
Vol:.(1234567890)

Semigroup Forum (2021) 102:104–119
https://doi.org/10.1007/s00233-020-10140-3

1 3

RESEARCH ARTICLE

Existence of asymptotically almost periodic solutions 
for some second‑order hyperbolic integrodifferential 
equations

Toka Diagana1 · Jamilu H. Hassan2 · Salim A. Messaoudi3

Received: 20 March 2020 / Accepted: 8 August 2020 / Published online: 14 October 2020 
© Springer Science+Business Media, LLC, part of Springer Nature 2020

Abstract
In this paper we study and obtain the existence of asymptotically almost periodic 
solutions to some classes of second-order hyperbolic integrodifferential equations of 
Gurtin–Pipkin type in a separable Hilbert space H. To illustrate our abstract results, 
the  existence of asymptotically almost periodic mild  solutions to the well-known 
Kirchoff plate equation is studied.

1  Introduction

Integrodifferential equations play an important role when it comes to describing var-
ious practical problems, see, e.g., [4–6, 13, 14, 17, 21–23]. In particular, these types 
of equations are utilized to study practical problems in which some memory effect 
is taken into account, such as the heat conduction in materials with memory or the 
sound propagation in viscoelastic media or in homogenization problems in perfo-
rated media (Darcy’s Law), see, e.g., [1, 5, 15, 16, 18].
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Let (H, ‖ ⋅ ‖H , ⟨⋅, ⋅⟩H) be a separable Hilbert space. The main purpose of this 
paper consists of establishing the existence of asymptotically almost periodic mild 
solutions to a class of second-order hyperbolic integrodifferential equations of Gur-
tin–Pipkin type given by

with initial conditions

where A ∶ D(A) ⊂ H ↦ H is a positive self-adjoint operator which is bounded 
below, that is, there exists a constant 𝜔 > 0 such that

the function f ∶ [0,∞) × H ↦ H is asymptotically almost periodic in the first vari-
able uniformly in the second one, and the non-increasing differentiable relaxation 
(kernel) function g ∶ [0,∞) ⟶ [0,∞) satisfies the following assumptions,

(A.1) g(0) > 0 and 𝛽 ∶= 1 − ∫
∞

0

g(s)ds > 0 ; and

(A.2) there exists a positive constant � such that g�(t) ≤ −�g(t) for all t ≥ 0.

Our main task in this paper consists of showing that problem (1)–(2), under some 
suitable assumptions, has an asymptotically almost periodic mild solution. To 
achieve that, our strategy consists of transforming such a system into a first-order 
evolution Eq. (7) below. Under assumptions (A.1) and (A.2), it will be shown that 
the linear operator A appearing in Eq. (7) is the infinitesimal generator of a C0-semi-
group of contraction (T(t))t≥0 which actually is exponentially stable (Theorems 2 and 
3). Next, one makes use of the appropriate fixed-point tools to obtain the existence 
of an asymptotically almost periodic mild solution to Eq. (7) which, in turn, yields 
the existence of an asymptotically almost periodic mild solution to Eqs. (1)–(2).

Recall that the existence of almost periodic and asymptotically almost periodic 
solutions to integrodifferential equations is an important topic which has numer-
ous applications, see, e.g., [8–10]. The novelty in this paper consists of using the 
semigroup approach to study the existence of solutions to some second-order inte-
grodifferential equations in the case when the forcing term is asymptotically almost 
periodic. We show that if the forcing term f is asymptotically almost periodic, then, 
under some additional conditions on the parameters ((A.1) and (A.2)) of the system 
(1)–(2), there exists a mild solution which converges asymptotically to an almost 
periodic function. To the best of our knowledge, the existence of asymptotically 
almost periodic mid solutions to second-order integrodifferential equations of Gur-
tin–Pipkin type formulated in (1)–(2) is an untreated problem which constitutes the 
main motivation of this paper. For more information on the system (1)–(2) including 
its well-posedness or the asymptotic behavior of its solutions, we refer the reader to 
the work of Vlasov and Rautian [18–20].

