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Abstract

We consider a coupled wave system with partial Kelvin—Voigt damping in the inter-
val (—1, 1), where one wave is dissipative and the other is not. When the damping is
effective in the whole domain (—1, 1), it was proven in Portillo Oquendo and Sanez
Pacheco (Appl Math Lett 67:16-20, 2017) that the energy is a non-increasing func-
tion of the time variable, with a rate equals to f% . In this paper, using the frequency
domain method, we show the effect of the coupling and the non smoothness of the
damping coefficient on the energy decay. Actually, as expected we show the lack of
the exponential stability, that the semigroup loses speed and it decays polynomially
with a slower rate than the one given in Portillo Oquendo and Sanez Pacheco (loc.
cit.) [20].
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1 Introduction

When a vibrating source disturbs the first particle of a medium, a wave is created.
This phenomenon begins to travel from particle to particle along the medium, which
is typically modeled by a wave equation. In order to suppress those vibrations, the
most common approach is by adding a damping. It is more likely to use one of two

types:
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1. The linear viscous damping or “external damping”, it does mostly model an
external frictional force, such that the auto-mobile shock absorber.

2. The Kelvin—Voigt damping, also called the “internal damping” or the “material
damping”, which is originated from the extension or compression of the vibrating
particles.

In the recent years, many researchers showed interest in some problems involv-
ing this kind of damping. In control theory for instance, it was shown that when the
Kelvin—Voigt damping coefficient does satisfy some geometrical control conditions,
the semigroup corresponding to this system is exponentially stable (see [16, 21]).
Nonetheless, when the damping is arbitrary localized with singular coefficient, it is
not the case anymore (see [2, 15]). Actually, in one-dimensional case we can con-
sider the following problem

u, — [ (x, 1) + b(x)u,l, =0 -l<x<1,t>0,
u(0, x) = uy(x), u,(0,x) = u;(x) -1<x<1,

with b € L*®(—1,1) and

_J0 forx € [0, 1),
bt = { a(x) forx e (-1,0).

Under the assumption that the damping coefficient has a singularity at the interface
of the damped and undamped regions, and behaves like x* near the interface, it was
proven by Liu and Zhang [17] that the semigroup corresponding to the system is
polynomially or exponentially stable and that the decay rate depends on the param-
eter a € (0, 1]. When a = 0, Liu and Rao [15] showed that the system (1) is polyno-
mially stable with an order equals to 2, and few years later, Liu and Liu [14] proved
the lack of the exponential stability.

When we deal with systems involving quantities described by several components
and pretend to control or observe all the state variables, it turns out that certain sys-
tems possess an internal structure that compensates the lack of control variables.
Such a phenomenon is referred to as indirect stabilization or indirect control. For
instance, Alabau et al. did study in [1] coupled waves with partial frictional damping

U, — Au+av=0 xeQ, t>0,
vy—Av+au+pr, =0 xe€Q, 120,

subjected to Dirichlet boundary conditions. It was proven that the semigroup cor-
responding to this system is not exponentially stable, but it is polynomially stable
with a rate equal to 3. In 2016, Oquendo and Pacheco studied a wave equation
with internal coupled terms where the Kelvin—Voigt damping is global in one equa-
tion. Although the damping is stronger than the frictional one, they had shown that
the semigroup loses speed, with a slower rate, down to t‘i. For this kind of cou-

pled visco-elastic models, we distinguish the case of a transmission problems, which
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have been intensively studied by the first author, Ammari and their collaborators in
[2, 3, 8-11] (see also [4]). They did study the wave equation, the plate equation or a
coupled wave-plate equations. With a non smooth and singular damping coefficient,
it was shown an uniform and a non-uniform decay rates of the energy. In this work,
we examine the behavior of a coupled waves system with a partial Kelvin—Voigt
damping. We mainly consider the following system where the first wave is dissipa-
tion and the second is conservative:

u,(x, 1) = [u,(x, 1) + au,(x, )], +v,(x, 1) =0 (x,1) € (=1,1) X (0, +00),

V(1) —cv () —u,lx,t) =0 x, 1) e (—1,1)x(0,+),
u(l,)=v(1,0)=0,u(-1,) =v(-1,) =0 t € (0,+00),
u(x, 0) = up(x), u,(x, 0) = uy(x) x € (—1,1),
V(-x, 0) = V()(-x)9 v[(-x3 O) = V]()C) X € (_13 1)3
2)

where ¢ > 0 and a € L*(—1, 1) is a non-negative function. In this paper we assume
that the damping coefficient is a piece-wise function, in particular, we suppose that a
has the following form a = d.1;, |}, where d is a strictly positive constant. Since the
damping is singular, this system can be seen as a coupling of a transmission wave
equation with a conservative wave equation.

