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Abstract We introduce a linear temporal logic and a first-order logic in the weighted setup
of the max-plus semiring with discounting parameters in [0, 1). Furthermore, we define w-d-
star-free series and counter-free weighted Biichi automata. We show that the classes of series
definable in fragments of the weighted linear temporal logic and first-order logic, the class
of w-d-star-free series, and a subclass of w-d-counter-free series coincide. This extends a
fundamental result, for first-order logic theory, to series over the max-plus semiring with
discounting.

1 Introduction

Linear temporal logic (LTL for short) and its variations play an important role in model check-
ing, especially for practical applications (cf. for instance [2,19,30]). LTL definable languages
are known to coincide with languages definable by first-order (FO for short) logic, star-free
languages, aperiodic languages and counter-free languages. More interestingly, this result
holds for finitary languages, i.e., languages over finite words, as well as for infinitary lan-
guages (over infinite words). These different characterizations of the same class of languages
were proved by several authors; the results for infinite words required more sophisticated
techniques than the ones for finite words. In order to avoid a long list of relative references,
we refer the reader to the excellent survey of Diekert and Gastin [7] (and the references of
that paper).
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62 E. Mandrali, G. Rahonis

Here, we establish the above result (excluding the aperiodic characterization) in the
weighted setup of the max-plus semiring. Our motivation lies in the last years’ increas-
ing interest in the development of model checking tools incorporating quantitative features.
This need, but also the deep theoretical interest, led several researchers to consider quanti-
tative versions of logics. The first achievement was done by Droste and Gastin in [8] (cf.
also [9]), where they introduced a weighted MSO logic over finite words and established the
expressive equivalence of a fragment of weighted MSO sentences and weighted automata
over semirings, i.e., an Elgot and Biichi type result. Weighted versions of MSO logics were
investigated also for other structures like infinite words, trees, pictures, traces, texts. For the
corresponding results and/or references, we suggest Chapters 5, 9, 10, 12 of [10]. Another
extension, of weighted MSO logics, concerns the algebraic structure where the weights are
taken from. More precisely, in [14] the authors considered arbitrary bounded lattices and
recently, in [12], a weighted MSO logic was investigated over structures with operations like
average, limit superior, limit inferior, limit average or discounting.

A quantitative version of the LTL appeared for the first time in [18]. In that paper, the
authors considered a weighted LTL and weighted automata over De Morgan algebras and
presented the translation of such an LTL formula to a weighted automaton. Then, in [14], the
authors considered weighted MSO and FO logic, and weighted LTL over arbitrary bounded
lattices and they showed the aforementioned equivalence for FO and LTL definable, star-free,
and aperiodic series. The considered underlying structure provides an important property:
every recognizable (resp. w-recognizable) series is a recognizable (resp. w-recognizable) step
function. Similarly, any aperiodic series is an aperiodic step function. The “step function”
characterization, on the positive side, permits elegant proofs, but on the other side, restricts
the series to a finite image. In [21] the author introduced a weighted LTL with discounting over
the max-plus semiring Rpyax = (R4 U{—00}, max, +, —oo, 0) and established the translation
of weighted LTL formulas to weighted Biichi automata with discounted behavior. The max-
plus semiring has important practical applications, especially to dynamic programming and
discrete event systems (cf. for instance [1,17]). On the other hand, the discounting method
has been incorporated in automata and tree automata theory [3,5,13,22], in model checking
[6,15], in game theory [27] as well as in equational theories [16].

In this paper, we consider the weighted LTL of [21] and a slight expansion of the weighted
FO logic with discounting (the discounting parameters will be numbers in [0, 1)), as it is
obtained by [13], by adding a discounted first-order existential quantifier. Moreover, we
introduce d-star-free and w-d-star-free series, and counter-free weighted automata as well
as counter-free weighted Biichi automata. The main result of the paper shows that series
definable by formulas in a fragment of our weighted LTL, series definable in a fragment
of our weighted FO logic, w-d-star-free series and a subclass of w-d-counter-free series
coincide. Though we present our results and proofs for infinitary series, one can transform
them, using even simpler constructions, to the finitary case.

In the sequel, we present the structure of our paper. Except of this section, and the prelim-
inary notions in Sect. 2, we introduce the weighted LTL in Sect. 3. As it is already mentioned,
it is the one from [21] but we add a new next operator called boolean since it does not use the
discounting parameters in its semantics. Then, we define the semantics of the weighted LTL
formulas and introduce the fragments of U-nesting and restricted LTL formulas; the first one
is included into the latter. An infinitary series definable by a weighted LTL formula in the U-
nesting (resp. restricted) fragment is called w-ULTL-d-definable (resp. w-rLTL-d-definable).

In Sect. 4, we introduce the weighted FO logic with discounting. In comparison to [13],
we add a new existential quantifier. This in fact gives discounted values of the semantics of
the formula under the quantifier and it is mostly needed for technical reasons. We show in
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Sect. 8, that the addition of this quantifier it is not “too much”, in the sense that its addition to
the weighted MSO logic with discounting of [13], does not change the expressive equivalence
of weighted Biichi automata and weighted MSO logic formulas. We consider a fragment of
our weighted FO logic whose formulas are called weakly quantified and the series definable
by such formulas w-wgqFO-d-definable. The main result of this section states that every w-
rLTL-d-definable series is also w-wqF O-d-definable. In fact, the weakly quantified FO logic
formula corresponding to a restricted L7L formula uses at most three variables.

In Sect. 5, we deal with the notion of star-freeness in the weighted setup. It is well-known
(cf. for instance [7,20,24,28]) that the class of star-free languages over an alphabet A is the
smallest family of languages over A which contains ¥, the singleton {a} for every a € A,
and which is closed under finite union, complementation and concatenation. Furthermore,
the class of w-star-free languages over A is the closure of the empty set under the opera-
tions of union, complement and concatenation with star-free languages on the left. In our
case, for series, we faced the problem of how to determine a corresponding class which
captures the aforementioned features. To be precise, the problem is that the application of
the star-operation (whenever it is permitted) to star-free languages is implemented by the
other operations. But in the setup of series over the max-plus semiring (or over an arbitrary
semiring) the complement operation is not “too strong”. This means, that we had to involve
somehow the +-iteration operation, of course under restrictions. Hence, we defined the class
of d-star-free series as the least class of series which contains the monomials and is closed
under the operations of maximum, sum, Cauchy sum (+44), complement, and +-iteration
applied to series of the form max,c4 ((ka)u) where k, € Ryax. We could extend the appli-
cation of the +-iteration operation to series whose support is a finite pure code (cf. [26]) but
then we could not prove the equivalence to the other characterizations. There is an alternative
definition for the class of star-free languages, using the concept of bounded synchronization
delay (instead of complementation) (cf. [24] and our Sect. 7). But a corresponding definition
for series is not convenient for our scope. In our main result of this section, we show that the
class of w-wqFO-d-definable series is contained into the class of w-d-star-free series.

Section 6 contains the theory of counter-free weighted and counter-free weighted Biichi
automata. Our models are nondeterministic. Recall that a finite (resp. Biichi) automaton is
counter-free if for every state ¢, finite word w, and n > 1, the existence of a path from g to ¢
with label w" implies the existence of a path from ¢ to ¢ with label w. In our weighted models
we had also to take care of the weights of the paths. Hence, we assumed that the maximum
weight of the paths from ¢ to g with label w” is the same with the weight of the path from g to
g with label w" using n-times the w-labelled loop from ¢ to ¢ with the maximum weight. We
consider also simple counter-free weighted (resp. Biichi) automata whose initial distribution
assigns only one weight # —oo, and for every a € A there is at most one weight # —oo
assigned to every a-labelled transition. An infinitary series is called almost simple if it is of
ORI

the form max;<;<, (r](i) +4...+q r,gi,)) where, forevery 1 <i <mn, r;’,..., my—

| are

simple d-counter-free series and r,%l) is a simple w-d-counter-free series. We show that the
class of w-d-star-free series is contained into the class of almost simple w-d-counter-free
series.

In Sect. 7, we close the cycle, namely we show that the class of almost simple w-d-counter-
free series is contained into the class of w-ULTL-d-definable series. For this result, we needed
some technical matter on our weighted LTL.

Finally, in Sect. 8 we show that the addition of the discounted first-order quantifier to the
weighted MSO logics of [13] does not change the expressive power of the weighted restricted
MSO sentences.
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64 E. Mandrali, G. Rahonis

We assume the reader to be familiar with the concepts of FO logic, LTL, star-freeness,
and counter-freeness and their expressive equivalence (cf. for instance [7,24]).

2 Preliminaries

Let A be an alphabet, i.e., a finite non-empty set. As usually, we denote by A* the set of
all finite words over A and A* = A* \ {e}, where ¢ is the empty word. The set of all
infinite sequences with elements in A, i.e., the set of all infinite words over A, is denoted
by A®. A finite word w = ag...a,—1, where ap, ...,a,—1 € A (n > 1), is written also as
w=w(0)...w(mn —1) where w(i) = a; forevery0 <i <n—1.Forevery0 <i <n—1,
we denote by w.; (resp. w<;) the prefix w(0)...w(@ — 1) (resp. w(0)...w(i)) of w and
by w~; (resp. wx;) the suffix w(i@ + 1)... w(n — 1) (resp. w(i) ... w(m — 1)) of w. For
every infinite word w = apaj ... which is written also as w = w(0)w(1)..., the words
W<, W<, Ws;, W>; are defined in the same way, with the suffixes w~;, w>; being infinite
words.

A semiring (K, +, -, 0, 1) is an algebraic structure such that (K, +, 0) is a commutative
monoid, (K, -, 1) is a monoid, 0 # 1, - is both left- and right-distributive over +, and
0-k =k-0=0forevery k € K. We denote the semiring simply by K if no confusion
arises. The semiring K is called commutative if the monoid (K, -, 1) is commutative. We shall
denote, as usual, by B = ({0, 1}, +, -, 0, 1) the Boolean semiring. In this paper we deal with
the max-plus or arctic semiring Rpax = (R4 U {—o0}, max, +, —oo, 0) where Ry = [0, 00)
and —oco+k = —oo forevery k € R U{—o0}. Note that Ry,x is commutative. We extend the
multiplication of real numbers in R U {—o0} by letting k(—o00) = (—00)k = —oo for every
k € R4 U{—o0}. In the following, sometimes, we shall identify Ry,x with Ry U {—o0}. For
every p € Ry the mapping p : Rpax — Rmax given by x — p - x is an endomorphism of
Rmax- Conversely, every endomorphism of Ry, is of this form (cf. [11]). The set End (Rpax)
of all endomorphisms of Rp,x is @ monoid with the usual composition mapping as operation
and the identity mapping id on Ry, as unit element. We shall alternatively denote the
multiplication of Rpax and the composition operation of End(Rpax) also by concatenation.

Let A be an alphabet. A family d = @ )aE A of endomorphisms of Rpax with0 <d, < 1
forevery a € Aiscalled ad -discounting over A. For every finite word w = apaj ...a,—1 €
AT we shall denote by dy, the morphism ddy, . ..d,, , and by d, the identity mapping
id on Rypax. We put dy, = ]_[ae Ada wla where |w|, denotes the number of a’s in w. Clearly,

dy(x) = dypx for every x € Rmax and the mapping w +— d,, induced by d is a monoid
morphism d : A* — End (Rpmax)-

Throughout the paper A will denote an alphabet and d = (d)aea a d-discounting
over A.

Let Q be a set. A formal series (or simply series) over Q and Ry, is a mapping s : Q —
Rmax. For every v € Q we write (s, v) for the value s(v) and refer to it as the coefficient of
s at v. The support of s is the set supp(s) = {v € Q | (s, v) # —oo}. The series s is called
bounded if there is a number K € Ry« such that (s, v) <K for every v € Q. The constant
series k (k € Rmax) is defined, for every v € Q, by (k v) = k. The characteristic series
Op of a set P < Q is given by (Op,v) = 0if v € P and —oo otherwise. We denote by
Rmax ((Q)) the class of all series over Q and Ry,x.

Let 5,7 € Rmax ((Q)) and k € Ryax. The maximum max(s, r) of s and r, the scalar
sum k + s of s with k, and the sum s + r of s and r are series in Ry ((Q)) which are
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On weighted first-order logics with discounting 65

defined elementwise by (max(s, r), v) = max((s, v), (r,v)), (k +s,v) =k + (s, v), and
(s +r,v) = (s,v) + (r,v) for every v € Q. Abusing notations, if P € Q, then we shall
identify the restriction s|p of s on P with the series s + Op. It is a folklore result that the
structure (Rmax (Q)), max, +, :05, 6) is a commutative semiring. In our paper, we work

with the semirings Rpyax ((A*)) and Rpax ((A®)) of finitary and infinitary series over A and
Rmax, respectively.

Let B be another alphabet and & : A* — B* a strict alphabetic homomorphism, i.e.,
h(a) € B for every a € A. Then h can be extended, in the natural way, to a mapping
h : A — B by letting h(w) = (h(w(i)));>o for every w € A“. Moreover, h is extended
to a mapping & : Rpax ((A*)) — Rpmax ((B*)) as follows. For every s € Rpax ((A*))
the series h(s) € Rmax ((B*)) is given by (h(s), u) = max,,¢,-1¢,) ((s, w)) for every u €
B*. Similarly, 4 is extended to partial mapping & : Rpax ((A®)) = Rmpax ((B®)) which is
defined for every bounded series s € Rpax ((A%)) by A(s) € Ryax ((B®)) with (h(s), u) =
SUPyep-1 ¢ ((s, w)) for every u € B®. If r € Rpax ((B*)) (resp. r € Rmax ((B®))), then the
series A1 (r) € Ruax ({(A*)) (resp. hL(r) € Ruax ({(A®))) is determined by h=Lr), w) =
(r, h(w)) for every w € A* (resp. w € A®).

3 Weighted LTL with discounting

The weighted linear temporal logic (weighted LTL for short) with discounting was introduced
by Mandrali in [21]. In this paper, we consider a slightly extended version of that logic,
namely, we equip the logic of [21] with an alternative next operator which does not involve
the discounting parameter. For every letter ¢ € A we consider a proposition p, and we let
AP = {p, | a € A}. As usually, for every p € AP we identify —=—p with p.

Definition 1 The syntax of formulas of the weighted LTL with discounting over A and Rpax
is given by the grammar

pu=klpal—oloVeolong|Owp| OpleUe | Op
where k € Ryax and p, € AP.

We shall denote by LTL(Rpax, A) the set of all such weighted LTL formulas ¢. We rep-
resent the semantics ||¢|| of formulas ¢ € LTL(Rpyax, A) as infinitary series in Rpax ((A®)).

Definition 2 Let ¢ € LTL(Rp,x, A). The d-semantics of ¢ is a series ||¢|| € Rpax ((A®))
which is defined inductively as follows. For every w € A“ we set

= (Il , w) =k,

_|o ifw) =a
= (lpall.wy =1 _ 0 Ciherwise

_ 0o if (lell, w) = -0
= (l=ell, w) = [ —o0o0 otherwise ’

- (le vV ll, w) =max ((Iell, w), (¥, w)),
- (leAvyll,w) =el,w) +d¥l,w),

- (1Owpell, w) = (el , w=1),

- (10¢ll, w) = dw) (el w=1) .

= (lpUv 1l w) = sup;zo (Zos ity (1011 w=5) +duy (1011 w=4))
~ (D¢l w) = X odu, (lol . wsi) .
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It is not difficult to see, that all the above suprema and infinite sums exist due to the
involvement of the discounting parameters.

The eventually operator is defined as in the classical LTL, i.e., by ¢ :=0U ¢, and then
we have (|0l , w) = sup;~q (dw_; (l¢ll, w=;)) forevery w € A.

The syntactic boolean fragment bDLTL(Rpax, A) of LTL(Rpyax, A) is given by the grammar

pu=—00|0|pa|l—@loVve|Oppl|eUp

where p, € AP. For every formula ¢ € bLTL(Rpax, A) it is easily obtained, by structural
induction on ¢, that ||¢|| gets only values in {—o0, 0}. By identifying —oo with 0 and 0 with 1
itis trivially concluded that ||¢|| coincides with the semantics in the boolean semiring B. The
conjunction and always operators are defined, respectively, by the macros gAY :=—(—¢ VvV
=) and Og :=—(—g. Trivially, we get |pAY | = llg A ¥ and |Oe| = [|Del| for every
¢, ¥ € bLTL(Rpax, A). On the other hand, the application of the operators A and [J coincides
semantically with the application of the classical operators A and [J respectively, to boolean
formulas.

In the sequel, we define two fragments of LTL(Rpax, A). In fact, the first one is included
into the latter. For this we need some preliminary notions.

An atomic-step formula is an LTL(Rpayx, A) formula of the form \/ aea (ka N pg) where
kqs € Rpax and p, € AP for every a € A. An LTL-step formula is an LTL(Rpyax, A)
formula of the form \/,_,_,, (ki A ¢;) where k; € Ryax and ¢; € bBLTL(Rpax, A) for every
1 <i < n. We shall denote by stLTL (Rpmax, A) the class of LTL-step formulas over A and
Rmax. Furthermore, we shall denote by abLTL (Rpyax, A) the class of almost boolean LTL
formulas over A and Rpyay, i.e., formulas of the form A _; ., ¢; with ¢; € bBLTL (Rpax, A)
or g; =\ e4 (ka A pg), forevery 1 <i <n. T

Definition 3 The fragment ULTL (Ryax, A) of U-nesting LTL formulas over A and Rpax
is the least class of formulas in LTL (Rpax, A) which is defined inductively in the following
way.

