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Abstract

In this paper, we study a class of second-order abstract linear hyperbolic equations
with infinite memory that involve time-dependent unbounded linear operators. We
obtain the well-posedness and stability of solutions to those nonautonomous second-
order evolution equations under some appropriate assumptions. Our results generalize
anumber of previously known results in the autonomous case. Some specific examples
are given to illustrate our abstract results, such as the nonautonomous Petrovsky type
and wave equations.
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1 Introduction

Fix a Hilbert space H once and for all, where (-, -), and || - || are the inner product
and norm associated with it, respectively. We consider the following families of time-
dependent linear operators, A(t) : D(A(¢t)) C H — H and B(t) : D(B(t)) C H —
H,where D(A(t)) and D(B(t)) are the domains of the linear operators A(¢) and B ()
and let g : Ry — R be a given function.

Consider the following class of nonautonomous second-order hyperbolic equations
with infinite memory:

(0.¢]
un(t) + A(u(t) — / g()B(u(t —s)ds =0, VteRY :=(0,00), (l.1)
0
equipped with the following initial conditions
(1.2)

u(—t) = up(t), vt € Ry,
u;(0) = uy, vVt € R4,

where u;; and u; denote the second and first derivatives of u with respect to time ¢,
the pair (ug, u1) is the initial data belonging to a suitable space, and u : Ry — H is
the unknown of the system (1.1)—(1.2).

The main goal of this paper is to investigate the well-posedness and asymptotic
stability of the solutions to the system (1.1)—(1.2) as time ¢ approaches infinity, under
some appropriate assumptions on the family of time-dependent linear operators A ()
and B(t), as well as the relaxation (kernel) function g.

In recent years, many mathematicians have been drawn to the problem of the well-
posedness and stability (respectively, instability) of solutions for evolution equations
with delay (respectively, memory), see, for example, [25-28]. Let us recall some
works that are relevant to the issue under consideration in this paper. Indeed, a large
literature exists in the case where the operators A(¢) and B(t) are not time-dependent
(autonomous case), addressing the issues of existence, uniqueness, and asymptotic
behavior in time; see, for example, [1, 2], [9-15, 21, 24, 33, 34]. Depending on the
growth of g at infinity, different decay estimates (exponential, polynomial, or others)
have been obtained. Furthermore, in the case where the infinite memory is replaced
with a finite one and A(¢) and B(¢) are not time-dependent, numerous papers on this
topic are available in the literature, see, for example, [3, 6, 8, 18-20, 29-32, 36, 38—
46], and the references therein. See, for example, [3, 4, 16, 17, 22, 23, 37], and the
references therein in the autonomous case where a discrete or distributed time delay
is added to (1.1).

In this paper, it goes back to investigating the nonautonomous case, that is, the
case which involves time-dependent linear operators, A(¢#) and B(¢). For more on
time-dependent linear operators, evolution families, and evolution equations and their
applications, we refer the reader to for instance [11, 25].

The following is the structure of the paper: in Sect. 2, we present our assumptions
on A(t), B(t), and g, as well as state and prove the well-posedness of (1.1)—(1.2)
(Theorem 2.1). Section 3 contains a statement and proof of the asymptotic stability
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of solutions to (1.1)—(1.2) under some additional assumptions on A(t), B(t), and g
(Theorem 3.1). Finally, in Sects. 4 and 5, we present some examples as well as discuss
some general remarks and open problems.

2 Well-posedness

In this section, we state our assumptions on A(t), B(t), and g, as well as establish

the well-posedness of the system (1.1)—(1.2). In the sequel, this setting requires the
following assumptions:

(A0) A(r) and B(r) are time-dependent positive definite self-adjoint linear operators
that satisfy,

D(A(t)) = D(A0)), D(B(t)) = D(B(0)) forall r € Ry, 2.1
and the embeddings
D(A(0)) — D(B(0)) — H

are dense and compact.
(A1) There exist two functions aj, by : Ry — Ri of class C! and another contin-
uous function b : Ry x Ry — R such that

biolwl? < B2 @wl, Yw e D(B2(0)). Vi € Ry, 2.2)
1BX(wl® < a1 AZ(Ow]?, Yw € D(A2(0), Vi e Ry (23)

and
1 1 1
IBZ(t)w|? < ba(r1, )| B2 ()wl|*>, Yw € D(B2(0)), Vi1, 1 € Ry, (2.4)

