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Abstract
In this paper we describe commutative monoids S containing a zero element in which
every ideal is the annihilator of an element of S.
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1 Introduction and motivation

For a nonempty subset X of a semigroup with a zero element, let 2;(X), A, (X), and
A(X) denote the left annihilator, the right annihilator, and the annihilator of X. A
semigroup S with a zero element is called a dual semigroup if %;(2(,(L)) = L and
A (A;(R)) = R are satisfied for every left ideal L and every right ideal R of S. The
notion of a dual semigroup was introduced by S. Schwarz in [6] motivated by Baer’s
notion of a dual ring [1]. By Lemma 2, 2;(2(, (L)) = L is satisfied for a left ideal L
of a semigroup S containing a zero element if and only if L is the left annihilator of
a nonempty subset of S. This result and its dual imply that a semigroup S with a zero
element is a dual semigroup if and only if every left ideal of S is the left annihilator of a
nonempty subset of S, and every right ideal of S is the right annihilator of a nonempty
subset of S (Corollary 3). Motivated by Yohe’s notion of a left (resp., right) elemental
annihilator ring, we introduce the notion of a left (resp., right) elemental annihilator
semigroup. We say that a semigroup S with a zero element is aleft elemental annihilator
semigroup if every left ideal of S is the left annihilator of a one-element subset of S. A
right elemental annihilator semigroup is defined analogously. In [7], C.R. Yohe proved
that a commutative ring with a unit element is an elemental annihilator ring if and only
if it is a direct sum of completely primary principal ideal rings. This result motivates
us to investigate commutative elemental annihilator monoids. As a main result of
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746 A.Nagy

our paper we prove that the following three conditions on a nontrivial commutative
monoid S containing a zero element are equivalent: (1) S is an elemental annihilator
semigroup; (2) the unique maximal ideal Mg of S is a nilpotent semigroup, and the
orbits of Mg under the action by the unit group S* of S form a cyclic nilsemigroup; (3)
the factor semigroup S/J is a cyclic nilsemigroup with an identity adjoined, where
J is Green’s equivalence on S defined by (a, b) € J if and only if a and b generate
the same principal ideal of S.

2 Preliminaries

Let S be a multiplicative semigroup with a zero element 0. By the left annihilator of a
nonempty subset X of § we mean the subset 2;(X) = {s € S : sX = {0}}. The right
annihilator 2, (X) of X is defined analogously. It is clear that 2;(X) (resp., 2, (X))
is a left (resp., right) ideal of S. If S is commutative, then 2;(X) = 2, (X) is called
the annihilator of X and denoted by A(X).

The proofs of the following two lemmas are straightforward and we omit them.

Lemma 1 For an arbitrary nonempty subset X of a semigroup S containing a zero
element, the following two equations hold:

(1) 244 (X))) = A (X),
(2) A AR (X)) = A (X).

Lemma 2 The following two conditions on a left ideal L of a semigroup S containing
a zero element are equivalent:

(1 24, (L) =L,
(2) L is the left annihilator of a nonempty subset of S.

Corollary 3 A semigroup containing a zero element is a dual semigroup if and only if
every left ideal of S is the left annihilator of a nonempty subset of S, and every right
ideal of S is the right annihilator of a nonempty subset of S.

Proof By Lemma 2 and its dual, the assertion of the corollary is obvious. O

Lemma4 For an arbitrary element x of a semigroup S containing a zero element,
Ap(x) =A;(x UxS) and A, (x) = A, (x U Sx).

Proof Let x be an arbitrary element of a semigroup S containing a zero element 0.
If t € %A (x), then tx = 0, hence txS = {0}. Thus ¢ € ;(x U xS) from which it
follows that 20;(x) € 2;(x U xS§). It is obvious that 2;(x U xS) € 2;(x). Hence
Ar(x) = A;(x U xS). The equation A, (x) = A, (x U Sx) can be proved in a similar
way. O

We say that an equivalence relation o on a semigroup S is a left congruence on
S if (a, b) € o implies (sa, sb) € o for every a,b,s € S. The notion of the right
congruence on S is defined analogously.

