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Abstract

Certain upper triangular matrices, termed as Parikh matrices, are often used in the combina-
torial study of words. Given a word, the Parikh matrix of that word elegantly computes the
number of occurrences of certain predefined subwords in that word. In this paper, we com-
pute the Parikh matrix of any word raised to an arbitrary power. Furthermore, we propose
canonical decompositions of both Parikh matrices and words into normal forms. Finally,
given a Parikh matrix, the relation between its normal form and the normal forms of words
in the corresponding M-equivalence class is established.

Mathematics Subject Classification 68R15 - 05A05

1 Introduction

The problem of finding the optimal number of subwords of a word needed to completely
determine that word still remains open [11]. In the spirit of solving this problem, Mateescu
et al. introduced Parikh matrices in [12] by generalizing the classical Parikh vectors [14]. In
general, the Parikh matrix of a word is an upper triangular matrix which contains the number of
occurrences of certain predefined subwords of that word. Despite storing more information
about a word, not every Parikh matrix uniquely determines a word. Nevertheless, Parikh
matrices and their variants [3,7-9,20] have opened up the door to various new investigations
in the combinatorial study of words (for example, see [1,2,4-6,10,13,15,16,18,19,21-27]).
Repetition in words has been intensively studied in the literature and it dates back to the
works of Thue in the early 1900s. Often in the literature, a word is expressed as the power
of another word; for instance the word murmur can be written as (mur)z. In this paper, we
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deal with such powers of words in relative to Parikh matrices. Our main contributions would
be as follows:

(1) A general formula to obtain the Parikh matrix of any power of a given word;

(2) A normal form of an arbitrary Parikh matrix (respectively word) obtained by decom-
posing that matrix (respectively word) in terms of powers of other Parikh matrices
(respectively words).

The remainder of this paper is structured as follows. Section 2 provides the basic termi-
nology and preliminaries. Section 3 deals with Parikh matrices of powers of words. Apart
from presenting a general formula to obtain such Parikh matrices, the properties of these
matrices are studied as well. In the next section, we propose a normal form of Parikh matri-
ces sustained by a canonical decomposition. An algorithm to obtain this normal form is
presented for Parikh matrices over the binary alphabet. Section 5 proposes a normal form of
words, analogous to the one for Parikh matrices. The relation between the normal form of an
arbitrary Parikh matrix and the normal forms of the words represented by that matrix is then
established. Our conclusions follow after that.

2 Preliminaries

The set of all positive integers is denoted by N.

Suppose X is a finite and nonempty alphabet. The set of all words over ¥ is denoted
by X* and A is the unique empty word. Let =% denote the set Z*\{A}. If v, w € Z*,
the concatenation of v and w is denoted by vw. An ordered alphabet is an alphabet ¥ =
{ay, aa, ..., ag} with an ordering on it. For example, if a1 < ay < --- < ag, then we may
write ¥ = {a; < a» < --- < az}. For convenience, we shall frequently abuse notation and
use X to denote both the ordered alphabet and its underlying alphabet.

A word v is a scattered subword (or simply subword) of w € X* if and only if there exist

X15X2, ey Xns YO, V1, --+» Yn € X* (possibly empty) such that v = xjxp---x, and w =
YOX1Y1 - Yn—1XnYn. If the letters in v occur contiguously in w (thatis y; = yp = --- =
Yn—1 = M), then v is a factor of w. The number of occurrences of a word v as a subword of

w is denoted by |w/|,. Two occurrences of v are considered different if and only if they differ
by at least one position of some letter. For example, |abab|,, = 3 and |abcabc|qpe = 4. By
convention, |w|, = 1 for all w € *. The reader is referred to [17] for language theoretic
notions not detailed here.

For any integer n > 2, let M,, denote the multiplicative monoid of n x n upper triangular
matrices with nonnegative integral entries and unit diagonal. For a matrix X, we denote its
(i, j)-entry by X; ;.

Definition 2.1 Suppose ¥ = {a] < ap < --+ < ay} is an ordered alphabet, where s > 2.
The Parikh matrix mapping with respect to X, denoted by Wy, is the morphism
\I/)] . 2* — MSJ,_]

defined as follows: Wg(X) = [;11; if Wx(ay) = M, then M; ; = 1 foreach 1 <i <s+1,
M, 441 = 1 and all other entries of the matrix Wy (a,) are zero. Matrices of the form Wy (w)
for w € X* are called Parikh matrices. We denote by Py, the set of all Parikh matrices with
respect to X and let ’P; = Ps\{Lli+1}.

Theorem 2.2 [12] Suppose X = {a| < ap < --- < ay} is an ordered alphabet and w € X*.
The matrix Wy (w) = M has the following properties:
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e M;;=1foreachl <i <s+1;
e M;j;=0foreachl < j <i=<s+1;
o M j+1 = |Wlga; a; foreachl <i < j <s.

Remark 2.3 Suppose ¥ = {a; < ay < --- < as}. The Parikh vector W (w) =

(Iwlays [Wlags - - -+ lwlg,) of @ word w € X* is contained in the second diagonal of the
Parikh matrix Wy (w).

