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Abstract

We investigate the sets of countable discrete semigroups that force recurrence, that
is, the recurrent properties of a point along a subset of a countable semigroup action.
We show that a subset of a monoid forces recurrence (resp., forces minimality) if and
only if it contains a broken I P-set (resp., broken syndetic set), and forces infinite
recurrence implies it is contains a broken infinite 7 P-sets. As an example, we show
that every subset with positive upper Banach density of infinite countable amenable
groups forces infinite recurrence.
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1 Introduction

By a topological dynamical system (or dynamical system for short) we mean a pair
(X, G), where X is a compact metric space with a metric d and G is a topological
group or semigroup acting continuously on X. Throughout the paper, the sets of
integers, non-negative integers and positive integers are denoted by Z, Z and N,
respectively. When G = Z (resp. Z.) the action is generated by a homeomorphism
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(resp. a continuous map) 7 : X — X, and we usually denote the dynamical system
by (X, T), which is called a cascade.

Recurrence is a basic property of topological dynamical systems. Let (X, T') be a
cascade. Recall that a point x € X is a recurrent point if there is some sequence of
positive integers n; — oo such that 7" x — x. Let Rec(X, T) denote the set of all
recurrent points of (X, 7). The following result is the famous Birkhoff theorem (see
[10, 19, 34] for example).

Theorem 1.1 (Birkhoff) Rec(X, T) is non-empty for every cascade (X, T).

An important problem in topological dynamical systems is to investigate the recur-
rence of a point along some subset of N. A subset A of Z_ is called a ropological
recurrence set if for every cascade (X, T'), there is some sequence {”i}?i1 in A such
that n; — oo and 7" x — x for some x € X. Birkhoff’s Theorem means that
Z is a topological recurrence set. Amazingly, the notion of topological recurrence
sets in topological dynamical systems are close related to the coloring problem in
combinatorial mathematics, see e.g. [26, 34]. In [34], Weiss obtained an important char-
acterization of a topological recurrence set, which clarified the relationship between
recurrence sets and difference sets of syndetic sets.

Let (X, T) be a cascade. It is natural to ask that what conditions are satisfied to
S C N such that there must be some recurrent point in the closure of {7"x : n € S}
for every point x € X. This topic has been studied by some authors, see, e.g., [11, 17,
21, 29]. Such a set is said to force recurrence in [11]. A well-know result implies that
if a subset of N has positive upper density, then it forces recurrence (see [11, Theorem
2]), where the upper density of § C N is defined as

— SN[1,N
d(S) = lim sup M

N—o0

A celebrated theorem of Furstenberg shows that the recurrence of topological dynam-
ical systems is closely related to I P-sets [19, Theorem 2.17]. This terminology was
derived from Furstenberg and Weiss in [20]. Following the idea of Furstenberg, Blokh
and Fieldsteel [11] showed that a subset of N forces recurrence if and only if it contains
a broken 7 P-set.

The theory of group or semigroup actions has attracted a lot of attention by many
authors, for example, see works related to size and combinatorial properties [6], recur-
rence [1, 7, 8, 13, 15, 31], Lyapunov stability [9], topological entropy [25], sensitivity
and chaos [28, 30, 33], transitivity and mixing [12, 27, 32, 35, 36], etc. Especially,
Bergelson and McCutcheon [7] extended the notion of topological recurrence sets
from the additive semigroup N to arbitrary countable semigroups, and explored their
relationships with combinatorics.

In this paper, we focus on investigating the sets of countable discrete semigroups
that force recurrence, which following the idea in [11]. We introduce the notion of
force recurrence set for general semigroups. We prove that a subset of a monoid
forces recurrence (resp., forces minimality) if and only if it contains a broken I P-
set (resp., broken syndetic set), and forces infinite recurrence implies it is contains a
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broken infinite / P-sets. As an example, we show that every subset with positive upper
Banach density of infinite countable amenable groups forces infinite recurrence.

2 Force recurrence

Throughout this paper, we let G be an infinite countable discrete semigroup. A semi-
group G is a monoid if it has an identity e, and then we write GT = G \ {e}. By a
topological dynamical system we mean that a triple (X, G, ) (simple for (X, G)),
where X is acompact metric space withthe metricd andw : GXxX — X, (g, x) — gx
is a continuous mapping satisfying

(1) m(e, x) = x for each x € X if G has an identity e;
2) w(s, m(t,x)) = n(st,x)foreachs,t € Gandx € X.

If a non-empty compact subset Y C X is G-invariant (i.e., gy € Y forany g € G and
y € Y), then (Y, G) is called a subsystem of (X, G).
For two dynamical systems (X, G) and (Y, G), their product system (X x Y, G) is
defined by the diagonal action: g(x, y) = (gx, gy) forallx € X,ye Y and g € G.
Let (X, G) be a dynamical system. A point x € X is called a recurrent point if
N4 (x, U) is non-empty for any neighborhood U of x, where

Ny(x,U)={geG":gx eU)

is called the set of return times of the point x to U. Let Rec(X, G) denote the set of
recurrent points of (X, G).