(A2) For any ¢ € Ry, there exist two time-dependent linear operators on H

A(@t): D(A(O)) > H and B(r): D(B(0)) — H (2.5)
satisfying
B[R o L e
T—>1 T—1 T—1
(2.6)

for all (wq, wy) € D(A(0)) x D(B(0)).
(A3) The non-increasing class C! relaxation (kernel) function g : R, — R, satis-

fies
o 1
go = / g(s)ds < ——, VteRy, 2.7
0 ai (1)
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and there exists a positive constant 81 such that
—g'(s) <61g8(s), VseR,. (2.8)

Remark 1 Let us recall that the assumptions (A0)—(A3) hold for a wide range of linear
operators A(?) and B(t), as well as the relaxation function g. Indeed, consider 2 C RN
to be an open bounded domain with smooth boundary I' = 92 where N € N*, and
consider H = L%(Q) to be endowed with its standard inner product:

(f.h) = /Q FEOhE)dx

forall f,h e L3(RQ).
Consider the case when A(#) and B(¢) and g are given by

A(t) = —a()A, B(t) = —b(t)A, D(A®t)) = D(B(t))
= H*(Q) N Hy(Q) and g(s) = bpe "%,

where a, b : Ry — R are of class Cland 6y, 0; € R?% such that

W _ a)

o< VR 2.9)
To make this work, we carefully choose A(t) and 1§(t) as follows:

A(t) = —d'(1)A and B(1) = —b ()A,
where a; (1) = %, b1(t) = cob (1), by(t1, 1) = b)) and ¢ is the Poincaré constant.

Under the previous assumptions and following a method derived from [10], we
consider a new auxiliary variable n with its initial data o defined by

{n(t,s) =u(t) —u(t —s), Vi, s € Ry, (2.10)

no(s) =n(0,5) = uo(0) —uo(s), Vs eRy,

and formulate (1.1)—(1.2) as a first-order nonautonomous evolution equation given by

UO) = Up. (2.11)

{Z/It (t) = AOU(1), Vi eRE,
Whereu - (l/l, U, U)T’ Z/{() - (M()(O), ul(o)v UO)T S H(t)’

H(t) = D(AZ(1)) x H x Lg(1),

Lg(t) = {w : Ry — D(B(1)), / g®IB2 (w(s)]ds < oo},
0
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and the time-dependent linear operators .A(¢) are given by

w2
w o0
A(t) w; _ | (=A@ + goB@®)) w) _/0 g(s)B(Hws(s)ds (2.12)
w3 _dws n
as w2
w1
forall | wy | € D(A(¢)) where,
w3

(w1, wy, w3)T € D(A(1)) x D(AZ(1)) x Ly (1),

POy = { W3 € Lo(1), wi(0) = 0, wy(s) € D(B(t)), Vs € Ry

} . (2.13)
Based upon (2.1) and (2.4), the spaces H(¢) and L, (¢) do not depend on ¢, that is,
H@) =H(O) and Lg(t) = Lg(0), VteR,. (2.14)

The space Lg(t) is endowed with the classical inner product

)0 = [ e (B 0w ©). B @) as.

Based upon (2.1) and (2.14), we have
D(A(t)) = D(A(0)), VteRy. (2.15)
On the other hand, keeping in mind the definition of 7 in (2.10), we have

r’t(ta S) + ns(tﬂ S) - ul‘([)v Vlv s € R.’.’
nS(t7 s) =ut(t_s)5 Vt, s €R+7 (2'16)
n(,0) =0, vt € R;.

Therefore, we conclude from (2.12) and (2.16) that the systems (1.1)—(1.2) and (2.11)

are equivalent.
Using (2.3) and (2.7), we conclude that () endowed with the inner product

(i wa, wp), (i, i, w3>T>m) = (A3 (wr, A2 i) - go (B2 Owr, BE (i)

+ (w2, w2) + (w3, W3) 1, ()

is a Hilbert space with the following embedding D(A(t)) — H(z) being dense (see,
for example, [33]).
The following theorem ensures the well-posedness of (2.11):
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Theorem 2.1 Under assumptions (A0)-(A3), for any Uy € H(0), the system (2.11)
has a unique (weak) solution
U e CR4, H(0)). (2.17)

Moreover, if Uy € D(A(0)), then the solution to (2.11) is a classical solution, that is,

U e C'Ry, HO0) N C Ry, DCA0))). (2.18)

Proof To prove Theorem 2.1, we make use of the semigroup theory approach. The
proof is divided into three main steps.