Example 2.4 Suppose ¥ = {a < b < ¢} and w = ababcc. Then

Vs (w) = Vs (@)W (b)¥s (@) Vs () Vs ()W (c)

1 1.0 0\/1L 0 0 0 1 000

o 1 0 0]]o 1 1 0 01 00

“lo o 1 o]lo o 1 0 00 1 1
000 1/\o 001 00 0 1
I 2 3 6 1wl wlas  |wlase

oot 2 4] oot wlh (wlee

“lo o 1 2T lo o 1 |w|c
00 0 1 0 0

The following is a basic property used to decide whether a matrix in M3 is a Parikh
matrix.

Theorem 2.5 (see [13]) Suppose M € M3. The matrix M is a Parikh matrix if and only if
M3 < M- M.

Definition 2.6 Suppose X is an ordered alphabet. Two words w, w’ € X* are M-equivalent,
denoted by w =y w', iff Ug(w) = ¥s(w'). A word w € ¥* is M-ambiguous iff it
is M-equivalent to another distinct word. Otherwise, w is M-unambiguous. We denote the
M-equivalence class of a word w € £* by Cy,.

3 Powers of Parikh matrices

The following result can be used to compute any power of a given matrix in M, where
integer n > 2. In particular, since every Parikh matrix is a matrix in M, for some integer
n > 2, this result can be applied to it as well.

Theorem 3.1 For every integerm > 1, n > 2, and X € M,,

Jj—i (m R . ; ; i
o () Z Xit Xiyho - Xtyyj i 1=i<j=mn,
i<ky<ky<--<ki_1<j
(Xm)i,j = understood to be X; j when t=1
1 if 1<i=j<n,
0 if1<j<i<n.
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Proof We prove by induction on the power m. The base step is obvious. For the induction
step, we only consider the case i < j as the other two cases trivially hold. We have

(X" =D (X™iiX0 ()

=1

J
=Y (X™iiX1;
I=i

j—1
=Xij+ Y (XMiXj+ X"
I=i+1

Now,

I=i+1 I=i+1 | t=1 i<ky<ky<--<ki—1<l

i1 J=b | I=i
m
dXMiXy= Y ([> > Xido Xiey o+ Xy | Xnj ()

Z Xigy Xbeydy o Xbey_y 1 X0,

I=i+1 t=1 i<ky<ko<--<ki—1<l

j—i—1 j—1
2 S [ TS S TRy

i<k1 <k2<-~-<k;,| <l

Xiki Xk ko -+ Kooy ,1X1,

|
I
—
- 3
~—
]

I=i+t i<ki<ky<--<ki—1<l

j—i—1
m
= (t) Z Xidy Xbey ey Xy 1.1 X1,j

i<ki<ky<--<ki_1<l<j

j—i—1
m
<t> > Xidy Xy ey = Xy j

i<ki<ky<--<ki<j

j—i
m
= (t _ 1) > Xiky Xiyky = Kby,

i<ky<ky<--<ki_1<j

N
||
(3]

j—i
m
—Xij+) (t B 1) > Xidey Xy ky = Xy -

t=1 i<ki<kp<--<ki—1<j

(The third equality is obtained by interchanging the order of summation.) Since (m;rl) =

(le) + (';’), the induction step is complete because by combining (x) and (sx), we have

Jj—i
m m
N ARG BT T e

t=1 i<ky<ky<--<ki_1<j
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Since every Parikh matrix is in M,, for some integer n > 3, the Parikh matrix of a word
to the power of m (where m is a positive integer) can be computed by Theorem 3.1. The
following example illustrates this.

Example 3.2 Consider the word abb in {a < b}*. Suppose m is a positive integer. Then the
Parikh matrix of the word (abb)™ can be computed as follows:

1 1 2\"
Us ((abb)™) = (U (abb)" =0 1 2
0 0 1
1 m-1 m-24(5)-1-2
=[0 1 m-2
0 0 1
1 m m*+4+m
=10 1 2m
0 0 1

Definition 3.3 Suppose m and n are positive integers such that n > 2. We define the function
fm i My = M, by [ (X) = X" forall X € M,,.

If X is a Parikh matrix, then clearly f,,(X) is a Parikh matrix as well. However, the
converse is not necessarily true. In fact, the following is a consequence of Theorem 2.5 and
Theorem 3.1 for the binary alphabet which can be used to determine whether f;,(X) is a
Parikh matrix.

1xz

Proposition 3.4 Suppose X € M3 andm is a positive integer. Let X = | 0 1 y |. The matrix
001

X" is a Parikh matrix if and only if either of the following holds:

(1) Ifeither x ory is zero, then z = 0

|
(2) Otherwise if both x and y are nonzero, then ha < n ;— .
Xy

Proof The biconditional holds trivially for (1), thus it remains to show (2). By Theorem 3.1,
m(m — 1)
> v
my
00 1
matrix if and only if

1 mx mz +

we have X" = | 4 . By Theorem 2.5, the matrix X™ is a Parikh

m(m — 1)
mz + fxy < mx-my.

m+1

The above inequality can be reduced to = < , thus the conclusion holds. O
x

The following is immediate by Proposition 3.4.