Definition 2.1 We say that a set S € G forces recurrence if whenever (X, G) is a
dynamical system and K C X is compact, and for some x € X and alls € S,sx € K,
we have K N Rec(X, G) # 0.

In this section, we mainly provide a characterization of subsets of the semigroup
that force recurrence. Let G be a semigroup. For g € G and S C G, denote

¢ 'S={heG:gheS)and Sg~' ={heG:hgeS).
Theorem 2.2 Let P be a non-empty family of infinite subsets of the semigroup G such

that

(1) forall S € P, there is some g € GV such that g='SN S € P;
(2) P has the Ramsey property, that is, S| U S € P implies S| € P or S; € P.

Then S forces recurrence for all S € P.

Proof We shall follow the idea of the proof of [11, Theorem 3]. Let S € P, (X, G)
be a dynamical system, K € X is compact, and x € X satisfies sx € K forall s € S.
We will show that K N Rec(X, G) # @.
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Set K1 = K and S| = S. Then we can find p; € G™ such that pl_lsl ns eP.
This implies sx € K1 N pl_lKl forevery s € pl_lsl N 8. It follows that K ﬂpl_lKl
is a non-empty compact subset of K. Let

ni

Kinp K=K
i=1

where each K ; is a non-empty compact subset of X with diam(K; ;) < 1/2. For
i=1,2,---,n,letS;={s e pl_lSl N S; : sx € Ky;}, then we have

n
p1_151 nsS = USl’i'
i=1

Since P has the Ramsey property, one has S ;, € P for some ij. Set
S> = 81,;, and K = Ky ;.

Then we have S, € P, Ko € Ky, diam(K»>) < 1/2 and p1(K>) C K;.

We continue inductively. Assume that S,,, K,, and p,_; have been found such that
S, € P, K, C K,—1,diam(K,) < 1/n,sx € K, forall s € S, and p,_1(K,) C
K,_1. Then we apply the above argument to S, and K, there is p, € G such that
p;lS,, NS, € P. By the construction of S, and K,,, we know that sx € K,, N pn_lK,,
forany s € p;lS,, NnS,.Let

ny
Ky py Ky = Kni,
i=1

where each K, ; is a non-empty compact subset of X with diam(K, ;) < 1/(n 4+ 1).
LetS,; ={s € pn_lS,, NS, :sx € K, ;}. Then

my
p;lsn N Sn = USn,ia

i=1
which follows that S, ;, € P for some i,,. Set

Sn+1 = Sni, and K1 =Ky ,.
This completes the inductive process.
By induction, we obtain a sequence of non-empty compact sets {K,}7°, and a

sequence {p,}>° , of G such that

e K1 2K, 2---2K;,2--+;
e diam(K,) < 1/n for eachn > 2;
e p,(Kyy1) € K, foreachn > 1.
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Let y be the single point in (),~; K. Then we have for all m, p,,y € K,,. This shows
that y € K N Rec(X, G). O

Next we give a characterization of the sets of semigroups that force recurrence.
Before that, let us recall some notations. For a set A, denote by Pr(A) the set of all
finite non-empty subsets of A.

Definition 2.3 Let G be a semigroup. Given a sequence {p,} >, in G, the I P-set
generated by the sequence is defined by

FP({pn}y2)) = []_[pn : FePf(N)], where [ pu=puy - Pus - Py

neF neF

for F ={ny,na,...,m} € Py(N) withny <np < -+ < ng.
For each L € N, the initial L-segment of F P ({p,}; ) is defined as

FP((pa)l_y) = {1‘[ puiFePrl, ..., L})} .

neF

A subset S of G contains a broken I P-set if there is a sequence {p,}°

~, in G such
that for each L € N, there is s, € G with FP({p,}L_,) - s C S.

Remark 2.4 The most interesting IP-sets are the infinite ones. However, If u is an
idempotent, then {u} is an / P-set. And even if G is a group, there may be many finite
I P-sets. For example any finite subgroup of G is an I P-set.

Let (X, G) be a dynamical system. For x € X and U C X, let N(x,U) = {g €
G : gx € U}. Following the idea of [19, Theorem 2.17], we can obtain

Lemma 2.5 Let (X, G) be a dynamical system. If x € Rec(X, G), then N(x,U)
contains an I P-set for every neighborhood U of x.