(1)
d2u

dt2
+ A2u − ∫

t

−∞

g(t − s)A2u(s)ds = f (t, u), t > 0

(2)u(−t) = u0(t), t ≥ 0 and u�(0) = u1,

(3)‖Au‖H ≥ �‖u‖H for all u ∈ D(A),
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Let us mention that assumptions (A.1)–(A.2) yield g(t) ≤ g(0)e−�t for all t ≥ 0. 
Consequently, we have

Further, it can be shown that the relaxation function K defined by

where ak > 0 , 𝛾k+1 > 𝛾k > 0 for all k ∈ ℕ , �k → ∞ as k → ∞ , and

satisfies assumptions (A.1)–(A.2) for any � ∈ (0, �1].

2 � Preliminaries

Fix once and for all a separable Hilbert space H whose inner product and norm are 
given respectively by ⟨⋅, ⋅⟩H and ‖ ⋅ ‖H . Let (X, ‖ ⋅ ‖) and (Y , ‖ ⋅ ‖) be two Banach 
spaces. If A is a linear operator, then the notations D(A) and �(A) stand respectively 
for the domain and resolvent of A.

Let BC(ℝ;X) (respectively, BC(ℝ × X;Y) ) stand for the Banach space of all 
bounded continuous functions from ℝ into X (respectively, stand for the collection 
of all jointly continuous bounded functions from ℝ × X into Y) equipped with the 
sup-norm defined by ‖u‖∞ ∶= supt∈ℝ ‖u(t)‖ for all u ∈ BC(ℝ;X) . Finally, C0(ℝ+;X) 
(respectively, C0(ℝ+ × X;Y) ) stands for the collection of all continuous functions 
u ∶ ℝ+ ⟶ X such that limt→∞ ‖u(t)‖ = 0 (respectively, all jointly continuous func-
tions U ∶ ℝ+ × X ⟶ Y  such that limt→∞ ‖U(t, x)‖ = 0 for all x ∈ X).

Definition 1  A function f ∈ BC(ℝ;X) is almost periodic if for every 𝜀 > 0 there 
exists a relatively dense subset of ℝ , denoted by T(�, f ,X) , such that

Definition 2  A function f ∈ BC(ℝ+;X) is asymptotically almost periodic if there 
exist an almost periodic function g and � ∈ C0(ℝ+;X) such that f = g + �.

Definition 3  A function F ∈ BC(ℝ × X;Y) is almost periodic in t ∈ ℝ uniformly in 
y ∈ Y  if for each 𝜀 > 0 and any compact subset K of Y there exists a relatively dense 
subset of ℝ , denoted by T(�,F,K,X) , such that

�
∞

0

skg(s)ds ≤ k!

�k+1
g(0) for k = 0, 1, 2,⋯ .

K(t) =

∞∑
k=1

ake
−�kt, t ≥ 0,

∞∑
k=1

ak < 1

‖f (t + 𝜏) − f (t)‖ < 𝜀 ∀ t ∈ ℝ, ∀ 𝜏 ∈ T(𝜀, f ,X).

‖F(t + 𝜏, y) − F(t, y)‖ < 𝜀 ∀ t ∈ ℝ, ∀ 𝜏 ∈ T(𝜀,F,K, Y), ∀ y ∈ K.
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Definition 4  A function F ∈ BC(ℝ+ × X;Y) is asymptotically almost periodic in 
t ∈ ℝ+ uniformly y ∈ Y  if there exist an almost periodic function G ∈ AP(ℝ × X;Y) 
and � ∈ C0(ℝ+ × X;Y) such that F = G +�.

Lemma 1  [24] A function f ∈ BC(ℝ+;X) is asymptotically almost periodic if and 
only if for every 𝜀 > 0 there exists L(𝜀, f ,X) > 0 and a relatively dense subset of ℝ+ , 
denoted by T(�, f ,X) , such that

Lemma 2  [10] A function F ∈ BC(ℝ × X;Y) is asymptotically almost periodic if for 
each 𝜀 > 0 and any compact subset K of Y there exists L(𝜀,F,K,X) > 0 and a rela-
tively dense subset of ℝ+ , denoted by T(�,F,K,X) , such that

3 � Preliminary settings

Through out this work we use c > 1 to represent a generic constant, independent of t 
and the initial data, and it may also vary from one line to another.