— k € ULTL (Rpax, A) for every k € Ryax-

— abLTL (Rpax, A) € ULTL (Rpax, A)-

— If ¢ € ULTL (Rypax, A), then —¢ € ULTL (Rmax, A).

— If o, ¥ € ULTL (Rpax, A), then ¢ A Y, ¢ V & € ULTL (Rpyax, A).

— If ¢ € ULTL (Rpax, A), then Q¢ € ULTL (Rpax, A).

— If ¢ € BLTL (Rpax, A) or @ is an atomic-step formula, then Cg € ULTL (Rpax, A).
— If ¢ € abLTL (Rpax, A) and ¥ € ULTL (Rpax, A), then oUW € ULTL (Rpyax, A).

A series r € Rpax ((A®)) is called w-ULTL-d-definable if there is a formula ¢ €
ULTL (Rpax, A) such that r = |l¢||. We shall denote by w-ULTL (Rpax, A, d) the class
of all w-ULTL-d-definable series over A and Ryax.

Definition 4 The fragment RLTL (Rpax, A) of restricted LTL formulas over A and Ry is
the least class of formulas in LTL (Rpax, A) which is defined inductively in the following
way.

— ULTL (Rpax, A) € RLTL (Rpyay, A).

— If ¢, ¥ € RLTL (Rpax, A), then ¢ A Y, ¢ Vo € RLTL (Rpyax, A).

— If ¢ € StLTL (Rpax, A), then Qp¢ € RLTL (Ryax, A).

A series ¥ € Rpax ((A®)) is called w-rLTL-d-definable if there is a formula ¢ €
RLTL (Rpax, A) such that r = ||¢||. We shall denote by w-rLTL (Rpyax, A, d) the class of all
w-rLTL-d-definable series over A and Rpax.
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On weighted first-order logics with discounting 67

4 Weighted FO logic with discounting

In this section, we introduce the weighted first-order logic (weighted FO logic, for short) with
discounting, and we show that the class of semantics in a fragment of this logic contains the
class w-rLTL (Ryax, A, d). In comparison to weighted MSO logic with discounting of [13],
our FO logic here is enriched with an alternative first-order existential quantification which
employs the discounting parameters. As we show in Sect. 8, the addition of the new existential
quantification does not increase the power of the sentences, in the fragment of the weighted
MSO logic of [13], which we will prove to be expressively equivalent to w-d-recognizable
series.

Definition 5 The syntax of formulas of the weighted FO logic with discounting over A and
Rmax 18 given by the grammar

=k | Pax) | x<y|l—9loVeloAng|Ix.@|ux.0|Vx.p

where k € Rpax and a € A.

We shall denote by FO(Rpax, A) the set of all weighted FO logic formulas over A and
Rmax. In order to define the semantics of FO(Rpax, A) formulas, we recall the notions of
extended alphabet and valid assignment (cf. for instance [29]). Let ) be a finite set of first-
order variables. For an infinite word w € A® we letdom(w) = w. A (V, w)-assignment o is a
mapping associating variables from V to elements of w. Forevery x € Vandi € w, we denote
byo[x — i]the (V, w)-assignment which associates i to x and acts as o on V\ {x}. We encode
pairs (w, o) for every w € A® and (V, w)-assignment o, by using the extended alphabet
Ay = A x {0, 1}Y. Each pair (w, o) is a word in A$, where w is the projection over A and o
is the projection over {0, 1}V. Then o is called a valid (V, w)-assignment whenever for every
x € Vthe x-row contains exactly one 1. In this case, we identify o with the (V, w)-assignment
so that for each first-order variable x € V, o (x) is the position of the 1 on the x-row. It is well-
known (cf. [7]) that the set Ny = {(w, o) | w € A%, o is a valid (V, w) -assignment } is an
w-star-free language over Ay . The set free(¢) of free variables in a formula ¢ € FO(Rpyax, A)
is defined as usual.

Definition 6 Let ¢ € FO(Rpyax, A) and V be a finite set of variables with free(p) C V. The
d-semantics of ¢ is a series [|¢|ly; € Rmax ((A@)) Consider an element (w, o) € Aﬁ. If o
is not a valid assignment, then we put (|¢|ly, , (w, o)) = —oo. Otherwise, we inductively
define (|l¢lly , (w, 0)) € Rpax as follows.

- (”k”V ) ('LU, U)) = k5

— (1Pa®)lly ., (w,0)) = [goo ;ihﬁf\(;f:e)) -
0 ifo(x) <o)

—o0 otherwise

’

’

- (||x <yly, (w,o)) = ’
- (le v ¥ly, w, 0) =max ((ely, w, o), (I¥ly, W, o)),
= (lg Avlly, (w.0) = Uely, .0+ (I1¥ly. W 0).

— (13 . glly, (w,0)) = sup;q ((lellyugy > (w, olx = iD)),

= (IFax - @lly . (w, o)) = sup;>g (dw<,- (||<P||VU{X} ,(w,o[x — i]))) ,
= (IVx . glly, (w, 0)) = Xio0du; (Il » W, olx = i)

)
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68 E. Mandrali, G. Rahonis

As in our weighted LTL, all the above suprema and infinite sums exist due to the involve-
ment of the discounting parameters. If V = free(¢), then we simply write [|¢|| for @] pee(p)-
Moreover, with similar arguments, as in Proposition 3.3 in [8], we can show that

Uelly s w,0)) = (lell, (w, o lpees)))

for every (w, o) € Ny.
The syntactic boolean fragment bFO(Rpax, A) of FO(Rpax, A) is defined by the grammar

== |0 P(X) | x=<yl—@loVe|Ix.p

where a € A. For every formula ¢ € bFO(Rpax, A) it is easily obtained, by structural
induction on ¢, that ||¢]|| gets only values in {—oo, 0}. By identifying —oo with 0 and 0
with 1 it is trivially concluded that ||¢|| coincides with the semantics in the boolean semiring
B. The conjunction and universal quantification are defined, respectively, by the macros
OAY :==(—¢ VvV —Y) and Yx . ¢ :=—3x . —p. Trivially, we get ||<pﬁtp || = |l¢ A Y| and
[¥x . ¢ = IIVx . ¢l for every ¢, € bFO(Rpax, A). On the other hand, the application of
the operators A and Y coincides semantically with the application of the classical operators
A and Y respectively, to boolean formulas.

Next, we define a fragment of our logic. For this, we recall the notion of an FO-step formula
from [4]. More precisely, a formula ¢ € FO(Rpax, A) is called an FO-step formula if ¢ =
Vi<i<n (ki A @) with ¢; € bFO(Rpax, A) and k; € Rpax for every 1 < i < n. Moreover, a
formula ¢ € FO(Rmax, A) is called a letter-step formula whenever ¢ = Vaea ka A Pa(x))
with k; € Rpax for every a € A. We shall need also the following macros:

— first(x):=Vy.x <y,

—x=y=x<yAy<ux,
—x<y=x<yA-(x=y),
—z<x<y:=z<xAx<y,

—y=x—=> == =) V(Y= A,
—2Sx<y—=>¢=—2@=x<y)V({E=x<y)AQ).

Definition 7 A formula ¢ € FO(Rpax, A) will be called weakly quantified if (i) whenever ¢
contains a subformula of the form 3;x . ¥, then ¢ is an FO-step formula, and (ii) whenever
¢ contains a subformula of the form Vx ., then  is either a boolean or a letter-step formula
or a formula of the form z < x < y — ¥/, or a formula of the form y < x — ¥/, where v’
is a letter-step formula with free variable x.

We denote by WOFO(Rpax, A) the set of all weakly quantified FO(Rpyax, A) formulas
over A and Rpax. A series s € Rpyax ((A®)) is called w-wqFO-d-definable if there is a
sentence ¢ € WOFO(Rpax, A) such that s = ||p||. We write w-wgFO(Rpax, A, d) for the
class of all w-wqFO-d-definable series in Ryax ((A®)).

We aim to show that every w-rLTL-d-definable series over A and Ry, is also w-wqFO-
d-definable over A and Ryy,x. For this, we will prove that for every ¢ € RLTL (Rpax, A)
there exists a sentence ¢’ € WOFO(Rmax, A) such that ||¢| = ”(p’ | , using the subsequent
technical results below.

Lemma8 Let ¢ € ULTL (Ryax, A) such that there exists ¢’ (y) € WQFO (Rpax, A)
with (”ga/ M, (w, [y —> i])) = dy_, (Ilgoll , wz,-) for every w € A®,i > 0. Then
(=" . w, [y = iD) = duw_, (I=¢ll, ws;) for every w € A®,i > 0.

@ Springer



On weighted first-order logics with discounting 69

Proof Let ¢ € ULTL (Rpmax, A) such that there exists ¢’ (y) € WQFO (Rpax, A) with
(e’ M. w, [y = iD)) = duw_ (lell,w=;) for every w € A®,i > 0. Then, for
every w € A®,i > 0, in case (I|<p||,w2i) = —oo we get, by our assumption,
(|’ | . (w, [y = i1)) = —oo. By Definitions 2 and 6, we obtain (|||, w>;) = 0 and
(II=¢’ O], (w, [y = i])) = 0, respectively. If (|l¢]| , w=;) 7 —oc, again by our assump-
tion we have (H(p’ ]| (w,[y = i])) # —oc and by Definitions 2 and 6 (| —¢l|, w=;) =
—o0 and (||—-<p’ ) } ,(w, [y — i])) = —00, as required. O

Lemma9 Letg, v € ULTL (Ryax, A) suchthatthere exist ¢’ (), ¥ (x) € WOFORmax, A)
with (' W, w, Iy = iD) = du (oI, w=) and ([¢' @], . [x - iD) =
dy_; (||1//||,w2,-) for every w € A®,i > 0. Then, there exist & (x),& (x) €
WQOFO (Rpax, A) with

W& I, (w, [x = i) = du, (lg A¥l, wsy)

and

& @I, (w, [x = i) =du_, (lo V¥, ws)
foreveryw € A” i > 0.

Proof Without any loss, we assume that the variable x does not occur in ¢’ (otherwise we
apply a renaming). We replace every occurrence of y with x in ¢’, and we let & (x) =
¢ (x) AY' (x) and & (x) = ¢ (x) vV ¥’ (x) which trivially satisfy our claim. O

Lemma 10 Let ¢ € Rypax U abLTL (Rpax, A) U StLTL (Ryax, A). Then, the following state-

ments hold.

(i) There exists ¢’ (x) € WOQFO (Rpax, A) such that (||(p’ (x)
forevery w € A®,i > Q.

(ii) There exists ¢" (x) € WQFO Rmax, A) such that (|¢” ()|, (w,[x — i])) =
dw_, (ol w=;) for every w € A®,i > 0.

c(w, [x— i) =(llell, ws)

Proof (i) Let ¢ = k € Rpax. Then we set ¢’(x) = k. Next, let ¢ € abLTL (Ryax, A),
ie,p = /\1§j§n Y with ¢; € bLTL (Ryax, A) or ¥j = \/4ep (ka A pa), for every
I < j<nIfty; € bBLTL(Ryax, A), then it is well-known that there exists a for-
mula ¥/ (x;) € bFO(Rmax, A) with one free variable x;, such that (|[¢; ], ws;) =

(Jvien
assume that the variable x; (I < j < n) does not occur in any ; (whenever
Yr € DLTL (Rmax, A)) with k % j (if this is not the case, then we apply a renam-
ing of variables). Therefore, we can replace x; in KZ’} with a new variable x. In
case ¥; = \/,ca (ka A pa), then we consider the WQFO (Rmax, A) letter-step for-
mula 1//;. (x) = Vea (ka A Py(x)). Now it is a routine matter to show that the
WQFO (Rmax, A) formula ¢'(x) = A< i<n W} (x) satisfies our claim. The remaining
case ¢ € StLTL (Rpax, A) is treated similarly.
(ii) Again, let first p = k € Ryyax. We set ¢” (x) = Jgy. ((x = y) A k), and we get

(le” . w, [x = iD) = UFay. (x = ) AR, (w, [x — i]))

= sup (duw_; (e =) Ak (w, [x = i,y = 1))
JzZ

= dy_ik = du_; (Ikll, w=i),

s (w, [x; — i])) for every w € A®,i > 0. Without any loss, we can

for every w € A“,i > 0.
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Next let ¢ € abLTL (Rpyax, A) with go = /\lsjsn Y and ¥; € BLTL (Rpax, A)
or ¥j = Vaea (ka A pa), for every 1 < j < n. By Statement (i) we get that

( c b= i) = (5] ws) = dus (95w, for every v e
DLTL(Ryax, A) and w € A®,i > 0. Therefore, we let W}’(x) = 1//; (x). In case
Vi = Vaea (ka A pa) we set Y7(x) =V ,ea@ay. (x =) Aka) A Pa(x)) and we

have
(w, [x — i])) = (  (w, [x — i]))
acA

(| \/ Gay (= 3) Aka) A Pat)
= max ((13a- (v = ) Aka) A Pul], (w, L = i)

"

= max ([ 3¢y. (x = y) Akall . (w, [x — i]))

+ (P (w, Ix = D))
= max (dy_, (Ikall wsr) + (1pall w1))

w<l( \/ (k /\pa wzi)zdwd (”wJ ’wzi)
acA

for every w € A“,i > 0.

Then, we let ¢”(x) = /\lsjsr: w}’(x) and trivially (H é L(w, [x > i]) =

dw_; (¢l , ws;) forevery w € A®,i > 0.
Finally, let ¢ = \/lgjgn (kj A 1/fj) where kj € Rpax and ¥; € DLTL(Rpax, A) for
every 1 < j < n. By our arguments in (i), there exist 1//} (x) € bFO(Rpax, A) such that
( L,y = iD) = ([ ] w=) = dus (|9

and w € A, i > 0. We set ¢’ (¥) = \/_ ., (Eldy. (=) AKj) A wj/.) and with a
similar computation as in the previous case, we conclude that ¢” (x) satisfies our claim.
]

,ws;) forevery 1 < j <n

Lemma 11 Let ¢ € ULTL (Rpax, A) such that there exists a formula ¢’ (y) € WQFO
Rumax. A) with (o' )], w, [y = iD) = du; (¢l w=i) for every w € A,i > 0.
Then, there exists a WQFO (Rmax, A) formula  (x) such that (| (x)||, (w, [x — i])) =
dy_; (IIO(pII , wz,-)for everyw € A®,i > 0.

Proof We let ¢ (x) = 3y. (y =x+1A¢ (y)) and we have

Iy @), (w, [x = i1) = (||3y (y=x+1n w’ )
Sup H

j>

= (|

(w, [x — i]))
(. [x =iy — j]))

,(w,[x—)i,y—)i—i—l]))

= (le' [ .1y > i + 1))

= du_iy (Il w=it) = du (ducy (el (=), )
=dy_, (||O(/’|| W) .

for every w € A®,i > 0. m]
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Lemma 12 Let ¢ € bDLTL (Rpax, A) or ¢ be an atomic-step formula. Then, there exists

¥ (y) € WOFO (Rumax, A) such that ([ (I, (w, [y = i])) = duw_, (I0¢ll, w=;) for
everyw € A®,i > 0.

Proof If ¢ € BLTL(Rpyax, A), then g € bBLTL(Rpyax, A), and thus there exists a formula
¥ (x) € bFO(Ryax, A) with one free variable x, such that (|| (x)], (w, [x — i])) =
(101, w=i) = dw_; (I0¢ll, ws;) for every w € A®,i > 0.If ¢ = \/,c4 (ka A pa),
then we consider the WOFO (Rpmax, A) letter-step formula ¢ (x) = \/ ¢4 (ka A Pa(x)). We
also consider the WOFO (Rpax, A) formula ¢ (y) = Vx. (y <x— go’(x)). Then, for every
w e A®, j > 0 we have

Ay W Iy = i) = D du; (

Jj=0

=2 du, (|

i<j

=D du_; (
i<j

= > du_; (lgll, ws;)
i<j

= du_y > d(unyy_, (I01 (w=)..))

0<j
= dy_, (I0¢]l, w=;)

where in the right-handside of the second equality the sum is taken over j, and the fourth
equality holds by Lemma 10(i). O

L, [y = ix = D)

s (w, [y = i,x = jD)

s (w, [x = 1)

Lemma 13 Let ¢ € abLTL (Rpax, A) and v € ULTL (Ryax, A) such that there
exists ' (y) € WQOFO (Rmax, A) with ( L, [y = i) = du; (W1 ws)
for every w € A®,i > 0. Then, there exists £ (z) € WQFO (Rmax, A) such that
(IE @I . (w, [z = i]) = dw_, (leU¥ |, ws;) for everyw € A®,i > 0.

Proof Letg = A<, %i- Then, by the proof of Lemma 10(i), there exists a formula ¢’ (x) =
Ai<i<m @) (x) where for every 1 < [ < m, @ (x) € bFO (Rmax, A) or it is a letter-step
formula with ([|¢] (x)| (w, [x = i1)) = (l¢ill, ws;) for every w € A®,i > 0. Moreover,
we have ( ,(w, [x = i])) = (llgll, ws;) forevery w € A®,i > 0. We consider the
FO (Rmax, A) formula &' (z) = Jy. (Vx. (@ <x < y) = ¢/ (X)) Az < y) AY/ (). For
every w € A®,i > 0 we compute

. (w, [z = i])
H‘v’x ((Z <x<y — ¢ )

c(w, [z =i,y = j]))

Ve (@ =x <y) = ¢ ) (W, [z =i,y =i+ jD))

,(w, [x > i+ kD) + (|

s, [y =i+ jD)
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=dysup | D dgyy  (lel wsise) +dguyy (W1 wsivg)
7Z0\o<k<j -

= dw<i (”(pr” ’ wzi) .