Step 1. The first step consists of showing that the linear operators A(t) are dissi-

pative for all # € R.. Indeed, as in [22], letting W = (w1, w», w3)T € D(A®1)), we

obtain,

1 1 1 1 a9
(ADW, Wiy = (A2 O, A7 0wi) = g0 (B> (wa, B (0yw) <% w3>L .

+ (w2, w3)p, )

+<(—A(t) + goB(1)) wy —/0 g(s)B(tyws(s)ds, wz>. (2.19)

It is clear from the definitions of A% (t) and B? (1), and the fact that H is a real Hilbert
space, that

(=AW + goB M) wi, wa) = — (AT Oz, AL wr) + go (B 0ywa, B (0w )

and

<— f " o) BOwWss)ds, w2> =- / h g(s)<3%<t>w3(s), B%(nwz)ds
0 0
= — (w2, w3) L) -

On the other hand, using (A3), we see that
lim g(s)BZ(1)ws(s) = 0.
§—>00

Next, integrating by parts with respect to s and using the property w3(0) = 0 (definition
of D(A(t))), we deduce that

ow L[> 1
—<—3,w3> = —/ g'(9) B2 (w3 (s)|*ds.
3S Lg(t) 2 0

Consequently, inserting these three formulas in the previous identity (2.19), we get

1 oo
(ADOW, Wy = 5/0 ¢ B2 (w3 (s)|ds <0, (2.20)
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as g is non increasing, which yields A(z) is dissipative.
Using (2.8) and the fact that g is non-increasing and w3 € Lg4 (), we have

‘ fo g ()| B2 (w3 (s)|2ds

- /0 ¢ ()| B2 (w3 (s)|*ds
o1 /O ()| BZ (w3 (s) | *ds

< 0

IA

and so the integral in the right hand side of (2.20) is well defined.

Step 2. In this step, we prove that I — A(t) is surjective for all # € Ry, where /
stands for the identity operator. Indeed, let F = (fi, f2, f3)T € 'H(t), we show that
there exists

_ T
W = (w1, w2, w3)" € D(A(@))

satisfying
I—A))W =F, (2.21)
which is equivalent to
wy = wi — fi, .
(At) — goB() + 1) wy +/0 g)BM)ws(s)ds = fi + fo, 2.22)

ows
w3+w=w1+f3—f1-

We note that the third Eq. in (2.22) with w3(0) = 0 has the unique solution

s
o) = (1= w+e [ (00— foay. (223)
Next, plugging (2.23) into the second Eq. in (2.22), we get

(A() —g1B(t) + Dwy = (1), (2.24)

where

o
&1 =f g(s)e  ds
0

and

f@&=fi+ 1 —/0 g(s)e™ (/0 e’ B()(f3(y) — f1)dy) ds.

To complete this step, we need to prove that (2.24) has a solution w; € D(A% (1)).
Then, substituting w; in (2.23) and the first Eq. in (2.22), we obtain W € D(A(t))
satisfying (2.21). Since g; < go, then A(t) — g1 B(¢) is a positive definite operator
thanks to (2.3) and (2.7). Therefore, A(¢) — g1 B(¢) + I is a self-adjoint linear pos-
itive definite operator. Applying the Lax-Milgram Theorem and classical regularity

@ Springer



358 W. Al-Khulaifi et al.

arguments, we conclude that (2.24) has a unique solution w; € D(A% (1)) satisfying,
using (2.23),

o0
(A(1) — goB(1))w; +/ g(s)B(t)ws(s)ds € H.
0
This proves that I — A(¢) is surjective. We note that (2.20) and (2.21) mean that,
for any + € R4, —A(¢) is a maximal monotone operator. Hence, using Lummer-
Phillips Theorem (see [35]), we deduce that A(¢) is an infinitesimal generator of a

Cop-semigroup of contraction on H(z).
Step 3. Condition (2.6) yields the applications A1, hy : Ry — H given by

hi(t) = A®)w; and hy(t) = B(H)wy
are differentiable and their derivatives are, respectively,
hi(t) = A(w, and ha(r) = B(t)ws.