In order to study the system (1)–(2), we rewrite it as a first-order evolution equation 
which can be easily treated. Indeed, rewrite Eq. (1) as

and introduce the following variable as in [2],

which in turn satisfies the following system,

In view of the above, Eqs. (1)–(2) become, under the assumption (A.1),

‖f (t + 𝜏) − f (t)‖ < 𝜀 ∀ t ≥ L(𝜀, f ,X), ∀ 𝜏 ∈ T(𝜀, f ,X).

‖F(t + 𝜏, y) − F(t, y)‖ < 𝜀 ∀ t ≥ L(𝜀,F,K,X), ∀ 𝜏 ∈ T(𝜀,F,K,X), ∀ y ∈ K.

(4)
d2u

dt2
+ A2u − ∫

∞

0

g(s)A2u(t − s)ds = f (t, u), t > 0,

w(t, s) = u(t) − u(t − s), ∀ s, t ≥ 0,

⎧⎪⎨⎪⎩

𝜕w

𝜕t
+

𝜕w

𝜕s
−

du

dt
= 0, s, t > 0,

w(0, s) = u0(0) − u0(s), s > 0.

(5)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

d2u

dt2
+ 𝛽A2u + ∫

∞

0

g(s)A2w(t, s)ds = f (t, u), t > 0,

𝜕w

𝜕t
+

𝜕w

𝜕s
−

du

dt
= 0, s, t > 0,

u(0) = u0, u�(0) = u1, w(⋅, 0) = 0, w(0, ⋅) = w0,
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where u0 = u0(0) , w0(s) = u0(0) − u0(s) and 𝛽 ∶= 1 − ∫
∞

0

g(s)ds > 0.

It remains to rewrite Eq. (5) as a first-order evolution evolution. For that, let 
V ∶= D(A) be equipped with the inner product defined by,

It follows from the continuous embedding D(A) ↪ H (see Eq. (3)) that (V , ‖ ⋅ ‖V ) is 
a Hilbert space.

Let

be equipped with the inner product

Clearly, the completeness of (V , ‖ ⋅ ‖V ) yields (W, ‖ ⋅ ‖W ) is a Hilbert space.
The state space of our problem is given by H ∶= V × H ×W which is equipped 

with the inner product defined by

for any U = (u, v,w)T and Ũ = (ũ, ṽ, w̃)T in H.
Setting A ∶ D(A) ⊂ H ⟶ H

for all U = (u, v,w)T ∈ D(A) where

it follows that Eq. (5) can be rewritten as a first-order evolution equation in the form

where U = (u, u�,w)T , U0 = (u0, u1,w0)
T ∈ H and F ∶ ℝ+ ×H ⟶ H is defined by

⟨v, ṽ⟩V ∶= ⟨Av,Aṽ⟩H , ∀ v, ṽ ∈ V .

W = L2
g
((0,∞);V) ∶=

�
w ∶ (0,∞) ⟶ V ∶ ∫

∞

0

g(s)‖w(s)‖2
V
ds < ∞

�

⟨w, w̃⟩W ∶= ∫
∞

0

g(s)⟨w(s), w̃(s)⟩Vds.

�
U, Ũ⟩H ∶= 𝛽⟨u, ũ⟩V + ⟨v, ṽ⟩H + ⟨w, w̃⟩W ,

(6)AU ∶=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

v

−�A2u − ∫
∞

0

g(s)A2w(s)ds

v −
dw

ds

⎞⎟⎟⎟⎟⎟⎟⎟⎠

D(A) =

{
U ∈ H ∶ �u + ∫

∞

0

g(s)w(s)ds ∈ D(A2), v ∈ D(A),
dw

ds
∈ W, w(0) = 0

}

(7)

⎧⎪⎨⎪⎩

dU

dt
= AU(t) + F(t,U), t > 0,

U(0) = U0,
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4 � Exponential stability of the C
0
‑semigroup associated with A

To establish our existence results, we will be using Theorem 1 given below.

Theorem 1  [11] Let B ∶ D(B) ⊂ H ↦ H be a densely defined linear operator. If B is 
dissipative and 0 ∈ �(B) , then B is the infinitesimal generator of a C0-semigroup of 
contractions on H.

