6 we have

(x, y).

v(t;x,y)=1im Gy -G
i—00 170

G
Sy " Smii-1)

By the definition of G and G in Section 1 and by the dominate convergence theorem
G:’_Sv(u —1x,y)

t—s
=F |:/ €7a(t75)U(C£b))dr + efa(tfs)v(u —t xtb;(;c,y))i|
0
t—s

= lim E |:/ e OUCE™ydr + e G

i—00 0 1=50

b, (x,y
(rp Y }

(x,y)

P
Smt) " Smi-1)

i
(@) " Sm(i—1)

= lim G’ .G

G
515y s

IA

lliglo G(l—s)—OGs{+(tfs)*(s(")+(tfs)) -Gy +(—s)— (s yHE—s) (x, )

m(i) m(i—

<v(u-—s;x,y)

by Lemmas 4.4 and 4.6.
Since b € A is arbitrary, we have
Gi—sv(u—1t;x,y) vl —s;x,y). U
We are close to the end of the proof. We next put two functionals k? = k) n? =

77il,(x,y) by
Kt = ./o e U(c,)dr + e vt —s,x7), 0<s<t,
N = / eI (U ) + po(t — r; xM) dr + e @yt — 55 xP),
0

0<s=t,

where o > 0 is a constant.
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Proposition 4.8.

(1) k% is an Fs-supermartingale.
(2) n? is an Fs-supermartingale.
(3) k* — n? is an F;-supermartingale.

Proof. (1) By Proposition 4.1, if a” — a in A, then for each s € [0, ] we have
K — k? in L'.

Since |, A(A) is dense in A by Proposition 4.2, it sufficies to show (1) fora € A(A).
Now let A[0,7] : 0 =1t <t < --- < t,, = t be a partition of [0, ¢], and let
a € A(AJ[O, t]) be such that a;, = a; (s € [#;,%11)),i = 0,1,2,...,m — 1. Then for
5,8 €[t;, tix1], s < ', we have E[k_g?’(x'y))Lﬁ] < @@
Indeed,

Elky |7

_r [ [
0

Z/S e U(c,)dr+E |:/‘S
0 s

Since a, = a; (r € [s, 5)), by Lemma 4.4 we have

’

e U(c)dr +e vt —s'; x, y)lfs]

’

e YU (c,)dr +e vt —s'; x, y)|.’FS] .

)
E[kﬁ‘:("’y’lﬂ] = / e “"U(c,)dr + e*‘”G?st(t -5’ X?’(x’y))
0
s
< / e U (e dr + e Gygu(t — 5" x]*)
0

s
< / e U(c,)dr +e * vt —s; x;"‘("’”) = kf’(x'”.
0

The last inequality follows from Lemma 4.7. This implies that k*

martingale.
To show (2) and (3), we prepare the following notation.

is an Fg-super-
Let k; be any supermartingale such that E[supy., 7 |k|] < +00, and let 11 be any
non-negative finite random variable. We put
t
mo=ke " + [ e Mk ds.
0

Following this notation we have:

Lemma 4.9. 1, is a supermartingale and (k — n), is a supermartingale.
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Proof.

Step 1. We have

1 [ )
ne — o = lim = / (ks — ky)e ™ ds, 4.20)
r—=0r 0

1 [t .
- / (kerr - ks)e_l“ ds
rJo

E |: sup :| < +00. 4.21)
0<t<T,re(0,1)

Indeed, we have

1 t 1 t+r 1 t 1 t+r 1 r
—/(nm—m)ds:—/ nsds——/nsds=—/ nsds——/ nsds
rJo rJr rJo rJ; r Jo

and

1 t 1 t+r 1 r

‘_/(nerr_ns)ds S_/ |ns|ds+_/ |77s|dS§25uP|77t|

rJo rJ: rJo t

<4 sup|n;| < +o0.
t
This implies
1 t
lim —/ (Ns+r — ns) ds = 0, — o,
r—>0r 0

1 t
lim — [ Ms4r — Ns) ds
r=>0r Jo

:|<+oo.