Now, we consider the formula & (z) = 3y. (A |<j<,y (Vx. (C S x<y) =] () A2 <)

AV () and we get (|& I, (w, [z > iD) = (&' @] . w. [z = iD) = du_; (pUVIl.
wzi) for every w € A“,i > 0. Since & (z) € WQFO (Rpyax, A), we conclude our proof. O

Lemma 14 For every ULTL (Ryax, A) formula ¢ we can construct a WQFO (Rpax, A) for-
mula ¢’ (x) such that (”(p’ ™|, w,[x - i])) =dy_, (II(/JII , wzi)foreveryw € A“,i > 0.

Proof We use Lemmas 8, 9, 10(ii), 11, 12, and 13. In fact, we apply a partial structural
induction, since in the proof of Lemmas 12 and 13 we use Lemma 10(i) for the formula . O

Proposition 15 For every ¢ € ULTL (Rpax, A) we can construct a WQFO (Rpax, A) sen-
tence ¢’ with ||<p’|| = |l

Proof Let ¢ € ULTL (Rpax, A). By the previous lemma, there exists a WOFO (Rpax, A)
formula ¥ (x) such that (| ()|, (w, [x = i) = du_, (el ws;), for every w €
A, i > 0. We consider the WOFO (Ryax, A) sentence ¢’ = Ix . (first (x) A ¢ (x)) and we

get (o] w) = Ay @I, (w, [x = 0D) = du, (l¢ll, w=0) = (llgll, w) for every
w € A%, ie, ”(//” = |l¢|l, as required. O

Proposition 16 For every ¢ € RLTL (Ryax, A) we can construct a WQFO(Rpax, A) sen-
tence ¢’ such that H(p’H = |l

Proof We prove our claim by structural induction on ¢. If ¢ € ULTL (Rpax, A), then our
claim holds by the previous proposition.

Let Y1, Y2 € RLTL(Ryax, A) and ¥, ¥ € WOFO (Rpax, A) be their corresponding
sentences. We prove our claim for ¥ Vv ¢ and ¥; A Y. Consider the WOFO(Rpax, A)
sentence ¥r{ V 1. Then, for every w € A®, we have

(1 v ¥all w) = max (111 w). (Y2l w))
= max (([vi] . w). ([v2] . w)
= (lvivva|,w).

By replacing, Vv with A and max with +, in the above computation, we get (|| Y1 A Y2, w) =
(Jwi sl ).

We proceed with the boolean next operator, therefore let ¢ = QOpy with ¢ €
StLTL (Rpyax, A). By Lemma 10(1) we get a WOFO (Rpax, A) formula v'(y) and consider
the WOFO (Rpax, A) sentence ¢’ = Jx . (ﬁrst(x) Ady.(y=x+DA w’(y))). Then, for
every w € A®, we compute

UIOp¥ Il w) = (Y1, ws1)
(Iv'O @, Iy = 1)

sup (Jo=x+D Ay
Jj=

,(w,[x = 0,y — jD))

(|3y- (@ =x+ DAY OGN, w, [x - 0D)
= (|3x. (first) Ay (y=x+ DAY ()] w)
= (l¢'ll w).

as required. O
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Example 17 Let A = {a,b} and d, = 1/4,d, = 1/2. We consider the weighted LTL
formula
0 =Pa AU O (pyA3)).
Clearly ¢ € ULTL (Rpax, A). Furthermore supp(||¢|) = a*b® and
(loll,a"b®)y = > (/4 2+1/4" > (1/2)3
0<i<n—1 j=0

forevery n > 0, a"b® € A®.

By Proposition 15, we get that ||g0’|| = |l¢|l where

@' =3z (first (2) AV (2))

is a WOQFO (Ryax, A) formula with
Y@=y (E<NAVX.@Zx <y > CAPX))AVX.(y <x > B A P(x)))).

By Proposition 16, we get the main result of this section.

Theorem 18 w-rLTL (Ryax, A, d) € w-wgFO(Rpax, A, d).

By the constructive proofs of this section’s Lemmas and Propositions, we obtain the
following corollary.

Corollary 19 Forevery ¢ € RLTL (Rax, A) we can construct a WQFO(Rpax, A) sentence
@', that uses at most three different names of variables, such that H ¢ ” = el .

5 Star-free series

In this section, we introduce the notions of d-star-free and w-d-star-free series over A and
Rmax, and we show that the class of w-wqFO-d-definable series is contained into the class
of w-d-star-free series.

Let L € A* (resp. L € A®). As usually, we denote by 0y, the characteristic series of L.
If L is a singleton, i.e., L = {w}, then we simply write 0, for Of,,). Furthermore, we simply
denote by ky the series k 4+ Oy for k € Rpyax. The monomials over A and Ry,x are series
of the form (k,), for a € A and k, € Ryax. For simplicity reasons, we shall consider also
the series of the form k., with k € Ry as monomials. A series s € Rpax ((A*)) is called
a letter-step series if s = max,ca ((ka)a) where a € A and k, € Ry for every a € A.
The complement s of a series s is given by (s, w) = 0 if (s, w) = —oo and —oo otherwise.
Letr, s € Rmax ((A*)). The (Cauchy) sum +4 of r and s is the series r +4 5 € Rpax ((A*))
defined for every w € A* by

(r +a s, w) =max {(r,u) + dy(s,v) | u, v € A*, w = uv}.

The nth-iteration " € Rpax ((A*)) (n > 0) of a series r € Rpmax ((A*)) is defined
inductively by

=0, and "' =r 44" forn>0.

Then, we have (", w) = max {3 _;_, duy..u;_, (. i) | ui € A*, w =uy...u,} forevery
w € A*. A series r € Ryax ((A*)) is called proper if (r, &) = —oo. If r is proper, then for
every w € A* and n > |w| we have (+"*, w) = —oo. The iteration r* € Rpax ({(A*)) of a
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proper series r € Ryax ((A*)) is defined by ¥+ = max (#" | n > 0). Thus, forevery w € A
we have (r, w) =max {(r",w) | 1 <n < |w|}and ("+’ ‘9) =0

Example 20 Let A = {a, b}, k € Ry, and consider the series r € Ryax ((A™)) given by

S ozicn_1 @ap)' k if w = (ab)" for n >0

r,w) = .
( ) —00 otherwise.

Clearly supp(r™) = {(ab)" | n > 0}. Furthermore, for every n > m > 0 we can easily
show, by induction on m, that (+"*, (ab)*) = (r, (ab)"), whereas (", (ab)"*) = —oo for
every m > n > 0. Hence we getr™ =r.

Definition 21 The class of d-star-free series over A and Ry, denoted by SF (Ryax, A, d),
is the least class of series containing the monomials (over A and Ry,x) and being closed
under maximum, sum, complement, 44, and iteration restricted to letter-step series.

By structural induction we get that series in SF (Rpax, A, d) are bounded.

Next, let 7 € Rpmax ((A™)) be a finitary and 5 € Rpax ((A®)) an infinitary series. We
assume that both r and s are bounded. Then, the (Cauchy) sum +4 of r and s is the infinitary
series r +4 § € Rpax ((A?)) defined for every w € A® by

(r+as,w)= sup{(r, u) +dy(s,v) |lue A", w= uv}.

The w-iteration of a proper bounded finitary series r € Rpax ((A™)) is the infinitary series
r® € Rmax ((A®)) which is defined by

r®, w) = sup Zduln-”[—l(r’ w;) lu; € A", w=uuy...

i>1
for every w € A®.

Example 22 Let r = maxgeq ((ka)a) € Rmax ({(A*)) be a letter-step series. We will show

that (r‘*)Jr = r*. Moreover, for every w € A” we have (r®, w) = >, duw_; (r, w (i)).
Letw=w(0)...w(n—1) € AT. Then

(r*, w) = max Z duy.uj (r, u_,) lw=uy...up, 1 <k<n
1<j<k

= D dy (nw()).

0<j<n-—1

Furthermore, we get
(67" w)

= max Z duyj (rfou))lw=ur...up, 1 <k <n

1<j<k
= max Z d“lwuj—l Z d(uj)g_ (r,uj (ij)) lw=uy...uxg, 1 <k <n
1<j<k 0<ij<|uj|~1 !

@ Springer



On weighted first-order logics with discounting 75

= max Z Z dul---”_/'—l(uj)<,-,. (r, uj (ij)) lw=uy...ux,1 <k =<n

1<j<k 05i_,’§|uj|—l
= > du, nw()) = (" w).
0<j<n—1
Similarly, we can show that (r, w) = Zizo dy_; (r,w (i), forevery w € A®.
Definition 23 The class of w-d-star-free series over A and Ry, denoted by @-SF (Rpyax,
A, d), is the least class of infinitary series generated by the monomials (over A and Rp,x) by

applying finitely many times the operations of maximum, sum, complement, +,, iteration
restricted to letter-step series, and w-iteration restricted to letter-step series.

Remark 24 'We could assume the application of the w-iteration, in the definition above, being
applied to bounded series r € w-SF (Ruax, A, d) with 7+ = r. This induces a greater class of
infinitary series (cf. Example 20) which, by Example 22, contains the class w-SF (Rpyax, A, d)
as defined above. Then, all of our results in this section can be established for this greater
class. But we could not show that this class is contained in a fragment of our w-d-counter-free
series (cf. Sect. 6).

The next result is trivially proved by Definitions 21, 23 and standard arguments.

Lemma 25 Letr € SF(Rpax, A, d) (resp. r € o-SF(Rmax, A, d)) and supp(r) C B* (resp.
supp(r) € B®) where B C A. Thenr € SF(Ruax, B, d) (resp. r € w-SF(Rpmax, B, d)).

In the sequel, we state several properties of the classes SF' (Rupax, A, d) and @-SF (Rpyax,
A,d).

Lemma26 If r € SF(Ryax, A,d) (resp. r € w-SF(Rpmax, A,d)) and k € Ry, then
k+71r e SFRmax, A, d) (resp. k +r € w-SF(Rmax, A, d)).

Proof We have k 4+ r = k. +4 r, hence we get the proof of our claim. O

Lemma27 LetL,L' € A*and K, K’ C A®. Then

— Opur = max(0z, 0r/), Ogyug’ = max(Ok, Og/)
— O =0 +0p, Ogngr =0k + Ok

- 0,0 =0L+40, OLg =0r +4 0k

— 0;+ = (0p)" whenevere ¢ L

— Oro = (01)” whenevere ¢ L.

Proof Trivial by standard arguments. O

The two subsequent results are shown by induction on the structure of star-free (resp.
w-star-free) languages and series using Lemma 27.

Lemma 28 For every L C A* the following statements are equivalent.
(i) L is a star-free language.

(ii) 0L € SF (Rmax, A, d)-

Lemma 29 For every L C A? the following statements are equivalent.

(i) L is an w-star-free language.
(ii) 0s € -SF (Rmax, A, d).
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Since for every L C A* (resp. L € A®) and k € Rpax we have ki = ko +4 Oz, by
Lemmas 28 and 29, we get Lemma 30 below.

Lemma 30 Let L C A* (resp. L € A®) and k € Ruyax. If L is star-free (resp. w-star-free),
then ky, € SF (Rmax, A, d) (resp. ki € o-SF (Rpmax, A, d)).

A series r € Rpax ((A™)) (resp. r € Rpmax ((A®))) is called a star-free (resp. an w-star-
free) step function if r = maxj<;<p ((k,') L;) where k; € Rpax and L; is a star-free (resp. an
w-star-free) language for every 1 < i < n. The class of star-free (resp. w-star-free) languages
is closed under intersection and complement, hence we can assume that the family (L;);<; <,
is a partition of A* (resp. A?).

Since the class of d-star-free (resp. w-d-star-free) series is closed under maximum, by
Lemma 30 we get that every star-free (resp. w-star-free) step function is a d-star-free (resp.
an w-d-star-free) series.

Proposition 31 The class of star-free (resp. w-star-free) step functions over A and Ry is
closed under the operations of maximum and sum.

Proof Letr; = maxi<j<y ((ki)z,) and r) = maxj<j<m ((lj)F) be star-free (resp. w-star-
<i< i <j< ;

free) step functions. Closure under maximum is obvious. Moreover, for every 1 <i < n and

I < j < m the language L; N F; is star-free (resp. w-star-free), hence the series r| +rp =

max|<j<p,l<j<m ((ki + lf)L,ﬂFj) is a star-free (resp. an w-star-free) step function. ]

Lemma 32 [fs € SF (Rmax, A, d) (resp. s € w-SF (Rmax, A, d)), then supp(s) is a star-free
language (resp. an w-star-free) language over A.

Proof Using standard arguments, we state the proof by induction on the structure of s. O

Lemma 33 (i) Let L € A* be a star-free language and B,I' € A with BN T @.
Then Op|p«rp+ = maxj<j<p (OK,. +4 (Oy,. +a OK[/)) where for every 1 < i < n,

K;, K] C B* are star-free languages, and y; € T
(ii) Let L C A® be an w-star-free language and B, ' € Awith BNI" = (). ThenOp |p+rpe =

maxi<;<p (OK[ +4 (Oy[ +4 OK()) where for every 1 < i < n, K; C B* is star-free,
K! C B® is w-star-free, and y; € T.
Proof We prove only (ii); Statement (i) is shown with the same arguments. By the split-
ting lemma for w-star-free languages (cf. Lemma 3.2. in [7]), we get L N B*I'B® =
Uliiin K;y; K/ where for every 1 <i < n, K; C B* is star-free, y; € I', and K/ C B® is
w-star-free. Since Oy | pxrpo = Ornp*r o, we complete our proof using Lemma 27. ]

Now, we are ready to prove a splitting lemma for star-free and w-star-free series as well
as the closure of these classes under inverse strict alphabetic epimorphisms.

Proposition 34 (Splitting lemma for finitary series) Let s € SF (Rpax, A,d) and B,T' C A
with BN T = (. Then s|p*rp+ = maxi<i<np (s{l) +4 (sé') +4 sgl))) where for every 1 <
i<n, s\, sy € SF Ruax, B.d) and sy = (k;),, with y; € T, ki € Rynax.

Proof We use induction on the structure of s. Let s = (k,), , a € A, be a monomial. Then, if
a € I',wehave s|gxrp+ = 0g +4 ((ka)a +4 06), otherwise s|g+rpx = Oy +4 ((ky)y +4 Og)
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for an arbitrary y € I'. If s = k., then again s|g+rpx = Og—+4 ((ky)y +4 Og) for an arbitrary

y el.
Lets, r € SF (Rmax, A, d) satistying the induction hypothesis. This means that s| g+ g+ =

maxj<j<n (sfi) +4 (sg) +4 sg ))) and r|gsrpx = MaX|<j<p (rl(‘i) +4 ( ) +4 r(J)))
where forevery 1 <i <mnand1 < j <m, we have sfl), sél), r](J), 3('” € SF (Ryax, B, d)
(l) (k ))/ N (j) (lj)yj{ , Vi )/J{ el ki, lj' € Rpax- ObVlOuSly, max (s, r) |B*FB* has

the required form‘
Nextletw € B*I'B*and 0 < k < |w| — 1 with w(k) € T. Then w.y, w~; € B* and we
have

slaergesw) = (max (s +4 (58 +as8)) w
1<i<n

_ i) ( (i) (l)) ))
lrgflsxn ((s Fa\sy +das3 ), w
(i) i
- 1r2iafxn ((Sl ’ w<k) +duy ((Szl ’ w(k)) +dud (Sél)’ w>k)))
= max ((s() w k) +d (s(') w(k)) +d (s(i) w k))
l<i<n 1 %< W<k \P2 > Wk+1 3 07>

where the third equality holds since for every 1 < i < n and every decomposition w =

uiuou3 with up # w(k) we have (Sé ), uz) oo,
Similarly
(rlperp+ w) = ( max ( @y, ( o4, r(]))) w)
l<j<m
() () )
= s () e (8 00) e ().
Hence,

((s +r) |grp*, w) = (s|p*rp*, w) + (rlp=rp*, w)

= max ((s](i), w<k) +dy_, (v2 ,w(k)) +dy_y (séi), w>k))

1<i<n

+ max ((rl(j), w<k)+ dw_, (rz(j), w(k)) +dw_p (r;j), w>k))

1<j<m
(séi) + rz(‘i) w(k))

= max (SY) + rl(/), w<k) +dy_, Td ( (i) +r(J) w )
w(k) >k

1<i<n
I<j=m

= | max (( (z>+r](/>) ny (( (l)+r§j))+ (<l>+r<j)))) »
1<i<n

I<j=m

since s + (", 5§ + i € SF Roax, B,d), and 5 + 75" = (ki +1;), i i = v},

and sél) + r(] ) —o0,, for an arbitrary y € I' otherwise, our claim is true for sum.

