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Abstract. In the refinement calculus, program statements are modelled as
predicate transformers. A product operator for predicate transformers was
introduced by Martin [18] and Naumann [25] using category theoretic con-
siderations. In this paper, we look more closely at the refinement-oriented
properties of this operator and at its applications. We also generalise the
definition of the product operator to form what we call a fusion operator.
Together, the fusion and product operators provide us with algebraic ways of
composing program statements in the refinement calculus in order to model
effects such as conjunction of specifications, simultaneous execution, and
embedding of smaller programs into larger contexts.

1 Introduction

Dijkstra introduced weakest-precondition predicate transformers as a means
of verifying total correctness properties of sequential programs [9]r&he
finement calculusf Back [2], Morgan [21], and Morris [23] builds on this,
regarding specifications and programs uniformly as predicate transformers.
Inthe refinement calculus, the required behaviour of the program is specified
as an abstract, possibly non-executable, program which is then refined by a
series of correctness-preserving transformations into an efficient, executable
program. The notion of correctness-preserving transformation is modelled
by a refinement relation between programs which is transitive, thus support-
ing stepwise refinement, and is monotonic w.r.t. program constructors, thus
supporting piecewise refinement. All transformation laws are derived from
properties of predicate transformers.
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The refinement calculus provides sequential composition and various
choice and assignment operators that are generalisations of Dijkstra’s op-
erators, and the applications of these operators are well-known. However,
the applications of an operator representing simultaneous execution of pro-
gram statements are less well developed in the refinement calculus. Such
an operator was introduced by Martin [18] and by Naumann [25] using cat-
egory theoretic considerations. Thimduct operator combines predicate
transformers by forming the cartesian product of their state spaces. In this
paper, we examine the product operator, looking at various distributivity and
refinement preserving properties of the operator. We show that the operator
can be used to model simultaneous execution and to extend the state spaces
of statements so they can be more easily matched with other statements.
These features turn out to be important for embedding programs in larger
environments, and for composing programs as used, for example, in the
action system formalism [4].

The existing choice operators in the refinement calculus can be used
to model disjunction of program specifications, but not for conjunction of
specifications. We generalise the definition of the product operator slightly
to form what we call dusionoperator. This operator can be used to model
conjunction of specifications. Furthermore, the product operator turns out
to be a special case of the fusion operator thus simplifying some of the proof
effort.

We use the higher-order logic formalisation of the refinement calculus
of Back and von Wright [6]. Here, a refinement logic is built up in a layered
fashion, starting with booleans, which are then lifted to predicates, and then
to predicate transformers using pointwise extension. If possible, we reason
about predicate transformers purely at the predicate transformer level, but
sometimes it is necessary to go to the predicate, and boolean levels. By
having all three levels, we have the freedom to do this. There are examples
of proof at all three levels in the appendix.

To simplify the development of the operators and their algebraic prop-
erties, we make the minimal assumptions on the structure of state spaces.
In particular, we don't explicitly model program variables in the state. To
make the theory useful for practical program development, we introduce a
simple layer of syntactic sugaring that allows us to easily model program
variables as cartesian components of the state.

The paper is organised as follows. Section 2 introduces the refinement
calculus basics. Although this section is long, the material is straightforward
and standard and is useful for a proper understanding of the later material.
Section 3 introduces the fusion operator, the product operator and the de-

! The direction of arrows in [18] and [25] are the reverse of what we use, so our product
operator corresponds to their co-product operator.
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rived product operator showing that the product operator is a special case of
the fusion operator. Section 4 shows how the fusion operator models con-
junction of specifications and compares our operator with some alternative
approaches. Section 5 shows how the product operators model simultaneous
execution. Section 6 looks at the notion@dst data refinemepnivhich pro-

vides a general mechanism for calculating data refinements of commands. It
is shown how this notion applies to the product operators. Section 7 looks at
some further uses of the product operator such as embedding commands in
larger program contexts and composing action systems for modelling con-
current systems. These applications were our initial motivation for studying
the product and fusion operators.

Some of the results here have appeared previously in an earlier paper [3].
However, this paper contains important new material, in particular, a com-
prehensive treatment of program variables, comparisons of our definitions
with some alternative definitions and results on the least data refinement of
products.

2 Refinement calculus basics

We work withtermsof higher-order logic as described, for example, in [11].
A term in higher-order logic is an expression in a typed lambda calculus
possibly having free variables. We writg: := ¢| for the term¢ with alll

free occurrences of variablereplaced by terma. The type of a term can be
atomic, e.g.Bool, a function from type to typel} — 715, or the cartesian
product of types]; x --- x Tp,.

Predicate lattice

A predicateover a set of states is a boolean functiop : ' — Boolwhich
assigns a truth value to each state. The set of predicatés isrdenoted
P

PY = ¥ — Bool

We define thentailment orderingn predicates by pointwise extension: for
p,q:PX,

p<q= No:X -po = qo).

Theidentically false predicate is denotedand the identically true predicate
is denotedT. Negation, conjunction, and disjunction of (similarly-typed)
predicates are defined by pointwise extension, so that, e.g.,

(pANg)o = (po A qo).
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For state space’, the set of predicateB X' is a complete lattice under the
entailment ordering. Conjunction and disjunction represent meet and join
respectively, whilel and_L represent top and bottom respectively.

Relational lattice

A relationfrom X' to I' is a functionP : X — P I" that maps each state
to a predicate od’. We write

YT =Y PI.

This view of relations is isomorphic to viewing them as predicates on the
cartesian spac&’ x I'. The domain and range of relatidh are denoted
dom P andran P respectively. Conjunction and disjunction of relations are
defined pointwise, so that,e. P A Q) o = (P o) A (Q o). Theinclusion
orderingon relations is defined by pointwise extension: ) : X' < I,

P<Q = (Vo:XY-Po < Qo).

For state spaces andI’, the set of relationd’ <+ I" is a complete lattice
under the inclusion ordering. We write; ) : X' < A for the relational
composition ofP : ¥ < I'andQ : I' «+ A, and P! for the inverse
relation. For functiory : X — I', we write f ~* for the relation \y- Ao -y =
fo): I' < X.