Now, let
W = (wi, w2, w3)" € D (A0)
and h : Ry — H(0) defined by h(z) = A(t)W.
We prove in this step that /4 is differentiable and that its derivative is the function

0

o) = | (=A@ +g0B®) wi - /0 &) BOws(s)ds
0

Notice that, given (2.1), (2.5) and (2.13), we have fz(t) € H(0), for any t € R.
On the other hand, we have, for any 7, € Ry with v # ¢,

hwy—hay 1 (Y

T—1 T—1 0

where
w = —(A(7r) — A(®)wi + go(B(r) — B(t))wy — /o g()(B(t) — B(t))ws(s)ds.

Then
h(t) — h(1)

T

o SO

@ Springer



Well-posedness and stability results... 359

where
W= — (—A(T) — 40 _ A(t)) wy + go <—B(T) — 50 _ B(z)) w
T—1 T—1
- f T o) (w - é(t)) ws(s)ds.
0 T—1
which yields
”M - fz(r)H = I
T—1 H(t)
A(r) — A s
(A= ).,
+20 H (—B(T) :f(t) - B(r)) w

+ e H(Lf(” —Bu)) w3(s) | ds

so we get from (2.6) that

h(t) — h(t)
T—1

lim

T—>1

o, -
H(t)

Based upon the properties shown in the previous steps, we conclude that A(-)
generates a unique evolution family on H(0) (see [35]). Consequently, (2.11) is well-
posed in the sense of Theorem 2.1. O

3 Asymptotic stability
In this section, we look at the asymptotic behavior of solutions to (2.11). For that, we
assume the following additional conditions are met:

(A4) There exist three continuous functions, a», a, b: R4 — R; that satisfy the
following conditions,

1AZ(wl? < aOIBX@Owl?, Yw e D(AZ(0), Vi e Ry, (3.1)
1AZ(Ow]? < @A (0wl VYw e D(AI(0), VteRy,  (32)

and
1B (w|? < b@B*wl?, Vwe DBIO), Vi eRy. (33
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(AS) The kernel g satisfies go > 0 and there exists a positive constant 6, such that

g'(s) < —bhg(s), Vs eRy, (3.4)
- (%) =~ = .
Vb)) < = and ”goalx/g + «/5” is small enough. 3.5)
2 L®(Ry)

Remark 2 Consider the example given in Remark 1. Observe that, for

t "(t ~ b'(t
a0 L JOL s WO
b(t) a(t) b(1)
such that (3.5) holds, the assumptions £A4) and (AS5) are also fulfilled with 6, = 6.
In the autonomous case, we have a = b = 0, and then (3.5) is trivial.

a(t) = Vi eRY,  (3.6)

Remark 3 In the sequel, we will make extensive use of Young’s inequality, which is
stated as follows: let e : Ry — R* and 1 < p, g < oo be such that % + %1 =1, then

af <et)a? + (ps(t))_g q_l BY, Vt,a, B eRy. 3.7

When p = g = 2, we get the special case

af < e(t)a® + ﬁﬁz, Vi, o, B € Ry. (3.8)

Theorem 3.1 Assume that (A0)-(A5) hold. Then, for any Uy € H(0), there exists a
positive constant A such that the solution to (2.11) satisfies

Let

m, Vit S R+, (39)

41130y <
where the functions M(-), M>(-) and §(~) are defined in the proof (see (3.43), (3.44),
(3.45), (3.48) and (3.50) below).

Proof Let us assume that (A0)-(AS5) hold and let Uy € H(0). The energy functional
E associated with the solution of (2.11) corresponding to Uy is given by

1 2
E(1) = 5 WO

% ((\Aﬁ(r)u(nHz F IO - g0 HB%(”““)HZ

00 I 2
+/0 g(s) HBf(t)n(t,s)H ds). (3.10)

In order to complete the proof of Theorem 3.1, we need the next lemmas, where
throughout the proofs, ¢, c1, ¢z, - - - , stand for some positive generic constants which
do not depend upon 7, and ¢ can be different from a given line to another.
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Lemma 3.2 The energy functional E (-) satisfies the estimate

1 [ 1 2 ~ 1
E0) =5 fo §@ [BEOm )| ds = g0 (B2 0utt), B> 0u)