Theorem  2  Under assumptions (A.1) and (A.2), the linear operator A defined in 
Eq. (6) is the infinitesimal generator of a C0-semigroup of contraction (T(t))t≥0.

Proof  We start by establishing the dissipativeness of the linear operator A . Indeed, 
for any U = (u, v,w)T ∈ D(A) , we have

and hence A is dissipative.
The next step consists of showing that 0 ∈ �(A) . Indeed, for any 

F = (f1, f2, f3)
T ∈ H , consider the solvability of the equation

Equivalently, 

F(t,U) ∶=

⎛
⎜⎜⎝

0

f (t, u)

0

⎞
⎟⎟⎠

for all U ∈ H.

⟨AU,U⟩H =�⟨v, u⟩V −

�
�A2u + �

∞

0

g(s)A2w(s)ds, v

�

H

+ ⟨v − dw

ds
,w⟩W

=�⟨v, u⟩V −

�
�Au + �

∞

0

g(s)Aw(s)ds,Av

�

H

+ �
∞

0

g(s)⟨v − dw

ds
,w(s)⟩Vds

=�⟨v, u⟩V − �⟨Au,Av⟩H − �
∞

0

g(s)⟨Aw(s),Av⟩Hds

+ �
∞

0

g(s)⟨v,w(s)⟩Vds − �
∞

0

g(s)⟨dw
ds

,w(s)⟩Vds

= −
1

2 �
∞

0

g(s)
d

ds
‖w(s)‖2

V
ds

= −
1

2

�
lim
T→∞

�
g(s)‖w(s)‖2

V

�s=T
s=0

− �
∞

0

g�(s)‖w(s)‖2
V
ds

�

=
1

2 �
∞

0

g�(s)‖w(s)‖2
V
ds ≤ 0

AU = F.
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From Eq. (8a) and Eq. (8c), we have

Clearly, w(0) = 0 and dw
ds

= f1 − f3 ∈ W. Using assumption (A.2) and the remarks 
on the relaxation function g (Introduction) we obtain

and hence w ∈ W.
A combination of Eq. (8b) and Eq. (9) yields

Consider both the bilinear form B ∶ V × V ⟶ ℝ and the linear form L ∶ V ⟶ ℝ 
defined by

and

Clearly, the bilinear form B is bounded and coercive.
Now

(8a)v = f1 in V ,

(8b)−�A2u − ∫
∞

0

g(s)A2w(s)ds = f2 in H,

(8c)v −
dw

ds
= f3 in W.

(9)w(s) = sf1 − �
s

0

f3(�)d�, ∀ s ≥ 0.

�
∞

0

g(s)‖w(s)‖2
V
ds ≤2�

∞

0

g(s)‖sf1‖2Vds + 2�
∞

0 �
s

0

g(s)‖f3(𝜏)‖2Vd𝜏ds

≤ 2

𝜉3
g(0)‖f1‖2V + 2�

∞

0 �
∞

𝜏

g(s)‖f3(𝜏)‖2Vdsd𝜏

≤ 2

𝜉3
g(0)‖f1‖2V −

2

𝜉 �
∞

0 �
∞

𝜏

g�(s)‖f3(𝜏)‖2Vdsd𝜏

=
2

𝜉3
g(0)‖f1‖2V +

2

𝜉 �
∞

0

g(𝜏)‖f3(𝜏)‖2Vd𝜏

=
2

𝜉3
g(0)‖f1‖2V +

2

𝜉
‖f3‖2W < ∞

(10)�A2u = −

(
∫

∞

0

sg(s)ds

)
A2f1 + ∫

∞

0 ∫
s

0

g(s)A2f3(�)d�ds − f2.

B(u,�) ∶= �⟨u,�⟩V for all (u,�) ∈ V × V

L(�) ∶= −

�
∫

∞

0

g(s)ds

�
⟨f1,�⟩)V + ∫

∞

0 ∫
s

0

g(s)⟨f3(�),�⟩Vd�ds − ⟨f2,�⟩H for all � ∈ V .