Let S be a semigroup containing a zero element. Let ag, denote the equivalence
relation on S defined as follows: (a, b) € ag, if and only if 2;(a) = 2;(b). The
equivalence relation ag, on S is defined analogously.
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Proposition 5 Let S be a semigroup with a zero element. Then asy, is a left congruence
on S, and asgy, is a right congruence on S.

Proof Assume (a,b) € ag, for elements a,b € S.Lets € S and t € A;(sa) be
arbitrary elements. Then ts € 2;(a) = 2;(b), and hence t € 2;(sb). Thus A;(sa) <
A;(sb). Similarly, A;(sb) S A;(sa), and consequently 2A;(sa) = 2A;(sb), that is,
(sa, sb) € ag,. Hence agy, is a left congruence on S. The proof that ag, is a right
congruence on S is similar. O

Two elements of a semigroup S are said to be L-equivalent if they generate the same
principal left ideal of S. The R-equivalence is defined dually. £ is a right congruence
and R is a left congruence on an arbitrary semigroup.

Proposition 6 If S is a semigroup containing a zero element, then R C ag, and
L Cayg,.

Proof Let S be a semigroup containing a zero element. If (a, b) € R for elements
a,b € §,thenaUaS = bUDbS. Using Lemma 4, we get %;(a) = A;(a UaS) =
(b UbS) = A;(b), that is, (a, b) € ag,. Thus R C ag,. The proof of £ C asgy, is
similar. O

Definition 1 A semigroup S with a zero element is called a left elemental annihilator
semigroup if, for every left ideal L of S, there exists an element x € S such that
L =2 (x). The right elemental annihilator semigroup is defined analogously.

For notions and notations not defined but used in this paper, we refer to the books
[2] and [4].

3 Left elemental annihilator semigroups

Proposition 7 If S is a left elemental annihilator semigroup and L is a left ideal of S,
then we have 2; (A, (L)) = L.

Proof By Lemma 2, it is obvious. O
By Proposition 7 and its dual, we have the following corollary.

Corollary 8 If a semigroup is a left elemental annihilator semigroup and a right ele-
mental annihilator semigroup, then it is a dual semigroup.

Lemma9 If a semigroup S is a left elemental annihilator semigroup and a right
elemental annihilator semigroup, then x € Sx and x € xS for every x € S.

Proof See Corollary 8 and [6, Lemma 1.6]. O

The next proposition is about the relationship between the right congruence agy,
and Green’s right congruence £ on a left elemental annihilator semigroup.

Proposition 10 If S is a left elemental annihilator semigroup, then ag, = L.
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748 A.Nagy

Proof Let S be a left elemental annihilator semigroup. Assume (a,b) € ag, for
elements a, b € S. Then, by Lemma 4, 2, (a U Sa) = A, (a) = A, (b) = A, (b U Sb),
and hence ; (U, (aUSa)) = A; (A, (bUSh)). By Proposition 7, we getaUSa = bUSb.
Thus (a, b) € L, and consequently ag, € L. By Proposition 6, £ C ayg, is satisfied
in an arbitrary semigroup with a zero element. Thus we have ag, = L. O

For a congruence o on a semigroup S, let [a], denote the a-class of S containing
the element a of S.

Proposition 11 If « is a congruence on a left elemental annihilator semigroup S
such that [0], = {0}, then the factor semigroup S/« is a left elemental annihilator
semigroup.

Proof Let S be a left elemental annihilator semigroup. Assume that o is a congruence
on § such that [0], = {0}. Let L be a left ideal of the factor semigroup S/c«. Then
L' ={s eS8 : [sle € L}is aleftideal of S. Since S is a left elemental annihilator
semigroup, there is anelement b € S suchthat2l;(b) = L’. We show that; ([b]) = L
from which it already follows that S/« is a left elemental annihilator semigroup. If
[x]e € L,thenx € L’,andhence [x]y[Ple = [xb]le = [0]s. Thus[x]y € 2;([b]s),and
consequently L € 2A;([b]y). To prove the converse inclusion, assume [y], € 2;([b]y).
Then [yb]y = [y]«[ble = [0ly, and hence yb = 0 by hypothesis for [0]y. Thus
y € 2;(b) = L’ from which we get [y], € L. Hence 2(;([b],) C L. Consequently
2;([ble) = L. m|

Proposition 12 Let o be a congruence on a semigroup S containing a zero element
0 such that [0]y = {0} and the factor semigroup S/« is a left elemental annihilator
semigroup. Then, for every left ideal L of S which is a union of a-classes of S, there
is an element b € S such that A;(b) = L.