Hitoun. Atouo)+ [ o (B ame.s). 84 one.s)as
0
(3.11)

Proof Multiplying (1.1) by u,; and integrating by parts, one gets,

1d 2 1 1 R 1 1
= llull +<A2(t)u(t), Az(t)ut(t)>—</ g)B2(Nu(t —s)ds, B2 ()u, (1)) = 0.
2 dt 0

(3.12)
Now

1 2 ~1 1 1 1
AS (D) H = (Az (u(t), A (t)u(t)> n (Az (u(t), A (t)u,(t)>. (3.13)

37|
A similar result can be obtained for B(-), that is, using the first Eq. in (2.10), one
obtains,

< / " o) BY0u(t — 5)ds, B%(z)u,(1>>
0

< / " g B () () — n(t, 9)]ds, Bi<t>ut<t>>
0

- < fo §()B2 (I, $)ds, Bi<t)u,<r>> + g0 (B2 (Ou(), B2 u (1)

i [t ono]

—g0 (é%(t)u(t), B> (t)u(t)>. (3.14)

= —<f g(S)B%(t)n(t, s)ds, Bi(z)u,(¢)> L84
0

Using the first Eq. in (2.16), we obtain

3 | e [Bronen | as+ 5 [T e [Brones [ as
0 S 0

2 2 ot
o0 1 9 1
=/ g(S)<BZ(t)a—n(t,S),BZ(t)n(t,S)>ds
0 N
+/ g(s><[éi(t)n(t,s>+Bi(t)%n<r,s)},B%(r>n(r,s)>ds
0
= [ e (B, BHoma.9)as
0

+/Oog(s) <E%(t)n(t, $), B2 (0)n(t, s)>ds. (3.15)
0
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Substituting (3.13)-(3.15) into (3.12) yields

Ll + 5 o |t ouo|” — (A ouo, atoum) -2 L B ouo)|
+% /Ooog(s)5 HBZ(t)n(t,s)szs—i—%/Ooog(s)% HB%(z)n(t,s)H ds

- [ s (B wne. 0. B ) ds + 50 (B 0w, Brouo) -
(3.16)

Integrating by parts with respect to s and using the properties
n(,0) =0 and lim g(s) =0,
§—>00

the formula in (3.16) becomes,

1d 2 * 1 2 1 2
3 [nu,n +latouo [+ [ s |sone o] ds -0 ”Bzmu(r)\”

=5 [ oo as- [T e (Banes. Brona)as
0 0

+50 <1§%(z)u(t), B%(t)u(z)> — <A%(t)u(t), A%(t)u(t)> -0, (.17
and the result follows. O

Lemma 3.3 There exists a positive constant ¢y such that the functional
I (1) = (u(t), us (1)) (3.18)

satisfies, for any continuous function g1 : Ry — R,

2
1) = @I = (1 = goar(0) — &1 (a1 1)) |42 Outo) |

cl o 1 2
+ / 2(s) HBz(z)n(z, s)H ds. (3.19)
e1(®) Jo
Proof Differentiating /; with respect to ¢ and using (1.1), we get
’ 2 1 2 o0 1 1
6 = @ = [a2@uo] +{ [ g0 BHOut —s)ds, Braw).
(3.20)
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Using the same computations as those in (3.14) and then (2.3), one gets,
/ 2 1 2 1 2
1) = @1 = | A ouo| + g0 | BEouw)|
- <foo 2($)B2 (On(t, 5)ds, Bi(t>u(r>>
0
2 ! 2
= a1 = (1 = goar () [ 4% Outo)|

—</oog(s)35(r)n(t, s)ds, Bi(t)u(z)>. (3.21)
0

Applying the Cauchy—Schwarz inequality, Young’s inequality on the last term of this
inequality and (2.3) yields (3.19). O

Lemma 3.4 There exists a positive constant ¢y such that the functional

L) = <—Mz(t),/0 g(S)n(t,S)dS> (3:22)

satisfies, for any continuous functions &2, €3 : Ry — R,

2
15(6) = —(g0 = &20) |1, 1 + 3001 + a1 (1) | 42 Ou(o) |

1+ ax(t) 1 > 1 2
e (55" mame) | o lstones| e
(3.23)