Proof Suppose x is a recurrence point for (X, G) and U is a neighborhood of U. Let
p1 € G7 satisfy

pix €U. 2.1
Now we find a neighborhood U of x such that U; C U and
zelU; = pizel. 2.2)
For such U; we can find p» € G such that
pax € Uj. (2.3)
Combining (2.1), (2.2) and (2.3), we have
gx € U for g = p1, pp and p1 - pa. 24
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We continue inductively. Assume that different elements p1, pa, -+, p, in Gt have
been found such that (2.4) is valid forall g = py, - ppy - ... pn, With1 <ny <np <
- < nx < n. Then we find a neighborhood U,,+1 of x such that U,,;1 C U and

z€Upt1 > gz€U (2.5
for all of the above mentioned g. Thus, if p,+1 € G™ is defined such that

Pn+1X € Upyi, (2.6)

then (2.4) will be valid whenever g replaced by g - p,,+1 or by p,41. This completes
the inductive process, and it is easy to check that F P ((p,)neNn) S N(x, U). O

The following theorem is the product version of the Hindman’s theorem [22].

Theorem 2.6 (The finite product theorem, [4, 5, 37]) Let G be a semigroup. If S C G
is an IP-set, r € Nand S = U?:l Ci, then there is i € {1,2,...,r} such that C;
contains an IP-set.

For a subset A of a topological space X, we denote cly (A) the closure of A in X.

Lemma 2.7 Let G be a monoid, let S C G, and let X, = {0, I}G be the product
space endowed with the product topology. Define the shift action of G on ¥ by
ho(g) = w(gh) forall g,h € G and all ® € %,. Then (X2, G) is a dynamical
system. Define 1s € Xy by 15(s) = lifand onlyifs € S. Let X = clx,{gls : g € G}.
Then X is an invariant closed subset of > and (X, G) is a subsystem of (X, G). Let
K ={x € X : x(e) = 1}. Then K is a nonempty open and closed subset of X and
sls € K forall s € S.

Proof Since G is countable, X5 is a compact metric space. Sets of the form {w € X :
w(g) =i}forg € Gandi € {0, 1} form a subbasis for the topology on X so K is
open and closed. It is routine to verify the rest of the assertions in the lemma. O

Theorem 2.8 Suppose that G is a monoid. Then a subset S of GT forces recurrence if
and only if it contains a broken IP-set.

Proof Let Py, denote the collection of all subsets of G that contains a broken / P-set.
To prove § forces recurrence all § € Py;p, we only show that the family Ppp satisfies
the conditions of Theorem 2.2.

Let S € Pyip and suppose that S contains a broken FP({p,}>2 ). Fix M € N.
Then for each L € N with L > M, we can choose s;, € G such that

FP({pa}p_y) -sL €S,
which implies
P SNS 2 (Pt FPUplEZ) 1) N (FPUpaYy) -5t

[(p - FPAPIE_D) O (FPUPYD) ] 51

2
2 FP({Pn}ﬁ‘:M.H) ©SL.
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This shows that p;dlS N S contains a broken F P ({p,}52 , 1)

Next, we will show that Py has the Ramsey property. Suppose that S € Py
contains a broken F P ({ pn}OO P and § = 87 U S,. Without loss of generality, we may
suppose that S| NS> = @. Let x be a point in {1, 2} that defined by

x(s) =i ifand only if s € §;. 2.7
For each N € N, there exists some sy € G such that
FP({pulp_y) - sn C S. 2.8)
Let xy € {1, 2} PUPeliZ0) be defined by
x(s-sn), s € FP({paly_),

xn(s) =
1, otherwise.

Since {1,2}FPUrnbZD) js a compact metric space, we can choose a subsequence
{N; }°o | such that x; converges to some y € {1, 2}FP({P" n=1). Write

={s € FP({pa})) : y(s) =i} for i =1, 2.

By Theorem 2.6, there exists some i € {1, 2} such that C; is an I P-set, i.e., it contains
FP({g,}:2 ) for some sequence {g,}°, in G. For each L € N, we can find some

sufficiently large j(L) such that FP({q,,}L D € FP({pn}, ’(L)) and xn;,(s) =
y(s) =i foralls € FP({g,}._,). This implies

x(s ~ij(L)) =1 foralls € FP({qn},le).
Thus we have FP ({qn}}%:l) C SN, S Si Therefore, S; contains a broken
FP({Qn}zil)-

Conversely, suppose that S is a set that forces recurrence. Let X5, X, K and 1g
be as in Lemma 2.7. Then there is some point y € K N Rec(X, G). By Lemma 2.5,
we know that N(y, K) is an I P-set. So there is a sequence {p,}>2, of G such that
FP({pn};2 ;) S N(y, K). This implies

y(s) =1 forall s € FP({pn};2;)- 2.9)
For each L € N, there exists s;, € G such that sy 15 € V, where
={x € X :x(s)=y(s) foralls € FP({pa}i_)}.
Thus, for every s € FP({p,,} _1), one has
Is(s-s1) =sp1s(s) = y(s) = 1.
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558 K. Yan et al.