1! 1 /!
lim (— / Ms+r —Ms)ds — = / (kyyr — kg)e ™™ ds> =0 as., (4.22)
rJo rJo

r—0

E sup
0<t<T,re(0,1)

Hence it is enough to show

1 [ 1 [
_/ (Ms4r —Ns)ds — = / (ksr — ke ™™ ds
rJo rJo

E sup < 400. (4.23)
0<t<T,re(0,1)

Since

1 /! 1 rt
r / (ns+r N nS) dS - / (ks+r - ks)e_ﬂs dS
r Jo rJo

1 [ ,
= —/ ds {k5+re_ﬂ(s+r) - kse_l“
0

r

s+r
+ / whkye M dn — (ko — ks)e_’”}
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1 t s+r s+r
—/ ds {/ ke M d —/ kg e M d)\.}

rJo s K

1 t s+r

s [ nt ke an,
rJo s

we have

1 (! 1 (!
‘_/ (nerr - ns)ds - / (kerr - ks)e_p's ds
rJo rJo

1 t s+r
< —f ds/ |y, — kgirlpre ™ dr < 2sup |k,| - - 1.
rJo s t

Hence

1 [ 1 [t
— / Ms4r — M) ds — — / (kssr — ks)e ™™ ds
rJo rJo

:|<+oo.

E sup
0<t<T,re(0,1)

On the other hand, by the right continuity of &,

1 s+r
lim — (ky, — ksyr)ppe ™ dr =0 as.

r—=0r Jg
Combining this to the above, we have by the dominated convergence theorem

1 t s+r
lim - | ds / (ky, — kgyr)ppe ™ dr =0 as.
r—>0r 0 s

That is,

1 [ 1 [
lim (_ / (nx+r - 77&) ds — - / (ks+r - k.v)67MS ds) = 0.
r—0\r Jo rJo

Step 2. We show that t — n, is an F;-supermartingale. Indeed, by Step 1
1 t
—/ (ksir —ky)e ™™ ds — n, — 1o inL'as r— 0.
rJo

Let , > ;. Since k; is an JF;-supermartingale, we have, for s > ¢,
E[(ksir — ko)e | F 1 = Ele™™ Elksy, — ksl F11F,]1 < 0.

Hence

1 (2 ) 1 [~ )
E[— JRCEEE dsm,] = [ Bt — ke 17 15 <0
r I3 r

1)

55
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We let r — 0, then

E[ny, —ny|F,1 <0,
that is,

E[n,|Fn1 < .

Step 3. We show

t

1
ke — e = lim — | (ks — ks)(1—e™") ds, (4.24)
r—=0r 0

1 t
—/ (ksr —ks)(1 —e™"*)ds
rJo

E sup < 400. 4.25)
0<1<T,re(0,1)

Indeed, since k, — ko = lim, o (1/7) [y (kssr — ky) ds, ko = 10,

ki —ne = (ke — ko) — (7 — no)
1 /! 1 !

= lim — / (ks4r — kg)ds — lim — (kyyr — ks)e ™ ds,
r—0r Jo r—=0r Jo

where

|:1
E|-
,

Hence the assertion follows.

12
/ (ks4r — kg)ds i| <?2E |:sup |k,|:| < 400.
0 t

Step 4. Finally, we show t — k; — n, is an F;-supermartingale. Indeed, by Step 3,
1 t
—/ (kstr —k)(1 —e™)ds — k; — 1, inL'. (4.26)
rJo

For t, > 11, since k; is a supermartingale,

1 (2
E |:_/ (ks+r —ko)(1 — e_lu)ds|f}li|
r I3

e
_ —/ El(kssy — ko)(1 — )|, 1ds < 0.
r

31

Letting r — 0, we have by (4.26)

El(ky, — n1,) — (kyy — )1 F1 1 < 0.
That is,

E[(kl2 - Uz2)|-7:z,] =< kI] - nl]'

This proves the assertion. O
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By Lemma 4.9, n, and k* — n, are F,-supermatingales. To show (2) and (3) above,

it suffices thus to show that n, = n?.
We now write k* = [ g, dr + u,. Then

Ny = (/ 8r dr + Ms) 67”’5 ~|—/ (f 8o d@ + ur) Me*ll-r dr
0 o \Jo
A A 7 Y
0 0 0 0
s s s )
= (/ 8r dr + I/t5> e K +/ ur,ue_/” dr — / g0 dOe™ +/ gre_l“, dr
0 0 0 o

= / (gr +urp)e™ dr +uge ™.
0

This means that
Ny = /0 ("MW (cy) + vt — r; x1)) dr + e T — 53 x2) = 2.