Predicate transformer lattice

A predicate transformeis a functionS : P I" — P X from predicates to
predicates. We write,

Y—=I=PlI - PX.

Note the reversal of’ and X: program statements in Dijkstra’s calculus
are identified with weakest-precondition predicate transformers that map a
postconditiong : P I" to the weakest preconditign : P X such that the
program is guaranteed to terminate in a final state satisfyilgenever the
initial state satisfiep. For program statemeist : X' — I", we say thatS
hassourceX’ (the initial state space) antdrget I" (the final state space).
Programs need not have identical initial and final state spaces. Note that, in
order to aid intuition, we sometimes discuss commands from an operational
viewpoint, though our formal reasoning is always in terms of predicate
transformers.
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Therefinement orderingn predicate transformers is defined by point-
wise extension: foS, T : X — I,

S<T = (Vqg:PI'-Sq < Tq).

The refinement ordering on predicate transformers models the notion of
total-correctness preserving program refinement. A total-correctness speci-
fication is typically given as a precondition-postcondition gatre, post),
and program (i.e., predicate transformgryatisfies(pre, post) if pre <
(S post). Now, for programss' andT’, S < 7" holds if and only if7" satisfies
any specification satisfied hy. Transitivity of the refinement ordering is
inherited from transitivity of implication by pointwise extension

For state spaces and!’, the set of predicate transformets— I is a
complete lattice under the refinement ordering. The bottom element is the
predicate transformerbort that maps each postcondition_tq and the top
element is the predicate transformet.gic that maps each postcondition to
T. Theabort statement is never guaranteed to terminate, whileitheic
statement isniraculoussince it is always guaranteed to establish any post-
condition. A miraculous statement cannot be implemented. For statement
S, halt S = S T describes those initial states under whitts guaranteed
to terminate, whileyd S = —(S 1) (calledguard of S) describes those
initial states under whicls' behaves non-miraculously.

Conjunction and disjunction of (similarly-typed) predicate transformers
are defined pointwise, so that, e A1) ¢ = (S q) A (T q). Conjunction
of statements modetsemonic nondeterministic choitetween executing
S andT (i.e., each alternative must establish the postcondition), whereas
disjunction modelsangelic nondeterministic choidge., some alternative
must establish the postcondition)hlilt S = —halt T, thenS VT becomes
a deterministic choice, while ifd S = —gd T, thenS A T becomes a
deterministic choice.

Predicate transformer category

Sequential composition of program statements is modelled by functional
composition of predicate transformers: the sequential compositich :of
YX—TandT :I'— AisS;T : X +— A, where forp : P A,

(S;T)p = S(Tp).

The program statemenkipy; is modelled by the identity predicate trans-
former onP X.

Predicate transformers form a category: the catedtfyan has state
spaces as objects and predicate transformers as arrows/lfare state
spaces, then each predicate transforthe” — I'is an arrow with source
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X’ and targef". For composition of arrows, we use sequential composition
and, as the identity arrow of objeEt, we useskipy. As required fotlPTran
to be a category, we have

= S = §;skipr,
S;(T5U) = (85T);U.

Embedding functions, predicates, and relations

Given arelationP : X' <» I', theangelic update statemef} : X' — I
anddemonic update statemefii?] : X' — I" are defined by

{Ptqo =

[Plgo =
When started in a state, { P} angelically chooses a new statesuch
that Poy holds, while[P] demonically chooses a new statesuch that
Poy holds. If no such new state exists thgR} aborts, while/ P] behaves
as magic. Angelic update is monotonic w.r.t. relational inclusion, while
demonic update is anti-monotonic:

P<@Q = {P}<A{Q} A [P]=2]Q]

Sequential composition distributes through both updates:

{P}{Q} = {P;Q} and [P;[Q] = [P;Q).

For predicate : P X, letp : X +» X be the correspondingst relation
forp,i.e.,(Ao- Ao’ -po A o = o’). Then we write{p} for {p} and|p]
for [p]. {p} models theassertstatement that behaves &isip if p holds,
otherwise it abortsp] models theguard statement that behaves dsip if
p holds, otherwise it behaves agigic.

Given a functionf : X' — I, thedeterministic update statemefif) :
Y — I is defined by

(flao = q(f o).

(f) simply changes the state fromto fo. Let f be the the deterministic
relation corresponding to functigfy i.e.,(Ao - Ay - f o = ). Then we have

{7y = =1



Fusion and simultaneous execution in the refinement calculus 927

Homomorphic properties

All predicate transformerS constructed using the operators described above
will be monotonigi.e.,p < ¢ = S p < S q. Predicate transformef is
bottom homomorphid S L = L (i.e., S never behaves miraculously),
andtop homomorphid¢f S T = T (i.e., S always terminates). Predicate
transformersS' is conjunctiveif S (Ai € I-¢) = (N € T-S g;), for
non-empty/. S is universally conjunctivéf it is conjunctive and top ho-
momorphic.Disjunctiveanduniversally disjunctiveredicate transformers

are defined dually. Demonic update statements are universally conjunctive,
angelic update statements are universally disjunctive, and deterministic up-
date statements are both. Furthermore, the assert statement is conjunctive
while the guard statement is disjunctive. The operatoasd; preserve the
conjunctivity of their operands, while and; preserve the disjunctivity of
their operands.

Each ofA, Vv, and; preserve refinement of monotonic predicate trans-
formers, e.g.5 < 8" = S;T < S’;T. We consider this to be an essential
property since it allows for piecewise refinement of programs.

In Dijkstra’s original calculus, all statements were non-miraculous and
conjunctive [9].

Normal form

Conjunctive predicate transformers can be written in a normal form involv-
ing an assertion followed by a demonic update: for conjuncfly¢here
exists a predicate and relation)) such that

S = {p};[Q].

Thus, if we want to show that any conjuncti$esnjoys some property, we
can do so by showing thgp}; [Q] satisfies it for any, Q.