Corollary 3.5 Suppose X is an ordered alphabet with | 2| = 2. For every matrix X € M3
with nonzero entries above the main diagonal, there exists a positive integer M such that
XM e Pg for all integers m > M.
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129 1 8 60
Example 3.6 LetE = {a < b}.Considerthematrix X = [0 12 ].ThenX*= |01 8 | €
001 00 1

Px. It can easily be checked by using Theorem 2.5 or Proposition 3.4 that X" ¢ Py, for all
integers | < m < 4. An example of word w € X* with Uy (w) = X*isw = a’b*ab*.

The following result shows that for every positive integer m, the function f;, is injective.

Theorem 3.7 Suppose m is a positive integer and X,Y € M, for some integer n > 2. If
X" =YY" then X =Y.

Proof Suppose X" = Y. We prove by strong induction that the second diagonal, the third
diagonal and so forth of X and Y are equal, thus X = Y. For the base step (corresponding to

the second diagonal), we need to show that X; ; = Y; ; whenever j —i = 1. (It is understood
that 1 <iand j <nmusthold.) Fix 1 <i <n —1.By Theorem 3.1, (X"); ;41 = mX; i41
and (Y™); j+1 = mY; ;4+1. Since X™ = Y™ it follows that X; ;11 = Y; i+1.

For the induction step, we need to show that X; ; = Y; ; holds whenever j —i = N + 1,
assuming that (X); j» = (¥); j» whenever 1 < j —i <N.Fix1<i<n-—N—1andlet
j =i+ N+ 1. By Theorem 3.1,

j=i
m
X™ij=> <t> > Xik X ko = Xy,

t=1 i<ki<ky<--<ki—1<j

Therefore,

j—i
m
Xij :(X’")[,j—2<t> > Xiky Xbey k= Xy j

t=2 i<ki<ky<--<ki—1<j

j—i
m
SGOTED B 3 I D A P e

t=2 i<ki<ky<--<ki—1<j

thus the proof is complete. (Note that the last equality holds by our induction hypothesis and
the assumption that X" = Y™.) m}

Corollary 3.8 Suppose X is an ordered alphabet with |X| > 2 and v, w € X*. Then either
of the following holds:

(1) v™ =p w™ for all positive integers m;
(2) v™ #py W™ for all positive integers m.

Proof If v =y w, it follows trivially that v™ =), w™ for all integers m. Hence, it suffices
to prove that if there exists an integer m > 2 such that v =), w™, then v =) w. Suppose
v =) w™ for some integer m > 2. Then (W (v))" = Uy (V™) = U (w™) = (Vs (w))™.
Since Vs (v), ¥5(w) € M|x|+1, by Theorem 3.7, we have Wx(v) = Wx(w) and thus
V= W. [m}

We end this section by the following observation on the M-equivalence class of an arbitrary
power of any word.

Proposition 3.9 Suppose X is an ordered alphabet with |X| > 2 and w € X*. For every
positive integer m, we have |Cym| > |Cy|™.
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Proof Fix a positive integer m. If w; =p w for all integers 1 < i < m, then w™" =

WWW W=y wiwy - Wy Thus, [Cym | > [Cy|Cy| - -+ [Co| = |C|™. o
—— —_—
m times m times

Remark 3.10 Suppose X is an ordered alphabet with |Z| = 2, w € 7 and m is a positive
integer. If |Cyym | = |Cy|™, then |Cy,| = 1. The converse however does not hold. For instance,
let w = aba (clearly, |Cy| = 1). Then, C,» = {abaaba,aabbaa,baaaab}, therefore
|Cp2| = 3.

4 A normal form of Parikh matrices

Suppose X is an ordered alphabet. In this section, given a Parikh matrix M € Py, we aim to
decompose M into a product of some other Parikh matrices, each raised to a certain power.
For Parikh matrices with entries large enough, the following decomposition is interesting.

Definition 4.1 Suppose X is an ordered alphabet with || = s and M € P; .

e Define u(M) =max{n e N| M = A - B" forsome A € Py and B € Pg}.
e Define o (M) to be the sum of the entries in the second diagonal of M.
e Define v (M) as follows:

— if w(M) = 1, then ¥ (M) is defined to be the minimum element of the following set:
{oc(B) | B € "P; and M = A - B for some A € P;} with u(A) # 1},

provided it is nonempty; otherwise, it is defined to be o (M);
— if w(M) > 1, then ¥ (M) is defined to be the maximum element of the following set:

{o(B)| BePyandM = A - B*M) for some A € Ps).

e Define Sy = {(A, B, u(M)) | A € Py and B € Py with M = A - B*™) and 0(B) =
O (M)}

Let k be a nonnegative integer. For every integer 0 < i < k, suppose B; € Py and n; € N.
We say that BZ"’ B,:lf’ll e Bgo is a rl-Parikh normal form of M if and only if the following
holds:

Let Ag=M,A; = B*B,*|' - B" (1 <i <k)and Agy1 = I 4.
Then (A;41, B, n;) € Sy, forall0 <i < k.

