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Abstract

We consider a (linear) system of thermo-elastic plate equations which accounts for
rotational forces, under all canonical boundary conditions (B.C.). These include
cases of coupled B.C. such as: hinged mechanical/Neumann thermal B.C., and the
most challenging case of all, the so-called case of free B.C. In all cases, the original
thermo-elastic s.c. semigroup of contractions admits a structural decomposition, for all
positive times, as the sum of a “non-compact semigroup” and a compact component.
In all cases, save (at present) the case of free B.C., the “non-compact semigroup”
component is actually a s.c. uniformly (exponentially) stable group, based only on
the mechanical variables: as a consequence, a precise uniform (exponential) stability
result of the original thermo-elastic semigroup is then obtained. For the free B.C.
case, the “non-compact” semigroup corresponds to a simpler problem with uncoupled
elastic equation and shear force B.C. The stated structural decomposition requires, for
its proof, sharp/optimal regularity theory of the associated elastic Kirchoff equation;
including two new such results as in [27,28] for hinged/Neumann and for free B.C.,
respectively. The structural decomposition results of this paper for models that account
for rotational forces are at striking contrast with the property of analyticity of the
thermo-elastic semigroup, which characterizes, instead, models which do not account
for rotational forces. Implications on exact controllability are noted.

1. Introduction. Problem statement. Main results

1.1. A coupled B.C. case: Hinged mechanical B.C. and Neumann
(Robin) thermal B.C.

The partial differential equations (P.D.E.’s) of linear thermo-elastic plate equations
on a bounded domain Q of R’ are derived e.g. in Lagnese [18]. In general, a
thermo-elastic system consists of an elastic equation in the vertical displacement
w and a heat equation in the relative temperature # about the stress-free state
6 = 0, which transfer mechanical and thermal energy through coupling. In the
linear, homogeneous case, if one normalizes inessential constants and omits lower-
order terms, these equations are

wy — YAwy + A’w+ A0 = 0 in (0,7] x Q= Q; (1.1.1)
0, — A0 —Aw, = 0 in Q; (1.1.2)
w(0, - ) = wo; we(0, -) =wq; 0(0,-) = B in Q, (1.1.3)

to be augmented by boundary conditions (B.C.) on 02, where throughout this paper,
the constant ~ is positive: 7 > 0. We shall associate with the above equations
several canonical B.C. We begin in this section with a challenging case of coupled
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B.C.: hinged mechanical B.C. and Neumann (Robin) thermal B.C., i.e., if ¥ = unit
outward normal

wlg =0, [Aw+ 0]y = 0; [?—l—bﬁ} =0, b>0, ¥=(0,T] xT. (1.1.4)
v T

We note the coupling between w and 6 in the second B.C. It is critical to distinguish
between the case v = 0 (whereby Eqn. (1.1.1) becomes the Euler-Bernoulli equation
with infinite speed of propagation) and the case v > 0 (whereby Eqn. (1.1.1) becomes
the hyperbolic Kirchoff equation with finite speed of propagation. The constant -y
accounts for rotational forces and is proportional to the square of the thickness of the
plate in the two-dimensional case.

For 7+ = 0 in (1.1.1) it has been recently shown that under all canoni-
cal B.C., Eqns. (1.1.1)—(1.1.3) define a s.c. contraction semigroup: [wq,w,6] —
[w(t), w(t), 0(t)] on a natural energy space, which, moreover, is analytic: see [32] for
the first (technical) key contribution in the case of clamped mechanical B.C./Dirichlet
thermal B.C., which spurred interest on this issue; and, subsequently, [21-23] for all
canonical B.C.; see also [31] for some uncoupled cases by an indirect proof by con-
tradiction. A recent review is given in [24]. As a consequence of analyticity, such
contraction semigroups are, moreover, uniformly (exponentially) stable.

The present paper is entirely devoted to the case v > 0 in (1.1.1): here,
the corresponding s.c. contraction semigroup on a different natural energy space
displays radically different structural properties, as the main results of this paper
will show. However, the property of uniform exponential stability is preserved. See
Literature below.

Abstract model and well-posedness. Our starting point is an abstract model for
problem (1.1.1) —(1.1.4), which is readily seen to be (details e.g., in [3; 25, Chapter 3,
Section 12]

Wy + f}/ADwtt + A%w — AR9 = ADD(9|F), (115)
0t+AR0+ADwt = 0, (]_]_6)
Apf = =Af, D(Ap) = H(@) N H}(Q); D(A}) = Hy (Q); (11.7)
Arf=—-Af, D(AR):{f € H*(Q) : {a—ljj + bf} = 0} ; D(A%):Hl(ﬁ); (1.1.8)
r
Apf=A%f, D(AD) ={f € H'(Q) : flr = Aflr = 0}; (1.1.9)
h:Dg<-:>{Ah:0 in Q: fi|p:g}; } (1.1.10)
D : continuous H*(I') — H*T2(Q), s € R;
thus Ly(T) — H¥(Q) C Hb 2(Q) = D(AL ™), ¢ > 0. (1.1.11)
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We shall explicitly consider the case b > 0 throughout (Robin B.C.); for b =0
(Neumann B.C.), one works on Ly(€2) factored by the one-dimensional null space
of Ag. Setting throughout y = [w,w, 0], the first-order system corresponding to
(1.1.5), (1.1.6) is

=AMy A Y, D D(A) - Yy ¥y = D(Ap) x DAL ) x Lr();  (1.1.12)

Ap, = (I +vAp); (351,$2)D(A% - (I +vAp)z1, T2) Ly ()3 (1.1.13)
0 I 0
A =| —ALAL 0 AR [AR+ApD(-I0)] | (1.1.14a)
0 —Ap —Agr

D(A,) = {wl,wQ € D(Ap),0 € D(Ag) : [Apw, — D(0]r)] € D(A%,)} . (1.1.14b)

Proposition 1.1.1. (i) The operator A, in (1.1.14) is dissipative and becomes
skew-adjoint on Y., if one removes the bottom-right corner element —Ag from
(1.1.14a):

Re (A,Y.'L',l')y,y == —(ARl'g,.'L'g)LQ(Q), xTr = [1'1,1'2,1'3] € D(A,Y) (]_]_]_5)

(ii) In fact, A, is mazimal dissipative and generates a s.c. contraction semi-
group €™t on the space Y, defined by (1.1.12): [w(t), w(t),0(t)] = €' {wo, w1, bp] €
C([0,7];Y5).

(iii) The resolvent R(A,A,) is compact on Y. u

For details of the proof via the Lumer-Phillip theorem we refer to [3],
[25, Chapter 3, Section 12].

Main result: structural decomposition. Substituting Agf from (1.1.6) into
(1.1.5), yields the equation

Wy + ”YADUJtt + A%w + AD’UJt = ADD(9|F) — gt . (]_]_]_6)

We then introduce the damped Kirchoff equation corresponding to the left-hand side
of Eqn. (1.1.16):

bu + YAy + A2D¢ + Apdr = 0; ¢(0) = wo, ¢(0) = wy , (1.1.17)

whose solution is (compare with (1.1.12) for Y,,)

[Z;((?)] = et {Z?] € C([0,T);Yi,); Vi, = D(Ap) x D(A3_), (1.1.18)

Ap,, defined in (1.1.13), where the operator A, , is defined by

0 I

Ay = {_AB}’YA% _AB}’YAD} : D(A1,) =D(A}) x D(Ap); (1.1.19)
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and plainly generates a s.c. group e*! on Y1, (the entry ABIWAD is a bounded
1 )

Mot i uniformly (exponentially)

perturbation on D(A}, ), see (1.1.13)). Moreover, e
stable on Y] , : there exist constants M > 1, 6 > 0 such that, as is well known (and

can be shown in a few ways)
e e,y < Me™™, >0, 6>0. (1.1.20)

Our main result of the present subsection for problem (1.1.1) —(1.1.4) is the following
structural decomposition theorem.

Theorem 1.1.2.  With reference to problem (1.1.1) —(1.1.4) and its corresponding
s.c. contraction semigroup €' guaranteed by Proposition 1.1.1, we have that the
following decomposition holds true for all t > 0 :

Zuut((?) = eht ZT :[[‘QAWt [ZOH + K (1) ZT , (1.1.21)
0(t) 0o 0 0o

where et s the s.c. contraction uniformly stable group defined in (1.1.19) —(1.1.20),

and where the operator IC,(t) (defined explicitly in (2.29) below) satisfies

ICy(t) : compactY, — Y., m (1.1.22)

Corollary 1.1.3. The s.c. contraction semigroup e’ is uniformly (exponen-
tially) stable on Y, : moreover, Tes(€®1?) = reg(ef7?) < 1, t > 0, where regs denotes
the essential spectrum radius. Thus, et determines the decay of e, except pos-
sibly for a finite-dimensional subspace. [ ]

Remark 1.1.1. A fortiori, it follows from the decomposition in (1.1.21), the
s.c. semigroup e’ cannot be compact for all + > 0 (for otherwise the group et
would be compact for all ¢ > 0, impossible!). Equivalently, since the resolvent
R(\,A,) of A, is compact by Proposition 1.1.1 (iii), then ¢! cannot be continuous in
the uniform operator topology of Y, for all ¢ > 0 [33, p. 48-51]. These results for v > 0
should be contrasted with the case v = 0 where the corresponding s.c. semigroup is
analytic on Y, [21-24], in particular, [22] for the B.C. in (1.1.4). u

1.2. An abstract model for uncoupled B.C.

In this subsection we introduce an abstract thermo-elastic model, which in particular
will cover concrete thermo-elastic problems (1.1.1)—(1.1.3), possibly defined on a
bounded domain ©Q C R™, with uncoupled B.C. (see Section 4).

Assumptions and well-posedness. With motivation coming from Eqns. (1.1.1),
(1.1.2), the abstract model considered in this subsection is

w(0) = wy € D(A2); w,(0) = wy € D(AT); 6(0) =6, € H, (1.2.3)
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with constant v > 0 throughout, under the following standing assumptions:

(H.1) (i) A,B,C are (unbounded) positive, self-adjoint operators on the
Hilbert space H and D(A2) N D(B) is dense in H; (ii) with compact resolvent
(as in the motivating physical models).

(H.2)

e
ol

D(A7) C D(B?) < B*A™1 € L(H), (1.2.4)

D(A+) = D(C?); so that AiC™> € L(H) and CZA™% € L(H). (1.2.5)

Combining (H.3) = (1.2.5) with (H.2) = (1.2.4), we obtain that

N

D(C2) C D(B?) < B:C"% € L(H). (1.2.6)

The first-order version corresponding to Eqns. (1.2.1), (1.2.2) is

y(t) = Ayy(t), y(0) = yo = [wo, wy, bo] € Vo5 y(t) = [w(t), wi(1),0());  (1.2.7)

0 I 0
Ay=|=C;lA 0 C7'B| 1Y, D D(A) =Yy (1.2.8)
0 -B -B
D(A,) = D(4%) x [D(42) N D(B)] x D(B); } (1.2.9)
Y, = D(AY) x D(C}) x H =Y., x H: h
le,'y = D(AE) X D(Of?),D(C»?) = D(AZ); (1210)

C, = (I+~C), (xl’xQ)D(cé) = (Cyxy,m9) 1 -

Notice that at the level of writing D(A,) in (1.2.9), as dense in Y, we
have used (H.1) as well as D(C2) C D(Ai), contained in (H.3) = (1.2.5). By
(1.2.10) (right)

the operators C; ' A and C'B are 1 } (12.11)
positive self-adjoint on the space D(C2). o

The densely defined operator A, in (1.2.8), (1.2.9) is dissipative, hence clos-
able [33, p.15]. [In the applications of Section 4, we have D(Az) C D(B), and
A, is closed.] Once closed, the operator obtained from A, in (1.2.8) by omitting
the bottom-right corner element (—B) is skew-adjoint on the space Y, defined by
(1.2.10). Thus, the Lumer-Phillips theorem, or its corollary as in [33, p. 15], readily
yields
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Proposition 1.2.1.  Assume (H.1) (i), (H.2), (H.3). Then:
(i)
Re (Ayx,x)y, = —(Bws,x3)g, © = [T1,%2,73) € D(A,).
(ii) Once closed, A, is mazimal dissipative and hence is the generator of a s.c. con-
traction semigroup e’ on the space Y, in (1.2.9): y(t) = [w(t), w,(t),0(t)] =
e wy, wr, 0] € C([0,T;Y5).

(iii) Assume further (H.1)(ii). Then, the resolvent R(A,A,) of A, is compact
on Y,. |

Main result: structural decomposition. In order to state our main result,
Theorem 1.2.2 below, we need to introduce two (uncoupled) systems related to (1.2.1):
the abstract undamped Kirchoff equation

Ui +7C%y + A = 0, (0) = tho; ¥:(0) = ¢ (1.2.12)
{ {0t} € Vi, = D(A}) x D(C3), D(CF) = D(A}). (1.2.13)
as well as its damped version
¢u+7Chy + Ad + Boy, =0, ¢(0) = do; ¢4(0) = ¢1; (1.2.14)
{ (b0, 1} € Y1, = D(A%) x D(C2), D(C2) = D(A}). (1.2.15)

Thus, we set, with D(A;,) = D(Ay,) = D(AT) x D(A?),

0 I
ol
0 I 0 0
Alﬁ - |:_C’71A —CWIB} - AO,’Y + {0 _0713] . D(Ao,v) — Ylﬁ-

In (1.2.16), the perturbation C'B is bounded on the space D(C7), which is the
second component space of Y] , : recalling (1.2.10) and the implication (1.2.6),

(1.2.16)

_1
2

-1 1 1
||O;13x||p(cl) =[|C,*B2B2(C, (1.2.17)

2
5

1 1
Cyalln < KICTallm = K=l

1
o)

The operator Ay, in (1.2.16) is skew-adjoint on the space Yj, in (1.2.13) and thus
generates a s.c. unitary group e**»! on Y; .. By (1.2.17), the operator A, , in (1.2.16)
generates likewise a s.c. contraction group e*7* on Y; ., which, moreover, is uniformly
stable: there exist constants M > 1 and ¢ > 0, such that

e ooy < Me™®, t>0, 6>0. (1.2.18)
Thus, the solutions [¢(t),¥:(t)], [0(t),¢:(t)] € C([0,T];Y1,) of problems (1.2.12)
and (1.2.14) are

()] chot Yo ‘ ‘ B
L/)t(t)] B L/)J € C([0, T Y1), ¥(t; ¢o, ¢1) = Coy(t)0 + Soq(t)thr,  (1.2.19)
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{i((tt))} _ it [zj _ hant {ZT]JF/;&AM(H) {8 _0313} {i((?)] dr: (1.2.20)

t
P(t) = o(t; do, 1) = Y (t; o, P1) — /0 So(t — T)CV_IBd)t(T) dr; (1.2.21)

where Cj,(t) is the cosine operator on D(C’é) corresponding to the negative self-
adjoint operator [~C'A] on D(C7), and Sp,(t) its corresponding sine operator.
We may now state our final assumption (which is satisfied for all B.C. of interest,
either trivially (Eqn. (4.1.6) of Section 4.1) or via “sharp trace regularity theory”
(Eqn. (4.2.7) of Section 4.2)).