Dually, disjunctive predicate transformers have a normal form: for dis-
junctive S, there exists a predicageand relation) such that

S = [pl;{Q}-

Notation for specification and programming

Ordinary program constructs such as conditionals, recursions, and assign-
ments may be modelled using the basic operators presented above. A recur-
sive statement has the for(nX - F' X) (least fixed-point off") where X
ranges oved’ — X andF is a function from¥ — X' to X' — Y. F' should

be monotonic (w.r.t. refinement) for its least fixed-point to exist, and this
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is guaranteed iF' X is constructed fromX using the operators described
above. Conditional and loop statements are defined as:

if pthen Selse T fi
dop — S od

[pl; S A [-plsT
(uX - if p then S; X else skip fi).

~
~

Program variables may be modelled as cartesian components of the state
space, and a multiple assignmenty := d, e in a state space with three
components, representing program variableg, z, may be modelled by
the deterministic update:

(\r,y,z-(d,e, z2)).

We introduce a layer of syntactic sugaring to deal with program variables
in a more conventional fashion. A program variable has a name and a type
and we writer : T for program variable namedwith typeT'. Sometimes
we omit the type of a variable if it is not relevant or can be understood from
context. We writé

(var (z1:X1,...,2m X)) — (111, yn:Iy) - S)

to say that statemerst reads from program variables . .. x,, and writes
to program variables; . .. y,. S then has type

(Xp X oo x X)) = (I X oo x Iy).

Letwu be atuple of program variables of the form: Xy, ... , ., : 2.
We shall use: both as a quantified variable, e.g\u - t) and as the term
(x1,...,2y). Letulz; := e] be the tupleu with z; replaced by expression
e and letu \ x; be the tuplex with z; removed. More generally, we may
write u[v := E] andu \ v, wherev is a list of program variables anfd is a
list of expressions. We writevar u - S) for (var u +— u - S).

We require thavar distributes through the statement connectives:

(varum—v-SAT) = (varu—ov-S)A(varu—v-T)
(varu—ov-SVT) = (varu—wv-S)V(varu—v-T)
(varw-S;T) = (varu-S);(varu-T).

Assignment is defined in terms of deterministic update:
(varu-v:=FE) = (Au-ufv:= E]).

Letd be a boolean term whose free variables may include program variables.
The nondeterministic update statement= 2’ | b assigns some valug

2 This is not the same as introducing local variables.
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satisfyingb to program variabler. This is defined in terms of demonic
update:

(varu-v:=v"b) = Du- M -bA W\ v =u\v),

whereu/ is formed fromu by replacing eachy; : T; in w with 2 : T;.
Assertions and guards may be written using boolean terms as follows:

(var u-{b}) = {Au-b}
(varu-[b]) = [Au-b.

Writing predicates agvar w - b), which is syntactic sugar fdt\u - b),
we can work in a style that is similar to Dijkstra’s weakest-precondition
calculus. For example, while Dijkstra has

wp(v := E,post) = post[v := E],
we have
(var u-v:= E)(var u - post) = (var u - post[v := E).
Let pre andpost be boolean terms. It is easy to show that
(var u - {pre}; v:=1"| post’)

is the least statement satisfying the precondition-postconditiorfyair -

pre), (var u - post). Implementing this specification involves constructing
a statemen§ such thaivar u - {pre}; v :=v' | post’) < S. If post refers

to variables of botl andv’, then the specificatiofvar u - {pre}; v := v’ |
post) can relate the before and after states in the manner of B [1], VDM [16],
and Z [26] specifications. A statement of the fofwar v - {pre} v := v’ |
post) is called aspecification statemeff0] (we usually omit the sequential
composition operator from a specification statement). A sorting algorithm,
for example, may be specified by

vars:seqT - s:= 5| (sorted s') A (permutation s s').

Rules for the stepwise refinement of specification statements into standard
programming constructs may be found in [2,21,23].

In the rest of this paper, we use identifiars for boolean terms, ¢ for
predicatespP, Q for relations, ands, T' for predicate transformers.
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3 Product and fusion

We write I} x I for the cartesian product of typds andl5. Given two
predicateg; andgs their productis denoteg x ¢, andis defined asfollows:

Definiton 1 For ¢; : P11, g2 : PIa, q1 X qo is of typeP (I x I5)
where fory;, : I, 9 : I,

(@1 % q2) (71,72) = (1 71) A (g2 72)-
Note that predicates of the form x g» only form rectangular subsets of

P (I x Iy) so that arbitraryg : P (I x I) cannot be represented as
Q1 X q2.

Next we are interested in a product operator for arrows. Consider first
the product of functions: the product ¢f : X — I andfy : X — I3 s
denotedf; A f> and has typeZ — I} x I (x binds tighter than arrows).

It is defined as follows:

Definition 2 (fl Afg) o= (fla, fQO').

Now, consider two predicate transformers which have a common source
but distinct targets:

5112*—>F1, SQ!E*—)FQ.

The product ofS; and .Ss would have typeX — I x I5. Since we wish
S to establishy; andSs to establishy2, we could propose that

(S1A82) (g1 X q2) = S1q1 N Saqo.

Of course this is not a full definition since, in gener@l; P (I x I3)
cannot be represented by x ¢2. SO0 we approximate by its rectangular
Subsets:

(S1A82)q=0CBq1:PI1; 2:Pla|qaxq<q-
(S1A82) (q1 % g2))-
This concept is illustrated in Fig. 1. The full definition is:

Definition 3 For Sy : X +— I7, Sy : X +— Iy, S1 A Sy is of type
Y — I x I'y, where forq : P (It x I3):

(S1A82)qg = 31 :PI; g2 Plo| g1 xq2 < q-Siq1 N\ Sa2q2).

Similar definitions may be found [18] and [25].

Definition 3 may be generalised to define what we célisikonoperator
that combines commands with common sources and common targets as
follows:
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A

Fig. 1. Approximatingg with rectangular subsets

P

Definition 4 For 51,55 : XY — I', 51 ®S; is of typeX' — I', where for
q:PI"

(S51©82)q¢ = Fqi,¢2:PI' | qaNg2 < q-Siqi N S2q2).

Itis easy to show that the fusion operator is commutative and associative
and that it preserves the monotonicity, conjunctivity and disjunctivity of
its operands. Fusion also preserves the refinement of its operands. In fact,
fusion enjoys a slightly stronger property:

Theorem 5 For monotonic predicate transformers,

{halt So}; 51 < S7 = (S1082) < (570 5s).