The natural energy of (u, v) solution of (2) at an instant # is given by

1
E(t):%/ (lu, e, O + v, e, O + |u (e, O + ¢ v, 0]*) dx, V> 0.
—1

Multiplying the first equation of (2) by i,, the second one by ¥,, then by integrating
by parts we end up with

1
E@) = —/ a(x) lu,(x,n]*dx, Vit>0.
-1
Therefore, the energy is a non-increasing function of the time variable t. We show
the lack of the exponential stability and we prove that the semigroup corresponding
to this system is polynomially stable for regular initial data, with a slower rate, down
tor 1.

This paper is organized as follows. In Sect. 2, we prove that system (2) is well-
posed. In Sect. 3, we demonstrate that the energy of the system is strongly stable. In
Sect. 4, we prove the lack of the exponential stability. In Sect. 5, we show the poly-
nomial decay of the energy.

2 Well-posedness

In this section, using the semigroup theory, we discuss the well-posedness of the
problem (2).

Let »'= (H)(—1,1))* X (L*(—1,1))? be the Hilbert space endowed with the inner
product defined, for U; = (u!,v',w!,z!) € 7 and U, = (u?,v*,w?,7%) € H#, by
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(U1, Uy) o= <”)1c’ u)26>L2(—],1) + < CV)lc’ \/Ev§>L2(_M)
+ <W1’ WZ)LZ(—I,I) + <Z1’ Z2>L2(—1,1)'
By setting y(¢) = (u(®), v(t), u,(t), v,(t)) and y, = (uy, vy, 4;,v;) We can rewrite the
system (2) as a first order differential equation as follows
¥ =@y,  y(0) =y, 3)

where

1.1 .2 2 2 2 (1 2 2 1 2
,Qf(u,v,u,v)z(u,v,(ux+au )x—v,cvxx+u),

X
with

@' P v € Al ) = {' v iu? V) € A P v?) € (Hy(=1, 1),
vl € H* (-1, ) nHy(-1, 1), (u} + au?) € L*(-1,1)}.

For the well-posedness of the system (3), we have the following proposition:

Proposition 1 For initial data y, = (uy, vy, 4y, v,) € F€, there exists a unique solu-
tion'y = (u,v,u,,v,) € C([0, +00), 7 to the problem (3). Moreover, if y, € XU,
then

y =, v,u,v,) € C([0, +c0), () N C'([0, +o0), JA.

Proof By Lumer-Phillips’ theorem (see [18]), it suffices to show that .o is dissipa-
tive and maximal.
(1) We first prove that o7 is dissipative. Take Z = (u, v, w,7) € Z(/). Then

(A Z,Z) jp= (W, ”x)LZ(_1,1) + ¢z, Vx>L2(_1,1) +((u, + aw,),, W>L2(_1,1)
+ (cv,, +Ww, Z>L2(—1,1)'

By integration by parts and using the boundary conditions, it holds:

1
(%Z,Z))iﬂ: _<aWX, W)C)Lz(—l,l) = _/ Cl|Wx|2dx S 0 (4)
-1

This shows that .7 is dissipative.

(2) Let us now prove that &/ is maximal, i.e., that A/ — .o/ is surjective
for some A>0. So, for any given (f,g,f,,g,) € 5, we solve the equation
o (u,v,w,z) = (f, g,f, &), Which is recast on the following way

w=f
=4

Uyy +(af.;r)x =f1 +g (5)
CVix = 81 _f‘
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It is well known, by the Lax—Milgram theorem, that the system (5) admits a unique
solution (u,v) € H(l)(—l, 1) xH(')(—l, 1). Moreover by multiplying the second and
the third lines of (5) by u and v respectively, integrating over (—1, 1) then, using the
Poincaré inequality and the Cauchy—Schwarz inequality, we find that there exists a
constant C > 0 such that

1

1
/ (@) + v, @)[*) dx < C / (I + 181 + L@ + 1g,(0)) do.

1 -1
It follows that (u, v, w, z) € (<) and we have
”(M, v,w, Z)”]/S C”(f’ gsflv gl)”j/(‘

This implies that 0 € p(«/) and by contraction principle, we easily get
R(Al — &) = 7 for sufficient small A > 0. The density of the domain of .7 follows
from [18, Theorem 1.4.6]. Finally thanks to the Lumer—Phillips theorem (see [18,
Theorem 1.4.3]), the operator ./ generates a Cy-semigroup of contractions on the
Hilbert space . denoted by (7). O

3 Strong stability

This section is devoted to prove that the energy of the system (2) is decreasing to zero
as time goes to the infinity.