Proof Differentiating with respect to ¢ and exploiting Eq. (1.1) gives
1 o0 1 o0
L) = <A2(I)M(I),/O 8(s)A2(t)n(z, S)dS> - <Mz(t),/0 g(S)m(t,S)dS>
o0 1 400 1
—</ g(s)B2(t)u(t —s)ds,f g(s)BZ(t)n(t,s)ds>. (3.24)
0 0
Again from the first Eq. in (2.10) and in (2.16) we have, as for in (3.17),

- <ut(t),/0 g)m(r, S)dS> = - <ut(t), /0 ' ()n(, S)dS> — gollur @)
(3.25)
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and
—< /0 " g B Outt - s, /0 T e@Boma, s)ds>
= </0°O g(s)B2()(t. s)ds, fooogmB%(t)n(r, s)ds>
—go<Bi(r)u(t), /0 N g(s)Bé(;>n(t,s)ds>. (3.26)

Now, from (3.25) and (3.26), Eq. (3.24) becomes,

L) = —gO||Mz(l)||2—<Mt(f)a /0 g’(s)n(t,s)ds>
+<A5(t)u(t), [OO g(s)Ai(t)r,(r,s)ds>
0
—go<Bi(r>u(t>, / oog(s)Bi(t>n<r,s)ds> (3.27)
0

2

+ H/wg(s)Bi(t)n(t,s)ds
0

Using Cauchy—Schwarz inequality, Young’s inequality, (A1), (A3) and (A4) on the
last four terms yields, for the second term,

—<ut(t), fo g’(s>n(r,s>ds>

c

e2(t)b1 (1)

) | 2
< 2Ol 01> + | s |Brones | as a2

the third term

<A5(r>u(r), /OogmA%(r)n(r, s)ds> < e AZ(@Ou()]?
0

ca(t) [

oy ) g | BZ(0)n(t. 5)|2 ds.

(3.29)

the fourth term
— 20 <B£(t)u(;>, /0 g()BI(On(t. s) ds> < e3(a1 (O A2 (Du )|

+— / g 1B (0. 5)|2 ds.
e3(t) Jo
(3.30)
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and the fifth term

H/OOO 2($)BZ (t)(t, s)ds ) HB%U)W, s)H ds)2

< (/ Ve©)Ve® |BEoma, s)Hds)
( g(s)ds) (f g | BEone. 9] ds)
0
g/ 8o | B2, s)H ds. (3.31)
Combining all the above estimates yields (3.23). O

Lemma3.5 Let M1 € R}, M : Ry — RY be a differentiable function and let
e1, &2 : Ry — R be given continuous functions. Then the functional

F(t) = M 1,(t) + Ix(t) + M(1)E(1), (3.32)
satisfies
F'(ty < M'()E(1)
1 2
—min{A1 (1), A2(1), A3(1)) (nuz(r)n2 + a2 @uem]
o 2
+ [ e ]ton.)| ds) , (333)
where
A1(t) = go — e2(t) — My,
Ar(t) = (1 — goa1(t) — e1(t)ai (1)) My — e3(t)(1 + a1 (1))
- (80\/ b(tay (1) + \/&a)) M(t)
and
_ 9_2 [z _ ci1M; 1+ax(t) 1
A0 = ( 2V b(”) MO = [gO e < NN ezmbl(r)ﬂ |
Proof Direct differentiation gives
F'(t) = MyI{(t) + I,(t) + M'(t)E(t) + M(t)E'(t). (3.34)

We can also estimate every term of E’(r) given in (3.11), using Cauchy—Schwarz
inequality and Young’s inequality with the help of (2.3) and (3.2)-(3.4) to get, for the
first term of E'(¢),
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%fom g |Bramus| as < -2 fooo ¢ |BE@ma. )| as,

the second term of E’(t)

B%(t)u(t)H2 < go\/%al(f) ‘

. 2
Arou)

g0 (B uo. BYouw)| = s0y/b0) |
the third term of E’(¢)
(K. Abwum) < Vaw [aboue).
and the fourth term of E/(f)

o0 - ~ o0 2
</0 g(s)Bi(r)na,s)ds,Bi<t)n(r,s)>5\/19(0/0 g6) | BEma. 9| ds.