This allows the termination condition of one operand to be used as an as-
sumption when refining the other operand
The fusion of two commands only terminates if both operands terminate:

halt(51 @SQ) = halt S1 A halt Ss.
Letm; andms be the projections fromy x I to 17 andl, respectively:

7T12F1><F2—>F1, 7T22F1><F2—>F2,
m1(v1,72) = "1, m2(71,72) = V2

The inverses ofr; andw, are relations:
W;12F1<—>F1XF2 7T271:F2<—>F1XF2.
Now the demonic update

[71'1_1] : F1I—>F1><F2,
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starts in a state; : I and ends in a statey;,~5) : I x I such that
y1 = v} and~} is chosen nondeterministically.
Given Sy : X — I7, the predicate transformer

Syt X I x Iy

is a‘lifted’ version ofS; that behaves &, on the first component of the final
state, and nondeterministically writes any value to the second component.
Similarly for So; [, ']. Now we have that the product operatak) is a
special case of fusion:

Theorem 6 For Sy : X — I, Sy : X+ Iy,
S1 A Sy = Sl;[ﬂ'fl] ® 52;[W51].

The proof of this theorem is given in the appendix. Because of the theo-
rem, the product operator inherits several important properties directly from
the fusion operator including preservation of monotonicity and conjunctiv-
ity. Preservation of disjunctivity does not follow sinpez‘l} is not disjunc-
tive, but disjunctivity can be proved separately [25]. Most importantly for
piecewise refinement, preservation of refinement does follow:

Theorem 7 For monotonic predicate transformers,
{halt So};81 < S = (S1A8:) < (S]AS).

Although the fusion operator is commutative and associative, the product
operator is neither. This is because of the difference in the product structures
ofthe states, i.eEl O 7é Xox 2 andEl X (EQ X 23) 75 (21 X 22) X 23.

We need to rearrange the states to get equality, e.g.,

Sl ASQ = (S2ASI)7 <)‘xuy ' (y,l‘»

Letwo; andw, be the projections fromvy x X5 to X andX’; respectively.
The projections give the following deterministic updates:

<’W1> : X1 x Yo — X and <WQ> 22 X Xy = Xy,

The statemenfco; ) starts in a statér, 02) and ends in the statg simply
discarding the second component. The derived product operator combines
commands with distinct sources and distinct targets, and is defined as fol-
lows:

Definition 8 For Sl 22— I, SQ 2 X9 = Iy, Sl ®SQ is of type
X1 X X9 I x Iy, where

S1®52 = <w1>;51 A <LTJ2>;SQ.
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We extend the program variable syntax for fusion, product and derived
product as follows:
(varum—v-5S105) = (varuw— v-95)
© (varu— v - 9Ss)
(var U +— (1)1,1)2) -5 A Sg) = (var U+ U1 - Sl)
A (var u— vy - Sa)
(var (ui,ug) — (v1,v2) - S1®S2) = (var up — vy - S1)

® (var ug +— vy - S3).

Thus with the fusion operator, commands read from and write to the same

variables, with the product operator they read from the same variables but

write to separate variables and with the derived product operator they also
read from separate variables.

4 Conjoining specifications

Fusion acts as a form of ‘co-refinement’ operator:
Theorem 9 For predicate transformers; and.S,, S; ® S5 solves:

{halt S3}; 51 < X Q)
{halt S51}; 52 < X, (2)

and furthermore, for any conjuncti€ that solves (1) and (2),
Sl ® SQ <Y. (3)

(See appendix for proof of this theorem.) Thus for conjunctiyeand Ss,

S1 @ Sq is the least conjunctive predicate transformer satisfying (1) and (2).
Note thatS; ® Ss is not a true refinement &, since it cannot replac§,

but rather it can replacghalt Sa}; Si.

Theorem 9 means that the fusion operator can be used to conjoin two
specifications to form a specification that refines both specifications within
their combined termination condition. This allows us to describe program
requirements separately and them combine them. For example, consider the
following two requirements:

Rl = (varz:real- {x>0}z:=1' |2 =z)

R2 = (varz:real- xz:=212']2'>0).
The fusionR1 ® R2 specifies a program that calculates the positive square
root of z.

The following theorem provides a simple way of calculating the fusion
of two program specifications:
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Theorem 10 For relations P, Q : X <+ I', and predicatep, q : P X,
{p}:[P] © {¢}: Q] ={pra};[PAQ]

Proof of this theorem is given in the appendix.

This clearly illustrates that the effect of the fusion operator isto reduce the
(demonic) nondeterminism of the terminating behaviour of both commands.
In the case that the intersection of the nhondeterminism in both commands
is empty, then the fusion behaves magically, e.g.,

(varz- z:=2'|2'>0 © z:=2'|2' <0)=magic.
In terms of the program variable syntax, Theorem 10 is represented as:

varu- ({ai}v:i=2"1b1) ® ({as}v:=v"|bo)
=varu- {a; Aag}v:=1"|by Abs.

Alternative definitions

It is easy to show that the demonic choice of specifications results in dis-
junction of postconditions, i.e.,

{p1};[@1] A {p2}; [Q2] = {p1 Ap2}; [Q1V Q2]

Fusion then is almost a dual of demonic choice. Since all conjunctive com-
mands have a normal forgp}; [@Q], we could define an alternative fusion
operator for conjunctive commands which really is a dual of the demonic
choice as follows:

{p1} Q1] @ {p2};[Q2] = {p1Vp2};[Q1 A Q2.

This operator results in a true co-refinement, i%.,< S; ® S, and not

just {halt So}; S1 < S; & Sy. However it is not the least conjunctive co-
refinement so that use of this operator could result in specifications being
strengthened unnecessarily when being combined. More seriously, this op-
erator is not guaranteed to preserve refinement of its operands. As a coun-
terexample, consider

Si={x>0}z:=2—-1
S =ifx>0thenz:=z—lelsex:=z+ 11
So=x:=2a |2 # .