This shows that
FP({pat_)) -sL € 8. (2.10)

Therefore, S contains a broken F P ({ pn};’l"= - O

3 Force recurrence via Furstenberg family

In this section, we will consider more general forms of recurrence for semigroup
actions via Furstenberg family. Let P be a non-empty collection of subsets of the
semigroup G. We say that P is a Furstenberg family (or family for short) if it is
hereditary upward, i.e., S| € P and S1 € S; implies $> € P.

For a family P, the block family of P, denote by bP, is the family consisting of
sets S C G for which there exists some P € P such that for every finite subset F of
P one has F - sp C S for some sp € G. It is easy to check that

bP ={SC G: (AP e P)(VF € P;(G))(3sr € G) suchthat (P N F) -sp C S}.

3.1 Force family recurrence

Let P be a family of the semigroup G and (X, G) be a topological dynamical system.
A point x € X is called a P-recurrent point if N (x, U) € P for any neighborhood U
of x. Denote the set of all P-recurrent points of (X, G) by Recp(X, G). We note that
the recurrence in Sect. 2 can be regard as P, -recurrence, where P denote the family
of all non-empty subsets of G that have non-identity elements of G.

Definition 3.1 Let P be a non-empty family of the semigroup G. We say that a set
S C G forces P-recurrence if whenever (X, G) is a dynamical system and K € X is
compact, and for some x € X and alls € S, sx € K, wehave K N Recp(X, G) # .

Following the idea of Theorem 2.8, we have the following general result.

Theorem 3.2 Let P be a non-empty family of the monoid G. If S is a subset of G that
forces P-recurrence, then S € b'P.

Proof Let 35, X, K and 1 be as in Lemma 2.7. Clearly, s1s € K forall s € S. Thus
there exists a P-recurrent point y € K. Notice that K is also a non-empty open subset
of X.Let P = N(y, K). Then P € P. For each non-empty finite subset F of P, there
exists sy € G such that splg € V, where

V={xeX:x(s)=y(s) foralls € F}.
Thus, for every s € F, one has

Lg(s - sp) =spls(s) = y(s) = 1.

This shows that F' - s; C S. Therefore, S € bP. 0O
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Let P be a family of the semigroup G. Denote by Prorce the collection of all subsets
of G that force P-recurrence. It is easy to see that Prorce is a family, and itis not empty if
and only if Recp (X, G) is non-empty for every topological dynamical system (X, G).
In addition, a subset S of G forces P-recurrence if and only if whenever (X, G) is a
dynamical system and x € X, clx{gx : g € S} N Recp(X, G) # 0.

Theorem 3.3 Let P be a family of the monoid G. If Prorce is not empty, then we have

(1) Prorce has the Ramsey property, that is, S1 U Sa € Prorce implies S1 € Prorce OF
S> € Prorce;
(2) Pforce = bpforce-

Proof (1) Let S € Prorce and S = S; U S». If neither Sy nor S, forces P-recurrence,
then there exist topological dynamical systems (X, G), (Y, G) andx € X,y € Y such
that neither K1 = clx{gx : g € S1}nor Ko = cly{gy : g € $>} contains P-recurrence
points. Consider the product system (X x ¥, G) and K = clyxy{(gx, gy) : g € S}.
Since S forces P-recurrence, there is some P-recurrence point (z1, z2) € K. Without
loss of generality, we may assume that (z1, z2) € clxxy{(gx,gy) : g € S1}. Then
z1 € K is a P-recurrence point of (X, G), which is a contradiction. Thus, Porce has
the Ramsey property.

(2) It is obvious that Prorce S bProrce. Let S € bProrce. Then there exists some
Se Prorce such that for every non-empty finite subset F' of G, there exists sr € G
such that (SN F) -sp C S.

Let (X, G) be a topological dynamical system, K a compact subset of X and
x € X suchthatsx € K forall s € S. Since G is countable, we can find an increasing
sequence {F,}>° | of non-empty finite subsets of G such that

o0
FiCFC--CF,C--and | JF,=G.

n=1

Letz, = s, x foralln € N. Since X is a compact metric space, we can find z € X and
a subsequence {n;}{2, such that z,; convergence to z. Given g € S, then gs F, €5,
and thus gz, € K, for all sufficiently large i. By the continuity of g, we have gz,, —
gz € K. This shows that gz € K for all g € S. Since S forces P-recurrence, there is
some P-recurrence point y € K. Thus, S € Prorce- 0O

Denote by Pj, the family of all sets that contains some / P-set. It is obvious that
bPip = Pryip. Thus, by Lemma 2.5, Theorems 2.8, 3.2 and 3.3, we have

Corollary 3.4 Suppose that G is a monoid and S is a subset of G*. Then the following
conditions are equivalent:

(1) S forces recurrence;
(2) S forces Pip-recurrence;
(3) S € bPyp.