111

1 3

Existence of asymptotically almost periodic solutions for…

and which yields the linear form L is bounded.
Consequently, the well-known Lax–Milgram Lemma does guarantee the exist-

ence of a unique u ∈ V  satisfying

The classical regularity argument entails that u ∈ D(A2) and satisfies Eq. (10). Com-
bining this with both Eq. (8a) and Eq. (9) we deduce that 0 ∈ �(A).

Arguing as above, it is not hard to show that I −A is surjective, which yields A 
is densely defined in H . Therefore, using Theorem 1, we deduce that the operator 
A is the infinitesimal generator of a C0-semigroup of contractions which we denote 
(T(t))t≥0 . 	�  ◻

Definition 5  [12] If G ∶ ℝ+ ⟶ H is a continuous function, then the function 
U ∶ ℝ+ ⟶ H is said to be a mild solution to the first-order evolution equation

if it satisfies

From Definition 5, we have

Definition 6  If F ∶ ℝ+ ×H ⟶ H is jointly continuous, then a function 
U ∶ ℝ+ ⟶ H is said to be a mild solution to Eq. (7) if it satisfies

Theorem 3  Under assumptions (A.1)–(A.2), the C0-semigroup (T(t))t≥0 is exponen-
tially stable, that is, there exist two positive constants M > 0 and 𝛿 > 0 such that

Proof  We make extensive use of the multiplier method. Indeed, setting F ≡ 0 in Eq. 
(7) (i.e., f ≡ 0 ), then the energy functional associated with the resulting homogene-
ous equation can be formulated as follows,

�L(�)� ≤�
∞

0

sg(s)ds‖f1‖V‖�‖V + �
∞

0 �
∞

�

g(s)‖f3(�)‖V‖�‖Vdsd� + ‖f2‖H‖�‖H

≤
�

1

�2
g(0)‖f1‖V +

√
1 − �

�
‖f3‖W +

1

�
‖f2‖H

�
‖�‖V , ∀� ∈ V

(11)B(u,�) = L(�), ∀� ∈ V .

(12)
d𝛷

dt
= A𝛷 + G(t), t > 0; 𝛷(0) = 𝛷0

U(t) = T(t)�0 + �
t

0

T(t − s)G(s)ds, ∀ t ≥ 0.

U(t) = T(t)U0 + �
t

0

T(t − s)F(s,U(s))ds, ∀ t ≥ 0.

‖T(t)‖ ≤ Me−�t, ∀ t ≥ 0.

E(t) ∶=
1

2
‖U(t)‖2

H
, ∀ t ≥ 0,
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where U is the mild solution to the corresponding homogeneous equation to Eq. (7), 
which exists and is given by

Simple computations show that, the energy functional satisfies

Indeed, taking the inner product of both sides of Eq. (7) with U(t) in H it follows 
that

which proves our claim.
Define the functionals I1 and I2 by setting

Differentiating I1 and using Eq. (5), we obtain

Next, we estimate the last term in the above inequality. Indeed, using the Cauchy–
Schwarz, Young, and Hölder inequalities, we obtain

Inserting this estimate in Eq. (13), we get

Differentiating I2 and exploiting Eq. (5), we get

U(t) = T(t)U0, ∀ t ≥ 0.

E�(t) =
1

2 �
∞

0

g�(s)‖w(t, s)‖2
V
ds ≤ 0, ∀ t ≥ 0.

⟨U�(t),U(t)⟩H = ⟨AU(t),U(t)⟩H =
1

2 �
∞

0

g�(s)‖w(t, s)‖2
V
ds, ∀ t ≥ 0,

I1(t) ∶= ⟨u�(t), u(t)⟩H and I2(t) ∶= −

�
u�(t),�

∞

0

g(s)w(t, s)ds

�

H

, ∀ t ≥ 0.

(13)
I�
1
(t) =‖u�(t)‖2

H
+

�
−�A2u(t) − ∫

∞

0

g(s)A2w(t, s)ds, u(t)

�

H

=‖u�(t)‖2
H
− �‖Au(t)‖2

H
− ∫

∞

0

g(s)⟨Aw(t, s),Au(t)⟩Hds.