Proof Let L be aleftideal of S which is a union of a-classes of S. Let L = {[s]y : s €
L}. Then L' is a left ideal of S/a. Since S/« is a left elemental annihilator semigroup,
there is an element [b], € S/« such that 2;([b],) = L’. We show that 2(;(b) = L.
Let x € ;(b). Then xb = 0, and hence [x]y[b]le = [xb]o = [0], which means that
[x]e € A;([ble) = L’. Thus x € L, and hence 2;(b) C L. To show the converse
inclusion, assume that y € L be an arbitrary element. Then [y], € L' = 2;([b]y)
from which it follows that [yb], = [y]«[P]le = [0]ly. Thus yb = 0 by hypothesis for
[0]q, thatis, y € 2;(b), and hence L € 2;(b). Consequently L = ;(b) . m]

Theorem 13 Let S be a semigroup containing a zero element, and let o be a congruence
on S such that every left ideal of S is the union of a-classes of S. Then S is a left
elemental annihilator semigroup if and only if the factor semigroup S/« is a left
elemental annihilator semigroup.

Proof Since [0], = {0} by hypothesis, the assertion of the theorem is an immediate
consequence of Proposition 11 and Proposition 12. O

By a monoid we mean a semigroup containing an identity element. Let S be a semi-
group and let 1 be a symbol not representing any element of S. Extend the operation
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on Sto SU 1l suchthat 11 = 1 and xI = lx = x forevery x € S. Then SU 1 is
a monoid in which 1 is the identity element. We say that this semigroup is obtained
from the semigroup S by the adjunction of an identity element 1 to S. If S is a semi-
group, then ' denotes the following monoid: S! = Sif |S| > 2 and S has an identity
element; S' = S U 1 otherwise. Recall that if S is a one-element semigroup, then S 1
is a two-element monoid.

Proposition 14 Ler S be a semigroup with a zero element O such that S # S'. Then
the semigroup S' is a left elemental annihilator semigroup if and only if every nonzero
left ideal of S is the left annihilator of a nonzero element of S.

Proof Assume that S is a left elemental annihilator semigroup. Let L {0} be a left
ideal of S. Then L is a left ideal of !, and hence there is an element x € S! such that
A;(x) = L in S'. Since 2;(1) = {0} in S', we have x € S. Since 2;(0) = S! in ',
we have x 7% 0 and so 2;(x) = L is also satisfied in S. Thus every nonzero left ideal
of § is the left annihilator of a nonzero element of S.

Conversely, assume that every nonzero left ideal of S is the left annihilator of a
nonzero element of S. It is clear that, in S, 2;(1) = {0} and ;(0) = § L Let L be
a left ideal of S! with L # {0} and L # S'. Then L is a nonzero left ideal of S and
hence there is a nonzero element x € S such that 2(;(x) = L in S. It is obvious that
2;(x) = L is also satisfied in S!, because x # 0. Consequently S! is a left elemental
annihilator semigroup. O

4 Commutative elemental annihilator semigroups

A commutative semigroup S with a zero element is called an elemental annihilator
semigroup if every ideal of § is the annihilator of an element of S.

For an element a of a semigroup S, let J (a) denote the principal ideal of S generated
by a. It is known that J(a) = a UaS U Sa U SaS. If S is commutative, then J(a) =
a U aS. From Lemma 9 it follows that if S is a commutative elemental annihilator
semigroup then J (a) = aS.

A semigroup S is called a principal ideal semigroup if every ideal I of S is principal,
thatis, / = J(a) forsome a € §S.