Furthermore, we have

PJr,force = Pip,force = bp+,force = bpip,force = bpip-
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3.2 Force infinite recurrence

Let (X, G) be a dynamical system. A point x € X is called a infinite recurrent point
if N(x, U) is infinite for any neighborhood U of x. Denote by Piys the family of
all infinite subsets of G. Then x is an infinite recurrence point if and only if it is a
‘Pinf-recurrent point.

The following lemma can be found in [35, Lemma 3.18].

Lemma 3.5 Let (X, G) be a dynamical system. If x is an infinite recurrence point,
then N (x, U) contains an infinite IP-set for every neighborhood U of x.

Similar to the proof of Theorem 2.2, we have the following result.

Theorem 3.6 Let P be a non-empty family of infinite subsets of the semigroup G such
that

(1) forall S € P, there exist infinitely many g € G such that g~'S N S € P;
(2) ‘P has the Ramsey property, that is, S U S» € P implies S1 € P or S € P.

Then S forces Pint-recurrence for all S € P.

Proof Let S € P, (X, G) be a dynamical system, K C X is compact, and x € X
satisfies sx € K forall s € S. We will show that K N Recp, (X, G) # 0.

Set K1 = K and S| = S. Then we can find p; € G such that pl_lSl ns 7P.
This implies sx € K ﬂpl_lKl forevery s € pl_lsl N 8. It follows that K ﬂpl_lKl
is a non-empty compact subset of K. Let

ni
Kinp 'K =K,
i=1

where each K ; is a non-empty compact subset of X with diam(K; ;) < 1/2. For
i=1,2,---,n,letS);={s e pflSl NSy :sx € Ky ;}, then we have

ny
pl_lsl nsS = US]>i’
i=1

Since P has the Ramsey property, one has S ;, € P for some ij. Set
S» =81, and K» = Ky .

Then we have $> € P, K> C K, diam(K3>) < 1/2 and p;(K»2) C K.

We continue inductively. Assume that S,,, K, and p,—1 have been found such that
S, € P, K, C Ky—1,diam(K,) < 1/n,sx € K, foralls € S, and p,—1(K,) C
K, —1. Then we apply the above argument to S, and K, by Condition (1), there is
pn # pifori =1,2,--- ,n— 1, such that pn’lSn N S, € P. By the construction of
S, and K,,, we know that sx € K, N p;lKn forany s € pn_lS,, NS,. Let
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ny
Knmpylen = UKn,ia

i=1

where each K, ; is a non-empty compact subset of X with diam(K, ;) < 1/(n + 1).
Let Sy ={s € p; 'Sy NSy : sx € K,.;}. Then

mp

pyTlSn N Sn = USn,is
i=1

which follows that S, ;, € P for some i,. Set
Sn+1 = Sn,in and Kn+1 = Kn,i,,‘

This completes the inductive process.
By induction, we obtain a sequence of non-empty compact sets {K,}
sequence {p,}° | of G such that

00
n=1

and a
diam(K,) < 1/n for eachn > 2;

pn(Kny1) € K, foreachn > 1;

pi # pj foreachi # j.

o0

Let y be the single point in (),_; K,,. Then we have for all m, p,,y € K,,. This shows
thaty € K N Recp, (X, G). O

Next, we provide a characterization of subsets of the semigroup that force infinite
recurrence via infinite [ P-sets. Let Pinf,ip denote the family of all subsets of the
semigroup G that contains some infinite / P-set. We have the following lemma:

Lemma 3.7 Let G be a semigroup which is either right or left cancellative. Then
bPint,ip has the Ramsey property.

Proof This is established in Corollary 5.4 in the Appendix. O

The idea is that the proof involves results about the Stone—Cech compactification
of G which are not needed for the rest of the results of this paper, so we leave it to an
Appendix.

Theorem 3.8 Suppose that G is a monoid and S < G. Statements (1) and (2) are
equivalent and imply statement (3). If G is either right or left cancellative, then all
three statement are equivalent.

(1) S forces Pint-recurrence;
(2) S forces Pint ip-recurrence;
(3) S € bPint,ip,

Proof 1t follows directly from Lemma 3.5 and Theorem 3.2 that (1) < (2) = (3).
Now we only show that (3) = (1) if G is either right or left cancellative.
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562 K. Yan et al.