(H.4) With reference to the Kirchoff problem (1.2.12), (1.2.13), assume that
the following regularity property holds true for one, hence any, 7" :

{o,¢1} € Y1, = by € Ly(0,T; H), continuously. (1.2.22)

(For a dual version, see Remark 1.2.1 below.)

Our main result of the present subsection for problem (1.2.1), (1.2.2) is the
following structural decomposition theorem, the counterpart of Theorem 1.1.2 of the
preceding subsection.

Theorem 1.2.2.  Assume (H.1), (H.2) = (1.2.4), (H.3) = (1.2.5), (H.4) = (1.2.22).
With reference to problem (1.2.1), (1.2.2) and its corresponding s.c. contraction semi-
group et guaranteed by Proposition 1.2.1, we have that the following decomposition
holds true for all t > 0,

w(t) wo [eAmt [on Wo
wi(t) | =eM | w | = wil I+ K, | wy |, (1.2.23)
6(t) 0o 0 0o

where et is the s.c. contraction uniformly stable group defined in (1.2.16), (1.2.18),

and where the operator IC,(t) (defined explicitly in (3.35) below) satisfies
ICy(t) = compact Y, =Y, (see (1.2.9)). m (1.2.24)

Corollary 1.2.3.  Assume (H.1), (H.2) = (1.2.4), (H.3) = (1.2.5), (H.4) = (1.2.22).
Then the s.c. semigroup e is uniformly (ezponentially) stable on Y, : moreover,
Tess (€M70) = Tes(eM78) < 1, ¢ > 0, where ey denotes the essential spectrum radius.
Thus, e™~t determines the decay of e, except possibly for a finite-dimensional
subspace. Moreover, et cannot be compact, or continuous in the uniform operator
topology of Y,, for all t > 0, by the same reason as in Remark 1.1.1. [ ]

Remark 1.2.1. A dual version of assumption (H.4) = (1.2.22) is as follows:
(H.4%)

t C—l
f—>/ ehon (t=7) [ 7 ({(T)]dT : continuous Ly(0,t; H) — Yi,.  (1.2.25)
0
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that the operator Ay, is skew-

In fact, pick {9, ¢1} € Y3, recall (below ( 2.17))
= %707t and compute via (1.2.12),

adjoint on Y1, : Ag, = —Ag,, so that o (-
(1.2.19)
</0 ter,wt—r)[Cv_lg (T)]d [JID _ / t([cv_lg (7)], erw—t)mDY dr (1.2.26)
t
= [ (€ (7 b)) 3 (12.27)

= (f,C lAw( t); %0, V1)) Loco,rsy = (s (- = t); Yo, 1)) Loco,msm), (1.2.28)

where (7 — t;19,11) solves Eqn. (1.2.12) with data {tp,¢1} € Y1, at the initial
time ¢, backward in time (Eqn. (1.2.12) is time reversible). Thus, (1.2.28) shows that
(H.4) = (1.2.22) holds true if and only if (H.4*) = (1.2.25) holds true. n

Remark 1.2.2.  Assumption (H.4) = (1.2.22) on the undamped Kirchoff problem
(1.2.12), (1.2.13), will imply the same property for the damped Kirchoff problem
(1.2.14), (1.2.15), and for the thermo-elastic problem (1.2.1)—(1.2.3): i.e

Gy € Lo(0,T; H) and wy € Ly(0,T; H) continuously, (1.2.29)

see Lemma 3.5, Eqn. (3.15), and Remark 3.3, Eqn. (3.36), respectively. Then, the
property in (1.2.29) for wy will, in turn, imply the regularity

[wo,wl, 0] € ny = Ht € LQ(O,T, H) and Htt & LZ(O,T, [D(B)]I) (1230)

on the thermal component of the thermo-elastic problem (1.2.1) —(1.2.3) with 6y = 0;
see Remark 3.4. |

1.3. The case of (coupled) free B.C.

In this subsection, we consider a thermo-elastic problem defined on a smooth bounded
domain  C R? with boundary T, this time with free B.C. [18, p. 151],

( wy — YAwy + A2w+ A0 = 0 in (0,7]x Q= Q; (1.3.1)
O — A0 — Aw, = 0 in Q; (1.3.2)
w(0, +) = wp; wy(0, ) =wy; 0(0,-) = B in (1.3.3)
\ Aw+Bw+60 = 0 in (0,T]xT =3 (1.3.4)
aAw 3wtt 89 .

5 + Byw — vy e +8V 0 in X; ( )

o0 :
—+b0 = 0 b>0in . (1.3.6)

\ ov
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As in preceding cases, the constant ~ is positive, v > 0, throughout. The
boundary operators B; and By are defined by [18, p. 16],

Biw = _(1 - ,U/) [QVIVZwmy - V12wyy - V22w:1:y] (137)
0
Byw = (1-— M)E[(VIZ — V) Way + V102 (Wyy — Waa)], (1.3.8)

where 0 < p < 1 is the Poisson’s modulus, v = [vy, 5] is the unit outward normal
and 7 = [—v, 1] is a tangential unit vector. We note the coupling between w and
6 on the two boundary conditions (1.3.5) and (1.3.6).

Abstract model and well-posedness. Our starting point is the following abstract
model for problem (1.3.1)-(1.3.6), for whose derivation we refer to [4] (however, a
hint will be given below (1.3.17)):

wtt+’YANwtt+Aw—AR9 = —AG1(9|F)+I)AG2(9|F) in [D(A)],, (139)
9t+AR9+ANwt—ANN% =0 in [D(AR)]’, (1.3.10)

where Ay, A, and Ap are the following positive, self-adjoint operators on Ly(€2)
(we take b > 0 for definiteness):

Avf=-f, Dl = {re @ | o} pah=m@: s
Af=A%f D(A):{feH4(Q)-Af+B =0 @JFB szonF}'
’ ‘ VTR ey T Ty (1.3.12)
D(A?) = H*(Q);
Arf=—Af, D(AR):{fEHQ(Q) : g—ljj+bf:0 in F}; D(A%) =H'(Q). (1.3.13)

Moreover, the Neumann map N and Green maps Gy, G5 are defined by
(here € > 0):

h=Ng < {AhinnQ; ?:gon F}; N : H*(T) —>Hs+%(Q);
v

3 (1.3.14)
AL N e L(Ly(T); La(Q));
. _ OAh ,
h=G1g<= {A°h =01in Ah+Blh:g,a—+Bzh:01nF : (1.3.15)
v
2 . 0Ah .
h=Gy9 <= {A°h =0in Ah—l—Blh:O,W—i—BZh:ng ; (1.3.16)
Gy H(T) — H 3(Q);
v #() 7( ) 5 i } (1.3.17)
Gy: H°(I') = H*"2(Q),s € R; A5 Gy, A5 Gy € L(Ly(T); La(92)).
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The following trace properties (proved by means of Green’s second theorem)
are known [25]:

of 2(0)).
ov’ /e 51, (1.3.18)

GyAf = ~flr, [ € H'(Q).

N*Axf = flr, f € H'(Q); GjAf =

By way of a brief explanation, we recall that the derivation of the abstract
Eqns. (1.3.9) and (1.3.10) from the original P.D.E. problem (1.3.1)—(1.3.6) proceeds
by writing, via (1.3.14), (1.3.11),

) )
Af:A[f—Na—ﬂ = —Ay {f—Na—ﬂ,feHz(Q),

first for f = wy with reference to Eqn. (1.3.1), whereby the terms —y Ay N % and

—vAG, %, cancel out by (1.3.18); next, for f = w; with reference to Eqn. (1.3.2).

Details are in [4]. Setting

1
Cy = (I +~Ay), so that CT' Ay = —(I = C;") € L(L2()),
g (1.3.19)

1 1 1

D(C7) = D(Ay) = D(Ap) = H'(Q),

we have that the abstract Eqns. (1.3.9), (1.3.10) may be rewritten as the first-order
system

J= Ay A Y, D D(A) = Yy, y(t) = [w(t), w(t), (1)) (1.3.20)
Y,y = D(A%) X D(Cfé) X LZ(Q), (ZUl,QTQ)D(C%) = (C’éxl,xz)h(g); (1321)
0 1 0
A, = |-C7'A 0 ; CTAR—AG(-[0) +bAG(- D) |, (1.3.22a)
0 —AN+ANN$ —Agr

D(A,) = {x1,22 € D(A?) = H*(Q); 23 € D(Ag) C HX(Q) :
o ) (1.3.22b)
(21 + Gi(z3]r)] € D(C, 2 A) = D(A4)}

since [z5 — N22] € D(Ay) automatically, and since Ga(zalr) € H33(9Q), by
trace theory on 3 and (1.3.17), and satisfies the first B.C. of A in (1.3.12), 50

that Ga(zslr) € D(A3) [10]. See also (5.1.2) below for CtAg(zslr) € D(C7)
automatically.

Proposition 1.3.1. (i) The operator A, in (1.3.22) is dissipative and becomes

skew-adjoint on Y., if one removes the bottom-right corner element —Ag from
(1.3.22a):

Re (A, z,2)y, = —(ArTs3,73)1,0); T = [T1, 72, 23] € D(A,) (1.3.23)
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(ii) In fact, A, is mazimal dissipative and generates a s.c. contraction semi-
group €™t on the space Y, defined by (1.3.21): [w(t), w(t),0(t)] = €' {wo, w1, 6] €
C([0,T];Y5).

(iii) The resolvent R(A,A,) is compact on Y. u

For details of the proof based on the Lumer-Phillips theorem, see [4].

Main results: Structural decomposition of e’t. Substituting Agf from
(1.3.10) into (1.3.9) yields the equation

9
wttﬂANwtﬁAwMNwt—ANN% = —0,— AG,(0]1)+bAGo(0]r),  (1.3.24)

which, combined with Eqn. (1.3.10), allows us to express the semigroup solution
[w(t), w(t),0(t)] guaranteed by Proposition 1.3.1 as follows via (1.3.19),

00 T e Do)
— lwilt) | = Ay [ w(t) [ 0; +bAG2(0|r)] | ; (1.3.25)
O e T I |
0 I 0 )
A= | SO SO A O AN S T AGH ) |
) a2 » b (1.3.26)
N N ow R
D(A%S):D(Aw)' J

Proposition 1.3.2. The operator A, s defined by (1.3.26) generates a s.c. semi-
group e’r<t on Y, see (1.3.21). [The subindex stands for ‘stripped’ or ‘simplified’
over A, in (1.3.22).] u

The proof of Proposition 1.3.2, where e* is not claimed to be a contraction,
is given in Section 5.2. Returning to Eqn. (1.3.25) and invoking the generation results
of Proposition 1.3.1 (ii) for A, , and of Proposition 1.3.2 for A, ;, we can write

w(t) W v(t) 2(t) v(t) wo
wi(t) | = et L wy | = | v(t) |+ | zt) |5 | v(@) | = e | wy | (1.3.27)
0(t) 0o (1) v(t) ] L o) 0o
2(t) W ¢ 0
2(t) | =K, | w | = / e T | —C719,(7) + bCT AGH(0(7)|r)] |dr. (1.3.28)
»(1) O] 70 0

Thus, by (1.3.26), [v(t), v(t), #(¢)] in (1.3.27) solves problem
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)
v v
% Vg | = A’y,s U |5
¢ ¢
( 9,
\ vy + v Anvy + Av + Ayvy — AyN 6_1: = —AG(¢|r); (1.3.29)
i.e. % aUt
¢r+ Arp + Ayvy — Ay N 5 = 0; (1.3.30)
\ \ U(O) = Wo, Ut(O) = wy, d)(o) = 907

or, in explicit P.D.E. terms, as in (1.3.34) below. Instead, [z(t), z:(t), ¥ (t)] in (1.3.28)
solves problem

AN : 1
7= Ao |z | + | —C710, +bCHAG(0]p)] | e, (1.3.31)

el e : J
Ztt+’7ANZtt+AZ+ANZ—ANN% == —AG1(1/2|F)—9t+bAG2(9|F); (1332)
Y+ Apty + Anz — AN % = 0; 2(0) = 2z(0) =¢(0) = 0. (1.3.33)

In explicit P.D.E. terms, [v,v;, @] and [z, z, 1] solve (writing v(0, -) = v(0)
for short):

Utt—’}/AUtt—i—AzU—AUt = ( Ztt—’)/AZtt+A22—AZt = _Ht in Q (1334)
v(0) =wp; v:(0)=wy; ¢(0) =6y | 2(0)=0; 2,(0)=0; (0) =0 inQ (1.3.36)
Av+Biwv+¢=0> Az+Biz+¢ =0 inX (1.3.37)
3Av avtt 8Az Gztt 89 .
5 + Byv — 7y 5 0 5 +Boz—r 5 +61/ 0 in¥; (1.3.38)
0¢ O :
- = — = . 1.3.
\ 8y+b¢) \ 5 +bp=0 inX (1.3.39)

(Notice that the {v, ¢}-problem has the v-equation and the second B.C. uncoupled,
unlike the original {w, #}-problem.)