−�
∞

0

g(s)⟨Aw(t, s),Au(t)⟩Hds ≤‖Au(t)‖H �
∞

0

g(s)‖Aw(t, s)‖Hds

≤�

2
‖Au(t)‖2

H
+

1

2�

�
�

∞

0

g(s)‖Aw(t, s)‖Hds
�2

≤�

2
‖Au(t)‖2

H
+

1 − �

2� �
∞

0

g(s)‖Aw(t, s)‖2
H
ds.

(14)I�
1
(t) ≤ ‖u�(t)‖2

H
−

�

2
‖u(t)‖2

V
+ c�

∞

0

g(s)‖w(t, s)‖2
V
ds, ∀ t ≥ 0.
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Next, we estimate the terms in the above inequality. Using the Cauchy–Schwarz, 
Young and Hölder inequalities, it follows that, for any 𝜂 > 0,

Using Hölder’s inequality, we have

Lastly, using integration by parts together with both Young’s and Hölder’s inequali-
ties, it follows that, for any 𝜂 > 0,

Plugging the above estimates in Eq. (15), we obtain

(15)

I�
2
(t) =

�
�A2u(t) + ∫

∞

0

g(s)A2w(t, s)ds,∫
∞

0

g(s)w(t, s)ds

�

H

−

�
u�(t),∫

∞

0

g(s)wt(t, s)ds

�

H

=

�
�Au(t),∫

∞

0

g(s)Aw(t, s)ds

�

H

+

�
∫

∞

0

g(s)Aw(t, s)ds,∫
∞

0

g(s)Aw(t, s)ds

�

H

−

�
u�(t),∫

∞

0

g(s)(u�(t) − ws(t, s))ds

�

H

= �

�
Au(t),∫

∞

0

g(s)Aw(t, s)ds

�

H

+
����∫

∞

0

g(s)Aw(t, s)ds
����
2

H

− (1 − �)‖u�(t)‖2
H
+

�
u�(t),∫

∞

0

g(s)ws(t, s)ds

�

H

.

�

�
Au(t),�

∞

0

g(s)Aw(t, s)ds

�

H

≤ ��Au(t)‖2
H
+

�2

4�

�
�

∞

0

g(s)‖Aw(t, s)‖Hds
�2

≤ �‖u(t)‖2
V
+

c

� �
∞

0

g(s)‖w(t, s)‖2
V
ds.

�����
∞

0

g(s)Aw(t, s)ds
����
2

H

≤
�
�

∞

0

g(s)ds

�
�

∞

0

g(s)‖Aw(t, s)‖2
H
ds

=(1 − �)�
∞

0

g(s)‖w(t, s)‖2
V
ds.

�
u�(t),�

∞

0

g(s)ws(t, s)ds

�

H

=

�
u�(t), g(s)w(t, s)

���
∞

s=0
− �

∞

0

g�(s)w(t, s)ds

�

H

= −

�
u�(t),�

∞

0

g�(s)w(t, s)ds

�

H

≤�‖u�(t)‖2
H
+

1

4�

�
�

∞

0

g�(s)‖w(t, s)‖Hds
�2

≤ �‖u�(t)‖2
H
−

c

� �
∞

0

g�(s)‖w(t, s)‖Vds.
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Define the functional L  by

where N, �1, �2 are positive constants to be specified later.
From Eq. (14) and Eq. (16) we have

Now choose 𝜂 > 0 small enough so that

Consequently, for any fixed 𝜀2 > 0 , we pick 𝜀1 > 0 satisfying

Then,

and

Finally, we choose N large enough so that N >
2c

𝜂
𝜀2 and L ∼ E . Thus Eq. (17) 

becomes, for some fixed 𝛼 > 0,

(16)

I�
2
(t) ≤ − ((1 − �) − �)‖u�(t)‖2

H
+ �‖u(t)‖2

V

+

�
(1 − �) +

c

�

�
�

∞

0

g(s)‖w(t, s)‖2
V
ds

−
c

� �
∞

0

g�(s)‖w(t, s)‖2
V
ds.