It is easy to show tha$; & Sy £ S| @ S even thoughs; < S7. These
weaknesses rule out as a useful co-refinement operator.
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Leino and Manohar [17] have shown that the following operator does
yield the the least conjunctive co-refinement of two specification statements:

P11 Q1] O {p2}:[Q2] = {p1Vpe}; [P1=Q1 A p2= Q2]

Here(p= Q)oo’ = po = Qoo’. Using this to define specification conjunc-
tion does give an operator that preserves refinement. However, unlike our
fusion operator, this operator does not allow the termination condition of
one command to be assumed when refining the other.

Morgan [22] has developed an operatioon predicate transformers such
that dS is the least-refined predicate transformer that is both universally
conjunctive and refinesS. It is easy to show for universally conjunctig
ands; (i.e., S1 andS, always terminate), that

D(Sl V SQ) =5108,.

We say that two specificatiod®}; [P] and{q}; [Q] arecontradictory
in some initial states if o has a successful outcome in each specifica-
tion, but does not have a successful outcome in their fusiongi.kalds
in p, g, dom P, anddom @, but not indom (P A Q). For those contra-
dictory initial states, the fusion of both specifications behaves miraculously.
Ward [29] has defined a conjunction combinator for specification statements
where the combination behavesa@srt when both specifications are con-
tradictory. Thus, in Ward’s case, a contradictory combination may be refined
by any statement whereas, in our case, it is unimplementable. Furthermore,
Ward’s combinator is not refinement preserving.

5 Simultaneous execution

We have already seen the product operator for functions. The product oper-
ator for relations is defined as follows:

Definition 11 For relations Py : Y < I, Py : XY < Iy, PP A Pyis a
relation of typeX' «<» Iy x I, where

PIAP, = Pymt A Pymyl

From Theorem 10 (fusion of specification statements) we can then show
that the product operator combines with specification statements and deter-
ministic updates in the following manner:

Theorem 12 For py,po : P X, andP, : X < I, Py : X < I,

{p1}; [Pi] & Ap2}; [Po] = {p1 A p2}; [PL A Pyl



936 R.-J. Back, M. Butler

Theorem 13 For f1 : X — I, fo : X — Iy,
(1)L (fa) = (fildfa).

Theorem 13 is represented in our program variable syntax as follows:

(var (vi,v2) - vi:=E1 A vy:=Ep)
= (var (vi,v2) - v1,v2 := E1, By ),

where E'; can depend on bothy andwvs, and similarly forEs. Thus, the
product operator models simultaneous execution of assignments to separate
variables.

With the product operator, both commands have access to the initial
values of each others variables. With the derived product operator, we have

(var (’1)1,’[)2)- v = F ® wvg:= Eg)
= (var (vi,v2) - v1,v9:= Ey, By ),

whereE; (resp.E») is independent of; (resp.vy).
Theorem 12 is represented as:

(var (vi,v9) - {a1} vy :=v] by A {az}ve:=vh|by)
= (var (vi,v2) - {a1 ANag} vy, ve 1= Ull,Ué | by Abg ).

In this case); is independent o), so thath; does not constrain the value
assigned ta, and similarly forb,. In the case of the derived produat,
andb, are also independent of and vice versa.

When composing commands using the product operator, it can be useful
to have some algebraic laws available. For example, we have the following
distribution through if-statements:

(varu- S A (if gthenT) else 75 fi) )
= (varu- if gthen (S A T1)else (S A T) fi).

In certain cases, a product may be replaced by a sequential composition:
if as, by are independent af;, then

(var (vi,v) - {ai}vi:=v] b1 A {as} vy :=v)]|bo)
= (var (1)1,1)2) . ({a1 A CLQ} V1 = ?)/1 ‘ bl) ; ({CLQ} Vg 1= 'Ué ‘ bg) )

It is necessary to hawg in the first assertion because without it, in a state
where the commangh; } v := v} | b behaves magically and the command
{aa} ve := v}, | by aborts, the product would abort whereas the sequential
composition would behave magically (sineeigic; S = S). See [3] for a
fuller list of the properties of the operators.
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Alternative definitions

Abrial has defined a parallel operator for the B AMN notation [1] which

is equivalent to our derived product. He only works with conjunctive com-
mands and so can define the operator in terms of the relational product on
normal forms (similar to our Theorem 12):

{p1xp };s [Q1®Q2].

(Here,Q1 ® Q2 = w1;Q1 A ws;@Q2.) It is arguable that this is an
easier way of defining simultaneous execution than our more general product
operator. However, with our definition we can also form the product of
disjunctive commands which is useful for data refinement as we shall see in
the next section.

An alternative way of defining simultaneous execution would be as a
special case of the least conjunctive co-refinement operator, in the same
way that the product is a special case of fusion:

S10/Sy = Sy;[nr'] O Sas[my .

However this would give strange results when combining a terminating
command with a nonterminating command, e.g.,

(var x,y - abort O' y:=y'|b) = (varz,y- z,y:=2",y'b).

The command on the right hand side assigns an arbitrary valuebta
it always terminates, thus a nonterminating command could be “fixed” by
combining it in parallel with a terminating one!

To properly model a system that aborts on one component of the state and
terminates on the other would require a pair of predicate transformers. This
would not allow us to freely interchange single specifications with parallel
commands as we require when working with the refinement calculus.

6 Data refinement

The well-known technique of data refinement involves replacing abstract
program variables with concrete program variables using an abstraction
relation [12]. In the refinement calculus, the abstraction relation is modelled
by an abstraction command, and we say $hat¥ — X' is data refined by

S’ X' — X’ under abstraction command: X’ — X' if [1,10,24,27]:

a;S < S a.

For a more comprehensive treatment of data refinement of predicate trans-
formers see [1,10,24,27]. Here we will simply look at how data refinement
distributes through the fusion and product operators.
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For predicate transform@r, theright adjointof T', denoted™, satisfies
T,T" < skip  skip < T";T.

T has aright adjoint if and only iI" is universally disjunctive [27]. In this
caseI" is universally conjunctive. For relatioR, it can be shown that

Py =[P7].