Theorem 1 The semigroup (e”z‘/),zo is strongly stable in the energy space F€ , i.e.,

lim [yl =0, Vy, €
=+

Proof According to [5] the semigroup (e’ ), is strongly stable providing that </
has no pure imaginary eigenvalues and the intersection of ¢(<?) with iR is a count-
able set. Since the resolvent of the operator </ is not compact, (see [16]), but
0 € p(«/), we only need to prove that (iul — /') is a one-to-one correspondence in
the energy space .7 for all u € R*. The proof will be done in two steps: in the first
step we prove the injectivity of (iul — /) and in the second step we prove the sub-
jectivity of the same operator.
Step 1 Let (u,v,w,z) € Z(&/ ) be such that

Au,v,w,z) = iu(u,v,w,z), (6)

or equivalently,
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w=iuu in (—1,1),
z=iuv in (—1,1),
(u, +aw,), —z=iuw in (-1, 1), (7
CVy +W=1iuz in (-1, 1),

u(=1) = u(1) = 0, v(=1) = (1) = 0.

Then, taking the real part of the scalar product of (6) with (u, v, w, z), we get

1
Re(iull(u, v, w, D)%) = Re{u, v, w, 2), (u, v, w, 2)) o= —d/o lw,|*dx = 0.

This leads to

w,=0 in (0,1).
Using the first equation (7), we have

u,=0 1in (0,1),
which means that u is a constant in (0, 1), and since u(1) = 0, we obtain that

u=w=0 1in (0,1).
Hence, from the third and the second equations of (7), one gets
u=w=v=z=0 in (0,1). )

Using (8), (7) is reduced to the following problem

w=iuu in (—1,0),
z=1iuv in (—1,0),
wru+u, —ipy =0 in (—1,0), )
uv+cv, +iuu=0 in (—1,0),

u(=1)=u(0) =0, v(=1) =v(0) = 0.

Lety = (u,v,u,,v,)and y, = (u,,v,, u,,v,,) then (9) is recast as follows

XX

yx =A;4y in(_lvo)’
{ ¥(0) =0, (10)
where
0 0 1 0
0 0 0 1
A, = —u? iu 0 O
L £ 9 0

Since A” is a bounded operator, the unique solution of (10) is y =0, there-
fore, u =v =0 in (-1,0). Moreover, from the first and the second equation of
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(9), we have w =z=10 in (-1, 1). Combining all these with (8), we deduce that
u=v=w=z=0in (-1, 1). This concludes the first part of this proof.
Step 2 Now given (f, g) € .77, we solve the equation

(inl — D, v,w,2) = (f, 8.f1, 81)-
Or equivalently,
w=iuu—f
Z=iuv—g

wru+ ug, +ip(aun,), —ipv = (af,), —iuf —f, —g=F
urv+evy +ipu=—-ug+f—g, =G.

(1)

Let us define the operator

A (Hé(—l, D)? — (H'(-1,1))?
(u,v) — (—u,, —ip(au,), +ipv, —cv,, — iuu).

First, we show that A is an isomorphism. For this purpose we consider the following
two operators:

A H)(-1,1)? — (H7'(-1,1))
(u,v) — (—u,, —ip(au,),, —cv,,),

and C such that A = C + A.

Due to Lax—Milgram’s theorem [13, Theorem 2.9.1] it is easy to show that
A is an isomorphism from Hj(-1,1) into H'(-1,1), then we could rewrite
A =Ald - A7Y(-0)).

To begin with, thanks to the compact embeddings

Hy(=1,1* & L*(—=1,1)% and L*(—=1,1)* & H™'(-=1,1)?,

we notice that A=! is a compact operator. Secondly, it is clear that C is a bounded
operator, therefore, thanks to the Fredholm alternative, we only have to prove that
(Id — A~'(=C)) is injective.

Let (u,v) € (Hy(—1,1))* such that (Id — A1 (=C))(u, v) = 0, which implies that

A = (=O)w,v) = 0.

Or equivalently
u, +ip(au,), —ipy =0 in(—1,1)
CVy +ipu=0 in(-1,1) (12)
u(-1)=u(l) =0, v(-1)=v(1) =0.

Multiplying the first equation of (12) by # and the conjugate of the second by v, after
integration over (—1, 1), it follows
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1 1 1
—/ qu|2dx+c/ |vx|2dx—i,u/ alu,|*dx = 0.
-1 -1 -1

Next, by taking the imaginary part, we can deduce that u, = 0 in (0, 1) then, u is
constant in (0, 1). Next, using the boundary condition u#(1) = 0, we have u = 0 in
(0,1). Moreover, using the second equation of (12), we obtain that v = 0 in (0, 1),
which implies

u_ = igy in(=1,1)
Vo = —i%u in(-=1,1) (13)
u(0) = u(-1) =0, v(0) = v(-1) =0.

Lety = (u,v,u,,v,) and y, = (u,, v, U,,, v,,), using the trace theorem we have:
Yy = D/Ay in (_170)
¥(0) =0,
where
0 0 1 0
0 0 0 1
D=l 0 iu 0 0
~i% 0 0 0

Using the same approach used in the first step, we obtain the result that we are look-
ing for (i.e., A is an isomorphism).
Now, rewriting the third and the fourth lines of (11), one gets

(u,v) — u*A~ (u,v) = A"I(F, G).