L(t) ∶= NE(t) + �1I1(t) + �2I2(t), ∀ t ≥ 0,

(17)

L
�
(t) ≤ −

�
((1 − �) − �)�2 − �1

�‖u�(t)‖2
H
−

�
1

2
��1 − ��2

�
‖u(t)‖2

V

+

�
c�1 +

�
(1 − �) +

c

�

�
�2

�
�

∞

0

g(s)‖w(t, s)‖2
V
ds

+

�
N

2
−

c

�
�2

�
�

∞

0

g�(s)‖w(t, s)‖2
V
ds.

𝜂 < min
{
1

2
(1 − 𝛽),

1

8
𝛽(1 − 𝛽)

}
.

1

4
(1 − 𝛽)𝜀2 < 𝜀1 <

1

2
(1 − 𝛽)𝜀2.

c1 ∶= ((1 − 𝛽) − 𝜂)𝜀2 − 𝜀1 >
1

2
(1 − 𝛽)𝜀2 − 𝜀1 > 0

c2 ∶=
1

2
𝛽𝜀1 − 𝜂𝜀2 >

1

2
𝛽𝜀1 −

1

8
𝛽(1 − 𝛽) =

1

2
𝛽
(
𝜀1 −

1

4
(1 − 𝛽)𝜀2

)
> 0.



115

1 3

Existence of asymptotically almost periodic solutions for…

Set F ∶= L + cE , then F ∼ E and thus we deduce from the above estimate that

for some fixed 𝜆 > 0 . A simple integration over (0, t) yields

which in turn yields

Thus

Consequently,

where M =
√
C and � =

�

2
. 	�  ◻

5 � Existence of asymptotically almost periodic mild solutions

The next lemma can be proved using similar arguments as in [10]. However for the 
sake of completeness, we provide the proof.

Lemma 3  Let g ∈ AAP(X) . Then the function v defined by

is asymptotically almost periodic.

Proof  Let 𝜀 > 0 , since g ∈ AAP(X) , there exists L = L(
��

2M
, g,X) and a relatively 

dense subset T( ��

2M
, g,X) of ℝ+ such that

L
�
(t) ≤ − c1‖u�(t)‖2H − c2‖u(t)‖2V + c�

∞

0

g(s)‖w(t, s)‖2
V
ds

≤ − �E(t) + c�
∞

0

g(s)‖w(t, s)‖2
V
ds

≤ − �E(t) +
c

� �
∞

0

�g(s)‖w(t, s)‖2
V
ds

≤ − �E(t) −
c

� �
∞

0

g�(s)‖w(t, s)‖2
V
ds

≤ − �E(t) − cE�(t), ∀ t ≥ 0.

F
�(t) ≤ −�F(t), ∀ t ≥ 0,

F(t) ≤ F(0)e−�t, ∀ t ≥ 0

E(t) ≤ CE(0)e−�t, ∀ t ≥ 0.

‖T(t)U0‖ = ‖U(t)‖ ≤ √
Ce

−
�

2
t‖U0‖, ∀ t ≥ 0.

‖T(t)‖ ≤ Me−�t for all t ≥ 0,

v(t) = ∫
t

0

T(t − s)g(s)ds
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Let L1 be a positive constant such that L1 >
1

𝛿
ln(

6M2‖g‖∞
𝛿𝜀

) , then any t ≥ L + L1 and 
� ∈ T

(
��

2M
, g,X

)
 we have

Next, we estimate each term on the right-hand side of the above inequality.

Combining the above estimates, we obtain,

‖g(t + 𝜏) − g(t)‖ <
𝛿𝜀

2M
, ∀ t ≥ L, ∀ 𝜏 ∈ T

�
𝛿𝜀

2M
, g,X

�
.

‖v(t + �) − v(t)‖ =

������
t+�

0

T(t + � − s)g(s)ds − �
t

0

T(t − s)g(s)ds
�����

≤�
�

0

‖T(t + � − s)g(s)‖ds
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=I3

+ �
t

0

‖T(t − s)(g(s + �) − g(s))‖ds
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=I4

.

I3 ≤�
�

0

‖T(t)‖‖T(� − s)g(s)‖ds

≤Me−�t �
�

0

Me−�(�−s)‖g(s)‖ds

≤M2‖g‖∞e−�t �
�

0

e−�sds =
1

�
M2‖g‖∞e−�t.