Having established the decomposition of the original thermo-elastic semigroup
solution [w(t), w(t), O(t)] as in (1.3.27) - (1.3.39), we can now state our structural
result in its first form.
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Theorem 1.3.3.  With reference to (1.3.27) —(1.3.39), we have that the following
decomposition of the original thermo-elastic semigroup of Proposition 1.3.1 (ii) holds
true, for all t >0 :

w(t) Wy Wo Wo
wi(t) | =Mt | wy | = et Ly | FK() | w | (1.3.40)
0 t) 90 90 90

where the operator K. (t) is explicitly defined in (5.4.1), via (5.4.2) —(5.4.4) below;

()

IC,(t) : compact Y, = Y, ; (1.3.41)

(ii) the resolvent R(\, A, ) of the generator A, s satisfies the following property,

|R(A = a+i7, Ay )| zv,) does not tend to zero, as 7 — o0, (1.3.42)

on vertical lines of the complex plane, with Re A = a fized and sufficiently large. This
implies [33, p.50] that the statement “the s.c. semigroup e*=! is compact on Y, for
all t > 07 is false. [ ]

Part (i), Eqn. (1.3.41), is proved in Section 5.4; while Part (ii), Eqn. (1.3.42),
is proved in Section 5.3. A finer decomposition of the original thermo-elastic semi-
group e®* than that in Theorem 1.3.3 is available, by extracting a larger “compact
part”. The price to pay, however, is a loss of the interpretation of the “non-compact
semigroup,” as arising precisely from a thermo-elastic problem. For this reason, we
shall not pursue this.

1.4. Comments and literature

Main contributions of the present paper. The main contributions of our
present paper over available literature [15] and [9] (of which we became aware only
after submitting our first version of this paper) concern the cases of coupled B.C. of
Subsection 1.1 (hinged/Neumann B.C.) and of Subsection 1.3 (free B.C.): these are
entirely new, along with their critically supporting sharp regularity results [27,28].
For completeness, we also provide, in Subsection 1.2, an abstract model, which in-
cludes various uncoupled B.C. cases. Our model of Subsection 1.2 is not included
in the abstract setting of [15]—which is motivated by the wave-like system of
n-dimensional elasticity, rather than by the thermo-elastic plate equations consid-
ered in this paper; see a more detailed comparison at the end of this subsection.
[9] considers, specifically, a thermo-elastic plate system with clamped/Dirichlet B.C.
and studies a controllability problem. Our Section 6 is useful here in re-obtaining this
result via a general strategy. Our abstract structural decomposition result of Subsec-
tion 1.2, Theorem 1.2.2, when specialized (as in Subsection 4.2) to the specific case
of clamped/Dirichlet B.C., improves upon [9, Theorem 2, p.372], by further elim-
inating the thermal component from the “non-compact part” of the thermo-elastic
semigroup, and thus reducing the “non-compact part” only to the mechanical damped
Kirchoff equation. This way, we obtain also a precise uniform stability result as in
Corollary 1.2.3.
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Dynamical properties of thermo-elastic plate equations. The present paper
intends to continue recent investigations on the dynamical properties of thermo-elastic
plate equations, as carried out in two distinctive settings: (a) in the case of v = 0
(no rotational forces), originally studied in the influential paper [32], in the special
but not trivial case of uncoupled clamped/Dirichlet B.C., and subsequently in [21-24]
for all canonical B.C., including coupled ones, and (b) in the case 7 > 0, however
specialized to hinged/Dirichlet B.C., studied in [6].

Case v =0. In the case v = 0, the cited literature shows that analyticity
of the s.c. contraction semigroup is the distinctive dynamical property under all
canonical B.C.

Case v >0. (i) In addressing the question of dynamical properties for
v > 0, it is natural to begin with the canonical, and particularly attractive, case
of hinged (or simply supported) Dirichlet B.C. This is done in [6]: for this special set
of B.C. it is possible to give a very precise description of the resulting s.c. semigroup.
While simplifying the analysis, the hinged B.C. also yield a richer theory, which may
be summarized as follows: here, the corresponding s.c. contraction thermo-elastic
semigroup admits a direct (non-orthogonal) sum decomposition of one analytic self-
adjoint component and of one s.c. group (infinite-dimensional) component. This
decomposition is established in [6] both directly, and via an associated bounded
perturbation, all via spectral analysis. Some related results in the one-dimensional
case are given in [14]. This spectral analysis expands on the results obtained in [13]
in the case of a one-dimensional thermo-elastic rod, where the eigenvalues approach
asymptotically a vertical line.

(ii) The present work deals with the case v > 0 under all canonical B.C.
In effect, the present paper contains three separate parallel treatments: (a) the
case of a thermo-elastic plate with coupled hinged/Neumann B.C., which is given in
Subsection 1.1 (statement of results) and Section 2 (proofs); (b) the case of (coupled)
free B.C., which is given in Subsection 1.3 (Statement of results) and Section 5
(proofs); and, for completeness, (c¢) the case of an abstract model encompassing the
cases of uncoupled B.C., which is given in Subsection 1.2 (statement of results), in
Section 3 (proofs), and in Section 4 (illustrative examples including clamped /Dirichlet
or clamped/Neumann B.C.).

For the first two cases of Subsections 1.1 and 1.2, the structural decomposi-
tions of Theorems 1.1.2, Eqn. (1.1.21), and of Theorem 1.2.2, Eqn. (1.2.23), are sharp.
Concerning thermo-elastic dynamical properties, they strikingly emphasize the con-
trast between the “group-dominant case” of v > 0, and the analytic case of v = 0.
The proofs of these results in Sections 2 and 3 combine energy estimates with the
dominant idea of one of the two positive proofs of analyticity in [21], used, however,
“in reverse”, as we now explain. After a substitution, the elastic component of the
thermo-elastic system may be rewritten with a damping term w; as in (1.1.16), or
(3.4), respectively, in the first two cases of Sections 1.1 and 1.2. In such form, the
“driver” is the semigroup e’ ! corresponding to the mechanical variables [w,wy].
Then:
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(i) If v > 0, efot is a group (negative “driver”), and we are then able to
show that the remaining component is compact for all £ > 0, by the key use of new,
sharp regularity theory (see below).

(iiy) By contrast, if v = 0, then the semigroup e*=0% is, instead, analytic,

by the theory of [7-8], and acts now as a positive “driver”, which preserves analyticity
in all variables [w(t), w,(t), 8(¢)], under coupling with €, as proved in [21] at least in
the uncoupled B.C. case.

The coupled case of free B.C. of Subsection 1.3 and Section 5 is, of course,
more challenging: here, the structural decomposition results which we obtain in
Theorem 1.3.3 (or in Theorem 1.3.5) are weaker than in previous cases, even though
stronger efforts are needed to achieve them, including a new, non-trivial regularity
result for the elastic Kirchoff equation (see below).

Uniform stability. As an unexpected bonus, our structural decomposition The-
orems 1.1.2 and 1.2.2 yield a precise uniform (exponential) stability of the corre-
sponding s.c. contraction, thermo-elastic semigroup, at least for the coupled case of
hinged/Neumann B.C. of Subsection 1.1 and of the abstract model for uncoupled
B.C. of Subsection 1.2. This way, we recover the uniform stability results of the
literature obtained by other methods (a novel operator multiplier), with the added
information that exponential decay of the thermo-elastic semigroup is controlled by
the elastic damped group e modulo a finite-dimensional subspace. However, the
stability results of [3] are uniform in 0 < y < g, for some 7, a result that cannot
follow from our decomposition. At present, the weaker structural decomposition re-
sults of Subsection 1.3 for the most demanding coupled case of free B.C. do not yield
uniform (exponential) stability.

The role of sharp regularity theory. In achieving the structural decomposi-
tion results of the present paper, the importance and role of sharp (optimal) regu-
larity results of corresponding elastic Kirchoff equations cannot be over-estimated.
Two of such non-trivial regularity results are new [27, 28], and were established pre-
cisely to support the present paper. The sharp regularity results are of recent origin
[26, Thm.1.2], [19, p.123]. More precisely: it is thanks to a new trace regularity
result, Eqn. (2.23), of the thermo-elastic system [27], that we are able to show com-
pactness of the thermal component (2.22) in Proposition 2.6, in the case of coupled
hinged/Neumann B.C. of Subsection 1.1. Similarly, in the case of the abstract sys-
tem for uncoupled B.C. of Subsection 1.2, the proof of compactness of the operator
L, in Proposition 3.8 rests (via Lemma 3.5) on the abstract regularity assumption
(H.4) = (1.2.22) for the (undamped) Kirchoff equation (1.2.12): in the illustrations
in Section 4 dealing with clamped/Dirichlet, or clamped/Neumann B.C., verifica-
tion of such sharp regularity result ultimately hinges on the sharp trace regularity
(4.2.7) [19] (undamped) Kirchoff problem (4.2.5). A similar, direct analysis for the
clamped/Dirichlet B.C. case as in our Subsection 4.2, is given in [9, §2.2].

Finally, in the case of coupled free B.C., the new, sharp regularity result [29]
described by the Theorem of Remark 5.3.1 for the Kirchoff equation is what guaran-
tees well-posedness (continuity) of the map (5.3.15). Its proof [29] requires micro-local
analysis and pseudo-differential techniques to complement energy methods.
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Comparison with [15] and [9]. Paper [15] considers an abstract setting, which is
motivated by the system of n-dimensional elasticity: this is wave-like rather than
plate-like. The main result of [15]— whose ultimate goal is a study of stability
properties —is a decomposition theorem [15, Theorem 3 and Corollary 2] of the type
of our Theorem 1.2.2. However, the abstract setting of [15], when tested for thermo-
elastic plate equations such as (1.1.1), (1.1.2) plus B.C., applies successfully only in
the most amenable case of hinged/Dirichlet B.C., where a precise and rich spectral
theory is available [6]. In the next challenging case of clamped/Dirichlet B.C. (such
as in Subsection 4.2), it is assumption (H.2) in [15, p.67] that fails: translated into
the notation of our Subsection 4.2, that assumption (H.2) in [15] would require that
the operator CV_IA% be bounded (have a bounded extension) on Ly(€2) : but this is
false since, by (4.2.2), (4.2.4), D(Az) = H2(Q) C D(C) = HX(Q) N HL(Q), and so
A2C~" is not bounded on Ly(2).

“An adaptation of the analogous result for the linear system of three-
dimensional thermo-elasticity due to [15]” is given in [9, Theorem 2] for the specific
case of a thermo-elastic plate system (1.1.1), (1.1.2) with (uncoupled)
damped/Dirichelt B.C., as in our Subsection 4.2. However, as noted before, this
result of [9] is further improved as in the specialization of our abstract Theorem 1.2.2
to Subsection 4.2, by further removing the thermal component from the “non-compact
part” of the resulting thermo-elastic semigroup. As a result, our non-compact part is
defined solely by the elastic, uniformly stable group e* on the mechanical variables
with the added information that it is e*~* that controls the uniform stability of
the thermo-elastic semigroup e** as in Corollary 1.2.3, modulo a finite-dimensional
subspace.

2. Coupled hinged/Robin B.C.: Proof of Theorem 1.1.2

Step 1. Lemma 2.1. (a) With reference to problem (1.1.1)—(1.1.4), the following
energy identity holds true, where H = Ly(€2) and yo = [wy, w1, 6] € Y, :

E(t) +2 / |A%0(r) [2dr = E(0); (2.1)

1

le* o3, = E(t) = [[Apw®)ll7 + w7 + v A we@)l + 1061E  (2.2a)

= [Apw®f + lwe@)> +[10@OF - (2.2b)
D(A] )
(b) Moreover,
t . B
B0+ [ (IO + 45 005] dr < 0 +K1E0). (23)

In particular, via D(A%z) = H'(Q) and D(Al%)) = H}(Q), by (1.1.7) and (1.1.8), we
have

0 € Ly(0,T; H'(Q)); 0| € Lo(0,T; H2(T)); 6, € Ly(0,T; H™'(Q)). (2.4)
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Proof. (a) Either we use the dissipativity equality (1.1.15) for %(eAﬂyo, elrtyy) =
2Re (A, eMrtyy, etyy); or else multiply Eqn. (1.1.1) by w;, and Eqn. (1.1.2) by 0,
and integrate by parts using the B.C. (1.1.4). As to (b), from (1.1.6) we obtain

_1 L 11 1 _1 1 1
Ap* 0y = —Ap* ARARO— Ay, hence ||Ap* 0,5 < kIR0 + I Abw s, (2.5)

using D(A2) = HL(Q) C H'(Q) = D(A2), hence ALALE € L(H), H = Ly(Q), so

that A% A% has a bounded extension in £(H). Thus, (2.5) yields (2.3) by virtue of
(2.1, (2.2). .

Step 2. We return to Eqn. (1.1.16): recalling from (1.1.16) — (1.1.20) the s.c. group
e’ on Y, we rewrite the solution of (1.1.16) as

w(t) Al t w[] ~
|:wt(t):| € w, + t + tY, Yo [w(], wi, 0] (= 55 ( 6)

t 0 - t 0
L9:/ et (=) - d ;L9:/ ehat=m) dr. (2.7
0=, A 0| 1T 0= A ApD(0(r))) | T BT

From (2.3), or (2.4), for 6,, it is clear that L, € Y;,. However, with f|p €
Ly(0,T; H2(T)) from (2.4), hence DO|r € Ly(0,T; H'()) by (1.1.11), it is not clear
at first glance that L0 is well defined, let alone in Yi,. In fact, we shall show
below that L, and L; are compact from the thermal variable, hence from the initial
condition yy € Y, to Y,; see (2.14) and (2.17) below. With reference to the regularity
obtained for the thermal variable 6, we introduce the space Xy, by setting, with
H = Ly(Q):

1 1

X = C([0,¢]; H) N Ly(0, 1, D(AZ)) N H'(0,4; [D(A2)]). (2.8)

Lemma 2.2.  With reference to (2.8), we have, ¥ 0 < e < %,

Yo = [wo, w1, 6] € Y, : continuous — 6 € X,y — LZ(O,t;D((A?;)) . (29

compact

Proof.  The first part of (2.9) (continuity) follows from Proposition 1.1.1 (ii), and
Lemma 2.1, Eqn. (2.3), for §. The compactness part follows from the definition (2.8)
by a direct application of Aubin’s Lemma [1, p = 2], since A has compact resolvent
on H = Ly(Q). n
Step 3. Lemma 2.3. L;0 in (2.7) may be rewritten as

Ltﬁ == Kl,tg + Kg’tg € le’,y, (210)

32



LASIECKA AND TRIGGIANI

K .0 = + ehiat W
’ ApL0(t) AL 0o
(2.11)
+/t AL () ’ AZ0(r)dr € Y
e _1 T)aT
: Aph A Apl Ap? | 7
t A A
Ky,0 = / ety (=) D(’)W B\ A20(r)dr € Y1, (2.12)
0
Proof. We integrate by parts L;0 in (2.7), using from (1.1.19) that
A 0 o I 0 )
MARLO(T) —ApL AL AL Ap | | ApLO(T)
- u (2.13)
[ A
__AZ);ADAB}WG(T) )
Lemma 2.4.  With reference to (2.11) and (2.12), we have
1
Ky Koyy Lyt Xpg — Y1, =D(Ap) X D(Afm) is compact. (2.14)
Yo = [wo, w1, 0] €Y, = 0 € Xjoy = L0 €Y7, is compact. (2.15)

Proof.  (2.14) For 0 € X[y in (2.8), we have 6y, 0(t) € Ly(©2). Moreover, A,;i
is compact on Ly(€2). Thus, the first two terms of K, in (2.11) are compact in
Y1 . Next, 1the operator AZ),%yADAB;A;z% is compact on Ly(€2); and the operator
ADAZ);A; is compact on Ly(). Thuls, the integral term of K, in (2.11) and Ky,
in (2.12) are compact on Y., since A%0 € Ly(0,T; Ly(S2)) : this follows, e.g., by a
direct abstract proof in [36] using Mazur’s Theorem that the convex hull of a compact

set is compact. Thus, K;; and K,; are compact on Y;,, and so is L; by (2.10).
Hence, (2.14) is proved. Then (2.15) follows via (2.9), (2.14). n

Step 4. We now handle the more difficult term L0 in (2.7).