Now, E’(t) can be estimated as follows:

E() < —%2/000 2(s) HB%(t)n(r,s)szs (3.35)
+ (go/%alm + m) [abwwo|
o /0 e [Broma )| as (3.36)

Combining (3.11), (3.19), (3.23) and (3.35) leads to

2
Fi() < =0l 0] = A2 | A )|
00 ) 2
—A3(z)/0 g6) |B2 00| ds + MwE®D,  337)

S0, (3.33) follows. O

Lemma3.6 Let ¢4,65 : Ry — Ri be continuous functions. Then there exists a
positive constant c3 such that the functional F satisfies

(M(1) = My(1)E(1) < F(1) < (M(1) + Mz (1)) E(2), (3.38)

where

ay(t)M; 1 }

- s
Mz(l) = 11— goal([) max {85(I)Ml + 84(t)9 gs(t)bl(t)’ 84(t)b](t)
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Proof We see that

1 1 2 0o
E®) < 5[||u,<t>||2+ [aouo ]+ [~ ew
0

BE (. 5)

2
dsi| (3.39)
and, using (2.3),

1 — goa (7)
E@ > T[

2 1 2 * 1 2
@+ [atouo |+ [~ e [s2one.o | as].

(3.40)
On the other hand, using Young’s inequality and assumption (A1), we have, for any
continuous functions &4, €5 : Ry — Rj_,

cay (1)

. 2
b HAf(z)u(t) H (3.41)

L] < es®)lu0I* +
and
2 ¢ * 1 2
2O] = 4@l OF + s /0 s | BEoma. | ds. 342
Therefore, by combining (3.40)-(3.42), we get

|F(1) = M(E@)| < Ma()E(2),

which gives (3.38). O

We choose the functions M ; and ¢ carefully. Thanks to the properties of go, a1, b1, a
and b assumed in (A0)-(A5), one can choose

_ & 1 —goa1 (1) _ & _ go(1 — goa1 (1)
M, = > e1(t) = a0 e(t) = > a1 (), &)= T8t ar )
eq(t) = 2 , &s5(t) = goa1 (1)
o1 (@ + ggar ) o1 (4 + ggar 1)
and
3 [4+glai(t)  Ms(r)
M(t) > max ) ) (3.43)
2(1 — goa1 (1)) by () 972 _ /b(t)
where
Ms(1) = g0 + 2201 — goar (1)) + S804 D)
8 1 — goai(t)
., (80 +aO)d+am) 2 . (3.44)
go(1 — goai (1)) gaai (b (1)
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Then
Ay(t) = %(1 — goa1 (1)),
Axe) = 221~ goar 1)) - (goa1(t) B() + ﬁ(r)) M),
A3 = 8201~ goan 1), M(@) > max {Mzm, M3—(”}
T
2\ Jb)
and

B a3 4+ gai(t)
MO = gaoN b (3:99)

On the other hand, we assume that the second assumption in (3.5) holds such that
~ = 0
(goal (1) b() + \/a(t)> M) < %(1 — goai (1)) (3.46)

(notice that (3.46) is possible as M> () and M3(¢) depend neither on a nor on b), so
we get

A1) > %(1 — goar (1)),

and then, combining (3.33) and (3.39), we find
F) = [M0 -0 - gan] 0.

therefore, according to (3.38),

F'(t) <& F (1), (3.47)

where
(1) — 82(1 — ") — 801 —
£(t) = max M(1) — (1 goal(t)), M (1) — (1 — goai (1)) (3.48)
M(t) — Ma(1) M(t) + M(1)

By integrating (3.47), we arrive to

F(1) < F(0)&f®, (3.49)
where ,

E) = fo §(s)ds. (3.50)
Consequently, exploiting again (3.38), we conclude (3.9). O
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Remark 4 1f 5 Mi/: and M, are bounded, then one can choose M as a constant satis-
2_/b
2

fying
m 1M M
> max (R, || ———— ,
2llzoe@p). 5 7
) Lo (Ry)
therefore
-8 (1 —goa1 (1))  —5(1 — goai (1)) 1 1

§@) = < an < ,

M + M»(1) M + M2l L mry) M — My(1) = M — [IMalLemy)

hence (3.9) implies that there exist positive constants Ag and A such that

IU@ 130y < hoe ™1 Jo1=g0areNds, (3.51)

From (3.44) and (3.45), we observe that % Mi/: and M, are bounded if and only if
2_b
2

llaillze®y) < 00, go < inf;cg, a1(t) > 0, inf;er, b1(t) > 0,

1
lallzoo )’