Furthermore

((s +ar)|prp*, w)
=m max {(s|psrp*, u) +d, (r,v) | u € B*TB*,v € B*, w = uv},
- max {(s, u) +d, (r|g<rp+,v) | u € B*,v € BT B*, w = uv)
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where
max {(sIB*rB*, u)+d, (r,v) |ue B\ TB*,ve B*, w= uv}

= max [(max ( @ +a (sé’) +a sg))) , u) +d, (r,v) |u € B'TB*,ve B*,w = uv’

1<i<n

=max|(max ( +d( ) +ds§))),u) +dy, (rlg,v) |u,ve A", w =uv]

1<i<n

= (max ( D 4y (Sél) +a Sgl))) +arlp, w)
1<i<n

= (lmax ((sl(i) +d ( O 4y 83 )) +d rlg*) ) w)
<i<n

= (mas (5 0 (58 40 (50 +ar1a-))) )
1<i<n

where r|g« =r + O+ € SF (Rmax, B, d), and
max {(s, u) +d, (r|psrp=,v) | u € B*,v € B*T B*, w = uv}

= max [(s,u) +d, (lmax ( @4y, ( D4y r(]))) , v) |ue€ B*,ve B TB*, w = uv]
=j=m

=max[(s|3*,u)+du ( max (rfj) +4 ( ) 44 r(j))),v) lu,ve A*,wzuv}
1<j<m

= (s|3* +4¢ max ( l(j) +ad ( ) +a rU))) u))
<J m
_ ( max (sl +a (r7 +a (1 +a ")), w)
1<j<m
= ( max ((S|B* +a r(j)) +a ( P 44 r(/))) ; w) .
1<j<m

Thus,

(m.aX (S{i) +a ( D+ (Séi) +ta ”|B*))) , w) ,
1<i<n

((s +4 r) |prp*, w) = max
( max ((Y|B* “+d r(])> +a ( ) “+a rm)) w)
I<j<m

Therefore, the series (s 44 r) | p*r = has the required form.
Now, let s be a letter-step series. Then, s|psrp+ = s|r = max,cr ((ky)y). Let w €

supp(s™) N B*I' B*, which implies that there is an index 0 < k < |w| — 1 such that
Wk, W=k € B* and w(k) € I'. Then

((s*) 1B+rae, w) = max {(s" |prp, w) | 1 <m < |w|} = (S‘w||B*FB*’ w)

= D du_ (s, w())

O=j=<lw|-1

> du, Gow()) +du Gow®) + D du (5 w()

0<j<k-1 k<j<lw|-1
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= ((slg)™ +a (slr +a (s18)7)  w)

_ (f;lgff ((S|B*)+ +4 ((k)/)y +a (S|B*)+)) , w)

and this concludes the induction for letter-step series.

Finally, let s € SF (Rpax, A, d). Thens = OW Since supp(s) is a star-free language,

we get that supp(s) is also star-free. Hence, by Lemma 33(i) we conclude our proof. O

Proposition 35 (Splitting lemma for infinitary series) Let s € @-SF (Rmax, A,d) and
B, I' € Awith BNT = . Then s|prpe = MaxXi<i<p (sl(l) 44 (sél) +d ng))) where

foreveryl <i <n, s\ € SF Rmax. B.d) . 53 € 0-SF Rnax. B, d), and sy’ = (k;),,
with Yi € I, ki € Rpax.

Proof Taking into account the definition of w-d-star-free series, firstly we embed the proof
of Lemma 34. Furthermore, we use arguments of that proof as follows. For the operations of
maximum and sum we let s, r € w-SF (Rpmax, A, d), and for +4 we let s € SF (Rpax, A, d)
and r € w-SF (Rpmax, A, d). For the complement operation, we let s € w-SF (Ryax, A, d)
and we use the corresponding argument for w-star-free languages and Lemma 33(ii). Finally,
let s be a letter-step series. Then, s|g+rp+ = s|r = max,cr ((k},)y). Let w € supp(s®) N

B*I"'B?, i.e., there exists an index k > 0 such that w_; € B*, w-; € B“, and w(k) € T.
Then we get

((9’”) |p*rBe, w) = sup Zduln-”i—l (s, u)) |u; € A, w=uus...

i>1
= > du_; (s, w(j))
Jj=0
= D du; (5, W) +du (s k) + D du (5, w()))
0<j<k—1 j>k

= ((slg)" +a (sIr +a (s1g)?) , w)

= (rygg ((S|B*)+ +d ((k)’)y Td (‘T|B*)w)) ’ w)

w _ T )@
(s”) |B+rpe = max ((SIB )" +a ((ky)y +a (s|p*) ))
and this completes our proof. O

Proposition 36 Let A, B be two alphabets and h : A — B a bijection. Furthermore, let
d = (Z)%A be a discounting over A and Ryax, and d' = (@)bEB a discounting over B
and Ry,x determined for every b € B by d[’] = dh—l(b)- Then, s € SF (Rmax, A, d) (resp.
s € w-SF (Rmax, A, d)) implies h(s) € SF (Rmax, B, d') (resp. h(s) € w-SF (Rmax, B, d")).

Proof Since h is a bijection, the morphism /2 : A* — B* (resp. the mapping i : A“ — B?),
that is derived by 4 in the usual way, is an isomorphism (resp. a bijection). Therefore, h
defines a one-to-one correspondence between the words of A* and B* (resp. the words of
A® and B®). Then, we can easily state our proof by induction on the structure of d-star-free
(resp. w-d-star-free) series. O
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Proposition 37 Let A, B be alphabets and h : A* — B* a strict alphabetic epimorphism.

Furthermore, let d = (da) B be a discounting over A and Ruyyx such that d, = dy
ae

whenever h(a) = h(a’) for every a,a’ € A, and d' = (@)b 5 4 discounting over B
€

and Ry determined for every b € B by dl’) = d, fora € A with h(a) = b. Then s €

SF (Rmax, B, d’) (resp. s € w-SF (Rmax, B, d’)) implies h™'(s) € SF (Rmax, A, d) (resp.

h_l(s) € w-SF (Ryax, A, d)).

Proof We prove our claim by induction on the structure of d’-star-free (resp. w-d’-star-free)
series. Let s = (kp), be a monomial over B and Ry,x. Then, h1(s)isa letter-step series and
thus a d-star-free series over A and Ryax. If s = kg, then A1 (s) = k, since £ is strict. Next let
51,52 € SF (Rmax, B, d’) (resp. 51, 52 € 0-SF (Rmax, B, d’)) suchthat h =1 (s1) , h ™! (52) €
SF (Ruax, A, d) (resp. k' (s1), h~! (52) € 0-SF (Rinax, A, d)). Trivially h=! (s; + 52) =
h=Y(s)) + h~ ' (s2) and h~! (max (s1, 52)) = max (h_1 (sp),h! (sz)).

Furthermore, for every w € A* we have

(A" 1+ 520 w) = 1+ 520 ()

= max {(s1, u1) +d,, (s2,u2) | ur, uy € B*, uyuy = h (w)}

max { (51, 5 @) + dj ) (52,5 (w2) | w1, w2 € A wiwy = w)

max {(h_1 (s1), wl) + dy, (h_l (s2), wz) | wi, wy € A¥, wlwzzw}

= (h_l (1) +a h™ ' (52), w)

where the third equality holds since % is strict alphabetic. Hence h~' (s; 44 52) =
h='(s1) +4 h™' (s2). If 51 € SF (Rppax, B, d'), 52 € -SF (Rpax, B.d’), and w € A?,
then we use the same with above argument, where we write sup for max, u; € B“, and
wy € A®.

Assume now that s is a letter-step series over B and Rp,ax. Then, the series ! (s)isa
letter-step series over A and Rpyax, hence h=1(s) € SF (Rmax, A, d). For everyw € AT we
get

W w) =6 R = D dhy 5 hw) ()

0<j=<lh(w)|-1
= D dy R = D du (), w()
0=<j=<lh(w)|-1 0<j<lwl-1

= ((h )T, w),

e, h st = (W 1)t € SF Ruax, A, d).

Next, lets € SF (Rmax, B, d'). Then,s = O5mntsy and supp(s) is, by Lemma 28, a star-free

language over B. Moreover, the language /! (supp(s)) C A* is star-free (cf. for instance

supp(s)

. -1y — 3,1 —
[25]) hence, the series h =" (5) = h (0—) = O;ﬁ1 (mpp(s)

) is d-star-free by Lemma 28.

The case s € w-SF (]Rmax, B,d ) is treated similarly.
Finally, assume that s is a letter-step series over B and Ryax. Then, h~l(s)isa letter-step
series over A and Rp,.x. Moreover, for every w € A® we have
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B ), w) = (52, hw)) = > dhyy (5, Hw)())

Jj=0
=D iy, (s R = D du_ (07 (), w(j)
j=0 jz0
= ((h(s)”, w),
ie,h™! (s®) = (h_l (s))w € w-SF (Rmax, A, d), and our proof is completed. ]

Our next task is to show that every w-wgFO-d-definable series over A and Ry, is an w-d-
star-free series, i.e., ©-wqFO (Rpyax, A, d) € o-SF (Rmax, A, d). For this, we use induction
on the structure of W Q F O (Ryax, A) formulas.

Let V be a finite set of first-order variables and Ay, = A x {0, 1}Y. We define the dis-
counting d = (g("’f))(a,f)eAAy by setting cY(a,f) = d, for every (a, f) € Ay. Cleegly for
every (w, o) € A}, it holds d(,o) = dw. In the sequel, for simplicity we identify d by d.
We shall need the following auxiliary result.

Lemma 38 Let ¢ € FO (Rmax, A) and V be a finite set of first-order variables containing
free (¢). If ¢l is an w-d-star-free series (resp. an w-star-free step function), then ||¢|y, is
an w-d-star-free series (resp. an w-star-free step function).

Proof Let |¢| be an w-d-star-free series and h : Ay — Afee(y) be the strict alphabetic
epimorphism erasing the x-row for every x € V' \ free (¢). It holds |l¢|l), = h! (el +
O, - Then by Proposition 37 we get that ' (llel) € @-SF (Rmax, Ay, d), and thus lelly, €
®-SF (Rmax, Ay, d) as wanted. Assume now that ||¢| = maxj<;<y ((ki)L,-) where for every
I <i <n, ki € Rypax and L; is an w-star-free language over Afye(y). Then for every
k € Rpax, if k £ —00 we get ||<p||;1 (k) =h1 (||<,0||_1 (k)) N ANy and for k = —o0 we get
lplly;' (—00) =A=' (lell =" (—00)) U (A \ Ay). Hence, for every k € Rpax the language
||ng||\_,1 (k) is w-star-free if the language 1 (Ilgoll’1 (k)) is w-star-free. Since w-star-free
languages are preserved by inverse strict alphabetic epimorphisms (cf. [25]) we are done. O

Lemma 39 Let ¢ € FO (Rpmax, A) be an atomic formula. Then, |¢|| is an w-star-free step
function.

Proof If ¢ =k € Rpax, then ||| = kae. Next, if ¢ = P, (x) or x < y, then ¢ is a boolean
first-order formula, hence £(¢) is an w-star-free language and [l¢|| = Oz () is an w-star-free
step function. O

Lemma 40 Let ¢ € FO (Ryax, A) such that ||¢|| is an w-d-star-free series. Then ||—g|| is
also an w-d-star-free series.

Proof By definition, we have ||—¢|| = [[¢]. O

Lemmadl Let ¢, ¥ € FO (Rpax, A). If l@ll, ¥ are w-d-star-free series (resp. w-star-
[ree step functions), then |l A V|, l¢ V V|| are w -d-star-free series (resp. w-star-free step
functions).

Proof LetV = free (p) U free (y). We have lo Ay il = llolly + IYlly and lo v ¢ || =
max (II(pIIV, Ilelv), hence our claim follows by definition of w-d-star-free series (resp.
Proposition 31) and Lemma 38. O

@ Springer



82 E. Mandrali, G. Rahonis

Lemma 42 Let ¢ € FO (Ryax, A) such that ||¢|| is an w-d-star-free series. Then ||3x.¢|| is
also an w-d-star-free series.

Proof Let W =free (p) U {x} and V = free(3x.¢) = W \ {x}. We define two subalphabets
B, T of Ayybyletting B ={(a, f) € Aw | f (x) =0}andT ={(a, f) € Aw | f (x)=1}.
Since [l¢llyy € @-SF (Rmax. Ay, d) (by Lemma 38, in case x ¢ free(p)), by Proposition 35
we get

_ ) () @
[y _112%(51 +d( ta st ))

with 5" € SF (Rmnax, B, d), 55 € @-SF (Rnax, B, d), and sy = (k;),, , where k; €
Rmax, Vi € I' forevery 1 <i < n. We show that

I3l = max (hls (s1”) +a ((non +a hls (7)) +0ns

where h : Ayy — Ay is the strict alphabetic epimorphism assigning (a, f|y) to (a, f) for
every (a, ) € Aw.

Let (w, o) € Ny. Then we have

(I 3x.ell, (w, 0))

= sug((llwllw ,(w, o [x = jD))
Jj=

= S}lg((llqﬂllw |B+rpe, (w, o [x = j1)))
Jjz

s ((fm, (17 40 (4 20 ) 1 30))

(s, w0 bx = jDo;) +du; (587, w0 bx > 7D ()

= sup | max (
j=0 \ 1=i=n +dw<j (53 s (w, o [x — ]])>])
( (1)7 (w,o[x — J])</) +dy_ (s2 ,(w,o[x = Jj]) (]))
= max | sup
I<i=n \ j>0 +dw§_,~ (ngl)» (w,o[x — ]])>j)
(h1a (58 .00 ) +duy (Kidnyy - (w.) ()
= max [ sup o
Isi=n\ j=0 +du_; (hIB ( 53 ),(w,a)>j)

e «hlB ( (l)) ta <(k Iney) td hls (‘3 )) - (w, “)))
(lfgia;n (h|3 ( (l)) +d ((k Yhty) ta s ( ))) (w, o))

where the sixth equality holds since h (ky,) = kn(y,) and k| : B — Ay is a bijection. On
the other hand, for every (w, o) € AY) \ Ny we have

(llgiagxn (h|B ( (’)) +4 ((k Yty ta Ml ( ))) +0p,, (w, 0)) - 0.

Hence, ||3x.¢|| = maxi<i<p (hlB (s{i)) +4 ((ki)h(y,-) +4 h|B (séi)))) + Onn,. By Propo-

sition 36, for every 1 < i < n, we get that h|p (s}) € SF (Rmax, Ay, d), hlp ( (z)) c
w-SF (Rmax, Ay, d). Therefore ||[3x.¢|| is an w-d-star-free series. m]
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Lemma 43 Let ¢ € FO (Ryax, A) be an FO-step formula. Then ||3x.¢|| is an w-d-star-free
series.

Proof Let W =free () U {x}, V = W\ {x}, and ¢ = \/,_,;_, (ki A ;) where ¢; €
bFO (Rpmax, A) for every 1 <i < n.Then L; = L(¢;) is an w-star-free language over Ay
and [lgllyy = maxj<j<n ((ki)r,). i.e., ll@llyy is an w-star-free-step function (by Lemma 38,
in case x ¢ free(¢)). We consider the subalphabets B, I" of Ayy as in the proof of the
previous lemma. Then, for every 1 <i < n, by Lemma 33(ii), we get

(OLi) |B*rpe = max (OL/‘. +a (Oy,i +d OL;_))

1<l;<m;

where OL,[, € SF (Rpyax, B,d), OL;. € w-SF (Rmax, B, d), and y;, € I" forevery 1 <[; <
m;. Thus ’

”(/)”W |B*FB‘” = max (kl + max (OL,_ +d (Oy,. +d OL/)))
1<li<m; ! i i

1<i<n

i, (o3, (o (00 0 (00 003,)))

‘We show that

Fax.0l = [max (1322;” (Oh\B(Lll_) +d ((ki)h(wi) +a 0h|B(L;[)))) + O0nn

where i : Ayy — Ay is the strict alphabetic epimorphism of Lemma 42. For every (w, o) €
Ny we have

(IFax.oll, (w, 0))
= ug (dw_; (el . (w. o [x = j1))

JzZ

du_; (@lw |prae, (w, o [x = j1)))

=sup (dy_; | max | max (k,' + (OLl. +d (Oy,, +4 0y ))) L (w, 0 [x — ]
Jj=0 P \i<izn \1<li<m; i i f
ki + (OL,I. ,(w,0[x —> j])<j)
=sup | dy_; | max | max +dy_; (OV,A, (w, o [x = j] (j))
Jj=0 <J 1<i<n | 1<lij<m; i
+dw§j (OL;ia (w,o [x = j])>j)

ki + (Oh\B(LI,')’ (w, f’)<j)
= max | max |[sup )
=z =z 20|+ (O 002 (1) + (%B(L;.)’(“”")>f)

(Ona(ey)- 0. 0)))
= max max su

e 1o 50|+ (d’”<f' kdi ;) » (w5 0) (j)) * (Ohw(L;.)’ v G)>'i)

(ggiagn (lggég:m (Omgw +d (U‘i)h(n.) ta 0;1|B(L;l_))))  (w, U>) :

|

w

=1

oo
—
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Hence, as in previous lemma, we get

3ax.0ll = [max (lggi (0h|B(L,,.) +a ((ki)h(n,.) +a OhB(L;I_)))) + O0pr -

Since h : B — Ay is a bijection, we get that /1| p (L[,.) is a star-free language and 4| p (L;I_)
is an w-star-free language for every 1 < i < nand 1 < [; < m;. Thus [|Fzx.¢]| is an
w-d-star-free series. m]

Lemma 44 Let ¢ € FO (Rpmax, A) be a boolean, or a letter-step formula, or ¢ =y < x <
z—> Y,oro =y < x —  where \ is a letter-step formula with free variable x. Then
IVx.@|l is an w-d-star-free series.