So-calledforward data refinement corresponds to the case where the
abstraction command is universally disjunctive, in which case, will
have right adjoint”. Furthermorex anda” will have normal forms{ P}
and[P~!] respectively. It is easily shown that S; o" is the least forward
data-refinement of, i.e.,

a; S < (s 8;a");a, and
aS < X;a = o5a" < X
Thus, givenS anda, we calculate a data refinement®lby refininga; S; .
Laws for distributing forward data refinement through statement structures
may be found in [10,27]. For example,
a;8;T;0" < (o;8;0"); (o T a").

Laws such as these allow us to calculate data refinements of compound
statements by calculating data refinements of the component statements.

Typically, the abstraction command is represented by a booleaniterm
relating the abstract and concrete variables. In terms of our program variable
syntax, the least data refinement(@ér « - S) is given by:

{varcw— a-1I};(vara-S);[varaw— c- 1.

Note that{var ¢+ a - I}" = [var a — c- I].
We are interested in how anda™ distribute from the left and from the
rightin «; (S1 © S2); a”. We do have sub-distributivity from the left:

Lemma 14 For disjunctiveq,
a; (81 ®82) < (a;51) O(a; So).

There is a similar sub-distributivity law for the product operator.

In considering distribution o&” from the right, we shall restrict our
attention to the case whefg andS; are conjunctive. Sincd; andS; are
conjunctive and” is universally conjunctive,S; ® S2); " has the normal
form

({m} ] © {p2}i[P2]); (@)
={p1 Ap2}; [(PLAP) ];]Q]
={piAp2}; [(PANP); Q]
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We cannot proceed further since, at the level of relations, we do not have
the required sub-distributivity, i.e.,

(PLAP);Q % (P1;Q) A (Po; Q).

This is because the conjunction on the right hand side has no influence on
intermediate states. @ is of the form@); ® Q)5 then we do get the following
distributivity for relational product:

Lemma 15 FOFP1:E(—>F1,P2:E<—>F2,Q1:F1 <—>@1,Q2:FQ<—>
P,

(PL A PR); (Q1®Q2) = (Pr; Q1) A(P;Q2).

Proof of this lemma is given in the appendix.
This leads to the following theorem about distribution of the least data
refinement through the product operators:

Theorem 16 Assumex has the form{ P, @ P,}. Leta; = {Pi}, aa =
{P»}. Then for conjunctive, Sa,

a; (S1AS2);a" < (a;S150]) A (05525 05)
a; (i@ Tp);0" < (a;Tisa)) ® (o2;To;0).

Proof of this theorem is given in the appendix.

This theorem shows how the least data refinement can be pushed through
both product operators. In terms of our program variable syntax, the abstrac-
tion commands here may be represented by:

o= {var (61,02) — (al,ag) I A IQ}
o] = {var c1t—al- Il}
Qg = {var Co— a9 - IQ},

wherel; is independent of,, c; andl, is independent o1, c;.

In Theorem 16, we have relied on the fact that the product operator can be
used to compose both disjunctive and conjunctive commands. A definition
of product that only worked with conjunctive commands would not have
allowed us to work with data refinement in this way.

Note that it is still possible to work with data refinement using only a
product operator for conjunctive commands as Abrial shows [1]. He derives
an equivalent first order formulation of data refinement (i.e., without quan-
tification over predicates) which allow him to show tha$fis data refined
by S} under abstraction relatioR; (written S; <g, Si) andS; <pr S,
then

S1®Ss <R, ® Ry Si@Sé
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However this approach does not allow us to work with the least data refine-
ment of a product. In [28], von Wright shows that the least data refinement
of a conjunctive command can sometimes be disjunctive. He gives an ex-
ample command whose only conjunctive data refinement is infeasible (i.e.,
magic) but which does have a disjunctive data refinement that in some con-
texts can be refined by a feasible conjunctive command. Thus the least data
refinement approach provides a richer environment in which to reason and
this is supported by our product operator.

Backwarddata refinement corresponds to the case whéseiniversally
conjunctive. However, universally conjunctive does not sub-distribute
from the left, nor does universally disjunctivé sub-distribute from the
right, so we cannot distribute backwards data refinement through the fusion
and product operators.

7 Other applications of product
Embedding

Suppose we want to embed a statenfeat v - .S) in a context in which a
larger list of variables: is being operated on. We require that the variables
u \ v should remain unchanged. This is achieved using the product operator
as follows:
embedu - (varv-S) = (varu — (v,0) - u = u);
((varv-S) A (var v - skip));
(var (v,7) — u-u:=u)
where U =u\ v.
The statementévar v — (v,7) - u := u) and(var (v,7) — u-u = u)
simply rearrange the ordering of program variables. It can be shown that
this embedding preserves refinement, i.eS, i S’, then
(embedu - S) < (embedu - S").

Furthermore, although the product operator is only commutative and
associative up toisomorphism, itis fully commutative and associative within
an embedding:

(embedu - S} A Sy) = (embedu - So A Sp)
(embedu . (Sl A SQ) A Sg) = (embedu - 51 A(S2 A Sg))

Embedding is important for procedure calling. We model a procedure
by simply associating a statement with a procedure name, e.g.,

Proc = (varwv-5S).
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Calling a procedure is then modelled by embedding the statement associated
with the procedure name in the appropriate place:

T;(var u- Proc);U = T;(embedu - S);U.

Embedding allows us to use the same procedure in different program variable
contexts.

Extension and modification

Given a statemer(var v - S;), we can use the product operator to extend
it's functionality with a statement,:

(var v -S7) extn (var (v,w) — w - S3)
= ((var (v,w) —v-v:=wv);(varv-Sy)) A (var (v,w) — w- Sa).

Here, S, may add extra program variables which it writes to, as well as
being able to read the variables $f Extension ofS; by .S, is sometimes
known as superposition. As an example, we have:

(varz-x:=¢€) extn (var (z,y)—y-y:=x+vy)
= (var (z,y) - z,y :=e,x+y).