Proposition 2.5.  With yy = [wo, w1, 0] € Y, for L6 in (2.7) we have

1
5 compact
7 —

Yo €Y, =D(Ap) x D(A},_) x Ly() 0l € Lo (0, £; Lo(T) (2.16)
MM § gy, =D(Ap)xD(AD).  (2.17)

Proof.  First, writing via (2.7),

{;Jt((tt))} =10 = /olt e {(I + vAD)—l(ltDD(e(mF) ar, (2.18)
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we recognize, as in (1.1.5), (1.1.6), that v solves the following mixed problem for the
Kirchoff equation

vy — YAV, + A% — Avy =0 in (0,7] x Q2 =0Q; (2.19a)
Vs = 0; Avly = —0 in (0,T) x T =3 (2.19b)
v(0, ) =v9=0; 1(0,-)=v; =0 in Q. (2.19¢)

Then, the validity of the second regularity claim in (2.17)
O|r € Ly(0,t; Ly(T)) — {v, v} = L € Vi, = [H*(Q) N H;(Q)] x Hy(Q)  (2.20)
(norm equivalence) is precisely the sharp regularity result proved in [26, Theorem 1.2].

Next, it remains to show the first regularity claim in (2.16). But this follows readily
from (2.9) of Lemma 2.2, with D(A% ) = H'~2¢(), and trace theory. m

Step 5. Thus, at this stage, we have obtained the following decomposition, from
(2.6) and (1.1.6),

() " oot [] 4 L+ L
wy(t) | =Mt | wy | = . , (2.21)
0(t) 0o e~ Aty — [y e~ A=) Apw,(r)dr

where the map yo — [L0 + L0, e Arlfq] is compact Y, — Y, for all ¢ > 0. At a
first glance, it is not clear that the integral defining 6(t) in (2.21) is well defined, let
alone in Ly(Q), just by using AZw; € C([0,T]; L2(2)) from Proposition 1.1.1 (ii),
since Ap and Agi do not commute. But, in fact, we have

Proposition 2.6.  With reference to (2.21) we have

¢ -
Yy €Y, = My, = / G_AR(t_T)ADwt(T)dT € D(A}, )
0

(2.22)
— H2> ”(Q) compact < Ly(Q).
Proof.  The proof uses critically the non-trivial regularity result
3wt
v

for problem (1.1.1) —(1.1.4). The validity of (2.23) is proved in [27]. Here we shall
1 .

invoke (2.23) to prove (2.22). Let f € [D(Aj )]’ and compute recalling w,|yx, = 0

from (1.1.4), whereby —Apw; = Aw,; by (1.1.7) by use of Green’s first theorem:
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)

t L) % (2.24)
_ —Ag(t—T1
= /U(Awt(T),e D) o 4T J

t )
[ (2 o)
0 v Lo (D)

- [ (o) V) g

t
—(Miyo, fra) = —(/ GAR(tT)ADwt(T)dTaf>
0

> (2.25)

/

—1 € .« . o . .
By assumption, AR4+ f € Ly(R2), and thus by analyticity of the self-adjoint semi-
group e~#! we have (in 7):

e ARM=T) f — AT~ AR 4TSV € D0, 1 D(ALT) = HETE(Q)),  (2.26)

H|v -ARtT S HA —Agr(t— T)f

DMl o

c

1€ —Ap(t—7) 4-1+
e ARtmD gmatep

<

, (227
Ly(@) ~ (t— 7)1 (2.21)

by analyticity of the semigroup. Thus, by trace theory on (2.26), and by (2.27), we
obtain (in 7)

[e= A=) ] € Ly(0,8; H*(T)); |V (e~ 420 f)] € Ly(0,t; Ly(Q)); } (2.28)
|Vw| € C([0, T]; L2(S2)),

recalling also Proposition 1.1.1 (ii) for w, € C[0,T]; H}(Q)). Thus, (2.28) combined
with (2.23) guarantee that both integrals terms in (2.25) are well defined and con-

tinuous with respect to yo € Y, and f € [D(AL ). Thus, My, € D(A4 ), and
(2.22) is proved. n

Step 6. With reference to (2.21), we then have

wo [ L6+ L0

K,(t) | w | = o—Artg _ Mtyo] , and /C,(t): compact on Y, (2.29)

by Proposition 2.6 on M,, Proposition 2.5 on L,d, and Lemma 2.4 on L;d. Theo-
rem 1.1.2 is proved.

Proof of Corollary 1.1.3. This is standard and included for completeness.
The decomposition in Theorem 1.1.2 with K, () compact yields that reg(efr?) =
Tess(€4171) < 1, since ! is uniformly (exponentially) stable. But, as one verifies
directly, the operator A, does not have any eigenvalues on the imaginary axis. Thus,
r(eft) = regs(e?) < 1, where r(-) denotes the spectral radius. Thus, e®? is
uniformly (exponentially) stable. u
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3. Abstract system: Proof of Theorem 1.2.2

The present proof follows closely the pattern of the proof of Section 2, with some
marked simplifications (due to the absence of the highly unbounded boundary cou-
pling term ApD(-|r) in the model, where, moreover, the coupling operators Ag0
and Apw; reduce now to the same operator B); but also with some new, additional
difficulties, not present in Section 2, where the feature C' = Ap, A = A% of the
abstract model there helped. Accordingly, the present proof will dwell mostly on the
new difficulties.

Step 1. Lemma 3.1. (a) Assume (H.1) (i), (H.2) = (1.2.4), (H.3) = (1.2.5). Let
{wo, w1,600} €Y, in (1.2.9). Then, the following energy identity holds true:

_mw+2AuB%ﬁm@h:Emy (3.1)
ler yoll3, = E(t) = |AZw(t)||3 + Hwt(t)”j)(c%) +10(t) 1% (3.2a)
(by (1.2.10)) = [[Azw(®)|% + [[we ()13 + Y| C2we(t) % + [10(8) ]2 (3.2b)

(b) Moreover,

E(t) + /tHIB%@(T)H?{ +[B7260,(r)|3)dr < (2+KD)E(0), 0<t<T.  (33)

Step 2. Substituting B6 from (1.2.2) into (1.2.1) and recalling C., in (1.2.10) yields
Wyt + "}/O’U]tt + Aw + B’U]t = —Ht, Wy + CJIA’U] + C,;let = —C,;lgt . (34)

Recalling the s.c. group e*~! on Y, from (1.2.16), we can write the solution of
(3.4) as

w(t) At | WO /t Mgy (t— 0
= Ml L6, L= Ly (t=7) dreY,,. (3.5
|:U]t(t):| € w, + tYs t 0 € _C’fyflet(,r) T 1y ( )
Since B 26, € L,(0,T; H) by (3.3) and C, *B? admits a bounded extension on H
by the implication (1.2.6), we readily obtain by (1.2.10) that C'6, € L,(0,T;D(C7))
and so L, € Y, . With reference to the regularity obtained for the thermal variable
0, we introduce the space Xy, by setting

M

X = C([0,t]; H) N L(0, t; D(B%)) N H'Y(0,t;[D(B2)]). (3.6)
Lemma 3.2.  Assume (H.1), (H.2) = (1.2.4), and (H.3) = (1.2.5), let {wq, w1,6y} €
Y, in (1.2.9). Then, with reference to problems (1.2.1) —(1.2.3), we have that the ther-
mal component O(t) satisfies the following regularity properties, continuously with
respect to Y, :

Yo = [wg,wl,ﬁo] € Y’Y —0¢€ X[U,t} — Lz(O,t,D(B%_e)), VO0<e <

compact

(3.7)

NN
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Proof. Via Aubin’s Lemma, as for Lemma, 2.2, using B~ compact on H. ]

Step 3. Lemma 3.3. Assume (H.1) (i), (H.2) = (1.2.4), and (H.3) = (1.2.5),
so that, for {wo,w,00} €Y, then § € Xy as in Lemma 2.2, Eqn. (3.7). Then,
L0 €Y, in (3.5) may be rewritten as

Ltﬁ == Kl,tg + Kg’tg € le’,y, (38)

where

0 0
K,.0 = [ B }—i—eAl”t[ B }
—C’7 19(t) C’7 L9,

. 0 (3.9)
+/ eBty(t=7) [ . . _1] B%G(T)d’/’;
0 C’Y IBC,Y 1_B 2
t —07137% 1
Ky 0 = / eA1a(t=) " Bz0(r)dr € Y1, . (3.10)
0

Proof. We integrate by parts L;0 in (3.5), using via (1.2.16) that

07_19(7) i
—C;lBC;IG(T)]' (3-11)

Aalcogm) T |-orta —or'B) loen)] T
) =cia el e

v v

Lemma 3.4.  Assume (H.1), (H.2) = (1.2.4), (H.3) = (1.2.5). Then, with reference
to (3.9), we have

1
2

Ki,: Xpgq— Y, =D(A7) x D(C2) is compact. (3.12)

Proof. Asin the proof of Lemma 2.4, after noticing that

_1 1 1
2

C'BC'B™: = [C,'B2|[B:C5 *][C; ® B3] is compact H — D(CF),  (3.13)

v

by use of implication (1.2.6), and compactness of B~!, or C~' in H. |

Step 4. So far, the proof of the present subsection has been essentially contained in
that of Section 2, mutatis mutandis. However, in tackling the second term K5 ,0 in
(3.10) of L;0 in (3.8), we face additional difficulties over the same point in Section 2.
For one, with 6 € X[y, it is not clear from (3.10) per se that K,,0 is well defined,
let alone in Y; ,, as we cannot assert that A%C’W_IB_% € L(H), as desirable. In the
case of the term K5,0 in (2.12) of Section 2, the special property valid there that
C = Az = Ap helped (indeed, D(C) C D(A?z) would suffice, but this is not assumed
in the present subsection either). Moreover, we actually seek to establish that Ky, :
compact Xjoy — Y1,. To this end we shall invoke, for the first time, assumption
(H.4) = (1.2.22).
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Lemma 3.5.  Assume (H.1)(i), (H.2) = (1.2.4), (H.3) = (1.2.5). Moreover, with
reference to the undamped Kirchoff problem (1.2.12), (1.2.13), assume hypothesis
(HA4) = (1.2.22); i.c., that

{0, I} €Y1, = Yy = —C’;lAw € Ly(0,T; H) continuously. (3.14)

Then, with reference to the damped Kirchoff problem (1.2.14), (1.2.15), with the same
initial conditions {py = 1o, &1 = 1} as the Y-problem, it follows that, in fact,

{10, 1} €Y1, = CT'AG, pyy=—C'Ap—C ' B, € L, (0, T; H) continuously. (3.15)

Proof. By the a-priori group regularity, see (1.2.20), we have ¢, € C([0,T]; D(C?)).
Then, by the implication (1.2.6), it follows that

C5'Bey = Cy *[Cy * BY[B2C, 2|07 6, € C([0,T]; D(CF))- (3.16)
Thus, with reference to (3.15) as well as to Eqn. (1.2.21) relating ¢ to v, it remains
to show that

t
C;'Ap = C Ay — (O;IA)/ Sony(t = T)CT ' Bgy(r)dr € Ly(0,T; H),  (3.17)
0

where, as noted below (1.2.21), Sy,(-) is the sine operator corresponding to the
1

cosine operator Cj,(-) on the space Z, = D(C;), generated by the negative self-
1

adjoint operator (—C;'A) on Z, = D(C}). For the first term on the right-hand
side of (3.17), we invoke assumption (3.14). To show that the second term on the
right-hand side of (3.17) is also in L(0,T’; H), we provide two proofs, one here below
and one (purely operator-theoretic) in Appendix A. Recalling (1.2.19) we set

Soq(t — T)C'y_le)t(T) =Pt —T; o; @/;1(7')% Y =0, 1/;1(7') = Cy_lB@(T)a (3.18)

for the solution at time (¢ — 7) of problem (1.2.12), with initial position 1y, and
initial velocity (7). Next, we take any f € Ly(0,7; H) and compute via (3.18)

‘(f, C;lA /0' Soq( - _T)C;quﬁt(T)dr)

Lo(0,T;H) ‘

/OT /Ot(f(t), C L AY(t — 75900, 1 (7)) mdr dt‘ (3.19)

(interchanging the order of integration)

/0/(f(t)’cleT/)(t—T;zﬁo,&l(r))gdtdr (3.20)

T
< Wl [ 10 4030 a0 o (321)
0
T —
(by (3.14)) < cT||f||L2<o,T;H>/ [ (oIl g d7 (3.22)
) (€2)
T
. -1
Oy (318) = erllflesoran [ 1€ Bor), i (3.9
< consty|| f ||y, {0, Y1 v, -
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We have used: the Schwarz inequality from (3.20) to (3.21); assumption (3.14)
from (3.21) to (3.22); the definition of ¢, (7) in (3.18) from (3.22) to (3.23); finally,
(3.16) in the last step of (3.23). Then, (3.23) shows that continuously,

{¢0:w0, ¢1 :wl} €K77—>C,Y_IA/ SO,'y( s — T)O,Y_IB(]st(T)dTELQ(O, T; H), (324)
0
as desired. Thus, (3.17), and hence (3.15), have been proved. n

Remark 3.1. A similar argument shows that (3.15) = (3.14). u

Step 5. A duality argument as in Remark 1.2.1 shows that

Lemma 3.6. (i) With reference to (3.10), we have that:

t Crfl
— Ko f :/ ey (1) [ gl ({(T)} dr : continuous L, (0,¢; H) — Y7, (3.25)
0

if and only if, with reference to problem (1.2.14) or (1.2.20),

{¢o, 01} € Y1, = C7'A¢ € Ly(0,1; H). (3.26)

(ii) Thus, under assumptions (H.1) (i), (H.2) = (1.2.4), (H.3) = (1.2.5),
(H.4) = (1.2.22), the regularity (3.25) for Ko, holds true.