Theorem 15 Every commutative elemental annihilator semigroup is a principal ideal
semigroup.

Proof Let A be an arbitrary ideal of a commutative elemental annihilator semigroup
S. Since 2(A) is an ideal of S, there is an element x € § such that 2A(A) = A(x).
By Lemmas 4 and 9, 2((x) = A(xS). Using Proposition 7, we get A = A(™A(A)) =
ARA(x)) = AU S)) = xS, because A and xS are ideals of S. Thus A is a principal
ideal. Consequently S is a principal ideal semigroup. O

Proposition 16 Let S be a commutative elemental annihilator semigroup. Then, for

arbitrary elements a and b of S, A(b) = a¥ if and only if A(a) = bS.

Proof Assume 2(b) = aS for elements a, b € S. By Proposition 7, Lemmas 4, and
9, A(a) = ™A(aS) = ARU(D)) = AADS)) = bS. This proves the proposition. O
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750 A. Nagy

If S is a commutative semigroup, then Green’s equivalences £, R and J are con-
gruenceson S,and L=R =7 .

Proposition 17 If S is a commutative elemental annihilator semigroup, then J = ag,
where ag is the congruence on S defined by (a, b) € ag if and only if UA(a) = A(D).

Proof 1t is an immediate consequence of Proposition 10. O

5 Commutative elemental annihilator monoids

By Corollary 8, every commutative elemental annihilator monoid is a dual semigroup.
Results related to dual monoids can be found in Chapter 7 of [6], however these results
cannot be used in our investigation. For example, it is assumed in [6, Theorem 7.2]
that the examined dual monoid S contains a nilpotent radical, and it is proved (using
further conditions) that the nilpotent radical is the unique maximal ideal of S such that
the complement of the nilpotent radical in S is a subgroup of S. In our study, we start
from the fact that every nontrivial commutative monoid S containing a zero element is
a disjoint union § = Mg U S*, where S* is the unit group of S and My is the unique
maximal ideal of S. We prove in Theorem 18 that if S is a nontrivial commutative
elemental annihilator monoid, then the maximal ideal Mg is nilpotent. Using this result,
we give a characterization of nontrivial commutative elemental annihilator monoids
in Theorem 23.

An element a of a semigroup S with a zero element O is said to be nilpotent if
there is a positive integer n such that @ = 0. A semigroup containing a zero element
is called a nilsemigroup if all its elements are nilpotent. We say that a semigroup S
containing a zero element O is a nilpotent semigroup if there is a positive integer n
such that §" = {0}.

Theorem 18 If S is a nontrivial commutative elemental annihilator monoid, then the
unique maximal ideal M of S is a nilpotent semigroup.

Proof Let S be a nontrivial commutative elemental annihilator monoid. Then S is a
principal ideal semigroup by Theorem 15, and hence the ideals of S form a chain
with respect to inclusion by [5, 1.1. Theorem]. Let O denote the zero element of S,
and let a be an arbitrary element of Mg. We show that a is nilpotent. Let g € S*
be an arbitrary element. Then obviously J(g) = S. Since J(a) € Mg, we have
(a,g) ¢ J. By Proposition 17, J = ag. Thus (a, g) ¢ ag. Since A(g) = {0}, we
have 2A(a) # {0}. Then, by [5, 1.5. Theorem], a is a nilpotent element. Consequently
Mg is a nilsemigroup. As every ideal of § is a principal ideal, there exists an element
b € Mg such that Mg = J(b) = bS. Since b is nilpotent, there is a positive integer
k such that b* = 0. Then, for arbitrary x1,...,xx € Mg, x1--- X € kS = {0}, and
hence (Ms)* = {0}. Consequently My is a nilpotent semigroup. O

A semigroup S is called a cyclic semigroup if S is generated by a single element of
S. A semigroup S with a zero element is called a cyclic nilsemigroup if S is generated
by a single nilpotent element. A semigroup S is called a cyclic nilsemigroup with an
identity adjoined if S is the result of adjoining an identity to a cyclic nilsemigroup,
i.e., S has an identity 1 and S \ {1} is a cyclic nilsemigroup.
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Proposition 19 Let N be a commutative nilsemigroup. Then every nonzero ideal of N
is the annihilator of a nonzero element of N if and only if N is a cyclic nilsemigroup.