Proof If ¢ € bFO (Ryax, A), then Vx.¢ € bFO (Rpax, A), hence the language L(Vx.¢) is
w-star-free and the series ||Vx.¢|| = Og(vy ) is w-d-star-free.

Next, assume that ¢ = \/ae 4 (kg N Py(x)) is a letter-step formula with a € A, k, €
Rmax- We consider the letter-step series ¥ = maxgea ((ka)a). Then for every word w € A®
we have

(IVx.@ll, w) = Zdw<,- (lell s (w, [x = iD)

i=0

= Zdw<i ( \/ (ka A Pa(x)) ||, (w, [x — l]))
i>0 acA

= dy_, (r.w())
i>0

=(r". w)

where the fourth equality holds by Example 22. Hence, we get ||Vx.¢| = r® which implies
that ||Vx.¢| is an w-d-star-free series.

Next, let ¢ = (v < x) = Ve (ka A Py(x)). We consider the subset F = {(a, 0) |
a € A} of Ayyy. The language F * is star-free, hence, the series Op+ is d-star-free. Consider
the series s = maxaea ((ka)q,0)) and s’ = maxqea ((ka)(a.1)) Over Ajyy and Ryax. Now for
every w € A® and ! > 0, we get

(IvVx.ell, (w, [y = I)

xu

(v =x) > \/ (ka A Pa(x))

s(w, [x = j,y = l]))

j=0 acA
= Zdw<j( \ ka A Paoo) |, (w, [x — j]))
j=l acA

=dy_ (', (WD), 1) + D dy_; (s. (w(j), 0))
Jj>1
= (0ps 44 (5" +a s?), (w, [y = 11)),
ie., [Vx.o| = 0px +4 (s’ +d s“’) is an w-d-star-free series.
Finally, let ¢ = (y < x < 2) = Vea (ka A Pa(x)). We consider the finite languages

F = {@a,0,0) | a € A}, Fl ={@1,0) ]| ac A}, F2 = {a,0,1) | a € A} and
F3 = {(a,1,1) | a € A} over Ayy ;. The languages F, Fy, I, F3, FT, F* are star-free,
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hence the series Of,, Of,, Of;, Op+, Op+ are d-star-free. Since (Ft)* = F7 the languages
L = (FM®, L' = FL are w-star-free and the infinitary series 07, 07+ are w-d-star-free.
We consider the series s = max,eca (k(a’o’o))(a,0,0) and s/ = maxgeca (k(“’l’o))(a,l,O) over
Ayy,z) and Rpax, where k(0,00 = k(q,0,1) = kq for every a € A. Moreover, we let r| =
0p* 4a (5" +4 (max (0, 51) +40/)), r2 = Op« +4 (Opy; +40r), and r3 = Op= +4
(OFz +td (OF* +a (OFI +d OL)))'

Now, for every w € A® and j,I > 0 with j < [, we have (max (12, r3), (w, [y — J,
z — 1l])) = —o0, and

(IVx.ell, (w, [y = j.z = I])

- Zd11)<,- (

i>0

(y<x <2 = \/ (ka A Pa(x))

acA
s (w, [x — i]))
j<i<l

= dw<j (5/5 (UJ(]), 17 0)) + Z dw<,- (Sv (U)(l), 07 O))
Jj<i<l

=0 w, [y = Jj,z—=1])

= (max (ry, max (r2,r3)) , (w, [y = j,z = 1]).

,(w,[x—>i,y—>j,z—>l]))

\/ (ko A Pa(x))

acA

Furthermore, for every w € A and j,[ > 0 with j > [, we get (r1, (w, [y — j,z = I])) =
—00, and

(Ivx.oll, (w, [y = j,z = 1)

=> du, (

i>0
=D dp (=0 =x <, (W, [x > i,y > j,z—>1])
i>0
= (max (r2,r3), (w, [y = j,z = 1]))
= (max (r1, max (r2,73)) , (w, [y = j,z = {]).

,(w,[x—)i,y—)j,z—>l]))

y<x<z) — \/ (kg A Py(x))

acA

We conclude that ||Vx.¢|| = max (r;, max (2, r3)), hence |Vx.¢|| is an w-d-star-free series,
as required. O

Now, we are ready to state the main result of the section.
Theorem 45 w-wgFO (Rpax, A, d) C o-SF (Rpax, A, d).
Proof We combine Lemmas 39, 40, 41, 42, 43, and 44. O

Example 46 We consider the WOFO (Rp,ax, A) sentence ¢’ of Example 17 and the w-d-star-
free series r = max ((24) " 44 (3p)®”, (3)®). It should be clear that r = ||g0/ H

6 Counter-free series

In this section, we consider the concept of counter-freeness within weighted (resp. weighted
Biichi) automata over A and Ry,,x. Our models will be nondeterministic. Furthermore, for
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simplicity reasons, we equip our finitary models with a set of final states instead of a terminal
distribution. The main result of the section states that the class of w-d-star-free series is
contained into a subclass of the behaviors of our counter-free weighted Biichi automata. First,
we recall the notions of weighted automata and weighted Biichi automata with discounted
behavior over A and Ry [11,13].

A weighted automaton over A and Ry, is a quadruple A = (Q, in, wt, F) where Q is
the finite state set, in : Q — Ry is the initial distribution, wt : Q X A X Q — Rpax is a
mapping assigning weights to the transitions of the automaton and F C Q is the final state
set.

Givenaword w = ag ...a,—1 € A*, apath of A over w is a finite sequence of transitions
Py := ((qi, ai, qi+1))o<i<n—1- The running weight of Py, is the value

wi(Py) = D duwi (i, @, git1))

0<i<n—1
and the weight of P, is given by
weight(Py) :=in(qo) + rwt(Py).

The path P, is called successful if g, € F. Then, the d-behavior of A is the series || Al :
A* — Rpax Which is defined, for every w € A*, by (| All , w) = maxp,, succ (weight(Py)).
A series r € Rpax ((A*)) is called d-recognizable if it is the d-behavior of a weighted
automaton over A and Rpax.

A weighted Biichi automaton A = (Q, in, wt, F) over A and Ry, is defined as a weighted
automaton. Given an infinite word w = apa; ... € A“, a path of A over w is an infinite
sequence of transitions Py, := ((gi, di, gi+1));>0- The running weight of P, is the value

wi(Py) =D dy_wt (qi, ai, git1))

i>0
and the weight of P, is given by
weight(Py) :=in(qo) + rwt (Py)

where the infinite sum converges, since > ;- dy_,wt ((¢i, @i, gi+1)) < m/(1 — Mg) with
m =max {wt ((g.a.q')) | (g.a.q') € Q x A x Q} and My = max {d, | a € A}.

A path Py, is called successful if at least one final state occurs infinitely often along P,,.
Then, the d-behavior of A is the infinitary series ||A|l : A® — Rpyax Whose coefficients
are given by (|| 4], w) = sup P, succ (weight(Py)), for every w € A®. An infinitary series
r € Rumax ((A®)) is called w-d-recognizable if it is the d-behavior of a weighted Biichi
automaton over A and Rpax.

It should be clear that d-recognizable and w-d-recognizable series are bounded. We shall
need also the following notation. Given a weighted (resp. weighted Biichi) automaton A =
(Q,in,wt, F),aword w = ag...a,—1 € A*, and states ¢, ¢’ € Q, we shall denote by
P w,q") @ path of A over w starting at state ¢ and terminating at state ¢’, i.e., P(g,u.q/) =
(q.a0.91) (@i, ai» gi+1)1<i<n—2 (qn—1, an—1,¢’). Then

it (Pgwgn) =wt (g, a0, q)) + D duw_wt ((qi ai, git1))

1<i<n-2
+dw<n—IWt ((qn_l > An—1, q/)) .

Now, we are ready to introduce our counter-free weighted and counter-free weighted
Biichi automata.
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Definition 47 A weighted automaton (resp. weighted Biichi automaton) A = (Q, in, wt, F)
over A and Ry is called counter-free (cfwa, resp. cfwBa, for short) if for every g €
Q,w € A* and n > 1, the relation maxp, ) (rwt (P(q,wn,q))) # —oo implies

maXP(q,w",q) (}"W[ (P(‘vanvCI))) = ZOgign—] (dW)i maxp(q,w,q) (I"W[ (P(‘Isw"/)))'

A series r € Rpax ((A™)) (resp. r € Rmax ((A®))) is called d-counter-free (resp. w-d-
counter-free) if it is accepted by a cfwa (resp. cfwBa) over A and Rpy,ax. We shall denote by
CF (Rpax, A, d) (resp. o-CF (Rpmax, A, d)) the class of all d-counter-free (resp. w-d-counter-
free) series over A and Ryax.

A cfwa A = (Q, in, wt, F) over A and Ry, is called normalized if there are two states
q0,q: € Q such that F = {q,} and forevery g € Q, a € A, we have in(q) = 0if g = qo
and —oo otherwise, and wt((q, a, qo)) = —oo = wt((q:, a, g)). We denote a normalized
cfwa A simply by A = (Q, qo, wt, q;).

The following result has been proved for weighted automata in [11].

Lemma 48 For every cfwa A = (Q, in, wt, F) we can effectively construct a normalized
cfwa A" = (Q U {qo, q:}, qo, wi', ;) such that (| A, w) = (| All, w) for every w € AT
and (||A’ ,€) = —00.

Proof We adapt the proof of Lemma 7 in [11]. In fact, it remains to show that the normalized
weighted automaton A’ is counter-free. Indeed, let g € Q U {qo, ¢;}, w € AT, n > 1, and

P(/ L g) be a path of A’ over w with rwt(P(’ gan.g)) F —00. Since A’ is normalized we get
that the states go, ¢; do not occur in the path P(’ 70"q) hence P(’ ) is also a path of \A. This
implies that maxp(q,w”,q) (rWt (P(qvwnvq))) = 20§i§n—l (dlU)l maXP(q.w.q) (rWt (P(q’w7q)))’
and we are done. ]

A cfwBa A = (Q, in, wt, F) over A and Ry is called initial weight normalized if there
is a state go € Q such that for every ¢ € Q and a € A we have in(g) = 0if ¢ = go and
—o0 otherwise, and wt((g, a, qp)) = —oo. We denote an initial weight normalized cfwBa A
simply by A = (Q, qo, wt, F).

Lemma 49 For every cfBwa A = (Q,in, wt, F) we can effectively construct an initial
weight normalized cfwBa A" = (Q U {qo}, qo, wt', F) such that ”A/ H = || Al

Proof We use the same arguments, as in Lemma 48 for the modification of the initial
distribution. O

In the sequel, we prove closure properties of the classes CF (Rpyax, A, d) and -CF (Ryax,
A, d). We shall need these properties in order to relate d-star-free and w-d-star-free series
with d-counter-free and w-d-counter-free series, nevertheless, these results have also their
own interest.

Proposition 50 The class CF (Rpyax, A, d) contains the monomials and it is closed under
maximum, sum, complement, +4, and iteration restricted to letter-step series.

Proof The closure of CF (Rpax, A, d) under maximum, is shown by taking the disjoint union
of two cfwa. In this case, any “loop” belongs either to the first or to the second automaton,
hence the derived weighted automaton is also counter-free. Since monomials over A and Rpax
are obviously d-counter-free series, we get that letter-step series are also d-counter-free.
Closure under sum is proved by using the standard “product construction” of two cfwa.
More precisely, let A1=(Q1, iny, wt1, F1) and Ay =(Q», ina, wto, F>) be two cfwa over
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A and Rp,. Consider the weighted automaton A =(Q, in, wt, F) with Q = Q| x Q»,
F = Fi x Fp, and in((q1,92)) = ini(q1) + ina(q2), wi(((q1, q2), a, (p1, p2))) =
wi1((q1, a, p1)) +wta((q2, a, p2)), forevery (g1, q2), (p1, p2) € O, a € A. Then, for every
w € A* and path Py, of A over w, there are two unique paths P ,, of A; over w, and P; ,, of
A» over w (obtained by projections of P, on Q| and Q», respectively, in the obvious way)
and vice-versa. Furthermore, we have weight(Py,) = weight(P ) + weight(P2,,,). Now
assume that for some (g1, ¢q2) € Q, w € A*, and n > 1 there is a path Pq1.92), 0", (q1.92))
with 1wt (P((g1.g2).0"(q1.g20)) # —00. Then

D>, @' omax (it (Pigrgn.inaa))

O<i<n—1 P12 .w.1.92)

= > @ max (rwt (P1.gr.w.a0) + 1wt (Pa,(g2.0.42)))
0<i<n—1 Prgrwar) Pr(arwa)

= z (dw)i( max  (rwt (P1gwqp)) +  max  (rwr (PZ,(qz,w,qz))))
0<i<n—1 Pi (g1 war) P (qy.w.2)

= max (VW[ (Pl’(LII’wn,QI))) + max (I”W[ (PZ,(qz,w”,qz)))
P1 gy .q1) P2 (g2.0m.09)

= max (1wt (P(qr.gn.u (q1.020))

P19 (q1.92)

which implies that A4 is counter-free, and by construction || Al = [l A(]| + [l.A2]|.

Next, letr € CF(Rmax, A, d) and A = (Q, in, wt, F) be a cfwa accepting r. We consider
the nondeterministic finite automaton A" = (Q, A, I, A, F) with I = {g € Q | in(q) #
—ootand A = {(q,a,q’) € O x Ax Q | wi((q,a,q’)) # —oo}. By construction of A’, we
get that for every g1, g2 € Q and w € A* the path Py, w,g,) exists in A" iff rwt (P, w,g0)) 7#
—oo in A. Therefore, A" accepts the language supp(r) and it is trivially counter-free hence,
supp(r) is a counter-free language. Then, supp(r) is a counter-free language and let B be
a counter-free automaton accepting it. We convert 53, in the obvious way, to a weighted
automaton B’ (with weights only 0 and —00) over A and Ry,.x. Now, B’ trivially accepts
OW =7, and it is easily obtained that it is counter-free. We conclude that the series 7 is
d-counter-free, as required.

Let now A;=(Q1, in1, wt1, F1) and Ay = (Q», inp, wta, F>) be two cfwa over A and
Rinax. Using Lemma 48 we consider the normalized cfwa A1=(Q1 U {qo,1, 91,1}, q0,1, wt},
gr,1) and A,=(02 U {qo,2, g1,2}, 90,2, wt5, g;,2) such that ||.A; || coincides with ||.A4; || on A™
fori = 1, 2. Without any loss, we assume that (Q1 U {qo0.1, ¢:.1}) N (Q2 U {q0.2, g:2}) = 9.
We construct the weighted automaton A =(Q, qo,1, wt, g;,2) with Q = Q1 U {qo,1} U Q2 U
{q0.2, q: 2} where we identify the states g, 1 and go 2, and define the weight assignment
mapping wt for every ¢, q" € Q,a € A as follows:

w1 ((q.a,q") ifq,q" € Q1U{qo1)}
wty((q.a,q")  ifq.q" € Q2U{q02,q:12}

w1 ((q,a,q1,1)) ifg € Q1U{go1}and ¢' = qo2
—00 otherwise.

wi((q.a,q")) =

It is a routine matter to formally state that [|A| = ” A H +a ||A’2 { . Furthermore, the
weighted automaton A is counter-free since, by construction, any “loop” with weight
# —oo belongs either to A} or to A,. Now we let k; = (IlA;ll, &) for i = 1,2. Then
AL +a A2l = max (|| A} | +a |45 ] KD +a [A5] L [ AL +a K2)e . ke +a (k2)e).
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One can trivially construct cfwa accepting (k) and (k»), and using simplifications of our pre-
vious construction! for A can easily show that the series (k1) 44 HA’Z ! , !A’l H ~+a4 (k2),,and
(k1), +a (k2), are d-counter-free which implies, by what we have shown, that || Aj || +4 [|.A2 ]|
is a d-counter-free series.

Finally, let r = maxaea ((ka),) be a letter-step series with k, € Ry for every a € A.
We consider the cfwa A = ({qo0, q:}, g0, wt, q:) with wt ((qo, a, q:)) = wt ((q:, a, q;)) = ka
for every a € A, and the weight of any other transition is —co. Obviously 7+ = || A||, and
we are done. O

Proposition 51 The class o-CF (Ruyax, A, d) is closed under maximum, complement, +4
and w-iteration restricted to letter-step series.

Proof The closure under maximum and complement is shown as in Proposition 50. Espe-
cially, for the complement we use the fact that the class of counter-free Biichi recognizable
(i.e., w-star-free) languages is closed under complement (cf. [7]).