Proof. (i) Asin Remark 1.2.1 we compute

( / ' o [ofgm] ar Lﬁj ) - /< [cfgm] it m ) e om

:/0 (CT f(7), p(t—T; d)o,d)l))D(A%)dT:(f, CT At — -5 b0, 91)) Loy (3-28)

Aj is readily computed from (1.2.16), using properties (1.2.11).
The conclusion of part (i) follows now from (3.28). For part (ii) we invoke
Lemma 3.5. |

Remark 3.2. Lemma 3.5, Remark 3.1, and Lemma 3.6 show that the regularity
(1.2.25) for Ay, is equivalent to the regularity (3.25) for A, ,. n

Step 6. Proposition 3.7. Assume (H.1) (i); compactness of the resolvent of B in
(H.1) (ii); (H.2) = (1.2.4); (H.3) = (1.2.5) and (H.4) = (1.2.22). Then, with reference
to the operator Ky, in (3.10) or (3.25), we have

1 1
Ky @ compact Xyo g — Y1, = D(A2) x D(C7). (3.29)
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Proof.  The validity of (3.29) follows from

compact bounded

beXpy = 0€Ly(0,t;H) —  KybfeVi,, (3.30)
by (3.7) by (3.25)
via the compact embedding (with € = 1) in (3.7) and the boundedness of K, as

in (3.25). n

Step 7. Proposition 3.8. Assume (H.1) through (H.4). Then,

(3.31)

Ly : X4 — Y1, 18 compact;
Yo = [wo, w1,0] € Yy, = 0 € Xjgy) = L4f € Y}, is compact.

Proof. = We return to identity (3.8), where K, is compact as in (3.12), and Ky,
is compact as in (3.29). Finally, we recall (3.7). u

Step 8. Thus, at this stage, we have obtained the following decomposition, from
(3.5) and (1.2.2),

w(t) wo [eAMt [Z‘;] + LtG]
w(t) | =eM | w | = ¢ (3.32)
6(t) 6o e~ Bth, —/ e~ B Buy (1) dr

0

where the map yo — [L;0,e P'6p] is compact Y, — Y, for all ¢ > 0. We further
notice that the integral defining 6(¢) is well defined and, in fact, compact on Y7, at
each t > 0,

t t 1 1
/6B(tT)Bwt(T)dT:/BéeB(tT)(B%C’y2)c,y2wt(7')dTED(B%6) — H, (3.33)
0

0 compact
_1 1
since B2C,? € L(H) by implication (1.2.6), C2w, € C([0,T]; H) by the a-priori
semigroup regularity in Proposition 1.2.1 (ii); moreover,

e — const
||B1 e Bt”L(H) <

S e 1B ¢ P!y € L1(0,T), (3.34)

by analyticity of the (self-adjoint) semigroup e 2% on H, so that the integral in (3.33)
is the convolution of an L;-function with a C-function; finally, B! is compact on
H by assumption (H.1) (ii). Thus, the operator K, (),

o def t Lta
IC,(t) le = | By, +/ e_B(t_T)Bwt(T)dT] is compact Y, = Y,, (3.35)
0 0

for all ¢ > 0, by Proposition 3.8 on L;# and (3.33). Theorem 1.2.2 is proved.

We conclude this section with two remarks which provide further relevant
regularity theory on the thermo-elastic problem (1.2.1) —(1.2.3) of the present setting.
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Remark 3.3.  Under assumptions (H.1) - (H.4), the following regularity holds true
for the mechanical component of problem (1.2.1) - (1.2.3):

Yo = [wo, wy, 6] € Y, = wy € Ly(0,T; H) continuously. (3.36)

Proof.  With reference to Eqn. (1.2.1), we have as in (1.2.20), (1.2.21), with
$(0) = wo, 1h(0) = wy:

w(t) | _ | ¥(t) ' ohos (t-7) 0 -
o] = L]+ Lo O (337
we(t) = Yu(t) + /t Co(t —7)C, ' BO(T)dr ; (3.38)
wie(t) = () + CTUBO(t) — O A / ot — )OI B dr (3.39)

1
where Cj,(t) is the cosine operator on D(C5) corresponding to the negative self-
1
adjoint operator [-C'A] on D(C7), and Sy, (t) its corresponding sine operator;
see also (3.17). By the a-priori regularity of B26 in (3.1), and by (1.2.6), we have

1
2

Y S | 1
C,'BO = C,2[C, 2 B>|B>0 € Ly(0,T; D(C3)). (3.40)
This regularity in (3.40) — though weaker in time than the one in (3.16) —is sufficient
to carry out the argument below (3.17) (or in Appendix A), applied to the integral
term in (3.39), to conclude that such integral term is in Ly(0,7; H) (as in (3.24)).

Thus, by assumption (H.4) = (1.2.22), we conclude from (3.39), (3.40), that (3.36)
holds true. |

Remark 3.4.  We now show that, under assumptions (H.1) - (H.4), the following
regularity holds true for the thermal component of problem (1.2.1)—(1.2.3); with
90 =0:

Yo =[wo, w1,0]€Y,=0,€ Ly(0,T; H) and 0y € L5(0, T; [D(B)]') continuously. (3.41)

Proof. By Eqn (122), (Ht)t = —Bgt - Bwtt, 9,5(0) = —B'th(()) with 00 = 0, and

_1
2

1 t
0,(t) = —Bze P[B2C; 2|C2w,(0) — B / e B Dy, (1)dr (3.42)
0

where B2w,(0) € H by (1.2.6), since w,(0) = w, € D(Cé). The analyticity of the
s.c. semigroup e~ 5! generated by the self-adjoint operator (—B) then yields conclu-
sion (3.41) for 6, from (3.42) by use also of the regularity (3.36) of wy. Differenti-
ating (3.42) yields readily the regularity (3.41) for 6y, again by the regularity (3.36)
of wy. [
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4. Examples of thermo-elastic plates fitting into the abstract model

In this section we consider three thermo-elastic plate equations (1.1.1), (1.1.2), sup-
plemented by sets of physical B.C., which fit into the abstract model (1.2.1), (1.2.2)
of Section 1.2. In all cases, we then verify all required assumptions (H.1), (H.2) =
(1.2.4), (H.3) = (1.2.5), and (H.4) = (1.2.22). Unless otherwise stated, Eqn. (1.1.1),
(1.1.2) will be defined on a smooth bounded domain © of R", n arbitrary.

4.1. Hinged mechanical B.C. and Dirichlet thermal B.C.

This is the simplest canonical case. We supplement Eqns. (1.1.1), (1.1.2) with the
following (hinged/Dirichlet) B.C.

wlg =0, Aw|g=0; Oly=0; Y=(0,T]xT. (4.1.1)

Then, the resulting abstract system for problem (1.1.1), (1.1.2), (4.1.1) is given by
(1.2.1)— (1.2.3), where

B=C =A%, H=LyQ):; Bf =—-Af, D(B) = H(Q) N H}(Q); (4.1.2)
Af=Nf, D(A)={f€H Q) : flr=Af|lr=0};D(AT)=H}(Q)=D(C?); (4.1.3)
1 rphy = W+ 90U = [ 7P+ VSN2, (410

Assumptions (H.1) through (H.3) are trivially satisfied. So is (H.4), in fact, in the
following stronger form: the solution of the Kirchoff problem:

I-l—’yC)%

Yo + YA Yy + A =0, {t,101} € D(A2) x D(AT) (4.1.5)
satisfies the regularity properties (see (1.2.9), (1.2.13))
{15} €C([0,T); D(A?)xD(AT)), by = —(I+7A2) " Ap € C([0, T); Ly (). (4.1.6)

For this special canonical case, a precise description of the corresponding s.c. semi-
group eA! is given in [6] by spectral analysis.

4.2. Clamped mechanical B.C. and Dirichlet thermal B.C.
We supplement Eqns. (1.1.1), (1.1.2) with the following (clamped/Dirichlet) B.C.

ow
— 0, —‘ —0; Oy =0, ©=(0,T] xT. 4.2.1
wls =0, 2 =0 ; (0.7] % (121

Then, the resulting abstract system for problem (1.1.1), (1.1.2), (4.2.1) is given by
(1.2.1) - (1.2.3), where

H =1,(Q); B=C, Bf = —Af, D(B) = H*Q) N H}(Q); (4.2.2)
Af = A%f, D(A):{feH4(Q): f|ng—£F:0}; (4.2.3)

1

D(B?) = D(C?) = D(AT) = HL(Q); D(A?) = H2(Q) C D(B) =D(C). (4.2.4)
Eqn. (4.1.4) still holds true. Assumptions (H.1) through (H.3) are satisfied.

42



LASIECKA AND TRIGGIANI

Assumption (H.4). Verification of assumption (H.4) = (1.2.22) is, however, non-
trivial and requires a sharp trace reqularity result for the Kirchoff equation

Uy — YAy + A% = 0in Q

o o1 Wy + 7 Cy + A =0 (4.2.5)
Yls = S ls = 0in ¥

$(0) = o, ¥1(0) =11, {W, 1} € D(AT) x D(AT) = HZ(Q) x HY(Q), (4.2.6)

namely [19, p.123],

t

/0 /F |Ap[?dI dt < Cill{tbo, 1 Hl 2 () x 3 (e » (4.2.7)
which is “%” sharper in the space variable, than the result that one would get
by a formal application of trace theory on the optimal interior regularity result
¥ € C([0,T];D(A2) = H2(Q)) of (4.2.5). This fact is distinctive of many hyper-
bolic/Petrowski-type P.D.E.’s. With reference to the operator A, in the present
case, see (1.2.16), and to Y7, which is topologically equivalent to D(Az) x D(A1),
we have that

D(AZ.) = D(A2C, ' A) x D(A%) C D(A) x D(A1), (4.2.8)

where the inclusion in (4.2.8) follows, since Az C ' Az € Ly(Q) implies Azy € Ly(Q),
as C, A2 € L(Ly(Q)) by (4.2.4). Thus, let {1,/}0,1/)1} € D(A§,,), dense in Y;,. The
corresponding solution ¢ of (4.2.5) then satisfies {1, 1} € C([0,T];D(AF,)), and
thus ¢ € C([0,T]; D(A)) by (4.2.8). Hence, Ay = A%) and for f € Ly(0,T; La(2))
we compute with H = Ly(Q), via Green’s second theorem:

(L +9C)F, A = ((I+70) ™ £, A%) i) = (AUL+70) . M)y (42.9)

II+~C)'f

+ <(I+vC)‘1f, > ,M)) . (4.2.10)
La(T

W ) (
But, with f € Ly(Q) a.e. then (I +~C)"'f € D(C) =D(B) = H*(2) N H} () a.e.
by (4.2.2) and so [(I+~C) "' f]r = 0 a.e. and the second term on the right-hand side
of (4.2.10) vanishes. Next, A(I +~yC)~'f € Ly(Q2) a.e. and then

(AT +70) ", Ad)o| < bl iy 2o (42.11)
Moreover, 6(]-}-;71(;’)*1]‘ € H2(I) a.c., and then
‘(—3(1 DL 0] s ellwldl, gy ae (@212
ov Lo(D) H™2(T)
Using (4.2.11), (4.2.12) in (4.2.10) yields
(T +7C) 1 AP a] < el flla el + 1A -y ] ace. (4.2.13)
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Then, since {to, 1} € HZ(Q) x H} () = Yy, implies ¢ € C([0,T]; H{(Q2)) by the
semigroup estimate, integrating (4.2.13) in time yields by Schwarz inequality

t
/OI((I+70)lf(T),Aw(T))HIdT < all fllzasza@n {0, Y1 mz@)xmy) (42.14)

a fortiori by use of the sharp estimate (4.2.7). Inequality (4.2.14), which is obtained
at first for {40, Y1} € D(AF,), is next extended to all of {1y, 91} € Hg(Q) x Hy(Q) =
D(Az) x D(A1) = Y1, (topologically). Thus assumption (H.4) = (1.2.22) is verified,
since ¢y = —CJIAL/) and the results of Section 1.2 apply to the present case.

4.3. Clamped mechanical B.C. with Neumann (Robin) Thermal B.C.

We supplement Eqns. (1.1.1), (1.1.2) with the following (clamped/Neumann-Robin)
B.C.

ow o0
=1 —‘ =0. |Z1mw| =0, 0>0. 4.3.1
wls ov s {au N ]2 ( )
Then, the resulting abstract system for problem (1.1.1), (1.1.2), (4.3.1) is given by

(1.2.1) - (1.2.3), where for b > 0:

H = Ly(Q); Bf = -Af, D(B) = {f € H*(Q) : B—J; + bf] = 0} . (4.3.2)
Cf=-Af, DIC)=H*(Q)N H}(Q); (4.3.3)

2 4 of
Af = A%, D(A):{feH(Q):ﬂp:%F:O}; (4.3.4)

N

D(A?) = H2(Q) C D(B); D(C?) = H}(Q) = D(A1). (4.3.5)

[For b=0, we take H = Ly(Q)/N(B), N(B) = one-dimensional null space of B.]
Moreover, (4.1.4) still holds true. Assumptions (H.1) through (H.3) are trivially
satisfied. Since A and C' are the same as in Section 4.2, then assumption (H.4) =
(1.2.22) likewise holds true, as seen there. Thus, the results of Section 1.2 apply to
the present case.

5. Analysis of the free B.C. case of Section 1.3
5.1. Preliminary energy estimates. The auxiliary operator A, o

We begin by collecting some formulas. If f € D(Ag), see (1.3.13), then by (1.3.14),

Anf = =Af ==a 1= 82 ) = v (7= N 5L) = avtr VU, 1)

since [f — N 2] € D(Ay), see (1.3.11). From (5.1.1), recalling (1.3.19), we obtain

AGARf = f+ON(flr); C P Agf

(5.1.2)

%[f AN (fIr)] - %C;I[f LON(fI0). f € D(A):
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ARCTV € L(Ly()), ATC,? € L(L(9)), hence s
O A% € L(Ly()); O P Ab € L(Lx(9)),

recalling (1.3.19), (1.3.12). The second statement in (5.1.3) means that, by duality
on the first, C’V_IA% has a bounded extension in £(Ly(€2)).