The assertion of Proposition 4.8 is proved. |
Finally we prove:

Theorem4.10. Let t be an F;-stopping time,0 < T < t,and let 1 be any non-negative,
progressively measurable random variable. Then

TAL
v(t; x,y) =sup E |:/ e~ S (U (¢y) + po(t —s; xM)ds
acA 0

+ e @tWEM Yt — 1, xj)] , (x,y) € S. (4.27)
Proof. By Proposition 4.8,
k= /s e U (c,)dr +e vt —s; x1) + e v —s; X2, YD)
0
and
nt = /: e T (U(e,) + put —r; X2, YA dr + e @5t — 55 xP),

and k2 — n? are F;-supermatingales. Hence by the optional stopping time theorem,
v(ts x,y) = Elngl > En}] > E[K;] > E[k;] = v*(t; x, y).
By taking the supremum,

v(t; x, y) = sup E[n?] > sup v (r; x, y) = v(; x, y).
ac A ac A
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Hence

v(t; x,y) = sup E[n?]. O
ac A

We choose n = 0 and let ¢+ — oo in the above, regard T = t A ¢t for another finite
t > 0, then Theorem 4.10 implies Lemma 1.5.

5. Proofs of the Lemmas

In this section we prove (1.7), (1.11), Proposition 1.3, and Lemma 2.1, and then provide
a theorem (Theorem 5.1) which is used in Section 4 with its proof.

Sketch of Proof for (1.7). We follow Sections 3 and 4 of [6]. With respect to the
assumptions on the utility function U, property (U.1) of [6] for the continuity and the
concavity is the same. Property (U.2) of [6] on the sublinear growth is satisfied since our
U is locally bounded and our variable ¢, is bounded from above by M (hence U (c) can
be replaced by the one which is sublinear for ¢ > M; + 1).

We put, for § > 0,

H® ={d e L*(ms; ® P);d > 0,3(n,c,L) € A
such thatd < ¢ ms; @ P-a.e.). 5.1

Here we put ms(dt) = e=*dt and ¢™<"1) = ¢’. We put

Id)=—-E |:/00 e‘”U(dt)dti| . (5.2)
0

Just as in Lemmas 4.1-4.3 of [6], we have the following assertions:

(1) H? is a non-empty, bounded, and convex subspace of L?(ms ® P).

(2) H? is closed in L2(ms ® P).

(3) If @ > §/2, then the map I: H®> — R is proper, convex, and lower-semi-
continuous with respect to the L*(ms ® P)-norm.

Under these results we can conclude by using the result of Ekeland—Temam [14,
Section V.3] that for & > §/2 there exists a d* € H® such that

inf 1(d) = I(d¥). 5.3)
deH?
As in [6], we can show that
00 * £ *
v(x,y) = E U eyt ))dt} , (5.4)
0

where (7%, ¢*, L*) € A is the one which appeared in (5.1) associated to d*, and that
d* =", (5.5)

In our setting § > 0 can be chosen arbitrarily small, hence the assertion follows. [
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Proof of (1.11). Since dY; =

—BY, dt 4+ B dC,, we have by the Itd formula
Ele™0(X;, Y]

=v(x,y)+ E |:/ e (—aﬁ ds +0,dX; +0,dY
0
+ /(f)(x +ax(e® —1),y) — v(x,y)
=0 (x, y)mx(e® — 1)) dv(z) ds) i|
x=X;,y=Y;
=0(x,y)+ E |:/ e s {—aﬁds
0

+ (ﬁxrx — UyCs + BUycs — Byvy + ﬁxnx(l; —r)

+ /(f)(x +mx(e®—1),y)

—v(x,y) — Ux(x, y)wx(e® — 1))dv(z)> ds

x=X.ny=Y;j|

—@b + Berx — ByDy + max {f)xnx(l; -+ f(f)(x Lax —1),y)

+ U, (x, y)d Ly }

If it holds that Nv < 0, Mv < 0, and that

—0(x, y) — O (x, y)mwx(e’ — 1))dV(Z)}
+sup(U(c) —c(x — BUy)(x,y)) =0 in S,

then it is easy to see that v < v holds by letting t — oo since v € C; (6_‘).