By Theorem 3.6 and Lemma 3.7, it suffices to prove for all S € Pint,ip, there are
infinitely many g € G such that g='S N S € bPiys ; .ip- Let S € bPint,ip and suppose
that S contains a broken infinite / P-set FP({p,};> ). Fix M € N. Then for each
L € Nwith L > M, we can choose s; € G such that

FP({paty_y) -sL C S,

which implies

750 s 2 (¢ FPUpalizy) i) 0 (FPUpaliz) -st)
2{

CFP{pal_) ) N (FPUpatiz)) | se
(¢ )n( )]

2 FP ({Pn}n M+]) SL.

for all g € FP({p,,}r’,Wzl), and thus g~'S N S contains a broken infinite I P-set
FP({pn};2 ys41)- Therefore, g=1S NS € bPit.ip forall g € FP({pa}2,). o

3.3 Force minimality

Recall that a dynamical system (X, G) is called minimal if it contains no proper
subsystem, i.e., the orbitorb(x, G) = {gx : g € G} of x isdensein X forallx € X. A
point x is called a minimal point if it belonging to some minimal subsystem of (X, G).
Note that x is a minimal point of (X, G) if and only if c/x{gx : g € G} is minimal.

Let G be a semigroup. A subset S € G is called syndetic if there exists a finite
subset F of G such that F~1S = UgGF g~ 'S = G. Denote by P the family of all
syndetic sets in G.

Itis a routine Zorn’s Lemma argument to show that any dynamical system contains
a minimal dynamical system. The proof of the following lemma can be found in [15,
Proposition 5.21] with the caution that they use the left-right switches of both the
definition of syndetic and the action of G on X.

Lemma 3.9 Let (X, G) be a dynamical system and x € X. Then x is a minimal point
if and only if it is an ‘Ps-recurrent point.

Definition 3.10 We say that a set S C G forces minimality if whenever (X, G) is a
dynamical system and K € X is compact, and for some x € X and all s € S, sx € K,
there exists a minimal subset non-disjoint from K.

Now we prove the following theorem.

Theorem 3.11 Let G be a monoid and S a subset of G. Then the following conditions
are equivalent:

(1) S forces Ps-recurrence;
(2) S forces minimality;
(3) S € bPs;
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Proof (1) = (2) Let S be a set that forces Ps-recurrence. Suppose that (X, G) is a
dynamical system, K is a compact subset of X, and x € X is a point such that sx € K
for all s € S. Then there exists a Ps-recurrence point z € K. By Lemma 3.9, one has
z is a minimal point so z € cly{gx : g € G} N K. Therefore, S forces minimality.

(2) = (3) Let S be a set that forces minimality. Let ¥, X, K and lg be as in
Lemma 2.7. Clearly, sls € K for all s € S. By the force minimality, there exists
a minimal point y € K. Notice that K is also a non-empty open subset of X. By
Lemma 3.9, one has N(y, K) € Ps. For each F' € P7(G), there exists sp € G such
that splg € V, where

={xeX:x(s) =y(s) forall s € F}.
Thus, for every s € N(y, K) N F, one has
Is(s-s.) = spls(s) = y(s) = sy(e) = 1.
This shows that
(Nx,K)NF)-s; C8S. 3.1

Therefore, S € b'Ps. -
(3) = (1) Suppose that S € bPs. Then there exists some S € P such that for every
F € P7(G), there exists sf € G such that

(SNF) spCS.

Now let (X, G) be a dynamical system, K a compact subset of X and x € X such
that sx € K forall s € S. Since G is countable, we can find an increasing sequence
{Fu},2, of finite subsets of G such that

o0
FICFhcCc--CF,C--- and UF,,:G.

n=1

Without loss of generality, we may assume that F7 N S # (. Pick some r € F| N S,
and let z, = sp,x € r 'K forall n € N. By the compactness of K and the continuity
of r, we can find a subsequence {n;}72, such that z,,, convergence to z € r ~1K . Given
ger =15 Then we have rg € S, which implies for all sufficiently large i,

rgzn; = (rg - sg, )x € K.
By the continuity of rg we have rgz € K. This shows that gz € r 'K forallg € r~! S.

Let F be a finite subset of G such that F~'S = G. Choose a finite subset H of G
such that /' = r H. Then we can obtain

clx{gz:ge Gl < | Jrm k. (3.2)
heH
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Indeed, for each g € G, there is h € H such thatrhg € E, which implies hg € r’1§,
and thus gz € (rh) "' K. For the closed invariant subset c/x{gz : g € G} we can find
a non-empty minimal subset Y C clx{gz : g € G}. Furthermore, we know that every
point in Y is Ps-recurrent by Lemma 3.9. Last, we only show that Y N K # . Pick
y € Y, choose a sequence {g,};° ; of G such that g,z — y. By (3.2), we know that
for each n, there exists some h, € H such that rh,g,z € K. Since H is finite, we
may assume that 4, is constantly equal to . It follows that

rhg,z — rhy € K.

Thus, rhy € Y N K. This completes the proof. O

3.4 Force non-wandering

In this subsection, we study the non-wandering for semigroup actions. Let (X, G) be
a dynamical system. For a non-empty family P of non-empty sets of the semigroup G,
we say thatapointx € X is P-non-wanderingif N(U, U) € P forevery neighborhood
U of x, where

NU,U)={geG:Ung U # .