We now present the counterpart of Lemma 2.1 and Lemma 3.1 of preceding
cases (of Sections 1.1 and 1.2).

Lemma 5.1.1. (i) With reference to problem (1.3.1)—(1.3.6), the following iden-
tity holds true, where H = Ly(Q) and yo = [wo, w1, O] € Y :

E(t)+2/0t

1 1

lettao7, = BO=1ABw OB+l B+ A A O+ 1001 (5.1.50)

(by (1.3.21)) = [[A2w(t)|[ + wn(?)

2

Az0(7) dr=F(0); (5.1.4)

s
D(C7)

y 0@ (5.1.5b)

(ii) Moreover,

Yo € Yy = O|p € Ly(0,T; H>(T')) and wy € Ly (0, T Ly(2)) continuously.  (5.1.6)

Proof. (i) The proof of part (i) is the same as in Lemma 2.1 or Lemma 3.1: either
it relies on Proposition 1.3.1, or else one multiplies Eqn. (1.3.1) by wy, (1.3.2) by 6,
and integrates by parts. The use of Green’s formula as in [18, p.68] provides the
desired cancellation of the boundary terms.

(ii) The statement in (5.1.6) about | follows by trace theory on (5.1.4), i.e.,
0 € Ly(0,T; H(Q)).

Next, we return to Eqn. (1.3.9), which by means of (1.3.19), we rewrite as

wy = —C T Aw + C T ARd — CTAGH (0]r) 4 bC, PAG,()r). (5.1.7)

The a-priori regularity Azw € C([0,T]; Ly(Q)) from Proposition 1.3.1 (ii), AI%{H €
Ly(0,T; Ly(£2)) from (5.1.4), along with that of f|r in (5.1.6), is combined with (5.1.3)
and (1.3.15), (1.3.16), (1.3.17), (1.3.13) and readily yield (5.1.6) on wy,. n

Next, we introduce the (auxiliary) operator A,  (compare with A, ; in (1.3.26)
and see (5.1.2)):

0 I 0
-1 —1 -1
Ag=|"GA -G f;v —CUAGEID |y 5 DA 5 Y, (5.1.8)
0 AN — —Ag
ov
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D(A, ) = {1'1,1'2 € D(A?) = H%*(Q); x5 € D(AR):
(5.1.8b)
[N%2 — Ay Agzs] € D(Ay) |

Proposition 5.1.2.  The operator A,y in (5.1.8) is dissipative

Re (A, 07, 2)y,= —(AnT2, T2) 1,(0)— (ART3, T3) 1,(), T=[T1, T2, 73] €ED(A, ), (5.1.9)
in fact, mazimal dissipative, and thus generates a s.c. contraction semigroup e”10!

on Y,.

1
Proof.  As the first 2 x 2 block of A, is plainly dissipative on D(Az) x D(C2),
we limit ourselves to observe that

. 0 , —C L AG (- Ir) {xZ] {@]
AyN — 0 3|’ |3 1
D(CZ)xLa(%)

v
8£U2
= —(AG:(z3]r), 72)L,() + (ANN a—axii)Lz(Q)
v
. Oy . (5.1.10)
— (w3|p, GTAZ9) L) + a—,N Anws
v Ly(T)
ox ox
= —(x3lr, a_2> + (8—2,x3|r> =0, (5.1.11)
V7 Ly(r) v Lo(T)
recalling the trace results in (1.3.18). Maximal dissipativity is proved directly. Then,
one invokes the Lumer-Phillips theorem. [ ]

The point of the next result is a gain of regularity “of the order of A%” with
1
respect to the third coordinate (“hidden regularity”): from Lo(S2) to [D(A})] =
[HY(Q)] = [D(C3?)], see (1.3.11), (1.3.13).

A

Proposition 5.1.3. With reference to the s.c. semigroup e*°' guaranteed by

Proposition 5.1.2, we have

0 )
y(t) = /t eArolt=m L | dr
0 f3(7)
1 > (5.1.12)
continuous Ly (0, T; [D(A3)] = [H'(Q)]) — C([0,T);Y)
and y3 € Lo(0,T; H'(Q)), )

Proof.  The function y(t) = [y1(t), y2(t), y3(¢)] in (5.1.12) solves §(t) = A, oy(t) +
f(t), y(0) = 0, where f(t) = [0,0, f3(¢)]. Taking the Y -inner product of this
equation with y(t), where f(t) is taken, at first, in Ly(0,t; D(A,p)), so that y(t) €
C([0,T);D(A,,)), we obtain by virtue of the dissipative identity (5.1.9):
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SO, = (A ow (0, 50y, + (£, w0y, (5.1.13

1

= AR 0) I )~ 1 AR5 (1) [0+ (AR F3(0), Af() 1y, (5.1.14)

a.e. in t. Integrating (5.1.14) yields since y(0) =0,

W1, + 2 [ 14k deHJ/W%m)%QM

(5.1.15)
= [ 1Ak + [ B
from which we obtain

Y1705y, + 20 AR 0750000 + 20 RY3 I, 075500
L (5.1.16)

< - ||f3|| 15

€ L2(0,T5[D(AR)]')
first for f3 smooth as above. Next f3 is extended to all of Ly(0,T; [D (A2 )]'). Finally,
a standard approximation argument boosts Le (0,77 -) to C([O T); -) for y and
(5.1.16) vields (5.1.11). n

5.2. The operator A, is a semigroup generator.
Proof of Proposition 1.3.2

Step 1. In this subsection we prove Proposition 1.3.2: i.e., that the operator A,
defined by (1.3.26) is the generator of a s.c. semigroup e?<' on Y,. To this end,
we shall employ the auxiliary semigroup generator A,  in (5.1.8) as guaranteed by
Proposition 5.1.2, and write (recall (1.3.27))

0 1 0 0
-1 a . 1 avt
A%SZA%O + {0 C’Y ANN% 0 5 IL':A%SZ‘:A%OJI—F C,y ANN% (521)
0 —Ay 0 —Anvy

for x(t) = [v(t), vy, #(t)] > Equivalently, we shall establish that the corresponding
integral equation

0
Ay ot L a (t—7) —1 Oy
z(t) = e 'zy + [ e THANN - " (1) | dr (5.2.2)
0
—Anuv(T)
has a unique semigroup solution = € C([0,T];Y,), so that z(t) = e+,
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Step 2. We integrate by parts the second entry in (5.2.2) and obtain
0 0
t
0
[ | ertan e [dr=(Ba) 0+ Q) -t | 07 AN T | 523
0 ov K ov
—ANUt(T) 0
where we have defined the operator B by
t ! 0 W
(Bf)(t) = / eArot=m LA C,YIANN%(T) + 0 > dT (5.2.4)
0
0 —Anfa(7)] )
- afl —
-1 NI
Co An % (1)
t 0
— A eAW’O(t_T) —O;lANC;lANN% dT, (525)
8 _ 3f1 (T)
_ANN% <C’7 'ANN o) ANf2(T)_

for f = [fi1, fo, f3], while for h = [hy, he, h3] € Y, x(0) = x5 € Y, we have set

0 0
0 . ov(0
Qh: O,;IANN%}M s l‘():[[ — Q]LL‘U =Xy — C,Y_IANN g(y) (526)
0 0

With 2y € Y, as in (5.2.6), using (5.2.3) into the right-hand side of (5.2.2), we see
then that we seek a semigroup solution z(t) € C([0,77];Y,) of

z(t) = e '3 + (Bx)(t) + Qu(t). (5.2.7)

Step 3. Proposition 5.2.1.
and (5.2.6), we have

(1)

With reference to the operators B and Q in (5.2.4)

B : continuous C([0,7];Y,) — C([0,T];Y) . (5.2.8)
More precisely, with f = [f1, f2, f3] € C([0,T];Y,), we have
185 120130y < or { Wiy + MelZormy > (5:2:9)
where cp (0 as T 0.
(ii)
Q : compact Y, = Y,; [I — Q] is boundedly invertible on Y ; (5.2.10)
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(iii) the operator

{I —[I - Q]'B} : continuous C([0,7];Y,) — C([0,T];Y,) (5.2.11)

15 boundedly invertible.

Proof. (i) We return to the integral (5.2.5) defining Bf with f = [f1, fo, f3] €
C([0,T);Y,), ie., f1 € C0,T]; H*(Q)), f» € C([0,T]; H'(2)). Then, regarding the
three entries, we have via (1.3.19), A2 C7 € L(Ly()) (by (5.1.3), and the regularity
of N in (1.3.14):

C,'AxN 6812 = —N% —% Naaf1 e C([0,T); H*(Q) = D(A2));  (5.2.12)
3 . dfi CI72(0N).
N61/< .ANNa ) C([0,T); H*(2)); 5213
CH ANCT AN e o, T (@),
b e @ (o gy 26 oAby
AT A ™2 (eraw ) e o |
c (0, THPAR));
Avfo = Af Ak f2 € OO, T} DALY = [H'@)) (5.2.15)

Thus, recalling the hidden regularity of Proposition 5.1.3 on the third entry in (5.2.5)
via (5.2.14), (5.2.15), as well as (5.2.12), (5.2.13) for the first two entries, we readily
obtain via the generation result of Proposition 5.1.2,

1Bfeqomy,y < ke {“fl“%g(O,T;H?(Q)) + ||f2||%2(0,T;H1(Q))} (5.2.16)

< Tkr {Hf“?]([O,T};H?(Q)) + ||f2||20([0,T];H1(Q))} : (5.2.17)
and ¢y =Tky N\, 0 as T\, 0 since kr is decreasing in 7.
(ii) The second entry of Qh is compact H?*(Q2) — HY(Q) = D(C2), via

(5.2.12). Moreover, the operator [I — Q] is plainly injective on Y, by its definition
n (5.2.6). Thus, [I — Q] is boundedly invertible on Y.

(iii) For g € C'([0,T];Y), we seek to solve uniquely
{I-[I-Q"'B}f =g, ie, f=g+[I—Q] 'Bf (5.2.18)

for f € C([0,T];Y,). Since c¢r N\ 0 in (5.2.9), this can be done at least initially for
T small, by the contraction mapping principle. A finite number of iterations allows
extension to any 7 finite. [ ]
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Step 4. Corollary 5.2.2.  The integral equation (5.2.2), equivalently (5.2.7), has
a unique semigroup solution z(t) € C([0,T);Y,). This is, in fact, z(t) = e™'xg, and
A, generates a s.c. semigroup et on Y,. Moreover, the following representation
formula holds true:

a(-)=emo=[I—[T-Q "B " [(I-Q) e &), (5.2.19)

with Q, B, &y as in (5.2.6), (5.2.4).

Proof.  We return to (5.2.7) where e0'2, € C([0,T];Y,) by Proposition 5.1.2.
Then (5.2.7) is rewritten as

[I— Qlz(t) = e 2o+ (Bx)(t), {I-[I- Q] 'B}x(-) = (I—-Q) tet iy, (5.2.20)

and then the unique solution z(-) as in (5.2.19) is obtained by Proposition 5.2.1 (iii).
The semigroup property of z(t) is a standard consequence of being a solution in
C([0,T];Y,) of (5.2.2). [ |

»

5.3. Analysis of the {v, ¢}-problem (1.3.29), (1.3.30):
Proof of Theorem 1.3.3(ii)

In this subsection we return to the operator A, in (1.3.25), which was established
in Subsection 5.3, to be a generator of a s.c. semigroup. Such semigroup describes
the {v, ¢}-dynamics in (1.3.29) —(1.3.30), or (1.3.34) —(1.3.39) (left). Our goal here
is to show the following result contained in Theorem 1.3.3 (ii).

Theorem 5.3.1. The statement “the s.c. semigroup et is compact for all

t > 07 is false: this is implied [33, p.50] by the fact that the resolvent R(\, A, )
possesses the following property:

|R(A = a+i7, Ay 5)||z(v,) does not tend to zero as 7 — oo, with (5:31)
] 3.
Re A = a fixed and sufficiently large.

Convention. In this subsection, when we write “7 — 0o0” we mean, for short, the
full statement in (5.3.1), unless otherwise noted.

We begin by showing the same property for the (simplified) generator A, in
(5.1.8) of Proposition 5.1.2.
Theorem 5.3.2. The statement “the s.c. semigroup e is compact for all
t > 07 is false: this is implied [P.1, p.50] by the fact that the resolvent R(\, Ay p)
possesses the following property:

|R(A = a+i7, Ayp)llcv,) does not tend to zero as 7 — oo, with (5:32)
Re A = a fixed and sufficiently large. o
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Proof. Step 1. For a s.c. semigroup the property “compactness for all ¢ > 0”

is invariant under a bounded perturbation of the generator [33, p.79]. Hence, we

may further simplify the analysis by removing from the generator A,, the second
1

row-second column entry [~C'Ay], which is a bounded operator on D(C7). We
then consider the following new generators on Y, :

0 1 0 0 I 0
_ -1 -1
A%O: _C’y ./4 0 a _C’y AG1(|F) ,Ad: _C’;IA 0 0 , (533)
0  AxN— —Ap 0 0 —Ag
v

with the obvious domains, in particular D(A, ) = D(A,,) in (5.1.8b). Both opera-
tors in (5.3.3) are generators of s.c. semigroups on Y, ; indeed, et is a contraction

1
which decomposes as a direct sum of the unitary group e®70! on D(Az2)xD(C2) with
generator A, o = [_quAé] , and the analytic semigroup e™*#* on Ly(). Instead of

vy
(5.3.2), we thus prove equivalently that

|R(A = a+ir,Ay0)l|cv,) does not tend to zero as T — oo, with (5.3.4)
Re A = a fixed and sufficiently large. o

To this end, we assume by contradiction that with Re A = a fixed and sufficiently
large, _
|R(A = a+i7, Aypo)llcev,) = 0 as 7 — o0 (5.3.5)

Let f=[f1, fa. f3) €Yy, ||flly, =1 and set with v(\) = [v1(\), v2(A), v3(N)],
v(A) = R(A\ A o) f; or (M — A, o)v(\) = f; Avi(A) —ve(N) = fi (5.3.6)

(we have chosen to write explicitly only the first row, to be invoked below), where
1
fiL € D(A3), f, € D(C?) and f3 € Ly(Q). We have by (5.3.6) and (5.3.5),

Sup [o(M)ly, = sup IR, Aso) flly, = IR Ay o)lley,) — 0 as 7 — o0, (5.3.7)
=1 =1

so that, explicitly, via the definition of Y, in (1.3.21) we have

sup [|vr(A)||mz) = 0; sup |Jva(A) || g2y — 0;
I1fl1=1 [1f11=1

(5.3.8)
Hf‘l\llp lvs(M)]|£o) = 0, as 7 — oo.
-1
Recalling the generators A, o and A, in (5.3.3), we rewrite (5.3.6) as
0
A CilAGl(Ug(A)h‘)
f=0I=A0)v(A) = (A= Ag)v(\)+ |7 o) : (5.3.9)
Ay 22
ov
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from which we obtain by applying R(A, Ag):
0

RO AD S = v(A) + RO\, Ag) CJIAGla(W(i”F) . (5.3.10)
AN

As v(A) = 0in Y, as 7 — oo by (5.3.7), (5.3.8), uniformly in f in the unit sphere
of Y,, our next goal is to show that

0
ROAQ) | ot gl
1 ’ > Cy " AG1(vs(N)|r)
RO\, Ap)|C7 AGH s(VIn)| Duy(n) |08 T o0 (5.3.11)
ANNaU;IE)‘) R(A, _AR)ANNT

in Y,, uniformly in f running over the unit sphere of Y, where A, = [709%45] as
v
below (5.3.3) and will see that this will lead to a contradiction.