Next, lets; € CF(Rmax, A, d) and sy € @-CF (Ryax, A, d),and Ay = (Qy, iny, wty, Fy),
Az = (Q2,inp, wtp, Fy) be a cfwa and a cfwBa over A and Rp,x accepting s; and s7,
respectively. Furthermore, let A} =(Q1 U {q0.1, g1}, 90.1, wt/l , qr) be the normalized automa-
ton derived by A; (cf. Lemma 48), and A,=(Q2 U {q0,2}, q0,2, wt,, F>) be the initial
weight normalized cfwBa derived by A (cf. Lemma 49). Without any loss, we assume that
(Q1Y{q0.1, 9:)N(Q2U{qo.2}) = ¥. Consider the weighted automaton A = (Q, qo.1, wt, F>)
with O = (Q1U{go,1}) U (Q2 U {q0,2}) where we have identified the states ¢; and go,>. The
weight assignment mapping wt is defined for every g, ¢’ € Q anda € A by

wti((q,a,q") ifq,q € Q1 U{q0,1}
wty((g,a,q") ifq,q" € Q2 U{qo2}

wi|((q,a,q:)) ifqg e Q1U{go1}andq" = qo2
—00 otherwise.

wi((g.a,q")) =

Trivially, || A|| = s1| 4+ +a s2. Furthermore, the weighted Biichi automaton .A is counter-free
since every “loop” with weight # —oo belongs either to A} or to A). Let (sq, &) = k. Then
S1 +q s2 = max(sy|a+ +a 2, ke +4 $2) which concludes our claim since k; +4 7 is trivially
w-d-counter-free.

Finally, let r = maxgea ((kq),) be a letter-step series with k, € Rpax for every
a € A. We consider the initial weight normalized cfwBa A = ({qo, ¢:}, g0, wt, {q:}) with
wt ((qo, a, q:)) = wt ((q:, a, q1)) = kq foreverya € A, and the weight of any other transition
is —oo. Obviously r® = || A, and our proof is completed. O

Next, we introduce the subclass of almost simple d-counter-free (resp. almost sim-
ple w-d-counter-free) series and we show that it contains the class SF(Rpyax, 4, d) (resp.
@-SF(Rmax, A, d)).

Definition 52 A cfwa (resp. cfwBa) A = (Q, in, wt, F) over A and Rpx is called simple
if forevery g, ¢, p, p' € Q,and a € A, in(q) # —oo # in(q’) implies in(q) = in(q’), and
wt((q,a, q")) # —oo # wt((p, a, p') implies wt((q, a, q')) = wt((p, a, p)). Furthermore,
aseries r € Rpax ((A™)) (resp. r € Rpmax ((A®))) is simple if it is the d-behavior of a simple
cfwa (resp. cfwBa) over A and Ryax.-

Proposition 53 Ifr, s € Ruyax ((A®)) are simple infinitary series, then r + s is also simple.

! In fact the cfwa for (k1)g and (kp), cannot be normalized.
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Proof Let A, B be two simple cfwBa accepting r, s, respectively. By definition, the initial
distribution of A (resp. BB) assigns to every state of A (resp. BB) either —oo or a value k # —oo
(resp. [ # —o0). Similarly, the weight assignment mapping of A (resp. BB) assigns to every
transition of A (resp. B) labelled by a € A either —oo oravalue k, # —oo (resp. [, # —o0).
Without any loss, we assume that k,, [, exist for every a € A, otherwise we consider a subal-
phabet. Then the language L = supp (||.A|l) N supp (|| B]]) is w-counter-free (cf. the proof of
Proposition 51), and we easily get that || A||+ || B|| = 0L+(k + 1+ (maxaeA ((ka + la)a))w).
LetC = (Q, A, I, A, F) be a counter-free nondeterministic Biichi automaton accepting L
and consider the weighted Biichi automaton C'=(Q, in, wt, F) where for every ¢q,q" €
Q,a € Aweletin(q) =k +1if g € I and —oo otherwise, and wt ((q, a, q’)) =k, +1,if
(q, a,q’ ) € A and —oo otherwise. By definition, C’ is simple, and since C is counter-free, we
can easily show that it is also counter-free. Moreover ||C’ || = || Al + ||B]l, and this concludes
our proof. o

Definition 54 — A seriesr € Ruax ((A*)) is called almost simple if r = max,<j<, (rf">+d
e ta r,(,il) 1([), ce r,(,i,) are simple d-counter free series
over A and Rpax.

) where, forevery 1 <i <n, r

— A series r € Rpax ((A®)) is called almost simple if r = max;<;<, (r](i) +4q...+q r,SJ})
where, forevery 1 <i <n, r](i), R rr(,fi)_] are simple d-counter free series and r,(,i,) isa
simple w-d-counter-free series over A and Rpax.

From the above definition and Proposition 50 (resp. Proposition 51), we get that a finitary
(resp. infinitary) almost simple series is a d-counter-free (resp. an w-d-counter-free) series?.
We shall denote by asCF(Rmax, A, d) the class of all almost simple d-counter-free series
and by w-asCF(Rpmax, A, d) the class of all almost simple w-d-counter-free series over A

and Rpyax. Now we are ready to state the first main result of this section.
Theorem 55 SF(Ryax, A, d) € asCF(Rpyax, A, d).

Proof The class asCF (Rmax, A, d) trivially contains the monomials over A and Rp,ax. There-
fore, it suffices to show that it is closed under maximum, sum, complement, 44, and iteration
restricted to letter-step series.

Closure under maximum and 4+ is easily obtained by definition of the class of almost
simple d-counter-free series. For the closure under complement, let r € asCF (Rpax, A, d),
ie., r € CF(Rpax, A, d). Then the weighted automaton B’ in the proof of Proposition 50
is simple and moreover accepts the complement 7 hence, ¥ € asCF(Rpyax, A, d). Trivially,
we get that asCF (Rmax, A, d) contains the letter-step series. Furthermore, the automaton A
accepting T for a letter-step series r, in the proof of Proposition 50, is trivially simple, hence
the class asCF (Rpax, A, d) is closed under iteration restricted to letter-step series. Therefore,
it remains to prove the closure under sum. Since, sum distributes over maximum it suffices
to show that if A; = (Q;, in;, wt;, F;), Bj = (P}, in’j,wt’j, T;)(forl <i<n,1<j<m)
are simple cfwa over A and Rpx, then the d-counter-free series (|| A1l +4 - .. +a |l Anl) +
Bl +4 --- +a IIBnl) is almost simple. We proceed by induction on m, hence, assume
firstly that m = 1. Without any loss, we suppose the state sets Q; (1 < i < n) to be
pairwise disjoint3. For every p, p’ € Py and2 < i < n — 1, we consider the simple cfwa

2 In fact we can define an almost simple counter-free weighted (resp. Biichi) automaton, but we do not need
it here.

3 Here, we deal with the case n > 1. Forn = m = 1 we consider the product automaton of two simple cfwa
which is trivially simple.
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Ci,p = (01 x Plyil,WL Fi x {p)), Ci,(p.p)y = (Qi x P1,inj (p py, wii, Fi x {p'}), and

Cn,p = (Qn x Py, in, p, wty, F, x T1) by

—in ((q(l), pl)) = in1(g'M) +in (p1) for every gV e 01, p1 € P,

=t (@ poa @ p)) = win (0”@ ai”)) + il (1 a, p2)) for every
qfl),qél) € 01, p1,p2 € Pr,a€ A, and

forevery2 <i <n—1

- E,-,(p,p/) ((q(i), pl)) = in;j(¢") if p1 = p and —oo otherwise, foreveryq(i) € Qi,p1 €

Py,
- Wi (((qf’), pi)sa, (g3, pz))) = wi; ((qf”,a,qz(’))) + wi|((p1.a, p2)) for every

Q{i),qz(i) € Qi, p1,p2 € P1,a € A, and

— ing,p ((q("), pl)) =in,(q™) if p; = p and —oo otherwise, for every ¢ € Q,, p| €

Py,
- Wi, (((qf"), p)sa, (g, pz))) = wi, ((qfn), a, qg’))) +wt ((p1, a, p2)), forevery
", 4" € Qu,p1,p2€ Priac A

We claim that

(AL +a - - +a IAD + 1Bl

= omax (€] Fa [Cawipm | Fa ot Gt | (o ])

Indeed, let w = agay . ..am—1 € supp((JJ ALl +4 ... +a | AD + IB1]]) with ag, ay, ...,
am—1 € A. This means that there is an analysis w = wj...w,, and forevery 1 <i <n

there is a successful path Plff;.) of A; over w;, and a successful path P, of Bj over w, such
that (1ALl +a ... +a A + 1B, w) = weight (P&}l)) + dyy, weight (P,S}Q) ot
dy, .., weight (P,f)'fl)) + weight(P,,). Let us assume that
1 1 1 1 1 1
PO (a8 a0.0") (" an.a") - (4. a0l

2) . (,@ () (2) (2) 2 2
Pu()z) : (qil"rl’ Aij+1, qil+2) (q,‘1+2a aij+2, qil+3) e (qi2 » dins qi2+1) ’

P (qiinjl+l’“in71+1’qi(:7)1+2) (qi(,:l,)1+2’air171+2’qi(:,)1+3) (q,(,fll,am,l,q,ﬁf))’ and
Py : (po,ao, p1) (p1,at, p2) ... (Pm—1, Gm—1, Pm) -

Now, by definition of C]»Pi|+l’sz(Pi|+lvPi2+l)’""C”;Pin,ﬁrl’ we can construct from
! _ o
Plf“), e, Pif,'f,) and Py the paths Py, ..., Pu, of C1p, sy Cupy 4y OVET WL, ..., Wy,

respectively, as follows

- 1 1 1 1
Py, : ((Q(() )» PO) » 4o, (ql( ), Pl)) ((Qf )7 Pl) ,al, (615 ), Pz))
1 1
((61,-(, )» Pi,) > iy (q,-(lJ)rl, pi,+1)) )
- 2 2 2 2
sz : ((q,-(lll, pi1+l) » Aiy+1, (q,'(ﬁ)_zs pi1+2)) ((q,'(l_:_zv pi1+2) , Qi 42, (q,'(lj_g,v Pi1+3))

@) (@)
.. (( i ? plz) ) ai27 (qi2+ls plerl)) s
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Fwn : ((qi(:,)1+l’ pl',,,r‘rl) » Aiy 141> (qi(:,)1+2’ pin71+2))
(n) ) . () .
qi, 420 Pina+2) > Qi +25\4;, " 43> Pin143

((q,(,fll, Pm—l) ,Am—1, (q,(n"), pm)) .

Since weight (le) + dyy, weight (ﬁwZ) + ...+ dy,..w, weight (ﬁwn) = weight (Pl,ﬂ‘f) +
dyy, weight (Plszz)) + ...+ dy, ., weight (P,f)’z)) + weight(Py), by definition of C1 , .,

o3 Cap, 41 We get that (Hcl’l’iwl +d .. +a ‘Cn,pi,,_m ,w) = weight (Py,) +

dy,weight (Pu,)+. . .+dy, . .w,_ weight (P, ) whichimplies that (|4 || +4 - . . +a A1)

1B w) = (e | +a - |Gy ] )-
Conversely, keeping the previous notations, let p; 41, ..., pi,_;+1 € Pi such that w €

supp (”Cl,m1+1 +aq...+a ‘C

n, Py, 1 +1
(letme | +a - ta [Cupy |- ) = @A +a - 4a 140D + 1B, w) and this
concludes our claim form = 1
For the induction step, for simplicity, we prove our claim form = 2. Forevery 1l <i <n
and g0 € Q;, we define the simple cfwa Ai g0 = (Qiini, wii, {g©}) and Al S =
(Qi, in;, wt;, F;) with in{(q) = 0if g = g¥) and —oo otherwise, for every g € Q;. Then,
with similar as above arguments, we can show that (|| A || +4...+a A D+ UB1 44 1B21)
equals

). Using similar arguments as above, we get that

(A +a - +a A +1B1D +a ((MAipill +a -« +a 1AID + 1820,
max | max AU +a ... +a HAW(") H + 1B1]l) +a

1<i<n max /
aveo \ ([ o] +a- - +a 14a0) + 1820)

ivq®

Hence, by induction hypothesis we conclude our claim. O

In our second main result below, we show that every w-d-star-free series is an almost
simple w-d-counter-free series.

Theorem 56 w-SF(Rpax, A, d) C w-asCF (Rpyax, A, d).

Proof By Definition 23 and Theorem 55, it suffices to show that the class w-asCF (Rpyax, A, d)
is closed under maximum, sum, complement, w-iteration restricted to letter-step series, and if
s1 € asCF (Rpyax, A, d) and sy € w-asCF (Rpyax, A, d),thens; 4452 € w-asCF(Rpyax, A, d).
The last property as well as closure under maximum are easily obtained by Definition 54. For
the closure under complement, we use a similar argument as in the corresponding part of the
proof of Theorem 55. Furthermore, the automaton .A accepting » for a letter-step series r, in
the proof of Proposition 51, is trivially simple, hence the class w-asCF (Rpyax, A, d) is closed
under w-iteration restricted to letter-step series. Again, the most complicated case is to prove
the closure under sum, i.e., to prove that if A; = (Q;, in;, wt;, F;), Bj = (P}, in’j, wt’j, T))
(forl <i<n-—1,1<j <m—1) are simple cfwa and A, = (Qy, in,, wt,, F,), By =
(P, in,, wt,,, T,y) are simple cfwBa over A and Rp,x, then the w-d-counter-free series
WAL +a ..o +a 1A + UBill 4 - - - +a 1 Bal) is almost simple. We state our proof by
induction on m, hence, let firstly m = 1, i.e., By = (P, in’l, wt’l, T1) be a simple cfwBa
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(again we assume n > 1, otherwise if n = m = 1 we get our result by Proposition 53). We
keep the notations of Theorem 55 and consider the simple cfwa Cy p, and C; (. ) for every
2 <i < n — 1. Furthermore, for every p € P; we define the weighted Biichi automaton
Cnp = (Qn x Py x {0, 1,2}, iny,p, win, Qn x Py x {2}) with the initial distribution in,,, ,
given for every ¢ € Q,, p1 € Pi,x € {0, 1,2} by

ing(g™) if py=p,x=0
—00 otherwise

’

Eﬂ,ﬁ(‘](”)a plax) = [

and the weight assignment mapping wt,, defined for every qf”) , qé”) € Qn,p1,p2 € Pr,a e
A, x,y €{0, 1,2} as follows.

Wiy (((qf"),pl,x) .a, (qé"),pz,y))) = wiy ((qf”),a,qz(”))) + wt} ((p1, a, p2)) if

(x=y=00rq2(") €eF,x=0,y=1lorpp¢Ti,x=y=lorppeT,x=1,y=2
orx = 2,y = 0), and —oo otherwise. We note that, since A, (resp. B],C,,,p)4 is sim-
ple, for every w € A®, all the successful paths of A, (resp. By, Cy, ) over w with weight
# —oo have the same weight. Again we will show that (|| A1 ]| +4 ... +4 | Ax]) + |1 B1ll =

maxp,,....pp_1€P| (”Cl,pn ” +d “02.(;71-,172) ” td ... td ||Cn_1»(Pn—2vpnfl)|| +d chvpn—l ”) To
this end, let w = apay ... € supp((| A1l +a ... +a I Axl) + IB1l]) with ag, ag, ... € A.
Then, thereis ananalysisw = wy ... wy_jw, (Wi, ..., wy,—1 € A*, w, € A®),and forevery

1 <i < nthereis asuccessful path PIE,’;.) of A; over w;, and a successful path P,, of 5| over w,
such that (A1l +4 - .. +a A« D+ 181l , w) = weight (Plf,ll)) +dyy, weight (Plszz)) +...+
dw, ...w,_,weight (Pg)?) +weight(P,). We keep the notations, from the proof of Theorem 55,
for the paths PS,.) (1 <i<n-—1),andlet

) () (n) (n)
Pu(f,l,) : (qin71+l’ain71+1’ qin,1+2) (qi,171+2’“in71+2’qi,,71+3) .-+, and
Py : (po.ao, p1) (p1,ai, p2) ...
We consider the paths ﬁwi (1 <i <n —1)as in the proof of Theorem 55, and let

Fu)n : ((ql'(’77)1+17 Pi_1+1, xl) s iy 141, (ql'(nn,)1+2’ Piy_1+2» xz))

() . . (n) .
9i, 420 Pin1+2: X2 ) @iy 142 \4;, " 13> Pin1+3:X3) ) - -

where for every j > 1 the choice of x; is done as follows. We have (x; = 0 and (nondeter-

ministically) x4 = Lif ql§:3|+j+1 € Fpor(xj =1andx;iy =1if p;, 441 ¢ T1) or

(xj =land xjy1 = 2if p;,_,+j+1 € T1) or (x; = 2 and x 41 = 0). Clearly, by definition

of C1,pj 115 - - -+ Cn,pi,_,+1» the above paths are successful, and we get that
(“Cl’pil+l +d...+q ‘ Cn,Pin,1+1 , w) = weight @wl) + dy, weight (sz)
+...+dy,..w,  weight (Fw”)
hence, (| C1upy et | +a - Fa | Cupy o | - 0) = (AU +a - 14D + 1B w.

For the converse, we use similar arguments as in the corresponding part of the proof of
Theorem 55.

It remains to prove that the infinitary series ||Cn, p|| is simple for every p € P;. By
construction, we have ||C,1,p || = |4, + ||Bp , where B), is the simple cfwBa derived by

4 Abusing the definition, we call the weighted Biichi automaton Cy,, , simple though it is not counter-free.
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B by replacing the initial distribution, with the one assigning the value 0 to p and —oo to
any other state. Since, A, B, are simple, we conclude our claim by Proposition 53.