Denote the set of all P-non-wandering points of (X, G) by Qp (X, G).

Definition 3.12 We say that a subset S € G forces P-non-wandering if whenever
(X, G) is a dynamical system and K C X is compact, and for some x € X and all
s € S, sx € K, then we have K N Qp(X, G) # 0.

Theorem 3.13 Let P be a non-empty family of non-empty sets of the semigroup G
such that

(1) right shift invariant: S € P implies Sg~' € P forall g € G;
(2) ‘P has the Ramsey property.

Then S forces P-non-wandering for all S € P.

Proof Let S € P and K be a compact set in a dynamical system (X, G) such that
for some point x € X and all s € S, sx € K. Write K = U?;l K i, where each

K1, is a non-empty compact subset with diam(K; ;) < 1. Fori = 1,2,...,ny, let
S1i ={s € S :sx € K1;}. Then we have § = [JIL, S1 ;. Since P has the Ramsey
property, one has S ;; € P forsome iy € {1,2,...,n1}. Set

S1 =81, and K1 =Ky ;,.

By induction, we obtain a sequence of non-empty compactsets { K, }°° | and a sequence
{Sn};2; C P such that

e KODKI 2Ky 2 K

e §285128%>2---25,

5

U =

s
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e diam(K,) < 1/n foreachn > 1;
e sx € K, foralls € S,.

Let y be the single point in ()72, K,. Then for every neighborhood U of y, there
exists some ny such that K, C U.Picksomes € S, then we have sx € K,,, C U
and h(sx) = (hs)x € K,,, € U forall h € S,,Us_l € P. This implies S,,Us_1 C
N(U, U), and hence N(U,U) € P. O

4 Density of group and force recurrence

The notions of upper Banach density of group have been studied from several points
of view (see, for example, [2, 14]). Let G be a countable discrete infinite semigroup.
For a subset A in G and a finite set F' C G, define

_ |[AN Fg|
Dr(A) = sup ————
geG |F|

The upper Banach density of A is defined by

BD*(A) = inf Dpr(A) 4.1)
FePs(G)

Recall that an infinite countable discrete group G is called amenable if there exists
a sequence of finite subsets F,, C G such that for every g € G,

F,A\F,
M =0, 4.2)
n—+00 | Fyl

where | - | denotes the cardinality of a set and A stands for the symmetric difference
of sets. A sequence satisfying condition (4.2) is called a Fglner sequence (see [18]).

The basic example of an amenable group is the group G = Z¢ for some d € N, and
{F, =[0,n — 1% : n € N} is a Fglner sequence of G.

Lemma 4.1 Let G be a countably infinite discrete amenable group, let A C G such
that BD*(A) > 0, and let F be a finite subset of G. There exists g € G \ F such that
BD*(ANg~'4) > 0.

Proof This follows immediately from Proposition 2.2 (ii) of [3]. m]
The proof of Lemma 4.2 is adapted from the proof of [23, Theorem 11.11].

Lemma 4.2 Let G be a countably infinite discrete amenable group and let S C G such
that BD*(S) > 0. Then S € bPint ip-

Proof Let e be the identity of G and let D; = S. By Lemma 4.1, pick g1 € G \ {e}
such that BD*(Dy N g7 ' Dy) > 0.

Let n € N and assume we have chosen (Dy)]_; and (gx);_, such that for k €
{172"" ’n},
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(1) gx € G and Dy C G;

(2) BD*(Dy N gy ' Dy) > 0;

(3) if k < n, then Dyy = Dy N g7 ' Dy; and
@) ifk <n, then gry1 ¢ FP({gi)i_))-

Let Dyy1 =D, N gn_lD,, and let F = FP({g;}!_,) U {e}. Pick by Lemma 4.1 some
gn+1 € G\ F suchthat BD*(D, 41N gn_il D, +1) > 0. One easily shows by induction
that for each n,

Dyy1 =50 N ¢'s
geFP({g})_)

Let P = FP({g/}2,). By hypothesis (4), P is an infinite / P-set. Given finite non-
empty ' C P pick n € N such that F € FP({g/};_,) and pick s € Dy,41. Then
F-spCSsoS e b:/tinf’ip. O

Theorem 4.3 Let G be an infinite countable discrete amenable group. If S € G has
positive upper Banach density, then S forces Pinf-recurrence.

Proof Since G is a group, this is an immediate consequence of Lemma 4.2 and The-
orem 3.8. O

Question 4.4 Let G be an arbitrary countable discrete group or semigroup and let S
be a subset of G with positive upper Banach density. Must S force Ping-recurrence?
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Appendix: When bPi,¢,ip has the Ramesey property

In this section we utilize the algebraic structure of the Stone—Cech compactification
BG of a discrete semigroup (G, -). We shall assume that the reader is familiar with
the basic facts about this structure. For an elementary introduction see [24, PartI].