Step 2.  We need to boost (5.3.8) for vs, as in the ¢-domain (see Lemma 5.1.1 (i)).

Lemma 5.3.3. We have

sup |lvs(A)||gr1@) =0 as 7—o00 as Re A =a fixed and large enough.  (5.3.12)

f[ly =1

Proof. =~ We first recall from Proposition 5.1.2 for A, adapted to the simpler
operator Ao, that A, in (5.3.3) becomes skew-adjoint if we remove the bottom
right corner element —Ag. Thus, from (5.3.6) we obtain

Re((AL — A, 0)v(A), v(\)y, }

(5.3.13)
= (Re N)[[v(W1F, + (Arvs(N), v3(N)) o) = (f,0(N))y, s

from which

los(M ) = IAzvs(Mllzae) < [Re MlvN)E, + 11y los (W, (5.3.14)

Then (5.3.12) follows from (5.3.14), via (5.3.7), or (5.3.8). m

Step 3.  We begin with the first term in (5.3.11). To this end, we invoke from
Remark 5.3.1 (at the end of this subsection) the following sharp regularity result
of the Kirchoff problem corresponding to the original thermo-elastic problem (1.3.1) -
(1.3.6): the map

0 dr
C5 AG (vs(7)Ir) (5.3.15)

€ C([0,T]; D(A?) x D(C2))

t
vs € Ly(0,T; H2(T)) = / eAV*O(tT)[
0
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is continuous. For more details see Remark 5.3.1 below, Eqn. (5.3.44). It then
follows readily, via Laplace transform, see Remark 5.3.2 below, that in the norm of

D(A2) x D(C?), we have:

R(A, Ayp) |:C,Y_1AG10(U3(T)|F):|

sup

7=t v (5.3.16)
< const )\ L
< const
= VRex ”th1£1 ||'U3()\)||H1(Q)—>O as 7T—0Q, (5317)

where in going from (5.3.13) to (5.3.14) we have used trace theory. In (5.3.17), we
have recalled (5.3.12) for v3, as Re A = a is fixed.

Step 4. We next show likewise that for the second term in (5.3.11) we have

8U2(>\)

sup
lI7l1=1

—0 as 7 — oo. (5.3.18)
La(Q)

This will be done by duality. Let x € Ly(€2) and compute

. 81}2()\) v _ 81)2()\) % Y
(R()\, AR)AxN o ’>L2m> ( o , N*AxR(X, AR)>L2(F) (5.3.19)
(by (1.3.18)) = (ai;—iA),[R(X,—AR)x]F%(F)
- aaniA) L(F)H[R()\,—AR)x]FHLz(F). (5.3.20)

By trace estimates [5, Thm. 1.6.6, p.37], since vy(A\) = Avy(A) — f; from (5.3.6):

2

31}2 ()\)
ov

< ellea) sy lleaN) sy = lldor () = fi Lz (W) sy (5.3.21)

Ly(T)

< e {|Mlor M| a2 o2V | ) I Al 2 lva (W) [ - (5.3.22)

Similarly, by trace estimates [5, Thm.1.6.6, p. 37]
IR ~Ar)alelZ, o < RO, —Aallmo IR0, ~Aallo  (5:323)
(by (1313)) < dlABRO, Aol RO, —An)olue  (53:21)
1

1 1
< c— 2]l ) = 12l 2oy =c —5 lz]|7, ), (5.3.25)
AF I A Ty e
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recalling the standard estimates for the resolvent of the analytic semigroup generator
—Apg. Combining estimates (5.3.22) and (5.3.25) and using va? + > < a+b for a,b
positive, we obtain

Ova (A <
|22 RO~ Arjelay
L, (T)
TR ; ; Loy
< {0 I O s s+ I Bl Ol } gl (5320

1 1 1 1 1 1
<c { — T vt M1 52 lv2 (M) [ )+ [[o2(A )||§1(Q)||f1||?{2(m} X

I NE (5.3.27)

X ||z|| o) = 0 as 7 — o0,

uniformly in f running over the unit sphere of Y, recalling (5.3.8) for v; and v,.
Using (5.3.27) on the right-hand side of (5.3.20), we obtain

sup —0asT— 00, Vo€ Ly(R2), (5.3.28)

( O, AR)ANNaUQ()‘),x>
llf11=1 Ly(Q)

ov

and (5.3.18) is proved as desired.

Step 5. Thus (5.3.17) and (5.3.18), combined show (5.3.11), uniformly on all f
running over the unit sphere of Y., which was our objective. But then (5.3.11) and
(5.3.7), or (5.3.8), used in (5.3.10) yield, with Re A = a fixed and sufficiently large:

HS‘L|1p |R(A, Ag) flly, = [|R(N, Ap)|lcev,) = 0 as 7 — o0, (5.3.29)
fll=1

However, since A, in (5.3.3) splits as A, o @ (—Ag), see below (5.3.11), and A,
generates a (unitary) group, (5.3.29) is impossible, see Remark 5.3.3 below: a con-
tradiction. Thus, (5.3.5) is false, and (5.3.4) and (5.3.2) hold true. Theorem 5.3.2 is
proved.

Completion of the proof of Theorem 5.3.1. We shall use Theorem 5.3.2.

Step 1. We return to (5.2.6) and identity (5.2.7), where z(t) = e’'zy by Corollary
5.2.2, rewritten now as

erotzy = etilag — (Br)(t) — Qu(t),
x(t;z9) = 2(t) = eMlag, To = (I — Q)xo;

R(A, Ayo)io = R(A, Ay)ao — (Bx)(A) — Qu(X), x(A) = R(A, Ay)zo. (5.3.31)

(5.3.30)

Assume by contradiction that for =y € Y., with ||zo|| =1 in the Y,-norm:

||R()\,A%5)||£(y7): sup ||R(A, Ay 5)xolly, = sup [[z(N)]]y, =0 as 7—00, (5.3.32)

llzoll=1 llzoll=1

o4



LASIECKA AND TRIGGIANI

in particular,

sup |1 (A)||m2@) = 0, sup ||w2(A)||ni@) — 0, as 7 — oo, (5.3.33)

llzoll=1 llzoll=1

for Re A = a fixed and large enough where we have written z(\) = [z1(\), z2(X), 23(N)].
The goal of this proof is to show that then

sup [[(Bz)(A)|ly, =+ 0 as 7 — oo, (5.3.34)

llzoll=1
after which we obtain from (5.3.32), (5.3.34), used in (5.3.31):
sup || R(A, Ay o)Zolly;, — 0 as 7 — oo, (5.3.35)

llzoll=1
Since o = [I — QJxy and (I — Q) is an isomorphism on Y, (by Proposition 5.2.1 (ii),
Eqn. (5.2.10)), (5.3.35) is equivalent to

sup RO\ A, 0)zally, = RO As0) ) — 0 as 7 = oo, (5.3.36)

llzoll=1

which is the sought-after contradiction by Theorem 5.3.2.

Step 2. Proof of (5.3.34). We return to the definition of B given by (5.2.5),
where by Proposition 5.2.1, B: continuous C([0,T};Y,) — itself. Thus, by Laplace
transform, see Remark 5.3.2 below, we deduce via (5.2.5) that

sup [|(Bz)(A)lly,

llzoll=1

(5.3.37)

const
< { sup ||#1(A)||g2(0)+ sup ||x2()\)||H1(Q)}%0 as T — 00,

— VReA |Jjzoll=1 llzol|=1

recalling (5.3.33). Thus, assumption (5.3.32) applied to (5.3.37) yields (5.3.34) as
desired. The proof of Theorem 5.3.1 is complete. [ ]

In the next three remarks, we provide further explanation on three critical
issues used in the above proof.

Remark 5.3.1. (sharp interior regularity of the Kirchoff problem) We consider
the following Kirchoff elastic problem corresponding to (1.3.1) - (1.3.6):

(uy — AUy + A2u =0 in @ =(0,T] x (5.3.38)
U(O, ) = Up, Ut(oa ) = Uy in Q; (5339)
] Au +Biu=g in¥=(0,7T] xT} (5.3.40)
OA 0
Y By 2 iy (5.3.41)
\  Ov ov

The following result is proved in [28]: the proof requires micro-local analysis
and pseudo-differential operator techniques. [ ]

95



LASIECKA AND TRIGGIANI

Theorem. With reference to problem (5.3.38) —(5.3.41), the following regu-
larity result holds true: the map

{ug, u1, g} € H2(Q) x H'(Q) x Ly(0,T; H2 (I'))

(5.3.42)
— {u,u;} € C([0,T]; H*(2) x H'(Q)) is continuous.
The abstract version of problem (5.3.38)—(5.3.41) is
d [ u u
Uy + "}/ANUtt + AU = AG1(9|F); % |: :| = A%O |: :| (5343)
Ut Ut
(compare with (1.3.10)) with A, o = [7037144 é] . Hence
) L4 Lo
= + e ot dr. 5.3.44
Wt ) Ty AG (g()lr) (0344
In particular, for uy = u; = 0, the regularity result (5.3.42) may be rewritten as
T 0 ,
— [ efrolT dr: continuous Lo(0,7; Hz(I"
=), Lot (O (5.5.45)

— C([0,T); H*(Q) x H'()).

It is in the form (5.3.44) that this result is used in (5.3.15) above. n

Remark 5.3.2.  In this remark, we justify the step from (5.3.15) to (5.3.16);
and likewise that the operator B in (5.2.5) satisfies (5.3.37), as a consequence of
its continuity property (5.2.8). We are using the following known result, a ready
consequence of [12]. Let, as in [12;25, Chapter 7], U and X be two Hilbert spaces;
A be the generator of a s.c. semigroup e on X, |e?] < Me*t, t > 0; B: U —
[D(A*)]" be such that

t
" — / AT Bu(r)dr : Lo(0,T:U) — C(0,T]: X) (5.3.46)
0
continuously for some, hence any, T' > 0; equivalently [12; Appendix A],
T
/ B e tal2dt < orlll, w € X. (5.3.47)
0

Then, for all A € C' such that Re A > w, we have [25, Chapter 7],

- const
RN, A)Bllcw;x) = [|B*R(A, A% || vy < =

. (5.3.48)

5

For completeness, we give a proof. First, as in [12;25, Chapter 7], assumptions
(5.3.47) implies

6( e/\)t B*e *tl' 2Udt <c || T 2 fOI' R,e )\ > w. 5349
_— b
0
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This follows by splitting [ = >, fygiﬂ)T, details in [12]. Next, at first for z €

D(A*), we compute via Schwarz inequality

IB*R(\, A)z||y = ‘ / e M BreA ty dt (5.3.50)
0 U
o0 3 o0 3
< { / e(R“)tdt} { / e(R“>t||B*eA*tx||,2]dt} (5.3.51)
0 0
c
by (5.3.49 < zll, ReA>uw, 5.3.52
(by (5.3.49)) < Trex [l (5.3.52)
and (5.3.52) is then extended to all z € X, thus proving (5.3.48). u

Remark 5.3.3. Here we justify the last statement of Step 5, just below
Eqn. (5.3.29). Let A be the generator of a s.c. group e’ on the Banach space
X. Assume that A has compact resolvent, so that its (point) spectrum {p,}, is
contained in a vertical strip —d < Re A < d of the complex plane, 0 < d < oo:
fn, = Gy + iwy, |a,| < d. Then we have that with Re A = a fixed and |a| > d

|R(A = a+ i1, A)||z(x) does not tend to zero as 7 — oo. (5.3.53)

Indeed, let {e,}>°; be the corresponding normalized eigenvectors. Then for A =
a+iv, a,v real, |a| > d we obtain

1

(@ —ap)?+ (v—wy)?’

RO\ A)en = 12 [RO = a+ v, A)eal [} =

(5.3.54)

Selecting the points A, = a + iw,, with |a| —d > a > 0,

1RO = a+ iwn, Ay > 1RO = a+ itwn, A)eg||x

1 1 (5.3.55)
= m2¥>0, n:1,2,...

and (5.3.55) implies (5.3.53). n

5.4. Analysis of the {z,}-problem: compactness of IC, in (1.3.28).
Proof of Theorem 1.3.3 (i)

The goal of the present subsection is to show the following result contained in the
statement of Theorem 1.3.3 (i).

Theorem 5.4.1.  With reference to the operator K., in (1.3.28), we have for
[w()awl)go] = Yo S Y’Y?

[2(t), ze(t), Y(t)] = K, (t)yo = [DK 1 () + Ka(t) + K5(t)]yo : compact YV, — Y, (5.4.1)
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(dependence of K; on v is suppressed) where, explicitly, for each t > 0,
i 0

t
Ki(t)yy = / eArs(t=7) CrAG(0(T)|p) [ dr = compact Y, = Y,;  (5.4.2)
’ I 0
. i —07_19(7')
Ky(t)yo = /0 et | —CTIACT0(T) [ dr : compact Y, — Va;  (5.4.3)
L —ACT(7)
0 0
K3(t)yo = {Cylﬁ(t)-l 4 eAvst ’707190} : compact Y, = Y. (5.4.4)
0 0

Proof. = We return to (1.3.28) and obtain by integrating by parts in ¢
t 0 )
/0 eArs(t=7) C’W_IHt(T) dr

0
L (5.4.5)

0 T 0
— { Ars(t=7) ’V_CIQ(T)-I _/t eAv,s(t—T)AAy ’7019(7)1 dr.
0

ol Lo 1

T

Invoking the form of A, in (1.3.26), where we may replace —Ay (- —2) by A
(recall the statement below (1.3.18)), we see that (5.4.5) yields the decomposition
(5.4.1), with K; defined as in (5.4.2) — (5.4.4). Thus, it remains to show compactness

of each term.