Let (1, v) € ker(ld — u*A~"), i.e. u*(u, v) — A(u, v) = 0, so we can notice that:
wru+uy, +ipau), —iugv=0 in(=1,1), 14
v +cv, +iuu=0 in (-1, 1). (14)

Furthermore, multiplying the first equation of (14) by i, the conjugate of the second
one by v, after integration over (—1, 1) and taking the imaginary part, we deduce that

1 1
/a|ux|2dx=d/ lu,|*dx = 0.
-1 0

So, we get the same system as in the first step (see (7)). Thus,
ker(I — MZA_I) = {O(H—l(_l’]))z 1

On the other hand, thanks to the compact embedding H)(—1,1)? & L*(-1,1)?
and L>(—1,1)> &< H™'(—1,1)?, we see that A~!is a compact operator. Now, follow-
ing to Fredholm’s alternative, the operator (Id — u*A™") is bijective in (H, (-1, 1))%.
Finally, Eq. (11) has a unique solution in H(l)(—l, 1)%. This completes the proof. O
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4 Lack of exponential stability

In this section we prove under some assumptions on the speed wave propagation that
system (2) is not exponentially stable.

Theorem 2 The semigroup (eM),ZO, is not exponentially stable in the energy space
provided that ¢ > 1 and that

sin(2\/enm) # 0<n‘% ) (15)

Noting that the assumption ¢ > 1 is made just to make the calculation readable.
The second assumption (15) can be fulfilled for instance by taking ¢ such that 2\/E
is an integer number. To prove Theorem 2, we mainly use the following theorem.

Theorem 3 (see [12, 20]) Let ¢"” be a bounded C,-semigroup on a Hilbert space H
with generator B such that iR C p(B). Then e” is exponentially stable, i.e., there
exista > 0 and M > O such that

eIl qary < Me™, ¥t > 0,
if and only if

limsup ||(iwl — )~ | ) < oo.

weR, |w|—>00
Now, based on Theorem 3 we prove Theorem 2.
Proof ( of Theorem 2) Our main objective is to show that:
(AL — )7 7. 1s unbounded on the imaginary axis. (16)

For n € Nlarge enough, let A = 1, = iw,,, where

\/SC(C + Dn2x2 +2c + \/K
w, =

4c a7
with A = (8c(c — Dx?n®)? + 32(c + 1)(czn)* + 4%

It is clear that @, — +co and in particular we have

-1 cen3

= n _ —4
@n = \/E<2”” T Ie=D o1y T )> (18)

and
1 1 1
— = - + o0
@y 2nmfe  164/c(c = 1)(zn)3

Define (F}, G, F,, G) € (HL(0, 1))> x (L*(0, 1))2, such that

I’l_4). (19)
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F,=F,(n)=0 Vxe(-1,1),

0 in (0,1)
Gi=Glom=9q sy o o)
2nw

F,=F,(x,n=0 Vxe(-1,1),

0 in (0, 1)
_ ¢ sin(2nrx) .
G,=Gy(x,n) =4 827" — in (~1,0).

l —_—
/ 4c
c+1+, [(c-1)*+ el

A straightforward calculation leads to

1 1 1 1
||(F1’G1’F2’G2)||?;f=§+__)_<1+_> as n / +oo. (20)

2u_ 2 \/E

Our goal is to prove that |/11|im (AL — 7| s = 0. That is why, we want to solve

the following resolvent equation
(A — @' V' P V) = (F), G, F,, Gy). 1)

Step I For all x € (0, 1), we have

At —u? =0
W =12=0
A?—(1+ Ad)u}cx +v2 =0 (22)

M-l —u2=0

V(1) = ul(1) = 0.

Let
¢ b
—A(1+ Ad = ¢) + w,\[re" J —A(1 + Ad = ¢) — w,\[re'
T = 2(1 + id) and = 21+ id)
where
r=vVa+12, cosp)=2 and sin(¢) = lz’
r r
with
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4c
w2
n

a=-1-¢?+do* -

b= —2d<(1 — O, + §>
w

n

It is important to note that

(=D _(c=D*+16cd

a=dw— 7 e o +o0(@7),
b _ 2(c—1) + 2(c—-1)— 4Cda)‘3 +o(@Y)
a d d
and
) _ 13 2 2
Ve em1_ (=P —de=D+2ed
d d d?
+ d*(c =12 —(c = D* =2cd®(c — 1) — 2c¢d? A7+ o™,
44
Then, we have
c ¢ .4 (=D +dCc+)+2c, ,
=—-A+--—=1 A
" d & 28 o)
+ (c—D*—= (=12 -d*(c-1(c-2)-2c + o)
2d4 ’
and
__ c—1DP+d*c+ 1)/1_2
- 3
(c— 1)3(22d— ¢) +d*(c — 1)(c -2 —-2cd) 24)
+ 173+ o(w73).
2d4
A straightforward calculation leads to
@ +nvh) = (B W + v (25)
@' +n_v = (B! +nvh, (26)

where

A2 = n, (1 + Ad)
(1 + Ad)