We shall show that if 8G \ G is a subsemigroup of BG, in particular if G is either
right or left cancellative, then both Piyf jp and bPjyt ip have the Ramsey property. An
exact characterization of when SG \ G is a subsemigroup of SG is given in [24,
Theorem 4.28].

Lemma 5.1 Assume that G is a semigroup, p is an idempotent in BG \ G, and A € p.
Then A contains an infinite I P-set. In fact there exists an injective sequence (x,)7> |
in G such that FP({x,}> ) C A.
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Proof Let A* = {x € A :x"'A € p}. By [24, Lemma4.14]if x € A*, thenx~'A* €
p-Choose x; € A*. Inductively letn € Nand assume we have chosen injective (x;);_,
in G suchthat E = FP({x;};_,) € A*.Since p € BG\ G, G\ {x1,x2,...,x,} € p
SO

A" N ﬂyilA* \{x1,x2,..., %} € .
yeE

Pick x,41 € (A*ﬂﬂyeE y_lA*> \ {x1,x2, ..., 20} O

Lemma 5.2 Assume that G is a semigroup, BG \ G is a subsemigroup of BG, and
A C G. If A contains an infinite IP-set FP({xn}zozl), then there is an idempotent
p € BG \ G such that for everym € N, FP({x,}52,,) € p.

Proof We claim that for each m € N, FP ({x,}°2,,) is infinite. To see this let m > 1
and let E = FP({x,}"_). Then

FP(xa}pl) = EUFP({xakp2,) U [y FPxa}2,,
yeE

so one of the listed sets is infinite and thus F P ({x,};°,, ) is infinite.
Let A = {FP({x,}52,,) : m € N}. Then A is a nested family of infinite sets
so by [24, Corollary 3.14], there is some ¢ € G \ G such that A C ¢. That is,
(BG\G)Nory FP({x4)22,,) # ¥.By [24, Lemma5.11], (,_; FP({xn}32,,) isa
semigroup so (BG\G)N oy F P ({x,}32,,) is acompact right topological semigroup
so by [16, Lemma 1], there is an idempotent p € (BG\ G)N ﬂ;’le FP({x,}52,,).0

Theorem 5.3 Assume that G is a semigroup, BG \ G is a subsemigroup of BG, and
ACG.

(1) A € Pugt,ip if and only if there is an idempotent p € BG \ G such that A € p;
(2) A € bPintip if and only if there exists an idempotent p € BG \ G and q € BG
such that A € p - q.

Proof (1) The necessity follows from Lemma 5.2 and the sufficiency follows from
Lemma 5.1.

(2) To establish the necessity, pick a sequence (x,)5>C ; in G such that F' P ({x,}°° |)
isinfinite and foreachm € Nthereexistss,, € G suchthat F' P ({x,}"_,)-s, € A.Pick
by Lemma 5.2 an idempotent p € G \ G such that foreverym € N, FP({x,}2,,) €
p. Pick g € BG such that {{s,, :m >n}:n eN} C g. We claim that A € p - q.
To see this, it suffices to show that FP({x,,}flo_l) C{yeG: y_lA € q} by [24,

Lemma 4.12] so let z € FP({x,}52,) and pick F € Py(N) such that z = [ [, x;.
Let n = max F. Then {s,, :m > n} € g and {s,, : m > n} C z7'A.

For the sufficiency, pick an idempotent p € G\ G andg € BG suchthat A € p-q.
Let B={y € G:y'A e g} Then B € p by [24, Lemma 4.12] so pick by

Lemma 5.1 an injective sequence (xn)f;] in G such that F P({x,,}f;]) C B.Now let
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m € N.Itsuffices to show that there exists s, € G suchthat F'P({x,}"_;)-s,, € A.Let
E = FP({x,};_,). Then E is a finite subset of B so we may pick s,, € ﬂyeE y’lA.
O

Corollary 5.4 Assume that G is a semigroup and BG \ G is a subsemigroup of BG.
Then Pint,ip and b'Pint ip have the Ramsey property. In particular if G is infinite and is
either right cancellative or left cancellative, then Pint ip and b'Ping ip have the Ramsey
property.

Proof Let S; and S, be subsets of G. If S1 US> € Piyt,ip, pick an idempotent p €
BG \ G such that S1 U S> € p. Since p is an ultrafilter, either S| € p or $> € p.
If ${ U Sy € bPint,ip, pick an idempotent p € BG \ G and ¢ € BG such that
S1 US> € p-gq.Since p - g is an ultrafilter, either S| € p-q or S» € p - g. The “in
particular" conclusions follow from [24, Corollary 4.29]. O
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