K;(t) : Ks(t) in (5.4.3) is plainly compact on Y, see (1.3.21), since 6(t) €
Ly(Q) for each t > 0 for yo € Y, by the semigroup generation of the original thermo-
elastic problem in Proposition 1.3.1(ii), and C' : Ly(Q) — D(C,) = H*(Q) —
1
compact H'(Q) = D(C2). )
K(t) : We analyze the three terms in Y, = D(Az) x D(C2) x Ly(€) :

AFCT0(r) = (AFCTY) AR (A20(7));

_1
2

Cy

_1
2

ACTY0(r) = (O ACTY)AR? (A30(7)); (5.4.6)

ACT0(r) = (AC; ) Ag? (A36(r)):
ARCTV € L(Ly(Q)) by (5.1.3); A20 € Ly(0,T; Ly(Q)) by (5.1.4);

1

AR? compact on Ly(92).

(5.4.7)
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Thus, we conclude by (5.4.6), (5.4.7), that
Cct 1
C,'ACST |+ compact H'(Q) = D(A}) — Y. (5.4.8)
ACT!

1
Hence, (5.4.8) used in (5.4.3), with yo — A}6 continuous Y, — Lo(0,7; L2(S2)),
shows that K>5(t) is compact on Y, by invoking the proof of [36] based on Mazur’s
theorem.

Ky(t) : By (5.1.6), we have Oy € Ly(0,T;H2(I)), hence by (1.3.17),
_1

AS=Gy(0)r) € Ly(0,T; Ly(R2)) continuously in yo € Y,; moreover, [C;2A1] €
L(Ly(2)) (has a bounded extension in Ly(€2)) by (5.1.3). Thus, we see that

C T AG(- ) = Oy 2 (O 2 AR A (AZ“Ga) (- Ir) :

(5.4.9)
compact H(Q) — Hz(T') — D(C2),

as A~sT¢ is compact on Ly(Q2). Using (5.4.9) in (5.4.2), we conclude again as in the
proof of [36], based on Mazur’s theorem, that K5 (t) is compact on Y,. Theorem 5.4.1
is proved. [ ]

6. Implications of the structural decomposition on exact controllability

The structural decomposition of Theorem 1.1.2 and Theorem 1.2.2 has additional
implications also on the issue of exact controllability of a thermo-elastic dynamics,
which is subject to a control action. This was already exploited in the specific case
of clamped/Dirichlet B.C. with interior control in [9]. Our considerations here are
abstract and of a general nature and encompass the case of [9]. For lack of space, we
only limit ourselves to a brief, incomplete sketch here.

6.1. From approximate controllability to exact controllability

In this subsection, we let U (control space) and X (state space) be a Hilbert and
a Banach space, respectively. We shall follow into the following abstract setting,
already essentially contained in, say, [30, p. 119-120].

Proposition 6.1.1.  Let J =S + Q, where:
(i) J is a closed operator U C D(J) — X with dense range R(J) = X

(approzimate controllability); equivalently, with trivial null space of the adjoint
J o N(J*) = {0};
(ii) S is a closed, surjective operator: U C D(S) onto X, where D(S) = D(J);
(iii) @ is a compact operator: U — X.

Then, J is surjective U C D(J) onto X (exact controllability).
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Proof.  We may restrict to the Hilbert space U = [NV (S)]", the orthogonal com-
plement in U of the null space A (S) of S, so that S is injective and surjective:
UND(S) onto X, with bounded inverse S~' from X onto U ND(S) (by the open
mapping theorem). Write

Ju=Su+Qu=1[I+QS '|Su, uecUnD(S). (6.1.1)

Since S[U ND(S)] = X by hypothesis (i), we see by (6.1.1) that in order to show
surjectivity of J : U N D(J) onto X, it suffices to establish surjectivity of the
bounded operator V = [ + QS™!] : X onto X, i.e., equivalently [34, p.235], that
V* =1+ S*1Q* is bounded below

[Vzl| = [ + S*'Q"a| > el|zll, ¢>0, Vo€ X. (6.1.2)

We now prove (6.1.2). First we notice that V* is injective X — X : V'zx =
x4+ S*Q*r = 0, x € X, = x = 0, since equivalently J*z = S*zr + Q*z =
0,z € D(J*) = = = 0, which holds true by hypothesis (i). This says that (—1) is not
an eigenvalue of the compact operator S*~'Q* (by (iii)); thus (—1) belongs to the
resolvent set of S*7'Q* and the inverse [I 4+ S*~'Q*]™! exists as a bounded operator
X — X. This, then, establishes (6.1.2), as desired. [

6.2. Applications to thermo-elastic problems

Distributed control (bounded control operator). We return to the thermo-
elastic dynamics of Sections 1.1 and 1.2. Set U = L,(0,7;U), U a Hilbert
(control) space, and X = Y], the mechanical state space defined in Eqn. (1.1.18)
and Eqn. (1.2.10), respectively. Let A, be the thermo-elastic generator defined by
(1.1.14) and (1.2.8), respectively; and let A; , be the corresponding operator (1.1.19),
respectively (1.2.16) of the associated damped Kirchoff equation (1.1.17), respectively
(1.2.14). We presently take a bounded control operator B € L(U;Y,), Y, as in
(1.1.12) or (1.2.9), respectively. According to the structural decomposition result of
Theorem 1.1.2, Eqn. (1.1.21) and Theorem 1.2.2, Eqn. (1.2.23), we take

T T
Ju = Hm/ e DBy (t)dt;  Su = / el T Bu(t)dt; (6.2.1)
0 0

Qu:HmATK%T—ﬂBMﬂﬁ, (6.2.2)

where II,, is the orthogonal projection Y, — Y7, : [wo, w1, 8] — [wo,w;] onto the
mechanical state space, and where K,(t) is the compact operator, for all ¢t > 0,
Y, =Y, in Eqn. (1.1.22), (2.29), and, respectively, in (1.2.24), (3.35). Thus, II,,/C,
is the first (mechanical) component in (2.29) or (3.35), respectively. Since B is
bounded, it follows readily that @ : U4 — Y7, = X is compact, and hypothesis (iii)
in Proposition 6.1.1 is verified. Moreover, under several choices of the operator B,
e.g.,, B =1[0,1,0], U= Ly(2), or U = Ly(w), w = a boundary layer of Q as in
[9] (mechanical distributed control), we have both that: (a) S is surjective U onto
X =Y, (ie., the damped Kirchoff problem is exactly controllable), and J has dense
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range in X = Y;, (i.e., the thermo-elastic problem is approximately controllable in
the mechanical variables). Thus, assumptions (i) and (ii) of Proposition 6.1.1 hold
true in these cases. Then, Proposition 6.1.1 yields, in fact, an exact controllability
result in the mechanical variables. A rather routine soft argument, e.g., 2], based also
on the original approximate controllability property of the thermo-elastic problem on
all variables, then permits to conclude with exact controllability in the mechanical
variables {w,w;} and simultaneous approximate controllability of the thermal vari-
able 0. In the case of Section 4.2 (clamped/Dirichlet B.C.) this exact/approximate
controllability conclusion was obtained in [9], in the interior control case, through
more ad hoc arguments.

Unbounded (boundary) control operator: hinged mechanical/Dirichlet
thermal B.C. (Section 4.1), and clamped mechanical/Dirichlet thermal
B.C. (Section 4.2). We now consider the thermo-elastic dynamics of Section 4.1
and Section 4.2, subject to a control operator such as it arises in the modeling of
many boundary/point control problems. As before, let I1,,,[vq, va, v3] = [v1, v2] be the
projection Y, — Y;, and let II} [v1,v2] = [v1,v2,0] be its adjoint Y], — Y. Let
B,, : continuous U — [D(A,)]’, duality with respect to Y7 ,, satisfy the abstract
trace condition [29],

B;e*t: continuous Vi, — Ly(0,T;U), (6.2.3)

equivalently, [29],
t
u — / 12T B u(T)dr : continuous Ly (0, T;U) — Y7 ,. (6.2.4)
0

Applying the structural decomposition Theorem 1.2.2, Eqn. (1.2.23), we can write
with yo = [wp, w1, 0], in the above notation:

B I,e™tyy = B e L yo + B I, (H)yo, >0, (6.2.5)
where by (3.35) on K, and (3.5) on L,

0

¢
L/ ()yo = Lab; Banva(t)yozBfnLtezB;n/ e (1) [ -1
0 _C’Y gt

(7)] dr. (6.2.6)

By duality on (6.2.5), we introduce the operators J, S and @ of Proposition 6.1.1
T * T *
Ju = Hm/ e DT B u(t)dt, Su :/ Mo T=0B, u(t)dt; (6.2.7)
0 0

T
Qu =11, /0 K2 (T = 1)TT, Byu(t)dt, (6.2.8)

where we have chosen to consider the dynamics of the adjoint thermo-elastic semi-
group. We next show that @ is compact: L9(0,7;U) — Yi,. This will be more
conveniently established by duality.

61



LASIECKA AND TRIGGIANI

Proposition 6.2.1.  For the settings of Section 4.1 and Section 4.2, under as-
sumption (6.2.3), we have that

Q" =B 11,,IC,(t) : compact Y;, x 0 — Ly(0,T;U). (6.2.9)

Proof. Step 1. With H = Ly(Q) and yy = [wo, w1,0] € Y, we have under
assumption (6.2.3),

T T T 1
| 1B Oulide = [ 1B Lol < Cr [ 16 ol (6210
0 0 0

The proof uses (6.2.6), a change in the order of integration, and hypothesis (6.2.3).
Details are omitted.

Step 2. The map
_1
Yo = [wo, w1,0] € Y, = C, 20, € Ly(0,T; H) is compact. (6.2.11)

To show (6.2.11), we recall that in the abstract setting of Section 1.2 and Section 3
with yo = [wo, w1,0] € Y,, we have, see (3.41):

0, € Ly(0,T; H) and 6y € Lo(0,T;[D(B)]'); (6.2.12)
1 1 1
C, %0, € Ly(0,T;D(C?)), injection D(C3}) — H is compact, (6.2.13)

while, in the present setting of Section 4.1 and Section 4.2, we have, moreover, that
B =C (see (4.1.2) and (4.2.2)). Thus, the right-hand side of (6.2.12) yields

_1 1
C 'y € Ly(0,T; H) and C, 20 € Ly(0,T;[D(C2)]). (6.2.14)
Then, Aubin’s Lemma [1, p = 2] yields (6.2.11) from (6.2.13), (6.2.14).
Step 3. Using (6.2.11) in (6.2.10) yields (6.2.9), as desired. n

Proposition 6.2.1 verifies assumption (iii) in Proposition 6.1.1. As to the other
two assumptions, the following considerations are relevant. In the two cases in ques-
tion —with mechanical boundary conditions which are either hinged or clamped,
as in Section 4.1 and Section 4.2 — there are known cases of boundary exact con-
trollability of conservative Kirchoff equations in natural state spaces [19,26], whose
proof readily extends ([37] and references therein) to cover damped Kirchoff equa-
tions. This then provides specific boundary operators B, for which the operator S
in (6.2.7) is surjective onto a natural state space. Thus, assumption (ii) of Propo-
sition 6.1.1 holds true in these cases. Finally, for assumption (i) of Proposition
6.1.1 —approximate controllability of the corresponding thermo-elastic problems—
the recent unique continuation results for thermo-elastic equations in [16] would, by
duality, provide relevant information on this issue. In the hinged/Dirichlet case of
Section 4.1, the precise spectral decomposition of the thermo-elastic operator [6] is
also useful here for backward continuation.
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Finally, when the boundary operator B,, does not satisfy condition (6.2.3)
—e.g., the case of thermo-elastic equations with so-called free B.C.—the present
argument does not seem applicable. However, in the specific case of thermo-elastic
equations with free B.C., a direct approach succeeds [2] in achieving the relevant
continuous observability inequality, which by duality is equivalent to exact control-
lability. Prior work in [18] had obtained, in this case, exact controllability of the
mechanical variables in the case of ‘small’ coupling parameter. Null boundary exact
controllability results with clamped/hinged mechanical B.C. are given in [14].

Appendix A: Second proof of (3.24)

As to the second term in (3.17), since any sine operator absorbs the positive square

root of the negative of its generator, we have (C;lA)%SM(-) : continuous Z, —
C([0,T); Z), and hence, recalling (3.16)

M
~—
~—
~—~

[S—y
SN

t
2(t) = / (C’JIA)%SOW(t —7)C, ' Bey(r)dr € C([0,T}; Zy = D(C3
0
Thus, invoking (H.3) = (1.2.5), if we can show that

(C’W’IA)% : continuous Z, = D(C’é) — D(A?) — H, (A.2)

then it follows from (A.1), (A.2) that
t
(7' 4) / S0y (t — 7)C Bey(r)dr € C([0,TT; H). (A.3)
0

In this case, (3.17), and hence (3.15), are then proved, as desired. We finally show

(A.2). First, we notice that as an operator on Z, = D(C?) = D(A7), see (A.2), the
positive self-adjoint cosine operator C_ A has domain Dy (C'A) given by

Dy (C;'A) = {weZ,: C;'Ar € D(C3)} (A4
— {zeZ,: ¢ AtAlr e HY = D(4d),

1

(H.3) = (1.2.5), and Z, = D(A7) D D(A1). Thus, by (3.21), Dz, (C;'A4) is Az-
smoother then Z = D(A3) : Dy, (C71A) = A*%Zv. It follows that DZW((C’;IA)%),
with respect to Z,, is DZW((C;lA)%) = A’%Z7 — D(Az). Then, the dual space
[DZV((C’VIA)%)]IZ , duality with respect to the pivot space Z, = D(Ai), is

[Da((cfA)%)]Z:

/
continuously, and (3.17) is proved.

with D(A%) with respect to H, as usual, since CV_IA% is an isomorphism on H by
(

= H, as desired. Therefore, if z € Z,, then (C;lA)%z € H,
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