Equivalently, we say that M is rl-Parikh normalized to the form B;* B;* " - B;°.

Remark 4.2 The requirement B € P'{ in the first item of Definition 4.1 eliminates the trivial
decomposition of a Parikh matrix M into M = M - I, | at each stage as n does not have an
upper bound in this case.

Remark 4.3 Suppose X is an ordered alphabet and M € Py. Let B/*B*|'--- B" be a

rl-Parikh normal form of M. For any integer 0 < i < k, the form B,:’kB,ff‘]‘ Bl isa
rl-Parikh normal form of the matrix B,:”‘ B,’:k_’ll e B;1 i

Remark 4.4 Suppose X is an ordered alphabetand M € P; IfM = A-B" forsome A € Py,
B e Pg and positive integer n, then u(M) > n.
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One can see that the r/-Parikh normal form of a Parikh matrix is not necessarily unique.
For a trivial example, let ¥ = {a < b} and consider the word w = abba. Then, the
matrix Wy (w) has two rl-Parikh normal forms, which are Wy (a)[Wyx b)*¥yx(a) and
Wz () [ Vs (@)]* Vs (b).

The following is a feasible approach to find the Parikh normal form(s) of a Parikh matrix
for the binary alphabet. (Here, we are only interested in “nontrivial” cases where both entries
in the second diagonal are nonzero.)

lut
At each stage of decomposition, given a Parikh matrix M = | 0 1 v | with integers
001
lpr l1xz
u, v > 0, we aim to find two other Parikh matrices A= [0 1 g | and B= |0 1 y | such
001 001

that for some positive integer n, we have M = A - B" where (A, B,n) € Sy.
1 nx nz + (5)xy

By Theorem 3.1, we have B” = |0 1 ny , thus it follows that A - B" =
00 1
1 p+nx r+nz+npy+ (5)xy
0 1 q + ny . Since M = A - B", the following system holds:
0 O 1
p+nx =u,
q+ny=v,

r +nz+npy + (;)xy =1.
Furthermore, by Theorem 2.5, we have
r<pq,7=<Xxy.

We propose the following algorithm to find the solution to the above system.

Algorithm 1 Decomposition of a Parikh Matrix M into A - B" where n is maximal (for the
binary alphabet)

1: begin

2: n < max{u, v}

3. Z < {}

4: X < {(x,y)|x,y>0,u—nx>0, v—ny >0}
5: while X # {} do

6:  choose (x,y) € X

T X < X\{(x,»)}

8 p<«u—nx

9: g < v—ny

10 Y < {(r,2)|0<r <pq, 0=<z<xy, r+npy+nz+(g)xy:t}
11:  if Y # {} then

12: for every (r,z) € Y do

13: Z<«—ZU{n,p,q,r,x,y,2)}

14: if Z = {} then

15 n<n-1

16:  goto 4

17: else

18:  return Z

19: end
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Clearly, each z € Z corresponds to some A € Py, B € P'{ and positive integer n such
that M = A - B" and n = p(M). It remains to choose the triplet(s) (A, B, n) satisfying the
equality o (B) = (M) (see Definition 4.1).

Example 4.5 The Parikh matrix

1 8 16
M=|0 1 3
0 0 1
has the following Parikh normal forms:
11 o\* /1 0o o0\ /12 1\
() o 1 0 0 1 1 o1 1];
0 0 1 0 0 1 0 0 1
2 2 2
1 1 0 1 00 1 10 1 2 2
2 (0 1 0 0 1 1 01 0 0 1 1
0 0 1 0 0 1 0 0 1 0 0 1

Theorem 4.6 Suppose X is an ordered alphabet. If w € X* is M-unambiguous, then the
rl-Parikh normal form of Wy (w) is unique.

Proof Suppose w is M-unambiguous and let Wy (w) = M. We argue by contradiction.

Assume there exist two distinct r/-Parikh normal forms of M ; let them be B,:”‘ B,’:ﬁ’ll cee B(')”’
and C; i Cm’ '...Cy'° respectively. Since they are distinct, it follows that there exists an

mteger 0< l < rmn{ J, k} such that

(1) n; =m; and B; = C; for all integers 0 <i </ —1;
(2) ny #myor B # Cy.

Let A= B"'B/"5 - By" = C,"['C/"5---Cy°, B = B*B*}' -+ B/ and C' =
ka’ Cm’ b Clm’ .Then, we have B’-A = M = C’- A. Since Parikh matrices are invertible,
it follows that B = C’. By Remark 4.3, it holds that n; = w(B’) = w(C’) = m; and
o(B;) = %(B") = 9 (C") = o (Cy). Since n; = my, by (2), it must be the case that B; # C;.

Let v,V € T be such that Wy (v) = B; and W5 (v)) = C;. Note that v # v because
B; # C;. Also, |v| = |v/| because o (B;) = O’(C[). Letu,u’, y € ¥* be such that ¥y (1) =

m; m;
BB B Ws ) = €/ C - and W (y) = A. Then, Wy (uvy) =
BA=M=CA=Vsuy). Slnce |v| [v/| but v # v/, it follows that uvy and u’v’y
are distinct words. However, this gives us a contradiction as w is M-unambiguous. Thus our
conclusion holds. m]

Our final result in this section is a characterization of the following class of Parikh matrices.
One can see that this class of Parikh matrices arises naturally by Definition 4.1.