Proof The assertion of the proposition is trivial in that case when N contains one
element. Thus we can suppose that N is nontrivial.

Let N be a nontrivial cyclic nilsemigroup. We show that every nonzero ideal of N
is the annihilator of an element of N. Let N = {b, b2, ..., bk_l, 0}, where k > 2 is
the least integer with the property b* = 0. The ideals of N are {0} and N = J(b') =
(b, ..., b1 0t =1,...,k—1).Since N' = AP ") (r =1,...,k — 1), every
nonzero ideal of N is the annihilator of a nonzero element of N.

To prove the converse assertion, assume that N is a nontrivial commutative nilsemi-
group having the property that every nonzero ideal of N is the annihilator of a nonzero
element of N. Since N # N, Proposition 14 implies that N! is a commutative ele-
mental annihilator monoid. Then, by Theorem 15, N'! is a principal ideal semigroup.
If 7 is an ideal of N, then [ is an ideal of N1, and hence there is an element x € N such
that / = xN' = x UxN. Thus [ is a principal ideal of N. Hence N is a principal ideal
nilsemigroup. Let b be an element of N such that N = b U bN. Since N # {0}, we
have b # 0. Let k be the least positive integer with the property b* = 0. Then k > 2.
We show that N = {b, b2, ..., b1 0}. Lett € {1,2,...,k — 1} be an arbitrary
integer. Then &' # 0 and N’ # {0}. Since N* = (b UbN)" C b' Ub'N C N', we
have

N =b' Ub'N.

If b' = b'x for some x € N, then b’ = b'x" for every positive integer n, from which
it follows that b* = 0. This is a contradiction. Thus

b' ¢ b'N.
Since Nt = N'N = (b UB'N)N = b'N Ub'N?2 C b'N C N'H!, we have
bl‘N — Nt+1.
Thus

N=bUbBN =bUN?=bU B> Ub’N) =
={b, b }UB’N = {b, PP YUN3> = ... = {b,b%, ..., bF 1 0}

O

Proposition 20 For a commutative nilsemigroup N, the monoid N' is an elemental
annihilator semigroup if and only if N is a cyclic nilsemigroup.
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752 A. Nagy

Proof If N is a commutative nilsemigroup, then N # N'. Thus, by Proposition 14,
N'is an elemental annihilator semigroup if and only if every nonzero ideal of N is the
annihilator of a nonzero element of N. By Proposition 19, every nonzero ideal of N is
the annihilator of a nonzero element of N if and only if N is a cyclic nilsemigroup. O

It is obvious that if S is a nontrivial commutative monoid with a zero element, then
the binary relation o, on S defined by (a, b) € ayyp if and only if aS* = bS™ is a
congruence on S. The «,p-classes of § are precisely the orbits of S under the action
by the unit group S*. The subgroup S* is a single orbit, and the remaining orbits form
a subsemigroup (in S/w,p) denoted by Ms/aprp. Thus S/ogrp = (Mg/oz(,r;,)l.

Lemma 21 If S is a nontrivial commutative monoid with a zero element, then every
ideal of S is a union of ayrp-classes of S.

Proof Let S be a nontrivial commutative monoid with a zero element. Let K be an
arbitrary ideal of S. Assume a € K and (a, b) € «,, for elements a, b € S. Since the
identity element of S* is the identity element of S, we have b € bS* = aS* C K.
Thus K is a union of «,,;-classes of S. O

Proposition 22 A nontrivial commutative monoid S with a zero element is an elemental
annihilator semigroup if and only if the factor semigroup S/aorp is an elemental
annihilator semigroup.

Proof By Theorem 13 and Lemma 21, it is obvious. O

In the next theorem, we characterize nontrivial commutative elemental annihilator
monoids.

Theorem 23 The following three conditions on a nontrivial commutative monoid S
containing a zero element are equivalent.

(1) S is an elemental annihilator semigroup.