The product operator can be used to modify an existing statement. Sup-
pose we wish to modifyvar « - S1) so that the value it writes to variables
v is determined byvar v — v - S3) instead. This is achieved as follows:

(var w-S1) mod (var u +— v - Sa)
= (((varu-Sy);(varu—v-0:=7)) A (varu+— v-S2));
(var (v,v) — u-u:=u)

where T =u\ v.
For example,

(var (z,y) - x,y :=d,e) mod (var (z,y)+— z-x:= f)
= (Var (x7y)'$7y:: fve)'

Both extension and modification preserve refinement of their operands.
In [3], we describe a summation operator, a categorical dual to the product
operator which is shown to model late-binding of procedures. This opera-
tor in combination with extension and modification can be used to model
inheritance in object oriented programming [3,19].
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var m : Int

M = initially m := 0

~ | actiona: m=0—m:=1

action c : m=1—m:=0
var n : Int

= initially n :=0
action b : n=0—n:=1
action c: n=1—n:=0

Fig. 2. Example action systems

Composing action systems

Theaction systenfiormalism of Back and Kurki-Suonio [4] uses predicate
transformers to model parallel programs. An action system consists of a
state space determined by some program variables, an initialisation predi-
cate transformer, and a set of action predicate transformers. Execution of an
action system proceeds by firstly executing the initialisation, then, repeat-
edly, executing an enabled action (an actibis enabled whepd A holds).
Typically, an action is written in the forrfvar v - ¢ — S), whereg is a
boolean term, and

o~

(varu-g — S) (var u - [g]; S).

In the case tha$ is always enabled, i.egd S = T, then
gd(varu-g — S) = (varu-g).

Figure 2 gives two examples of such action systems.

Two action systems may be composed in parallel by forming the union
of their program variables, composing their initialisations such that they are
executed simultaneously, and forming the union of their actions. Embedding
is used to embed the actions in the composite state space. Conventionally,
the initialisations are demonic updatds], [/2], and their composition is
simply [I; A I2]. The product operator provides a way of composing more
general initialisations achieving the same effect.

In[7], a correspondence between action systems and Hoare's CSP [13]is
described. Based on CSP parallel composition, a version of parallel compo-
sition of action systems is introduced in which commonly labelled actions
from the respective action systems are composed such that they are exe-
cuted simultaneously. This represents synchronised updating of states, and
can be modelled using the product operator. To combine the action systems
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M and N of Figure 2, the action labelledfrom both M and A must be
synchronised:

m=1—m:=0) A (n=1—n:=0)
= m=1An=1—m,n:=0,0.

The synchronised parallel composition of action systdrhand\ is then:

var m,n : Int
initially m,n := 0,0

M| N =] actiona: m=0—m:=1
action b : n=0—n:=1
action c : m=1An=1—m,n:=0,0

Superposition refinement of action systems is described in [5], where
superposition on individual actions is described in terms of sequential com-
position. Our extension operator could be used instead.

8 Conclusions

We have investigated the fusion and product operators for predicate trans-
formers showing that they satisfy a variety of algebraic laws and have sev-
eral important applications. These algebraic laws describe properties such
as how the operators preserve refinement and distribute through existing
constructors of the refinement calculus. The operands of the fusion operator
may write to the same final state while those of the product operators write
to separate final states; this means that the fusion operator may introduce
miraculousness while the product operator never does,/Aegreserves

L -homomorphism, while> does not.

Our fusion operator is useful as an operator for conjoining specifications
that, mostimportantly, is refinement preserving. It compares favourably with
some alternative definitions since it may be applied to disjunctive as well
as conjunctive commands and it allows the termination condition of one
command to be assumed when refining the other. Furthermore, we found it
easier to prove certain properties of the fusion operator (e.g., Theorem 10)
than of the product operator. Thus the fusion operator served as a useful
vehicle for developing properties of the product operators.

We showed that the product operator models simultaneous execution of
statements and that, combined with projection updates, it can be used to
embed small programs (e.g., procedures) into larger contexts. Simultaneous
execution and embedding are also important for composing action systems.
Of course, the idea of using categorical products as models of simultaneous
execution in programming languages is not new (see, for example, [15]).
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Some of the theoretical results for the product operator may be found in
[25] and [18], in particular, the preservation of junctivity. We have gener-
alised these definitions to include the fusion operator. Also our approach is
different: we develop a product operator for predicates and use properties
of this when reasoning about predicate transformers, whereas Martin [18]
uses a categorical construction that promotes products and co-products in
the category of functions to the category of relations and then to the category
of predicate transformers, and Naumann [25] takes a more direct approach
working within the category of predicate transformers. The lifting of the op-
erators to the program variable level, and the theorems about the distribution
of the fusion and product operators with specification statements (e.g., The-
orem 10) are ours. We believe that the extension and modification operators
are new in the theory of predicate transformers as is the fusion operator.

Our derived product agrees with Abrial’'s parallel operator [1] on con-
junctive commands. However, unlike Abrial’s, our operator can also be ap-
plied to disjunctive commands and in Section 6 we showed that this allowed
us easily to work with the least data refinement of products which provides
a rich environment for reasoning about data refinement.

In [3], we describe a summation operator, a dual to the product opera-
tor. This operator is shown to model late-binding of procedures. It is also
shown to be a special case of the existing choice operators of the refinement
calculus; to that extent it is not an extension of the existing calculus, unlike
the fusion operator.

Hoogendijk and Backhouse [14] have investigated products of relations
and shown them to satisfy similar distributivity properties as our operator on
predicate transformers. However, with a relation one has to choose between
whether its domain represents termination or guardedness, and whether non-
determinism should be demonic or angelic, whereas all of these possibilities
may be modelled with predicate transformers, i.e., relai@an be embed-
ded into the appropriate predicate transformer lattice in at least four different
ways:

[P),  {dom P};[P],  {P}, [dom PJ;{P}.

The higher order logic we use is equivalent in expressive power to set
theory. For example, predicates could be modelled as sets and predicate
transformers as functions from sets to sets. Indeed this is the approach taken
in [1,25]. We prefer to work with higher order logic since it ties in with an
on-going effort [8] that we have been involved in on providing tool support
for program refinement using the HOL theorem-proving system [11].