Definition 4.7 Suppose X is an ordered alphabet and M € Px. We say that M is a primitive
Parikh matrix if and only if the only r/-Parikh normal form of M is M itself.

Theorem 4.8 Suppose X is an ordered alphabet and M € Pyx. The matrix M is a primitive
Parikh matrix if and only if every w € X* with Wy (w) = M is square-free.

Proof This is straightforward by Definitions 4.1 and 4.7. O
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5 A normal form of words

In this section, we introduce a notion analogous to the one in Sect. 4—in the perspective of
words.

Definition 5.1 Suppose ¥ is an alphabet and w € =T,

e Define R, = {(u,v,n) € Z* x LT x N | w = uv"}.
e Define T(w) = max{n € N | (u,v,n) € R, forsomeu € £* andv € £T}.
e Define 6 (w) as follows:

— if (w) = 1, then 6 (w) is defined to be the minimum element of the following set:
{lv] | ve =t and w = uv for some u € = with t(u) # 1},

provided it is nonempty; otherwise 0(w) = |w]|.
— if 7(w) > 1, then #(w) is defined to be the maximum element of the following set:

{lv] lve =t and w = uv™™ for some u € =1},

e Define p(w) = (', v/, T(w)) to be the unique triplet in R, such that |[v'| = 6 (w).

e Let wo = w and (wy, vo, ng) = p(wp). For all integers i > 1 and while w; # A,
recursively define (w1, vi,n;j) = p(w;). Let k > 1 be the largest integer such that
w # A

We say that v;* v, - - - v° is the rl-Parikh normal form of w, denoted by Pn, (w). Equiva-
no

lently, we say that w is rl-Parikh normalized to the form v}*v;* 7" - - - vg°.
Remark 5.2 The requirement v € =7 in the first item of Definition 5.1 eliminates the trivial
decomposition of a word w into w = w - A" at each stage as n does not have an upper bound
in this case.

Remark 5.3 Suppose ¥ is an ordered alphabet and w € £F. Let Pn, (w) = v*v;* ' -+ 0.

: : Nk, Nk—1 niN o __ Mk k=1 N
For any integer 0 <i <k, Pn,(v," v, =, -+ v;') = v, v, v; '

Remark 5.4 Suppose X is an ordered alphabet and w € ©T. If w = uv" for some u € X*,
ve Xt and positive integer n, then 7(w) > n.

Example 5.5 Suppose ¥ = {a,b,c}. Then, we have Pn,(bbabbabba) = (bba)?,
Pn, (acccabab) = ac(ab)? and Pn, (cbcbbaabaaba) = (cb)*ba(aba)?. In the last case, it
is understood that the rI-Parikh normal form of the word chbcbbaabaaba is (cb)?(ba) (aba)?
and not (cb)2b'a' (aba)?.

The next theorem establishes a significant relation between the r/-Parikh normal form of
a word and the r/-Parikh normal form(s) of the Parikh matrix corresponding to that word.

Definition 5.6 Suppose X is an alphabet and w, w’ € X* are distinct words such that w and
w' are M-equivalent. Let Pn,(w) = v;*v;*" -+ - vy and Pn, (w') = y;.n’y;?l_ﬁ' <y We
write w < w’ if and only if there exists an integer 0 < N < min{j, k} such that
(1) n;j = m; and v; = y; for all integers 0 <i < N — 1; and
(2) either of the following holds:

(i) ny <my;

(i) ny =my =1and [vy| > |ynl;
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(i) ny =my > Land Juy| < |ywl.

Definition 5.7 Suppose X is an ordered alphabet. We say that the word w is maximal with
respect to the relation < (or simply <-maximal), if and only if there exists no other word
w’ € Cy, such that w < w’.

Theorem 5.8 Suppose X is an ordered alphabet and w € ¥*. Let Pn, (w) = v,':" v,':k_’ll s v(')"’.
If w is <-maximal, then [y (vp)]* [Ws (vk—1)]%-1 - - [Wx (v0)]"° is an ri-Parikh normal

form of Vs (w).

Proof (The notations used here follow from Definitions 4.1 and 5.1.)

Suppose w is <-maximal. Let Ag = Ys(w), A; = [Ys)]™* Vs (vg—1)]* 1
[ ()] (1 < i < k)and Ar41 = Isy1. By Definition 4.1, we need to show that
(Ai+1, Vs (vi), n;) € SAi forall0 <i <k.