(B =

So, for n large enough we get
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fo= e T,
T V214 (dwy)?) T T

where

b,
and sin(¢,) = —,
ri

r, = \/a%_r + b%_r, cos(p,) =

a, = —(1+¢) - (dw,) + \/?<—dwn cos (%) + sin (%))
_ (9
b, =cdw, + \/; —cos —dw, sin )
Noting that
2 =3c+6
2

Vias] = V2do + 4\2;6 o™,

e | I+

with

S1RSH

la, | =2(dw)® + +o(@™),

13
b, = <d(2cd+ PG dl) )a)_l +o(w™),
and
b—+ = o(w™?).
ay
Then, one gets
A (c=1)(c=2) _1
ﬁ = — + 0(0) )s
+ \/Z 8\/—d2 27
and
/12
pr == +o(). (28)

Similarly we have

13
b =2cdw+ <d(c —1=2cd) - %)afl +o(w™h),

1)
\/b__=m<l+<c_1_%d—(c D >a)_2>+o(a)_2),

4¢ 4cd?

a_= —2c+o(w™"),
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and
L
PR o(w™),
then, consequently we obtain
_1
po=4[Tet = Tme +ot™, (29)
2d>
and
5= A1 4 (c— 13 +d(c- 1)+2€)b_1
d d? 2cd3 (30)
(c=1PQ=-c)+dc—1)(c—2=2cd)+2¢c  _, -
- A+ o(w™).
2cd*

Next, from (25), we get
(' + 11+vl) = clexﬂ+ + cze_"ﬂ+,
and
' +n_v") = cze?- + e
Recalling that u!(1) = v!(1) = 0, we can rewrite the last two equations as follows:

W' + ') = ¢y (e — @by, (31)

'+ n_vl) = c3(e"ﬁ- — e(z_x)ﬂ-). (32)

Hence, by combining (31) and (32), we obtain

I CiM- (P _ obi@-D) O3t (px _ of2)
ux)=—————e"+" —e™ + — (e —e ,
ny —1n_ ( ) ny —H_ ( ) (33)
and
V) = —1 (ef — P20 _ _5 (P — ) 34)
My —n- Hy —H_
Step 2 For all x € (—1,0) we have
A —u2 =0
=12 =g,
Au? — ”ix +12=0 35)

2 1 2 _
AVo—cv —ut =g,

vi(=1) = ul(=1) = 0.
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From the third and the fourth equations of (22) and of (35), we can deduce, thanks to
the regularity of the states, that

(1+ Ad)ul(0") = ul(07), (36)
vi(0%) =v!(07). (37)
and
(1 + Adyu! (0%) = u! (07), (38)
v (0) = v, (07). (39)
We denote by

_ A 4c \ _ [ c -3
a+—§(c—1+ (l—c)2+a?>—(c—1)/l—c_1/l _(c—1)3+0(w ),

n

(40)

_i _1— — )2 ﬂ — _C 41 —1
a_—2<c 1 ‘/(1 C)+603) c—lA +o(@w™) (41)

and we define, for n large enough, y, as follows

Ve

=T \/c+l—<i,/(c—l)2+%%>’

in particular with the choice of w, in (17), one gets

and

A
H = ey
Besides, we have
c -2 -2
= 1- A ,
™ \/5< TSR )> (42)
SleA o(@™?) (43)
K== 50— ’

and
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M_+ _ _ c+1 -2 —2

i _\/Z<1 —2(6_1)/1 + o(w )). (44)

We set
wF () = (U + a v + p, (ul + avh), (45)
o] (x) = (I,t2 + oz+v2 - /4+(u)1€ + a+v)16)), (46)
O () = (W + @V + (! +a_v)), 47
w; (x) = (u2 +a_ v’ — y_(u)lf + a_v}c)). (48)

Now, define Y = (wT, w7

[y, ;) and Z = (g,,, g,)". Then, we have

Y, =AY +BZ, (49)
where
TR %) 0 0 0
A 0 po(=A+ “f) 0 0
N 0 0 u_(A-— %) 0 ’
0 0 0 u_(—1+ “f)
and
T /"+%
p=| "% Hyr
—a — M_‘%—
_a_ M—%

Then, a straightforward calculation leads to:
a
,u+<ﬂ - %) = 2inrx.
Using the boundary condition at —1, we get
o] (-1) = -] (=1) and o (-1)=-w;(-D. (50)
Taking (50) into account, the solution of (49), is written as follows

Wt (x) = o (=)™

+ . + 51
S8 = A ek e L (14 2 sinnay . S
2 u- 2nm u-
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wl—(x) — _w-li—(_l)e—Zimrx

+ . + 52
_ % [(1 - ”—>(x+ 1)e~2immx 4. L<1 + ”—> sin(2mrx)], (52)
2 u- 2nw u-

u_ (A== )(x+1)
w; (x) = wy(=1)e (--%)