(2) The unique maximal ideal Mg of S is a nilpotent semigroup, and the orbits of Mg
under the action by the unit group S* of S form a cyclic nilsemigroup.

(3) The factor semigroup S/J is a cyclic nilsemigroup with an identity adjoined.

Proof (1)implies (2): Assume that S is an elemental annihilator semigroup. By Propo-
sition 22, S/a,rp is an elemental annihilator monoid. By Theorem 18, the unique
maximal ideal Mg of S is a nilpotent semigroup. Then the semigroup Mg/o,p is a
commutative nilsemigroup. Since S/oyrp = (Ms/ dorp)t, M /orp is acyclic nilsemi-
group by Proposition 20.

(2) implies (3): Assume that the unique maximal ideal Mg of S is a nilpotent
semigroup and the orbits of Mg under the action by the unit group S$* of S form a
cyclic nilsemigroup. Then § is an elementary semigroup [3], and hence &, = H in
S by [3, Proposition 5.1]. Since § is commutative, H = J. Thus S/J = S/aorp =
(Ms/ayp)! is a cyclic nilsemigroup with an identity adjoined.

(3) implies (1): Assume that the factor semigroup S/J is a cyclic nilsemigroup
with an identity adjoined. Then, by Proposition 20, §/J is an elemental annihilator
semigroup. As every ideal of § is the union of J-classes of S, Theorem 13 implies
that § is an elemental annihilator semigroup. O
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Next, we give a construction that can be used to obtain a nontrivial commutative
elemental annihilator monoid whose factor semigroup modulo &, is iSomorphic to
a given cyclic nilsemigroup with an identity adjoined.

If I is an ideal of a semigroup S, then the relation o; on S defined by (a, b) € oy
if and only if a = b or a,b € I is a congruence on S which is called the Rees
congruence on S determined by I. The equivalence classes of S mod o; are [ itself
and every one-element set {a} with a € S\ I. The factor semigroup S/g; is called
the Rees factor semigroup of S modulo 1. We shall write S/ instead of S/o;. We
may describe S/I as the result of collapsing / into a single (zero) element, while the
elements of S outside of / retain their identity.

Let G be a group and H be a semigroup with a zero element 0. Then the direct
product G x {0} is an ideal of the direct product G x H.Let GAH denote the Rees
factor semigroup (G x H)/(G x {0}).

Theorem 24 Let G be a commutative group and N' be a cyclic nilsemigroup with
an identity adjoined. Then G AN is a nontrivial commutative elemental annihilator
monoid such that the factor semigroup (GANY) /oy is isomorphic to N'.

Proof Let J be an ideal of the direct product G x N'. Let I be the set of all elements
x € N with the property that (g, x) € J forsome g € G. Then J € G x I.Lete
denote the identity element of G. If x € I, thatis, (g, x) € J for some g € G, then
(g,xy) = (g, x)(e, y) € Jforall y € N!, which implies that [ is an ideal of N'!. It is
clearthat G x I is anideal of G x N!. We show that J = G x . By the above inclusion,
itis sufficient to show that G x I € J.Let (g, x) € G x I be an arbitrary element. Since
x € I, there is an element 4 € G such that (&, x) € J. Since G is a group, there is an
element £ € G such that g = h&. Thus (g, x) = (h€, x) = (h,x)(§, 1) € J, where 1
is the identity element of N L Consequently G x I € J,and hence J = G x I. Thus,
foreveryideal J of G x N ! thereisanideal I of N! suchthat J = G x I. Itis clear that
GAN' = (G x NY)/(G x {0}) is a commutative monoid containing a zero element.
Let 05 denote the zero of GAN'. Recall that GAN! can be considered as the result
of collapsing G x {0} into the element Oa, while the elements of G x N I outside
of G x {0} retain their identity. We show that GAN' is an elemental annihilator
semigroup. Let J be an arbitrary ideal of GAN'. Since A(0») = GAN'!, we can
suppose that J # GAN'. By the above, there is an ideal / of N! with I # N! such
that J = ((G x I)\ (G x {0})U{0,}. Since N is an elemental annihilator semigroup,
there is an element x € N! such that A(x) = I in N'. Because of I # N, we get
x # 0. We show that 21((g, x)) = J for an arbitrary g € G. Since x # 0, we have
(g, x) # Oa. Let (a, h) be an arbitrary nonzero element of GAN . If (a, h) € J, then
0 # h € I, and hence (g, x)(a, h) = (ga, xh) = 0x, because xh = 0 by h € A(x).
If (a,h) ¢ J,then h ¢ I. Thus (g, x)(a, h) = (ga, xh) # Oa, because xh # 0 by
h ¢ 2A(x). Consequently A((g, x)) = J. Thus GAN! is a commutative elemental
annihilator monoid. The unit group of GAN! is G x {1}. The orbits of GAN! under
the action by its unit group are {0} and the subsets G x {h} where h is an arbitray
nonzero element of N!. Let ¢ denote the mapping of N! onto (GAN')/a,,, defined
in the following way: ¢(h) = G x {h}ifh € N\ {0}; ¢(h) = 0, if h = 0. It is clear
that ¢ is bijective. Let x, y € N be arbitrary elements. If one of them is 0, then one
of ¢(x) and ¢ (y) is 0a, and hence ¢ (xy) = ¢(0) = 0p = d(x)¢(y). [f xy = 0 and
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754 A. Nagy