Fix an arbitrary index i. To deduce that (A; 41, Wx (v;), n;) € Sa;, we need to show that

(i) Aip1 - [P ()]" = A (i) i = p(Ay); and (i) o (Vs (v)) = P (A).
(i) We have

Aipr - [Ws ()] = [ )™ [Ws (vk—D]" - [Ws (i) P [P (0)]"
Ait

= [Ws ol [Ws (-] - [P ()] = A,

(ii)) We argue by contradiction. Assume n; # w(A;). By definition, if n; > @(A;), then
n; > max{n e N|A; = A- B" forsome A € Py and B € P;:r}. This is a contradiction as
Ai = Aiyr - [ ()™,

Assume n; < w(A;). By definition, there exist A € Py and B € P; such that
Aj = A - B*M) Choose u € ©* and v € £ such that Us(u) = A and Wx (v) = B.
Thus we have Wy (uv*4)) = A; = Wy (v v, - v!"). By Remark 5.3, it holds that

ng, Mk—1 niN o _ Mk k=1
Pn, (v v 2y -y );Ukn?’k—l v - . _
Letw' = uv“(A")viI_]I v vp”. Since uvtAD =y, vFu ol it follows by the

right invariance of M-equivalence that

I A-) ni—1 Nj_2 ny _ no __ ng  Ng—1 ni ni—1 ni—n ny,no __
w _uv“( ! Ui—l vi—2 "'Ul UO =M Uk Uk—l -~-vi’vi_1 vi—2 "'Ul UO = w.

u’

my myr_ no

Let Pn,(w) = y, "y "+ ¥y Since w’ = u'vy’, by Remark 5.4, it follows that
mo > ng. If mg > ng, then by Definition 5.6, we have w < w’ which is a contradiction as w
is maximal. Thus my = ng.

Casel mg=ng = 1.

Since my = 1, by Definition 5.1, it follows that m; = T(y;n/y;ﬁiil . ~y1"') > 1. Thus, by
Definition 5.1 again, it holds that |yg| = 6(w’) < |vg|. If |yo| < |vo|, then by Definition 5.6,
we have w < w’ which is a contradiction. Thus |yg| = |vg].

Case2 mg =ng > 1.

Then, by Definition 5.1, it follows that |yg| = 8(w’) > |vg|. If |yg| > |vo|, then by Defini-
tion 5.6, we have w < w’ which is a contradiction. Thus, |vg| = |yo|.
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In both cases, we have |vg| = [yo|. Since both vy and ygo are suffixes of the word
vt ol g, it follows that vo = yo. Since ng = mg and vy = yo, by simi-
lar argument as above, it can be shown that m| = n| and v; = y;. Arguing continuously like
this, we have y; = vy and my = ny foralli —1 <k <O0.

By our assumption, we have n; < w(A;). Meanwhile by Definition 5.1, we have m; =
(o)) > (A;). Thus, n; < n(A;) < m;. By Definition 5.6, it follows that w < w’
which is a contradiction. Therefore, we conclude that n; = u(A;).

(iii) Note that since the second diagonal of the Parikh matrix of a word contains the Parikh
vector of that word, it follows that o (Wx(x)) = |x| for any x € E*. We now argue by

contradiction. Assume o (Wx (v;)) # U (A;).

Casel u(A;)) =n; =1.
Consider the set

I'={c(B) | B GP; and A; = A - B for some A G"P; with w(A) # 1}

in Definition 4.1.

Case 1.1 The set I is nonempty.
By Definition 4.1, it holds that ¥ (A;) is the minimum element of the set I". Therefore, if
o(¥x(vi)) < 9(A;), then it is a contradiction as A; = A;j4+1 - Us (v;).

Assume o (U (v;)) > 9(A;). Since set I is nonempty, there exist A, B € Pg such that
A;j = A-Bwith u(A) # land o (B) = 9 (A;). Since u(A) # 1, it follows that A = A'-B"™
for some A’ € Py, B’ € P5 and integer n’ > 1. Choose ' € * and v/,v € £ such
that Us (') = A’, W5 (v/) = B’ and Wx(v) = B. Thus we have Uy (/v v) = A; =
Wy (vFv* -+ vp). Note that [v] < |v;| because

vl =0 (Vs () =0(B) =0(A;) <o(Wsi)) = |vil.

n; n; . / n Nj— n
Let w’ = u'v™ vu! ol g Since w'v™ v =y vF o v ih vi, it follows by

the right invariance of M-equivalence that

-1, M2 ny o no i1 ni—1 Ni-2 ny ., .no
w' = v o g = ot U Vit Vg iV Y S W

LetPn, (w') = y,, /y,:',lkll -+ ¥o°. By similar argument as in (ii), it can be shown that y; = v;
and mj = nj forall0 < j < i — 1. Now, as for m;, if m; > 1 = n;, then w < w’ by
Definition 5.6 and thus a contradiction. On the other hand, if m; = 1, then since n’ > 1, it
follows that |y;| = 0(u'v ! v) < |v|. Since |v| < |v;, it follows that |y;| < |v| < |v;|. By
Definition 5.6, again it follows that w < w’ which is a contradiction.

Case 1.2 The set I is empty.
Note that A; = [Vg (vp)]* [Ws (vg—1)]"*1--- [Wx(v;)]™. Since n; = 1 and the set I is
empty, it follows that n; = 1 forall i < j < k. Meanwhile, by Remark 5.3, it holds that
Pn, (v} vZ" vt =k UZ" -+ vl". Therefore, since nj = 1 foralli < j < k, it must
be the case that i = k. That is to say, A; = Wy (v;).