+ a_ [C—Zinﬁx + e”_(i—“T>(x+l):| , (53)
2inx + ,u_(/l — af)

@5 (x) = —a);(—l)e_”- (ﬂ—“f)(xﬂ)

_ a [ezmm N e—u(a—%-)ww] | (54)
2inx + /4_(/1 - %)

Taking the trace of co;r and of w7, respectively in (51)—(52) and in (45)—(46), on the
boundary 0, on top of that, by using the continuity of the states u, and v, we obtain

(@ +o7)(07) = a, <Z—+ - 1) = 212(07) + 2a,%(07)

= 24" (07) + a,v'(07)) = 24u' (07) + a,v' (0™))

= 2_/1,1 (i1 = &) ay = n) + (1 = ), — ),
+ —

where we have used the expressions of u' and v! in (33) and in (34).
This implies that

1- 62ﬂ+A n
€3 = T a5 A + PR (55)
where
—a _ -1 -2
An:’L—+:c 1<1+)”——/1 +0(a)_2)>
Ny — oy, c d c—1
56
— ol 1+ n n +o(@™?) °o
c 2izdy/c dz?c(c— 1) ’
and
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a+(n+—n_)<z—j— )

5= e —a)

(C—l)(\/z—1)<l_c—1/l_1_< 1, Ve )g—z
2c d (=17 2(y/e=D(c-1)

+ o(a)_z))

:<c—1>(\/2—1)<1_ c—1 _1_< 1, Ve )

2 2md\/2n (=17 2(y/e=D(c—-1)

n=? .
X m + O(Yl 2)> N
(57)
where we used here (23), (24), (40), (41), (44) and (17).
Using (51)—(52) and (38)—(39), one gets

(@ = &) (07) = 2inza, <% - 1)
=2u, (u' +av") (07) = 2u, (1 + Ad)u' + a,v"),(0F)
_ 2u, [e1B2(1 — o), — (1 + Ad)n_) + c32(1 — ) (1 + Ad)n, — a,)]

ny—n_ '

Then we obtain

(58)

where

o Ple =+ ddny)
" pa, — (L+ Adyn)

c A1 (c=1° ¢=1 3-¢ 1\., o
= -2 =)
c—l< d+<2cd2 T3 Yo Ta)A o)

ST (SR (Gl VL W S-S L
c—1 2indy/c 2cd? 2¢d  2d* 2 )4x%c '

(59)

and
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inza, On, —n)(% ~1)
HPa, = 1+ 2dyn)

nr(c—+/c c++/c+3 2
rre - Vo) ‘/—)<—1+5/1—1+< _exld >1_2)+0(w_2)

B =

2w d 2(c —1)? 2d>
_ Vet —1+£n_l+ Verd cxied)n +o(n™?)
) 2ind c—1 d? 8cn? '
(60)
Here we have used (23), (24), (28), (30), (40), (41), (42), (44) and (17).
Combining (55) and (58), we find that
1 A;Bn + B;l c'1
€= 1_62ﬂ+>< I—AA == (61)
and
1 AnBl’1 + B, c’3
C3_1—62ﬂ—x T—AA == (62)
where, thanks to (56), (57), (59) and (60), we have
c;=01) and c=0(). (63)

On the other hand, by donating 0 = —iu_ (A — %) and by using the same argument

as previously, one gets

2a

(@03 + @3)(07) =2isin(@)w; (=1) + - : sin(9)

2nw —
=2u" + a_v")(07) = 24" + a_v")(0")
2

= Py (c)(a_ —n )+, —al)).

It is clear that 8 # O[x], whence we can see that

A’ / /
wy(=1) = @) — 1) [} (a_ —n_) + sy — a )

a

T 2inz+io Y

Noting that from (17), (18), (41) and (43), we have

_ __3 -2 oy cr—12 -1
0= a)<1 T 1)60 +o(w )> = \/E(Znn + —4c7rz(c — 1)n +o(n )).
(65)

Then, from (18), (23), (24), (40), (42) and (65) we deduce that
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2rna/cc,

+o_ ~ 3
w1~ VD, (66)

Using (36)—(37), (45)—(46) and (51)—(52), we get

(0] —@)(07) ' o

f = M+("t + a,v )X(O )

=pu, (1 + Adyu" + a,v"),(0)

=M [c18,(1+ e )(a, — (1 + Ad)n_)
Ny —n-

+e3f(1+ ) (A + Adn, — ay)].

w(=1) =

(67)

Then, from (18), (23), (24), (29), (29), (41) and (42) we deduce that

ot (1) ~ \/ge"f(zmﬁnﬁ- (68)

Next, for all x € (—1,0) we have

1 - -
vi(x) = 2up (@, —a) [a_(o? (x) — 0] (0) — @, (@] () — w5 (x))]
1
= s |- (2Tt Deosany
— ia, (1 - %) x+1 sin(2mrx)) 69

2wt (= 1) cos (O(x + 1 20 2
— Hy| 205 (=1)cos (O(x + ))+m(cos( nwx)
+ cos (O(x + 1))))],

where we have used (45)—(48) and (51)—(54). This further leads to

Il 1||2 > |w;r(_1)|2 |w;(_1)|2 |(x+|2(/4+ —u_)?
v > max > -
x12(-1,0) 2Mi|a+—a_|2 ,u%|0(+—a_|2 4M%Mi|a+_a—|2

_ |l (=1)|? lw} (-1)|? 2|a_|?
— min , - )
22|, —a |2 2 la, —a_|? WEpiQ2nr + 02 a, —a_|?