Next for the induction step, again for simplicity, we state our claim for m = 2. Now,
we consider, for every 1 < i < n — 1 and q(’) € Q;, the simple cfwa Awm
(Q;, inj, wti, {gD}) and.A;’q(,-) = (Q;, in}, wt;, F;) within(q) = 0if g = ¢ and —o0 oth-

erwise. Moreover, for every q(") € Q, we consider the cfwa An’q(n) = (Qy, in,, wt,, {q(”)})

and the cfwBa A:w(") = (Q, in,, wty, F,) with in () = 0if ¢ = ¢ and —oo otherwise.
Then, we get that the sum (| Ay || +4 ... +4 A1) + (1811l +4 1B21) equals

AL+ - +a 14D + 1B +a (At +a - +a 1A D + 1Bl
max | max . (A +a - a | Ago ) + 1811 +a
== o\ (|4 0] +a - +a14u0) +1821)

iq®

and, by induction hypothesis and Theorem 55, we are done. O

Example 57 We consider the w-d-star-free series r = max ((Za)"' +a 3p)?, (3;,)“’) of
Example 46. Let A1 = ({q0,q1, g2}, in1, wt1, {g2}) be a simple normalized cfwa deter-
mined by inj(qo) = 0, in1(q1) = in1(g2) = —oo and wt1((qo, a, q1)) = wt1((qo, a, q2)) =
wt1((q1,a, q1)) = wt1((q1, a, g2)) = 2. Itis easily seen that .A; accepts the series is QCot.
Furthermore, the simple initial weight normalized cfwBa A> = ({po, p1}, in2, wt2, {p1})
with ina(po) = 0, ina(p1) = —oo and wia((po, b, p1)) = wia((p1,b, p1)) = 3
accepts the series (35)”. Then the cfwBa B = ({qo0, q1, po. p1}, in, wt, {p1}) determined
by in(go) = 0, in(q1) = in(po) = in(p1) = —oo and wt((qo, a, q1)) = wt((qo, a, po)) =
wi((q1, a, q1)) = wi((q1, a, po)) = 2, wt((po, b, p1)) = wi((p1, b, p1)) = 3 has behavior
1Bl = )t +4 Bp)®. Finally, the disjoint union of the cfwBa 4> and B recognizes the
series r.

7 Closing the cycle

In this section, we prove that the class of almost simple w -d-counter-free series is included
into the class w-ULTL (Rpax, A, d) and thus concluding the main result of our paper. For
this, we shall need some preliminary matter on our weighted LTL.
For every ¢ € LTL (Ryax, A) and n > 0 we denote by (O"¢ the n-th repetitive appli-
cation of the O operator on ¢, i.e., O"¢:=0O(QO...(Ogp)...), and hence 0% = ¢.
—_——

n umes

Then, for every w € A® we have (|O"¢ll,w) = dw_, (ll¢ll, w=s). The external next
depth exnd (¢) of a formula ¢ € LTL(Rpax, A) is defined inductively as follows. If
¢ = Q, then exnd (¢) = exnd (¥) + 1. In any other case, we let exnd (¢) = 0.
For instance exnd (O (O O (O (pan2))) = 2, and if ¢ € LTL Rpax, A) with
exnd (p) = 0, then exnd (O"¢) = n for every n > 0. For every n > 0, we denote by
SILTL (O, n, A) the class of all LTL (Rpax, A) formulas of the form A, <j<m Okiy j with
m >0, maxo<j<m (k;) = n, and ¥; € SILTL (Rpax, A) for every 0 < j < m°>. We let
StLTL (O, A) = Un>0 stLTL (O, n, A). Furthermore, for every m > 0, we let U, to be
the set of all (m + lj—tuples of the form ((¢o, ko) , (€1, ¢1, k1) s - -, (Ems ©m, km)) Where
@i € StLTL (O, ki, N) and & € abLTL (Rpax, A) forevery0 <i <mand 1 < j <m.

5 By definition of s2LTL(Rmax, A), it should be clear that exnd(y;) = 0 forevery 1 < j < m.
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Definition 58 Let T = ((¢o, ko) , (€1, @1, k1) -« -, (Ems Om» km)) € Uy, Forevery w € A®
and j > 0 we define the value (T,w, j) € Rupax as follows. If j < ko + ... + k;,, we set
(T ,w, j) = —o0. Otherwise, for every i1, i2, ..., i, € Nand 0 </ < m we define the sum
S; =ko+ i1+ ki + ...+ i; + k; with the restriction that S;, = j — 1. Then, we let

> dug ., (180 wss 1)
(Tow, jy=_ max | dleoll,w)+ > | oz

11,02,..0im €
Sm:jfl 1<i<m +dw<sl—l+i1 (”(Pl “ 5 wZSl_1+i1)

Note that in case m = 0, the restriction Sop = j — 1, i.e., ko = j — 1 implies that (T, w, j) =
—oo for every j > ko + 1. Therefore, if m = 0, then (T, w, j) = —oo forevery j # ko + 1,
and (T, w, ko + 1) = (llgoll , w).

COIIIpOSitiOIl algorithm. Let Tl - ((§007 kO) s (gl; @1, kl) s ey (Ema Pm» km)) € Um and
T = ((Yo.10) . 1, Y1, 1)) s -, On, Ynu 1)) € Un with Yo = Ao ;< OF/ 0. We con-

sider the formula 0 € StLTL (O, ky +1lp+ 1, A) by 0 = ¢ A (/\Oiiih Qfmtrj+l Qj)-
Then, if m = 0 we let

T = ((kam +lo+ 1)7 (917 Wl’ll)’ R} (9}1, Wmln)),

otherwise we let

T = ((‘P07k0)7 (%‘1’ (Pl,kl)’ DR (Sm»Qa km +ZO+ 1)7 (015 WLII)’ R (0}% Wn»ln))-

Clearly T € U4y, and we claim that

(T,w, j) = max ((T1,w,i) +dw_ (Tr, wsi, j —i))
O<i<j

for every w € A“,j > 0. Assume firstly that m = n = 0. If j # ko + lo +
2, then both sides of the above relation equal to —oo. If j = ko + lop + 2, then
(T,w, j) = (lell,w) = lgoll, w) + duw_sy (I¥0lls woke+1) = (T1, w ko + 1) +
dw g4 (Ta, wapgt1, j — ko + 1)) = maxo<i<j ((T1, w, i) + dw_, (T2, w=i, j —i)).

Next, assume thatn # Qorm # 0. Then, if j > ko+k1+...+kyn+1+1o+. ..+, there
existit, ..., im, i, ..., I, € Nwithko+ii+ki+...+im+kn+1+o+i]+0+. . i+, =
j — 1 such that (T, w, j) equals to

Z dw<s,l+j (llélll,w25,71+jl)
(<||¢o||,w>+ > (ij,q.[ -+

1<i<m \ +du_g,_ ., (l@ill, wss, 40,

Z d(szmH)<s,’1_]+_,'h (”9'1 I wzs,,,+1+s,;,l+jh)
Hdu_g, o | (ol wss, 1)+ D | 0=in<i;
I<hzn +d(w25m+1)<s,’171+i;l (HT/fh Il wzs,,,+1+s,;7,+i;,)

Then, fori = S, + 1, we get (T, w, j) < (T, w, i) +dy_, (To, ws;, j — i), which implies
that (T, w, j) < maxo<i<j ((T1, w, i) + dw_, (T2, w=;, j — i)). Similarly, we can show that
(Ti,w, i) +dy_ (T2, w=;, j —i) < (T, w, j) forevery 0 <i < j, and we are done.

Finally, assume that j < ko+ k1 +...+kyn+ 14+l +...+1,. Then, (T, w, j) = —o0,
and for every 0 < i < j atleast one of the following is true: i < ko + ...+ k;,, which implies
that (Ty, w, i) = —o0, or j —i <lo+...+1,, whichimplies that (T>, w=;, j — i) = —oo.

In the sequel, we recall an alternative definition for star-free languages which does not
involve the closure under complementation. For this, we shall need the notion of bounded
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synchronization delay. More precisely, let k > 0 be an integer. A prefix-free set L € AT
has bounded synchronization delay if uvw € L* implies uv, w € L* for every u, w € A*
and v € LK. The least integer k > 0 satisfying the aforementioned property is called the
synchronization delay of L.

Lemma 59 [24] A prefix-free set of delay 0 is also of delay 1.

It is well-known (cf. for instance Theorem 6.3 p. 378 in [24]) that the class of star-free
languages over A is the smallest class of languages over A containing ¢} and {a} for every
a € A, and it is closed under union, concatenation and star operation restricted to prefix-free
sets with bounded synchronization delay.

For every L, F € A® we define the infinitary language (cf. [24])

LUF = {w € A® | w =uv where u € A*,v € F and u'v € L for each non-empty

suffix u’ of u} .

It should be clear that supp (0, UOf) = LU F, where the operation U among two bounded
series 7, s € Rupax ((A“)), is defined for every w € A®, by

(rUs, w) = sup Z du_; (rowsj) +du_; (s, ws;)
120 \ p<j<i

Lemma 60 Let L € AT be a prefix-free set with bounded synchronization delay k > 1. Let
ueA* ve L* andw € Y C A® such that

(i) uvw € L¥A®, and
(ii) w'vw € L¥1A® U (A2\L* A®) for every suffix u' of u.

Then uv € LT.

Proof We follow the proof of Lemma 6.11 (p. 383) in [24]. O

Lemma 61 (Lemma 6.12 in [24]) Let L € A™ be a prefix-free set with bounded synchro-
nization delay k > 1 and Y C A®. Then

(LY)Y=LYu...uL* 'Y UR
with R = LA 0 ((LM1A® U (A® \ LFA®)) UL*Y).
The subsequent result is a straightforward conclusion from the last lemma above.

Lemma 62 Let L € AT be a prefix-free set with bounded synchronization delay k > 1 and
Y C A®. Then

07+ +4 Oy = max (OL +4 Oy, ..., 0721 44 Oy, r)
withr = 0k g0 + (OLk+1Awu(Aw\LkAw)U (Osz +a Oy)).
Lemma 63 Let L C A™ be a star-free language. Then, there exists an integer n > 0 and

T; € Uy, (m; > 0) for every 1 < i < n, such that for every w € A” and j > 0 we have
(0L, w<j) = maxi<j<p (T3, w, j)).
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Proof We state the proof by induction on the structure of L. For the empty set the tuple
T = (—o00,0) € Uy satisfies our claim. Let L = {a} for a € A. We consider the tuple
T = (pa,0) € Up. Then Sop = 0 and since Sp = j — 1 we get that (T, w, j) = —oo for
j # 1. Moreover, (T, w, 1) = 0if w(0) = a, and (T, w, 1) = —oo otherwise. Therefore
(T,w, j) = (04, w;) forevery w € A?, j > 0.

Next, assume that the induction hypothesis holds for the star-free languages L1, L;
AT, Then, there exist n,m,[;,hy € N, and T} € Ui, Tk’ e Uy, =i <n 1<k
m) such that for every w € A®, j > 0 we have (0z,, w<j) = maxi<j<p, (T}, w, j
and (0z,, w<j) = maxi<x<m ((T{, w, j)). Firstly, let L = Ly U Ly. Then (0., w;) =
(max (OL1 , OLz) , w<j) = max (maxlsisn (T:, w, j)), maxi<k<m ((Tk/, w, j))), as wanted.

Next,let L = LiL,. ThenOp,7, =01, +401,. Forevery 1 <i <nand1 <k <m we
derive from 7;, T} the tuple T; x € Uj,4p, by applying the Composition algorithm. Then, we
get

ZIAIN

(Ozy +a 0Ly, wej) = 0%, ((OLw wep) +du, (OLz’ (wzp)<j—p))

0<p=<j \I<izn I<k<m

= max (m,ax (Ti,w, p) +du_, ( max (T}, wxp. j — P))))

= max ( max ((Ti, w, p) +dy_, (Tk/, Wsp, j — p)))

0<p<j \I<i<n,1<k<m

max ( max (T, w, p) +du_, (T{, w=p, j — P)))

1<i<n,l<k<m \0<p<j

= max  ((Tix,w,j))

1<i<n,1<k<m

for every w € A®, j > 0.

Finally, let L be a prefix-free set with bounded synchronization delay & > 0 satisfying the
induction hypothesis. By Lemma 59, it suffices to consider the case k > 1. We will prove
our claim for L*. By Lemma 62, for ¥ = A®, we get

07+ +4 040 = max (OL 44 040, ..., 0p26—1 +4 040, 074 go
+ (OLk+1A“’U(A“’\LkA“’)U (Osz +d OAw))) .

We denote 2k simply by p. By what we have shown above, the induction hypothesis, and
same arguments with the ones used in the previous inductive step, we get that for every
1 < h < p there exists an n;, € N, so that the following hold. For every 1 < i < nj, there
existan m; > Oand a Tj,; € Uy, with (Opsn, w<;) = maxi<i<n, ((Th.i, w, j)), for every
we A“, j > 0.

Let¢’, @ € bLTL (Rmax, A) with semantics 0z g0, Opi+1 g0y (e L o) Tespectively. We
setp = ¢ if ¢’ € stLTL (D, 0, A) and ¢ = 0 A ¢’, otherwise. Clearly, ¢’ and 0 A ¢’ are
equivalentand 0 A ¢" € stLTL (O, 0, A). Wefixan 1 < i < n,, and we denote for simplicity
Ty, Up; (where T); € Uy,) with T, U,,, respectively. Let

T = ((1//05 IO) ’ ((pl! ‘(/flvll) LI (Wma Wms lm))

and define the tuple 7’ € Uy, 41 by

T/ = ((aa 0) ’ (av WOa lO) ’ ((p17 wla ll) LA (‘/’ma 1/,}117 lm)) M
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Then, for every w € A®, j > lop + ...+ [, we have

(T", w, j)

= max o, w)+ d o, w +dy_ (T, w>q, j — 1
ocg x| 0 w) qu, wo (11 w=n) + du_y (Tow=g. j =) | (D)

and (T/ LW, j ) = —oo forevery j <lgp+ ...+ l,. We repeat the same procedure for every
1 <i < n, and we get the corresponding (m; + 1)-tuple TI’J ;e
Now we show that for every w € A®, j > 0 we have

(0p+, w<j) = max (lgr}:lia;(_] (lrfr}aglh (Tn.i w, J))) ; 12}2/) (<T[;yl-, w, ]>)) .
To this end, let w; € L, hence either w—; € U<, L' orw_; € Unsp L". In the
first case maxj<p<p—1 ((0z, w<;j)) = 0 and so maxj<p<p—1 (Maxi<i<n, (i, w, j))) =
0. In the latter case, Ju € L*,v € L” such that w.; = wuv. Since v = (w2|”|)<|v|
and (Ozr,v) = 0, by induction hypothesis, we get that maxj<;<y, (Tp.is w=pup, 1)) =
Max|<i<n, ((Tp,i» w=juj, j — lul)) = 0. Then, by the proof of Lemma 6.12 (p. 372) in
[24], we get that for every suffix u’ of u we have u'vws; € LFF1A® U (A2\ LFA®).
Hence, (191l w) + > o<p<jui@wy, (181 wsn) + du_, (Tp.ir ws |, j — lul) = 0 for some

1 < i =< np. By this and relation (1), we conclude that maxi<j<n, (<T1’7i, w, ])) =

0. Therefore, (0+, w~;) = 0 implies maxj<p<p—1 (Maxi<j<p, (Thi. w. j))) = 0 or
maxj<i<n, (<T’f W, ]>) = 0, as required.
Conversely, assume that maxj<;<p—1 (maxlsisnh ((Th,,', w, j))) = 0 or maxi<j<n,

(<T];J., w, ]>) = 0. If the first one is true, then maxj<x<,—1 ((0z1, w<;)) = 0. Other-

wise, if the latter case holds, then there is an 1 < i < n, such that <T[;‘i, w, j> = 0. This
implies that j > lp + ... + I, and by relation (1) we get

oy

el wy+ D duy, (181 wsn) + du_, (Tpis weq.j — q) | =0.

= ‘max
0§q<]_(10+~--+lmi) 0<h<q

Therefore, (|@ll, w) = 0, and for some 0 < g < j —(lo+...+1y,) wehave (@], w=p) =
(OLk+1Awu(Am\LkAa)), wzh) = 0 for every 0 < h < g, and (Tp,,-, Wxq, J —q) =
(OLp, (wzq)</._q) =0 Wesetu = wey, and v = (wzq)

and the requirements of Lemma 60 fulfilled. We conclude that w.; = uv € Lt ie.,
(0+, w<;j) = 0, and our proof is completed. ]

g Then w = wvws;

By the above inductive proof, we get that for every star-free language L C A™ we can find
a unique integer n > 0 and a unique (up to formulas’ equivalence) set of tuples (7;); <;<p,
with T; € Uy, (m; > 0) for every 1 < i < n, satisfying Lemma 63. More interestingly,
we get that maxi<j<, (T;, w, j)) = maxi<i<, ((T;, w’, j)) for every w,w’ € A® with
wej =w It
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Example 64 Let A = {a,b} and L = {ab}. Clearly, L is a prefix-free set with bounded
synchronization delay k = 1. Following the inductive construction of the previous proof we
get: @' = pa AOpp. 91240 = pa AOPs A O*Pa A O pi. pacLao = = (pa A Qpp) and
@ = @r240V @anpao. Weset Ty = (¢, 1) and T = ((0 A ¢/, 0), (¢, 9240, 3)) . Then,
(Op+, w<j) = max ((Ty, w, j), (T2, w, j)) for every w € A®, j > 0. For instance, for
every w € A®, (T, w, j) = 0iff (j =2 and w<y = ab). Let now w = abababu where
u € A®. Then,

(T, w, 6) = max (le]|  w)+ Z dy_;, (1911, wsjy) + du_;, ([@r2as]  w=i)
0+i1+3=5 0=ji<ii
= (H‘P/ | cw) + (191, w) +da (1811, w=1) + da (”fﬂLZAw ,ws2) =0
= (0L+7 w<6) .
Similarly,
Toow 5= g | (01 w)t 20 dusy (191 w2) + s, (Jorzae] s wzi)
0+i1+3=4 0<ji<ii
= (”(p/ } ? w) + (”(’;5” ’ w) +da (”(/JLZA‘“ y le) = —0

= (0p+, ws) .