Traditionally, reasoning about weakest precondition formulae tends to be
carried out at the predicate and predicate transformer levels without ever in-
troducing explicit state to work at the boolean level. However, we could only
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carry out certain proofs at the boolean level, e.g., Theorem 10, so having all
three levels gave us more freedom. Although we made minimal assumptions
about the structure of the state, we are able to deal with program variables in
the conventional fashion by introducing a simple layer of syntactic sugaring.

Appendix: Proofs

Lemmal7 Forp1 : PFl,pQ P Iy, <7T1>p1 A <7'('2>p2 = p1 X p2.
Lemma 18 For projectionsry, o,

[ s (m) = skip,  (m)i[m skip,

<
[y ']; (o) = skip, (ma);[my 7] <

skip.
Lemma 19 For ¢1, 2 : P X1 x Xo, [ﬂ'fl] qQ X [ng] e < q Ago.
Theorem 6For Sy : X +— I, So: X+ 15,
S1 Sy = Sy; [t @ S [my ).
Proof. Forq : P (I x I}),

(Si;[r11] © Saslmy]) g
=Caq,@2: P x D) [ Age < q- (St @) A (2 [m5 '] 42)
< {Lemma19

Gar,q2: P (I x ) | [y X[y Hge < q- (i [m1 ) a1)

A (S2; w5y g2))

< {takeq; = [m 'la1, g = [m; a2}

Gar:PIis ¢o: PIo | gy x g5 < q-S1qp N S245)
=(S1A52)¢q

(S1AS8y) g
=3 :Pl; 2P| xqg<q-S1q1 N S2g2)
= {Lemma 1%

(Fq1 = PIv; q2:PIo| (m)g A (m2)g2 < q-Siqi N S2q2)
= {Lemmal§

(3q1 : PI; qe:Plo| (m)qr A (7T2>Q2 <q-

(St [ s (1) @u) A (S2; [y ' (2) g2))

< {takeqy = (m1)q1, ¢ = (m2)q2}

(3a1,42: P (I x I2) [t Ada < g+ (Ss[rr ] a1) A (S2[m3 '] ¢3))
= (S1;[m '] © Sa;[my ') q. -



946 R.-J. Back, M. Butler

Theorem 9For predicate transformers; and.Ss, S; ® S, solves:

{halt S9}; 81 < X (4)
{halt Sl};SQ < X, (5)

and furthermore, for any conjunctivé that solves (1) and (2),

S105 <Y. (6)

Proof. Firstly, S; ® S2 solves (4):

(S1©82)q=3q1,2:PI' |1 ANg2 < q-S1q1 N Sa2ge)
> S1g N ST
={5T}:S1q.

Similarly, S; ® S solves (5). FinallyS; ® S, satisfies (6):

($1082)¢=CBq,¢2:PI' |1 ANg2 < q-S1q1 N S2q2)
< {Y satisfies (4) and (5)
G, 2Pl aihge<q-Yq N Ygo)
= {Y conjunctivg
Gq,02:PI'|qiNge <q-Y(q1 A q))
< {Y monotoni¢
Y q. O

Theorem 10For relationsP, Q) : X «» I', and predicate®, q : P X,

{r} [Pl © {g} QI ={pAg}[PAQ]

Proof. Itis easy to show thafp A ¢}; [P A Q] solves (4) and (5), thus by
Theorem 9{p}; [P] ® {¢};[Q]) < {pAq};[PAQ]. Toshow the reverse,
we haveforr : PI', o: X,
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{pAnah[PAQlIro

= {by definition}

poAqoAN(No' :T-(Pod )N (Qod')=rod)

= {pointwise extensioh

poANgo AN((A':T-Pod') N(Ad:T-Qaod’) <)

— [ WhEIPIO T Pod)o
=poANo': ' (Pood' )=\ :"-Pod')d)
=poA(No':T'-(Pood')=(Pod))
=po }

{p};[Pl(M\o’: - Pod')o A
{h1Q O T Qoo A
(X' :T-Pod)ANNo' :T"-Qod’) <)
= {take¢1 =o' :['-Pood'),go=(No':T"- Qo) }
Caqu:PI (A <) AMph[Pla o A{a}; Q) g2 0)
= Ca,q1: P lang<r-{phPla A {a};[Qa) 0
= ({ph [Pl © {g}:[Q] ) r o O

LemmalSForP1:EHF1,P2:E<—>F2,Q1:F1 H@l,QQZFQHQSQ,

(Pr A Py); (Q1®@Q2) = (Pr1;Q1) A(Py; Q2).
Proof.

(PL AP (Pr®Q2) o (¢1,02)
=G, 72 (PLAR) o (1,72) A (Q1®Q2) (11,72) (61, ¢2))
=G Pion A Proy ANQimé1 A Qe ¢2)
=@n-Pionn AQimd) A (T Paoye A Q2 ¢2)
Pi;Q10¢1 N Po;Q2 0 ¢
= (P1; Q1) A(P2;Q2) 0 (91, $2) O

This leads easily to the following lemma:
Lemma 20 For conjunctiveSs, So, universally conjunctivdy, Ts,
(Sl ASQ) ; (Tl ®T2) = Si;T1 A So;Ts.

Theorem 16Assumexhastheforr{ P, ® P»}.Leta; = {P1}, a2 = {P»}.
Then for conjunctivesy, .So,

a; (S1AS2);a" < (a5 S1;a)) A (05525 a5)
a; (T1 @ T2);a" < (a1;T1;07) @ (ag; Tos ).



948 R.-J. Back, M. Butler
Proof. First:
o ={P®P}"

=[(PL@Py)"]

= [Pl_l ® Pz_l]

=[P ® [Py

=a] ® o
Then:

a; (S1AS2);a" = a; (S1AS2); (o] ® as)

=  {Lemma 2047, o universally conjunctivg
a; (Si;a] A Syah)
<  {Lemma 14, « disjunctive:

. . T . . T
a;S1;0] A w82 a4

Next:

Qg

(i @Th);a" =a; ((m); Ty A (m2);To);a"
<  {Above}
a; (m); T o] A o (ma); To; oy
< {SinCG{P1®P2};<7TZ'> < <7T1>,{1D2}, iEl..Q}
(m);a1; Ty A (m); az; Ty ag
=a;; T 01 © az; T 0 O
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