(70)

Since from assumption (15) we have

sin(9) # O(n™3),
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then by using (17), (42), (43), (40), (41), (66) and (68), we can show that the second
and the fourth terms of the right hand side of (70) are bounded, while the sum of the
first and the third terms tends to the infinity as n goes to +oo0, whence we obtain

12
||VX||L2(_]’O) —> 400 as n / +o. (71)

Last but not least, we have

0
(i, I — A (F\, G\, Fp, Gl = " V' i V)P, > / [v!(@)|*dx — +o0,
-1

(72)
asn /' +oo. Finally, we conclude, using (72) and (20) that
limsup ||(iwl — ™" 4 = +00.
weR,|w|—>00

So, e’

is not exponentially stable in the energy space. This completes the proof. O
5 Polynomial stabilization
This section aims to prove the polynomial stability given by the following theorem.

Theorem 4 The semigroup of contractions (e’”),zo is polynomially stable of order

%, i.e., there exists C > 0 such that

o C
lle" (g, v, g, vl < = 1Qo, v, uy, vl 9y
(1 +08

for allt > 0 and for all (uy, vy, u;,v,) € XUA).

We recall here the Batty—Duychaerts [6] and the Borichev—Tomilov [7] results
given by the following

Theorem 5 ([6, 7]) Let & be a generator of a C-semigroup of contractions in a
Hilbert space & with a domain X(AB) such that iR C 6(%B). Then e is polynomi-
ally stable of order i y > 0, i.e., there exists C > O such that

P C
le Uyl < —=—Ugllgsy V120, YUy € AB).
A+

if and only if

limsup [|877(if — B) "l 42, < +oo.
PER, |fl>0
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Based on Theorem 5, we are able now to prove our main result given in Theo-
rem 4. For that, let us consider the following

Proposition 2 The operator <f defined in (3) satisfies:

limsup (|72 — )~ ||y < +oo. (73)
PER, |f|—>0

Proof To prove (73) we use an argument of contradiction. In fact, if (73) is false,
then there exist f, € R, and ¥, (un, v u vz) € 9(<) such that

1Yl »= 1. B, / +co and ' (if,1 — Y, := (f'.g!.f2.g2) — 0in Hasn / +oo.

(74)

Equivalently, we have
pr(ipu’ — ) =f — 0 inH)(-1,1), (75)
ﬁ;(iﬂnvrll - vﬁ) = grl; — 0 in H(;(—l, 1), (76)
B (ipu = (ul, +au’ ) +v2)=fr — 0 in L*(-1,1), (77)
pr(ipy>—cvl —u?)=g> —0 in L*-1,1). (78)

Denote
_ 1 2
T,=u, +au, .

Taking the real part of (f7(if,1 — #)Y,,Y,) ,,, we get by the dissipation property of
the semigroup of the operator .o/

1
pg/ d.lu’ |*dx — 0,
0
which leads to

B2 Ml 20y — O (79)

Now thanks to (75) and (79), we obtain

L+l
Bi ||M,l,x||L2(o,1) — 0. (80)

From (79) and (80), it follows

ﬁnE”Tn”U(o,l) — 0. (81)

Taking the inner product of (77) with u2 in L*(0, 1), we get
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<zﬂ 1212, 0, + T 2120y + Tu0H2(O0F) + (vi,ui)Lz(O?IJ = o(1).
(82)

Thanks to (74), (79) and (81), it is clear that the second and the last terms converge
to zero. Furthermore, we have

3y J— 14 1
n 2 22 2
Mﬂ@ﬂ@mﬁsaﬁ@rmmnuMmmwrmmnunww>

From (77), we can see that ||ﬁnu + v2||L2(0 1y ~ T |l z2(0.1) Which implies that

2
|I

ﬂn‘ IT,,(0%)].u2(0")] < Cﬂ,f 7, || lluc,,

L2(0,1)"
<I|ﬂnun|IL2(0 1) + “V ”LZ(O 1) + 0(1)> ”M “LZ(O 1)

< Cllﬂn

L2(0 1)

2.2
”L2(()1) ”ﬁn nx”LZ(O 1)

(ummmﬁwn+nvnywn>n SRl + o)

< <1+ﬁ ‘ ||'42||L2(01)>0(1)
(83)
Combining (82) and (83), one gets

13y

B il 20y — O (84)