O
Proof of Proposition 1.3.  We observe
X5 — X2 =x; —xy + /0, / T (X — X¥2)(e* — 1)N(ds dz)
+ /t(r + (b —rm) (X — XP)ds
=1 +012 + Iz (say). (5.6)

By the Burkholder—Davis—Gundy (BDG) inequality,

T
E |:sup|12(l)|2] < K/ E [sup|xjjl — ij2|2] dt|z|*v(dz)
t<T 0

u<t

T
< K’/ E [sup|xjjl — X;‘2|2] dt
0 u<t

59
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and

T
E sup|I3(t)|2] < K/ E [sup|Xif' - Xjlez] dt.
0

Lt<T u<t

Hence

T
E |sup | X" —Xj‘2|2:| < Ky|x; —x2|2+K2/ E[supp(;l —X;2)|2] dt
0

Li<T u<t

< Ki|x; — x| 2T (5.7)

by Gronwall’s lemma. Here, and below, the constants K, K’, Ky, K, do not depend on
T) (nls ct’ Lt)» norx? y'
Similarly, we have

E [Sup 1Y — Yf”lz} < Kily; — e 7. (5.8)
t<T

On the other hand, we have by the Bellman principle (2), for0 <t <s < T,
0 <v(s;x,y)—v(5x, y)

s—1t
e U U (e) du+ e (e X2, Y,) — u(ts x, y)
(,c,L)eAlj,1 0

n (e_a(s—t) — Dv(s; x, y):| :

Since 0 < 1 — e~ < ah,
[v(t; x,y) —v(s; x, y)]

<K {fs_ UM)du+ K" sup E[|(X',,Y; ) — (x, y)|]} (5.9)
0

(mw,c,L)
by (5.7), (5.8).
The right-hand side of (5.9) tends to 0 as |s — #| — 0 uniformly to (x, y) by the
right continuity of (X*, YY). This and the local boundedness of U leads to assertion (1).
Assertion (2) for the continuity with respect to (x, y) uniformly to ¢ follows from

(5.7)—(5.8) and the local boundedness of U (-).
Assertion (3) for G,u(x, y) follows similarly. O

Proof of Lemma 2.1.  'We denote the position of (X}, Y;*) after the initial jump from
(x,y) caused by (AL; AL > 0), by

(X,Y) = (X(AL),Y(AL)) = (x + AL, y).

By the Bellman principle, we may assume without loss of generality that (X,Y)eB NS
for some r > 0.
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We have by the Bellman principle

v(x,y):E[v(f(,?)]zf v(X, ?)dP+/ v(x,y)dP.

AL Q2\AL
Hence
) X, Y) —v(x,y)dP = 0. (5.10)
Since v‘f gand (v —@)(x,y) =0,
(@(X,Y) = p(x, y))dP > 0. (5.11)

AL

We denote AL, att = 0 by ;. By the assumption,

o(X(e1), Y(er)) < o(X(e), Y (g)) (5.12)

for0 <e <egp.
Suppose first ¢;, > 0. Then

@e(x,y) - P(AL) =0 for & =<¢L. (5.13)

Indeed, by (5.11) and (5.12)

) (@(X(e), Y (£)) — p(x, ) dP > 0

for ¢ < ¢;. Hence by Fatou’s lemma

/ lim sup <é(<p(x +¢&,y) —olx, y))) dP > 0.
Ap

e—0

Hence (5.13) follows.
Hence, in view of the assumption of Lemma 2.1 and (5.13), we have

P(AL) =0
as long as ¢, > 0. |

Theorem 5.1. Let&: Q — R be an Fy-measurable function such that E[|£)?] < +oo,
and let {: Q — A be another Fy-measurable function. We put, forb = (m, c, L),

t 1+ »
xPr = x +/ b(b, x>¥) ds +/ fhb(x;”",z)N(ds dz), (5.14)
0 0

t 1+
Vi =é+/ b(s,ys)ds+f /hf(ys,z)ﬁ(dsdz).
0 0
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Let the mapping F: A x D — [0, 00) be a (By x Bp)-measurable function. Then we
have

E[F (&, )IFo) = ELF (b, x> lb=¢ ¢ (5.15)
Proof.  First we prepare the following lemma.
Lemma 5.2. Let b be Fy-measurable. Then x,b " is independent of Fy.