It is clear that the values obtained by the semantics of the formulas ¢’, @, ¢;2 4» appearing
in the computation of (72, w, 6) do not depend on the suffix # = w>¢ of w, but only on
the prefix w_g. This implies that (TQ, w, 6) = (T», w, 6) for w' = abababu’ with u’ # u
(u' € A®). A similar observation can be made for (7>, w, 5).

Proposition 65 Let L C AT be a star-free language and v € Ryax ((A*)) be a letter-
step series. Then, for every ¢ € ULTL (Rmax, A) the infinitary series (OL + r+) +a llell is
w-ULTL-d-definable.

Proof Let r = maxgea ((ka),) Where k, € Rpay for every a € A. We set { =
V aea (ka A pa). By the previous lemma there exist an n > 0 and 7, € Uy, g (mg > 0)

for every 1 < g < n, such that for every w € A®,j > 0 we have (OL,w<j) =
max|<g<n ((Tq, w, j)) We fix a1 < ¢ < n and let as assume that

Tq = ((‘ﬂOskO)v (Slv golvk])v MR (Equ (pl’quvkmq)) .

We define the tuple 7, € Uy, by

77 = (6 k) (- K1) oo (80 9y o, ))

as follows.

= Ifmy =0, then ¢ = 9o A (Ag<p<t, O" ).
= 1fmy > 0, then & = & A ¢ for every 1 <1 < my. Moreover, for every 0 </ < my — 1,

if ki # 0, then we let ¢; = ¢; A </\05h5k1—1 o ;“), otherwise ¢] = ¢;. Finally, we set
Py = Pmy N (/\Oshzkmq O'¢ )
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We show that<Tq/, w, j> =(Ty. w, j)+ (r*, w<) forevery w € A?, j > 0. Indeed, assume
firstly that m, = 0. Then, for every j # ko + 1 we get <Tq/, w, j> = (T,, w, j) = —oc which
implies that <Tq’, w, j> =(T;,w. j)+ (r*, w<;) . For j = ko + 1 we have

(Té,w»j>=(<ﬂ0/\(04\k o’“z) ,w>
=<h=ko
=<||¢o||,w>+< N O"¢ ,w>

0<h<kg
= (T w. )+ X du, (I;leag ((kaa)  w (h))

0<h<ko

=(Tg. w. j)+ (r wey).
Next let m, > 0. For every j < ko + ...+ ki, we have <Tq’, w, j> = (Tq, w, j) = —00,
i.e.,<Tq’, w, j> = (T;. w, j)+ (r™, w<). Furthermore, for every j > ko+ ...+ ki, itholds

Z dw_g, \4j (”5/ ,wzs,+j)
,w)+ Z (0§j1<it e o .

I<i=mg \ +du_g, 4, (”‘pl/ WS, i)

’ A ’
(7w g) =, max (<”%

qu :]_1

By definition we have

— (Jeg] - w) = Aigoll . w) + Xpcperg—1duw_y o w (),

= (&1 wesii+i) = (&1, w=s_,45) +  w (Si—1 + jp) for every 1 < I < my and
0<j <i,

_ (H(pl/ s wZSl—l+i1):(|I(pl|| s wZSl—l‘H'I) +ZO§h§k1_ld(w2Sl,]+i1) h(r’ w (Slfl + il + h))

forevery 1 </ <my — 1, and

/ —
- (‘ (pmq ) wZqu—l‘qu) - (||¢m‘i

’ wZqu—l‘qu )

+ d ryw (S, 1+ im +h)).
Zoshsk,nq (wzsmrw‘mq)d, (r w (Sm, my +h))
Hence
/ .
.1
> dusg o (180 wes_,4))
(ol wy+ D | o<i=i
= max I<l=mq +dw<51,1+i1 (||<ﬂl|| s wZSl—I'H[)
il,iz,...,iquN
Smg=j—1 + Z dw_, (ryw (h))
0<h=Spn,
> dug o (IE0 w=s_,4)) .
=  max N (lgoll, w) + Z 0<ji<i + (r ,u)<j)
01,02,..0,0,
b t<tzmg \ +du_g o (lorll s wes,+i)
qu:.]71

= (Tg.w. j)+ (" wey).
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Therefore, we get

(O, wej) + (' wej) = max ({(Tg,w. j)) + (" wey)

I<g=<n

= max (T, w,j)+ (r" wj))

I<g=n

= max ({75, w.4))
Now, we define the formula {; € ULTL (Ryax, A) by
o =5 A O™ (U (1 A O (8U (12 1 O (U (¢, A O™*10))))) )

By induction on m, with straightforward calculations, we can show that

(Igq | - w) = jlig (<Tq/, w, j> +du_; (lell . wzj))

for every w € A®”. We repeat the same procedure for every 1 < g < n. We consider the
formula \/lgqfngq € ULTL (Rmax, A). Then for every w € A® we get

\/91 W )w)

( max || ;,1

I<g=<n f=a=n

_ /

= max (ju (<Tq, w, ]> +du_; (loll, w>/)))

_ /

= sup (1@55,1 (<Tq, w, J> +du_; (lell w>/)))
/

R (f?jﬁn (1. w.1)) +du_, (101 w>,))

= sup ((OL + r w<]) +dw<, (“‘P” w>]))

Jj=0
= ((0L +rt) +a llell, w),
and our proof is completed. O

Our next result states that the almost simple w-d-counter-free series are w-ULTL-d-
definable, and in fact concludes our theory.

Theorem 66 ®-asCF(Rmax, A, d) € @-ULTL(Rmax, A, d).

Proof Clearly it suffices to show that whenever Ay, ..., A,_; are simple cfwa and A, is
a simple cfwBa over A and Ry, then || Aq || +4 . +d Al € w ULTL(]RmaX, A,d). We
let r; = ||A;|l, and denote by k; the initial Welght # —oo and k the weight # —oo of

the transitions of 4; (1 < i < n) labelled by a € A. Since supp (r,) is an w-counter-
free language it is also w-LTL-definable hence, there is formula ¢ € DLTL(Rpax, A) with

101l = Osuppiry Weletgn = ku A ((Vyeakl?” A pa) U0) and we ivially getr,, = gl

By construction ¢, € ULTL (Rpax, A). Furthermore, for every 1 <i < n — 1, the language
supp (r;) \ {€} € AT is counter-free hence, star-free. Since

rila+ = Ogppiri\(e) + (ki + (maX ((k(l))a))+)
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foreveryl <i <n—1,and

+
Fn—tla+ +arn =kn1+ ((Osuppml)\{s} + (max ((kf(ln_l)) )) )+" r”)’
acA a

by applying Proposition 65, we get that

+
(Osupmm\{s} + (?ﬁi‘ ((k;"—”)a)) )+d ra € 0-ULTLRmax, A, d)

which implies that there exists a ULTL (Rpax, A) formula (p;l such that

+
(Osupp(rn—l)\{s} + (max ((kc(tnil)) )) )+d rn = |loa_i |-
acA a

Hence, ry,—1| g+ +arn = ||kn_1 A <p;f_] H.We letp,—1 = (k,,_l A (p:'_l) V((rp—1,&) ANgy) €
ULTL (Rpax, A) andwehave ||@,—1|| = rp—1+aqr. Thusry_1+4rn € w-ULTL(Rpyax, A, d).
We proceed in the same way, and we show thatr; +4 ... 44 1, € w-ULTL(Rpyax, A, d), for
every 1 <i < n — 2, which concludes our proof. O

Now we are ready to state the equivalence of w-rLTL -d-definable, w-wgFO-d-definable,
w-d-star-free, and almost simple w-d-counter-free series. More precisely, by Theorems
18, 45, 56, and 66 we get our main theorem.

Theorem 67 (Main theorem)

@-rLTL (Rpax, A, d) =0-wqgFORmax, A, d) = ©0-SF(Rmax, A, d) = w-asCF (Rpmax, A, d).

8 Weighted MSO logic with discounting revisited

In this last section, we show that the consideration of the discounted existential quantifi-
cation does not increase the power of the weighted MSO sentences which are expressively
equivalent to w-recognizable series with discounting. In fact, we show that ||3;x . ¢|| is an
w-d-recognizable series provided that ||¢|| is an w-recognizable step function. This assump-
tion is consistent with the definition of our weakly quantified FO logic fragment. For the
definition of w-recognizable step functions we refer the reader to [13].

Proposition 68 Let ¢ € MSO(Rpax, A) such that || ¢| is an w-recognizable step function.
Then the series ||34x . ¢|| is w-d-recognizable.

Proof Let W = free(p) U {x} and V = free(Fgx . ¢) = W \ {x}. In case x ¢ free(p),
by Proposition 28 in [13], we have [l¢ll}y, = maxi<;<, (kj + OL_],) with w-recognizable
languages L; C A’{jv (I < j < n).Moreover, L; (1 < j <n) can be considered to be a
partition of A}),. B B

Consider the alphabet A = A x {1, ..., n}. Then, the elements of Ay are triples of the
form (a,l,s) € Ax{l,...,n}x{0, 1}V, and a word in g$ can be written as a triple (w, v, o)
where (w, o) € A, and v is a mapping from w to {1, ...,n}. Wefixal < j <n and let

Z; ={(w,v,0) € gﬁ‘j | 3 = 0 such thatv(i) = j = (w, o[x = i]) € L;}.

We show that Z; is w-recognizable. Let A; = (Q, Ay, I, A, F) be a (nondeterministic)
Biichi automaton accepting L ;. Without any loss we assume that for every g1 € Q, a € A,
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ands € {0, 1}V, thereiivs astate g3 € NQEuch that (q1, (a, [s — 0]), ¢2) € A. We construct
the Biichi automaton A; = (Q, Ay, I, A, F) as follows. First we let Q' = {¢' | ¢ € Q} to
be a copy of Q. Then weset Q = Q x (Q U Qg, I={g,q)|lqgel},and F = Q x F’
where F' = {q’ | ¢ € F}. The set of transitions A is defined in the following way.

For every ((ql,ﬁl), (a,l,s), (qg,qz)) € 0 x Ay x Q, welet

((91:91)- (@, 1,9), (g2, 7)) € A iff (g1, (a,s[x — 0]), g2) € A
and
- qi=q andq, =q, or
-l=j,q1=q1.q;=p € Q' and (q1, (a,s[x — 1]), p) € A, or
-q1=p €Q,q,=r € Q,and (p, (a,s[x — 0]),r) € A.

‘We show that L (;l;) = Z; , where L (Zl;) stands for the behavior of .,71; Let (w,v,0) €
L. Then, there exists an i > 0 such that v(i) = j and (w,o[x — i]) € L;, hence
there exists a successful path P, sx—i) of A; over (w,o[x — i]). Let Py g[x—ip =
((qk> (ar, sklx — D)y gr+1))g>0 With [ = 1if k = i, and [; = 0 otherwise. Let Py, v,0) =
((@x» @0)s (@, v(K), 56, (Grg1s Tag1))) = be a path of A; over (w, v, o) defined by

- qr =G =qx forevery0 <k <1,
- qr = px € Q forevery k > i, where (g;, (ai, silx — OI), pi+1), (Pk. (ak, sk[x — OI),
Pik+1) € A, and
- qy = q; forevery k > i.
Since P(y,o[x—i]) 15 successful, we get In? (P(w,g[x%,-])) NnF # #°. Therefore, by con-
struction of Ew,v,g), we have In?' (pr2 (Is(w,v,a))) N F' # @ (pr, projects every state
in é to its second component) which implies that / n? (ﬁ(w,v,g)) NF # (). We conclude
(w,v,0) €L (Aj) ,ie,L; CL (Aj). N
Next, we show the converse inclusion. For this let (w, v,0) € L (.A j) . There exists a suc-
cessful path Py 0y = (((ﬁk, 1) (ag, v(k), 1), (Grprs §k+1)))k30 of A; over (w, v, 0).
We have In? (Is(w,v,a)) NnF # 0, 1ie., n? (pr2 (ﬁ(wﬁv,[,))) N F’ # (. This implies that
there exists an i > 0 such that v(i) = j and
- q; = Ek = gx forevery O < k < i and (g, (a, sk[x — 0]), gr+1) € A for every
1<k<i,
- qr = pr € Q forevery k > i and (q;, (ai, silx — O, pi+1), (k. (ax, sk[x — O,
DPr+1) € A, and
- g = q;, forevery k > i and (g;, (a;, si[x = 11), gi+1) € A and (qx, (ax, sc[x — O]),
qk+1) € Aforeveryk > i+ 1.
Consider the path Py ox—i)) = ((qk, (ak, sc[x — kD), qk+1))k20 of A; over (w,o[x —
i]) where [y = 1 if k = i, and [t = 0 otherwise. Since In<’ (pr2 (Paw,v,0))) N F' # 0 we
get In? (P(w,g[x%i])) NF # . Thus Py ox—i7) is successful, hence (w, o[x — i]) € L;.
We conclude (w, v, 0) € L, as required. L _ _ _
Next we consider the weighted automaton Aj =(Q,in,wt, F) over Ay and Ry, in the
following way. For every (¢, g) € Q we let
0 ifg=qel
—o0 otherwise

in((q.q)) = [

6 We denote by In Q (P(wyo[xﬁ,-])) the set of states in Q that occur infinitely often along the path Py, 5 [x—i])
(cf. [13]).
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The weight assignment mapping wr : O x Ay x 0 — Rpay is defined as follows. Forevery ¢ €
(Q X AV X Q)\A we let wt (1) = —oo, whereas for every ((ql q1),(a,l,s), (g2, qz)) €A
we set
0 ifg;=grandgy =¢
_ _ _]o ifg,,q,€ 0
wi (@70, @ 1.5). (92.92)) = ki ifg, =qi,l=j, andq, € Q'
—oo otherwise.

Then for every (w, v, o) € X@ we have’

(45

,(w,v,a)) = sup{dw<. ~kjli>0, v(i)=j, and (w,0[x = i]) € L-}.

Now, we let the weighted automaton A to be the disjoint union of the weighted automata A
forall 1 < j <n.Forevery (w,v,0) € A“’ we have

(] . 0. v.0)) = max (|51 . (w.v.))

I<j=n

= max (sup {du)<,. ckj|i>0, v@) =j, and (w,o[x — i]) € Lj})

l<j=n

Leth : XV — Ay be the strict alphabetic epimorphism given by /((a, I, s)) = (a, s) for
every (a,l,s) € Ay. Then

( (1A w. o))
(-4

sup (max (sup{dw_, -k;j |i >0, v(i) = j, and (w,o[x — i]) € L‘,-}))

viwo—{1,...,n} 1<j<n

, (w, v,a)))

Il

w
—e
o]

= max ( sup  (sup{dw_, -k; |i >0, v(i) = j, and (w,o[x — i]) € L,»}))

1<j<n

1<j=n\ i>0

= max (sup {dw_, kj| (w,olx —>i]) e L,})

= sup (dw<,- - max ((kj +0r;. (w,o[x — i]))))

i>0 I<j=n

sup (duw_; - (gl , (w,olx — i1)))

i=0
(IFax - ell . (w, o))

for every (w, o) € AY,. The argument above and Proposition 23(b) in [13] imply that the
series ||[34x . ¢ is w-d-recognizable and this completes our proof. ]

The proposition above implies that the expressive power of weighted restricted MSO
sentences over A and Ry« (cf. [13]) remains the same if we add the discounted existential
first-order quantification applied to w-recognizable step functions.

Corollary 69 The class of w-d-definable series (over A and Rpax) by weighted restricted
MSO sentences coincides with the class of w-d-definable series (over A and Rpax) by
weighted restricted MSO sentences equipped with the discounted existential quantification
which is applied to w-recognizable step functions.

7 Here d is the discounting over XV with d(, j 5) = dq for every (a, 1, s) € XV-
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9 Conclusion

We introduced a weighted LTL, a weighted FO logic, w-d-star-free series and counter-free
weighted Biichi automata, over the max-plus semiring. We showed the equality of series defin-
able in fragments of the weighted LTL and FO logic, w-d-star-free series, and almost simple
w-d-counter-free series. In order to ensure the convergence of infinite sums in the max-plus
semiring, we used the usual method of discounting. For the translation of an almost simple
w-d-counter-free series to a weighted L7L definable series, we considered the corresponding
boolean result of the translation of a counter-free Biichi automaton to an LTL formula. Our
theory is applied as well into the min-plus semiring Rpyin = (R4 U {oo}, min, 4, 0o, 0) by
replacing max and sup with min and inf, respectively. Complexity results for our construc-
tions form an interesting point for future research. In the literature, weighted logics have
been investigated over arbitrary semirings; it is our intention to develop our theory in that
framework. A first approach, to this direction, has been done in [23] for a restricted class of
semirings. Recently, in [12], the authors considered weighted automata and weighted MSO
logics over algebraic structures which are not semirings any more. Such structures, are impor-
tant for concrete practical applications, and the development of our theory in that setup is a
challenge.

Acknowledgments The authors are grateful to an anonymous referee for valuable suggestions.
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