Since the set I' is empty, by Definition 4.1, we have ¥ (A;) = o(A;). Then, ¥(4A;) =
o0 (A;) = 0 (Wx(vi)), thus a contradiction.

Case2 u(A;))=n; > 1.
Then, by Definition 4.1, it holds that

Y (A;) =max{o(B) | B € 77; and A; = A - B" for some A € Px}.
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Thus if o (Wx (v;)) > ¥(A;), then it is a contradiction as A; = A;j41 - [Wx (v;)]™.

Assume o (VUx(v;)) < ¥(A;). Let A € Py and B € Pg be such that A; = A - B with
o(B) = 9(A;).Chooseu € £*andv € T suchthat Wy (1) = A and Wx,(v) = B. Thus we
have Wy (uv") = A; = Wy (vi*v;* ] - v!"). By Remark 5.4, it holds that T (uv") > n;.
Assume t(uv") > n;. Then we have uv™ = W' v for some u € * and v € T where
n' = t(uv™). However note that A; = Wy (') - [Wx (v))]" andn’ = t(uv™) > n; = pn(A;).
This is a contradiction by the definition of (A;). Thus t(uv") = n;.

Let w' = uv™ vinfl' v;’fzz -+ v°. Since uv™ =y vZ" vZk:ll e v;”, it follows by the right
invariance of M-equivalence that

Iyl 2y 0 o k—1 M i1 2 g o
W =Uv-v;_ 1V o Vi Vo =MV Vg Vi Vi1 Vio Vp Yy = Ww.

Let Pn, (w') = ka/ y;:}’:l ‘e y6" 0, By similar argument as in (ii), it can be shown that
vk = v and my = ng for all 0 < k < i — 1. Furthermore, we have t(uv") = n; =
T v -0y and [v] > [v;]. Thus by Definition 5.6, it follows that w < w’ which is a
contradiction.

In both cases, we obtain a contradiction. Thus o (Wx (v;)) = ¥ (A;). Since (i), (ii) and (iii)
hold, our conclusion follows. O

Example 5.9 Suppose ¥ = {a < b}. Consider the Parikh matrix M stated in Example 4.5.
That matrix M represents the following M-equivalent words:

aaaaabbabaa, aaaabaabbaa, aaaababaaba, aaaabbaaaab, aaabaaababa,

aaabaabaaab, aabaaaaabba, aabaaaabaab, abaaaaaabab, baaaaaaaabb.
Rewriting the above words in their respective Parikh normal forms, we have

a’b*aba?, a*ba’b?a?, a4b(aba)2, a*bra’b, 61317613(1%1)2
a(aab)?a®b, a*ba’b*a, a*ba*(aab)?, aba’(ab)?, badb?.

Notice that a*b(aba)? and a?ba®(aab)? are the only <-maximal words. Correspondingly,
the only r/-Parikh normal forms of matrix M are

[Ws (@) [Ws (0)][Vs (aba)]* and [Ws (@) [Ws (D)][¥s (a)]* [V (aab)]?,

which are in fact the matrices (1) and (2) in Example 4.5.
The following is the converse of Theorem 5.8.

Theorem 5.10 Suppose X is an ordered alphabet with |£| = s and M € Psx. Assume
B,:”‘ B,tlf’ll ~~~Bg° is an rl-Parikh normal form of M. Suppose w € X* such that w =
vZ" vZk:ll S vgo where for every integer 0 < i < k, we have v; € ©T with Wx (v;) = B;.
Then, Pn,(w) = v* Uzk:]' - vy” and w is <-maximal.

Proof It can be shown that Pn, (w) = v*v;*7' -+ v;® and w is <-maximal by referring to
Definitions 5.1, 4.1, Remarks 4.3, 4.4 and arguing analogously to the proof of Theorem 5.8.
However, the explicit proof of this theorem is not presented here as it resembles that of
Theorem 5.8. O

@ Springer



534 A. Atanasiu et al.

6 Conclusion

We have seen that Parikh matrices are versatile in the study of subword occurrences in words
which are in the form of powers. In fact, by using Theorem 3.1, one can acquire information
on the subword occurrences in arbitrary power of any word by just knowing the base word.
Definitions 4.1 and 5.1 can be modified in a way such that the decompositions commence
from left to right. Accordingly, one could term the corresponding forms obtained as the /r-
Parikh normal forms. For both Parikh matrices and words, it can then be studied to what
extent the r/-Parikh normal forms and /r-Parikh normal forms are related to each other.
Last but not least, Proposition 3.9 is an interesting observation on the study of M-
equivalence of powers of words, which we would further investigate in our future contribution.
For ¥ = {a < b < ¢}, we see that there exists w € X* satisfying the equality |C,2| = |Cy 2
for arbitrary |Cy,| = N. For the case N = 1, consider the word w = abcb while for the
case N > 1, consider the word w = a™~!cb (notice that |C,,| = N). In both cases, we have
[Cp2l = |Cy |2. Thus it is intriguing to know whether the following general result holds:

Suppose ¥ = {a < b < ¢} and w € ¥*. For any positive integer m, there exists
w € X* satisfying the equality |Cym| = |Cy|™ for arbitrary |Cy|.
Acknowledgements The second and third authors gratefully acknowledge support for this research by a

Research University Grant No. 1011/PMATHS/8011019 of Universiti Sains Malaysia. This paper is a part of
the second author’s Ph.D. work.