This lemma can be shown by an approximating argument. See the Appendix of [34]
for the details.

Let {8(i);i =1, 2,3, ...} be any countable dense subset of A. For each € A, we
put

in(B) = min{j; d(B, B(j)) < 27"}
and
kn(B) = B(in(B)).

For each x € R, let k,(x) be defined as k,(x) = j/2" if j/2" < x < (j + 1)/2" for
j=0,4+1,42, ...

It is sufficient to prove the assertion in the case, for 7, ..., t,, € [0, 00),
E[F (&, Yis -y Y| Fol = E[F (b, x>, ... xP™)lb=g.rt. (5.16)
where F (B, x1, X2, ..., X;y) is bounded continuous in (8, x1, X2, ..., X,) € A X R,

We divide the proof into four steps.
Step 1. We have
E[F(]En(c)v xtkln(l),kn(f), o xf”T({),kn(,E))']_—O]
= E[F B, x™", o Xt gty 0).0m -
Let ', = {k,(x); x € R}. Then

LHS. = E|: ooy 1{;”@)_}3,1[,{“@)X}F(ﬁ,xn”‘,...,x{j‘)m}
Be{B())} xely

= > Y lpwomp o= FB.xl" XD F. (5.17)
Be(B(j)} xely

Since ¢, & are Fjp-measurable, we have, by Lemma 5.2,

LHS. = > > g oeplie-nFB.x0" . xl") =RHS.
Be{B())} xely
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Step 2. There exists a subsequence (n') such that

P ( lim sup | @B s o) =0. (5.18)

n'—o00 0<t<T

Indeed, we have
_ B.x
Lk, )= ku@r=x) * Xt

t
o ) .
= Lk, )=p k(&)=x) " ¥ +fo Lt )=pokn )= D (B X) ds

4 T 7 ~
+./o /1{1?,,(¢>:ﬂ,kn(s>:x1hk"@)(x.f"m’k"@v 2N (ds dz).

Hence

_ t _
OO — @)+ [ b e) 2B OO as
0

t T T ~
+/ /hk"@)(xf”(o’k”@),Z)N(ds dz).
0

By this and the definition of y,,

K (£ ken
E [ sup |X; ©).kn(6) _ yt|2]
0<t<T

< 2E[lk((¢) — £I*]
T
+Cr /0 {Ellk, (&) — &1+ E[b(kn(§), y5) — b(Z, y9)I*]

+ E[W"® (y,, 2) — h (v, 2)[Pv(d2)} ds.

Hence by Gronwall’s inequality,

£ [ sup @ _ mz] S0

0<t<T

as n — 00. Hence we have the assertion.

Step 3. We put ®(B,x) = E[F(B,x,", .. .,xt‘i’x)]. Then (B, x) — ®(B, x) is con-
tinuous. Assume (B, xx) — (B, x). We have as in the calculation at Proposition 4.1
that

E |: sup [P —x,ﬁ’x|2:| -0
0<t<T

ask — oo. Since F(-, -) is bounded continuous in (8, xi, . .., x,;), we have the assertion.

Step 4.
E[F(&, v )| Fol = ELF B xl™ o xE)) poc e (5.19)
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We have by Step 2

. = ke (2, ko (),
E[F(;,y,l,...,y,m)mo]=E[n;gréoF(kn,(;),x,;“> @ x® @))m}

1 I Ky (€) Ky ( 1;,,/ ke (8)
lim E[F (ke (§), x5 & L O8Oy 7).,
n—o0

By Step 1,

ST X B.x _
RHS. = lim E[F(B.x)" ... x5t 0.0t 6

which is equal to

by Step 3.

ELFB, xl™, o x ) g e
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