Moreover, multiplying (77) by ﬂ,,_ E(1 —x)T,, integrating over the interval (0, 1) and
then, taking into account (81), an integration by parts leads to

13yy

Re(lﬂn (1 —x)ﬂ,, 8 “T >L2(0 D + = ﬂn (|T (0+)|2 - ”T ”L2(0 1)) (85)
+ ﬁ,?RC(Vi, (1 — X)Tn>1‘2(0’1) = 0(1)

We suppose that y > g It is clear from (74), (81) and (84) that the first, the third and

the last terms of (85) converge to zero, whence one gets
BT, (07 — 0. (86)
Taking into account (80), the trace formula gives
ERL e
Py lu, (0] — 0. (87)

Substituting (76) into (77), taking the inner product with 277! in L*(0, 1) and then,
by integrating by parts, we end up with
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iﬂ:(”i’ V;11>L2(0,1) + ﬂ2<Tn’ v:;)LZ(O,l) + iﬂ: ||v:l ”iz((),l) + ﬂan(0+)Vz]1(0+) = o(l).
(83)
Now, taking y > 12 and using (74), (81), (84) and (86), we can see that the first, the
second and the fourth terms of (88) converge to zero, therefore

BV 201y — O (89)
From (76) and (89), it follows
Bllvill 201y — O. (90)

Multiplying (78) with g7 (1 — x)@, integrating over (0, 1) and then, by taking the
real part we get

%(lv,]u(o-'—)lz - ||vrlzx”22(0,1)) = Re(“i’ (1 - x)v:lx>L2(0,l)
—Re(iB,v2, (1 = x)v! )20, + o(D).
Using (74), (84) and (90) leads to
VOO = v, 1220,y — O 1)

We take the inner product of (78) with f;7xv! in L*(0, 1) in order to have

1
1 2 1 1 2 1 . 2 1
c</0 )C|an(x)| dx + <vnx’vn>L2(0,1)> = <un’xvn>L3(0,l) - lﬁﬂ(vn"xvr)Lz(O,l) +o(1).

Using (74), (84) and (90), we deduce that

1
/ xlvlllx(x)lzdx — 0.
0

This implies in particular, that for every € in (0, 1), we have
”Vix”LZ(g’]) —> 0 asn /‘ +00. (92)

Multiplying (78) with g7 (1 — x)v_,llx, integrating over (0, €) and then, by taking the
real part we find

§(|vlllx(s)|2 9L ) = ReQus (1= 0L, ), ) = Re(i,2, (1= 5 )3y + (1),
Besides, from (74), (84), (90) and (92), it follows
|Vr11x(6)| —> 0 asn / +oo.
Then, we deduce that

v;x(x) —> 0 ae.in[0,1]asn / +co. (93)
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Now, (74) and (93) allow the use of the dominated convergence theorem, which
leads to

Vellzon — 0. (94)
Therefore, we obtain
v, (0%)] — 0. (95)
By combining (91) and (94), one gets
vl (0")] — 0. (96)

Furthermore, taking the inner product of (76) with f~7(1 — x)v! and then, by con-
sidering the imaginary part, one gets

B>Re(v! ,(1 = x)v}) = Imp,(v2, (1 = x)v} ) = o(1)
= SOOI = IV = B,Im(i2, (1 = L),
Adding to this (95), (89) and (90) we can deduce that
Bulv,(05)] — 0. 97)

Thanks to (86), (87), (95) and (96), one gets

g a0 — o, (98)
piul (07) — 0, (99)
Bvi07) — 0, (100)
vl (07) — 0. (101)

Next, inserting (75) into (77), inserting (76) into (78) and consider both equations in
the interval (0, 1), leads to

—Pyuy =y, vy =B+ (102)
and
~Bavy = vy~ = B g+ 8,778, (103)

A straightforward calculation shows that the real part of the inner product of (102)
with (x + 1).urllx and that the real part of the inner product of (103) with (x + 1).vrllx ,
leads to
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1 /[° 1
5 (B P+l ) dx = = (1, (071 + B |y (07
0B ) de= S @OF + BOOR)
—Re(v?, (x+ Dul Y2y o)+ o(),
and
1 0 2 2 1 2 2 2
5 1BV + vl 1?) dx = = (clv) (077 + B2 |v)(07)]
2/_1(”n nx) 2( nx n'"n ) (105)
+ Re<u5, (x + I)V:lx>L2(_1~0) + 0(1)7
where we have used (74)—(78).
On the other hand, from (74), (84), (90) and (98)—(101), we get
0
/ (1B, + ul ]*) dx — 0, (106)
-1
and
0
/ (18} * + v} I7) dx — 0. (107)
-1
Now by summing (80) (84), (89), (90), (106) and (107), we can see that
1Yl » — 0. (108)
This contradicts (74). And so, (73) holds true with y > 12. This completes the
proof. O
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