~ 92
lazllzom,) < oo and ||bllomr,) < 4,

(3.52)
so (3.51) is reduced to the exponential stability estimate, for Ay = Aj(l —
gollarll L ®ry)), )

14130y < roe " (3.53)

Remark 5 Letus constructasolutionto (2.11) which convergestoOast — oo. For that,
itis enough to construct a Co-semigroup ({£(?)),>o that is exponentially stable. Indeed,
let 2 c RY, for N € N*, be an open bounded domain with smooth boundary I' = 92
and let H = L?(Q) equipped with its standard L>-topology. Consider, for m € N*,
L = A™ with D(L) = H*(Q) N Hj'(2). Obviously, —L is a positive selfadjoint
linear operator on Lz(Q) with compact resolvent. Further, D((—L) %) = H6” (2).

Consider the case when A(t) = —a(t)A™, B(t) = —b()A™, D(A(t)) =
D(B(1)) = H(Q) N Hj'(R2) with

a(t)=a+r(t), b(t) =B+ k() forall t € Ry,

where o > B8 > 0,01 = 6, = 1 (yielding go = 1), 7,k : Ry — Ri are class C1
bounded functions such that ||r/|| oo, ) < 00 and [[k’|| R, ) < 0o and that,

i) inf r(z k|| 700 ;
i) tlerl{&+r()>ﬁ+|| | Loo®y)

k|| o0 1
ii) —” Iz < —;and
B 2

B + Ikl Loor+) n 17" I oo &y
20 B

iii) is small enough (to guarantee (3.46)).
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In view of the above, it is not hard to see that (3.52) holds. Therefore, the solution to
(2.11) converges to 0 as t — oo.

4 Applications
In this section, we present two examples that fit into our abstract model, namely (1.1)—
(1.2). Let & c RY be an open bounded domain with smooth boundary I', where

N e N*. In both cases, we will assume that H = L?() is equipped its standard
L?-topology.

4.1 Wave equations

The abstract model (1.1)—(1.2) includes the following nonautonomous wave equation,

uy(x,t) —a(t)Au(x,t) + b(t) /oog(s)Au(x, t—s)ds =0, VY(x,1) € Q x R,
0

u(x,t) =0, V(x,t) eI’ x R,
ulx,—t) =uoglx,t), wu;(x,0) =ui(x), V(x,1) € @ x Ry,
“.1)

where A(r) = —a(t)A, B(t) = —b(t)A, D(A(1)) = D(B(t)) = H*(Q) N H(}(Q).
Theorems 2.1 and 3.1 hold true under the assumptions given in Remarks 1 and 2.

4.2 Petrovsky type systems

The following nonautonomous Petrovsky type system fits into our abstract model
(1.1)-(1.2),

ui (x, 1) +a(®)A%u(x, t) — b(z)f g(s)Azu(x, t—s)ds =0, V(x,1) € 2 x R%,
0

u(x, 1) = 34(x,1) =0, V(x,1) e I x RY,
ulx, —t) =up(x,t), u;(x,0) =uj(x), V(x,1) e Q x Ry.
“4.2)

where A(t) = a(t)A%, B(t) = b(t) A%, D(A()) = D(B(t)) = H*(Q) N H3 (), and
assumptions of Remarks 1 and 2 yield both Theorems 2.1 and 3.1.

5 General comments and issues

Under some appropriate assumptions on the time-dependent operators A(¢) and B(¢),
as well as the relaxation (kernel) function g, we established the well-posedness and
asymptotic stability of the solutions to the system (1.1)—(1.2) as time ¢ goes to infinity.
In light of our findings, we would like to propose the following questions, which, to
the best of our knowledge, remain unanswered:
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(1) Will we be in the presence of a discrete or distributed delay by adding

/OO F&COus(t —s)ds or fH)CEu(t — 1),
0

to (1.1), where C(¢) is an operator, f : Ry — R is a function, and 7 is a fixed
positive real number?
(2) Can we apply the previous theory to a larger class of relaxation functions g, that
is,
g'(s) < —62(s)g(s), Vs e Ry

instead of (3.4), where 6, : Ry — R is a function?

(3) Canwe establish similar results when D(A(#)) and D(B(¢)) are no longer constant
in time ¢?

(4) What about the damping case?
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