0 ¢ {x, y}, then @ (xy) = ¢(0) = 0a = (G x {x)(G x {y}) = p(x)p(y). If xy # O,
then ¢ (xy) = G x {xy} = (G x {x})(G x {y}) = ¢(x)¢p(y). Consequently ¢ is a
homomorphism. Hence ¢ is an isomorphism of N Lonto (GANY) /Qorb- m]

Example 1 Let S be a semigroup, where S = {1, a, b, ¢, 0}, and the operation on S is
defined by the following Cayley table:

labcO
1[labcO
alalcbO
blbc000
clecb000
000000

It is a matter of checking to see that S is isomorphic to the semigroup GAN', where
G is a two-element group and N is a two-element cyclic nilsemigroup. Then, by
Theorem 24, S is a commutative elemental annihilator monoid. The unit group of S
is {1, a}, and the a,p-classes of S are {0}, {b, c} and {1, a}. Thus S/ayp = N, as
Theorem 24 states.

6 Appendix

If S is a commutative elemental annihilator semigroup, then every principal ideal of S
is the annihilator of an element of S. The next example shows that the converse is not
true, in general. We show an example of a commutative monoid S with a zero element
in which every principal ideal is the annihilator of an element of S, but S is not an
elemental annihilator semigroup.

Example2 Let A = {l,aj,ar,...} and B = {0,b_1,b_5, ...} be sets such that
AN B = (. We define an operation on S = A U B as follows:

Is=sl=s and Os =s0=0 foreverys € S,
ajaj =a;+; and b_;b_; =0 for every positive integers i and j,
0, ifi—j=0,

aib—j =b-jai = {bi—j, ifi —j <O.

It is a matter of checking to see that this operation is associative. We present a case
as an example. If i — j + k > 0, then

0, ifi—j>0,

b= 0, if —j4+k>0,
WO=I =\ by, ifi—j <0

wdl}ﬂk:{bﬁ+bﬁ —j+k=<o0.

Thus
(aib_j)ax =0 =a;(b_jay).
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Ifi —j+k<0,theni — j < 0and —j + k < 0 from which we get
(aib—j)ax = bi—jai = bi—j1x = ai(b—j4k) = ai(b—jar).

The operation is also commutative. 1 is the identity element and 0 is the zero element
of S. Thus § is a commutative monoid with a zero element. It is easy to see that

1§ =85 =2A(0), 05={0}=2A(1)
and, for every positive integer i,

a;S =A{ai,aiq1,...,;0;b_1,b_2,...} =A_;),
b_,'S = {b_l’, b_(,'_l), . .b_l, O} = Q[(a,').

Thus every principal ideal of S is the annihilator of an element of S. The ideal B of
S is not the annihilator of an element of S. Hence S is not an elemental annihilator
semigroup.
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