References
1. Atanasiu, A.: Binary amiable words. Internat. J. Found. Comput. Sci. 18(2), 387—400 (2007)
2. Atanasiu, A., Atanasiu, R., Petre, I.: Parikh matrices and amiable words. Theor. Comput. Sci. 390(1),

102-109 (2008)
3. Atanasiu, A., Atanasiu, R.-F.: Enriching Parikh matrix mappings. Int. J. Comput. Math. 90(3), 511-521
(2013)
4. Atanasiu, A., Martin-Vide, C., Mateescu, A.: On the injectivity of the Parikh matrix mapping. Fund.
Inform. 49(4), 289-299 (2002)
5. Atanasiu, A., Teh, W.C.: A new operator over Parikh languages. Int. J. Found. Comput. Sci. 27(6), 757-769
(2016)
6. Bera, S., Mahalingam, K.: Some algebraic aspects of Parikh q-matrices. Int. J. Found. Comput. Sci. 27(4),
479499 (2016)
7. Cerny, A.: Generalizations of Parikh mappings. RAIRO Theor. Inform. Appl. 44(2), 209-228 (2010)
8. Clark, A., Watkins, C.: Some alternatives to Parikh matrices using string kernels. Fund. Inform. 84,
291-303 (2008)
9. Egecioglu, O.: A g-matrix encoding extending the parikh matrix mapping. Proc. ICCC 2004, 147-153
(2004)
10. Mahalingam, K., Bera, S., Subramanian, K.G.: Properties of Parikh matrices of words obtained by an
extension of a restricted shuffle operator. Int. J. Found. Comput. Sci. 29(3), 403—413 (2018)
11. Manuch, J.: Characterization of a word by its subwords. In: Rozenberg, G. (ed.) Developments in Language
Theory, pp. 210-219. World Scientific Publ. Co., Singapore (2000)
12. Mateescu, A., Salomaa, A., Salomaa, K., Yu, S.: A sharpening of the Parikh mapping. Theor. Inform.
Appl. 35(6), 551-564 (2001)
13. Mateescu, A., Salomaa, A., Yu, S.: Subword histories and Parikh matrices. J. Comput. System Sci. 68(1),
1-21 (2004)
14. Parikh, R.J.: On context-free languages. J. Assoc. Comput. Mach. 13, 570-581 (1966)
15. Poovanandran, G., Teh, W.C.: On M-equivalence and strong M-equivalence for Parikh matrices. Int. J.
Found. Comput. Sci. 29(1), 123-137 (2018)
16. Poovanandran, G., Teh, W.C.: Strong 2 - ¢ and strong 3 - ¢ transformations for strong M-equivalence. Int.
J. Found. Comput. Sci. (in press)

@ Springer



Parikh matrices for powers of words 535

17.
18.

19.

20.
21.

22.
23.
24.
25.

26.
27.

Rozenberg, G., Salomaa, A.: Handbook of Formal Languages, vol. 1. Springer, Berlin (1997)

Salomaa, A.: Criteria for the matrix equivalence of words. Theor. Comput. Sci. 411(16), 1818-1827
(2010)

Salomaa, A., Yu, S.: Subword occurrences, Parikh matrices and Lyndon images. Int. J. Found. Comput.
Sci. 21(1), 91-111 (2010)

Serbanutd, T.-F.: Extending Parikh matrices. Theor. Comput. Sci. 310, 233-246 (2004)

Serbédnutd, V.N.: On Parikh matrices, ambiguity, and prints. Int. J. Found. Comput. Sci. 20(1), 151-165
(2009)

Serbdnutd, V.N., Serbanuta, T.F.: Injectivity of the Parikh matrix mappings revisited. Fund. Inform. 73(1),
265-283 (2006)

Subramanian, K.G., Huey, A.M., Nagar, A.K.: On Parikh matrices. Int. J. Found. Comput. Sci. 20(2),
211-219 (2009)

Teh, W.C.: On core words and the Parikh matrix mapping. Int. J. Found. Comput. Sci. 26(1), 123-142
(2015)

Teh, W.C.: Parikh matrices and Parikh rewriting systems. Fund. Inform. 146, 305-320 (2016)

Teh, W.C., Atanasiu, A.: On a conjecture about Parikh matrices. Theor. Comput. Sci. 628, 30-39 (2016)
Teh, W.C., Atanasiu, A., Poovanandran, G.: On strongly M-unambiguous prints and Serbanuta’s conjec-
ture for Parikh matrices. Theor. Comput. Sci. 719, 86-93 (2018)

@ Springer



	Parikh matrices for powers of words
	Abstract
	1 Introduction
	2 Preliminaries
	3 Powers of Parikh matrices
	4 A normal form of Parikh matrices
	5 A normal form of words
	6 Conclusion
	Acknowledgements
	References