I4 =

�
�

L

0

+�
t

L

�
‖T(t − s)(g(s + �) − g(s))‖ds

=�
L

0

‖T(t − L)T(L − s)(g(s + �) − g(s))‖ds

+ �
t

L

‖T(t − s)(g(s + �) − g(s))‖ds

≤M2e−�(t−L) �
L

0

e−�(L−s)‖g(s + �) − g(s)‖ds

+M �
t

L

e−�(t−s)‖g(s + �) − g(s)‖ds

≤ 2M2‖g‖∞e−�(t−L) �
L

0

e−�(L−s)ds +M �
t

L

e−�(t−s)
��

2M
ds

≤ 2

�
M2‖g‖∞e−�(t−L) + �

2
.
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which yields v ∈ AAP(X) . 	� ◻

Theorem  4  Under assumptions (A.1)–(A.2), suppose that the initial data U0 ∈ H 
and that the function f belongs to AAP(ℝ+ × H,H) . Further, suppose that there 
exists K > 0 such that

Then, Eq. (7) has a unique asymptotically almost periodic mild solution whenever K 
is small enough.

Proof  First of all, note that using the assumptions on f and the composition of asymp-
totically almost periodic functions (see [3]) it follows that F ∈ AAP(ℝ+ ×H,H) . 
Furthermore, F is Lipschitzian in the second variable uniformly in the first one with 
K as a Lipschitz constant.

Consider the nonlinear integral operator �  given on AAP(H) by

for any t ∈ ℝ+.
Using Lemmas 1 and 3 it follows that �  is well-defined and maps AAP(H) into 

itself. Now, for any U, Ũ ∈ AAP(H) we have

Thus �  is a strict contraction whenever K is small enough, that is, 𝛿−1MK < 1 . 
Therefore, using the Banach contraction mapping theorem, we deduce that �  has a 
unique fixed point which obviously is the only asymptotically mild solution to Eq. 
(7). 	�  ◻

Corollary 1  Under assumptions (A.1)–(A.2), suppose that the initial data u0 ∈ D(A) 
and that the function f belongs to AAP(ℝ+ × H,H) . Further, suppose that f satisties 

‖v(t + 𝜏) − v(t)‖ ≤ 1

𝛿
M2‖g‖∞e−𝛿t + 2

𝛿
M2‖g‖∞e−𝛿(t−L) + 𝜀

2

≤ 3

𝛿
M2‖g‖∞e−𝛿(t−L) + 𝜀

2
≤ 3

𝛿
M2‖g‖∞e−𝛿L1 + 𝜀

2

<
𝜀

2
+

𝜀

2
= 𝜀 ∀ t ≥ L and ∀ 𝜏 ∈ T

�
𝛿𝜀

2M
, g,X

�
,

(18)‖f (t, u) − f (t, v)‖H ≤ K‖u − v‖H ∀ u, v ∈ H and ∀ t ∈ ℝ+.

�U(t) = T(t)U0 + ∫
t

0

T(t − s)F(s,U(s))ds,

‖𝛤U(t) − 𝛤 Ũ(t)‖H ≤�
t

0

‖T(t − s)
�
F(s,U(s)) − F(s, Ũ(s))

�‖Hds

≤�
t

0

Me−𝛿(t−s)‖F(s,U(s)) − F(s, Ũ(s))‖Hds

≤MK‖U − V‖∞ �
∞

0

e−𝛿sds

= 𝛿−1MK‖U − V‖∞ ∀ t ≥ 0.
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Eq. (18). Then, the system (1)–(2) has a unique asymptotically almost periodic mild 
solution whenever K < 𝛿M−1.

6 � Example

In order to illustrate our previous abstract results, we consider the so-called Kirch-
hoff plate equation with infinite memory. For that, let 𝛺 ⊂ ℝ

n be an open bounded 
subset with smooth boundary �� and let H = L2(�) be equipped with its usual L2
-norm given, for all u ∈ L2(�) , by

Consider the so-called Kirchhoff plate with infinite memory given by

where u0 u1 are given initial data and f belongs to AAP(ℝ+ × L2(�), L2(�)) and sat-
isfies Eq. (18).

Consequently, letting A = −� with domain D(A) = H2(�) ∩ H1
0
(�) , one can 

easily see that Eq. (19) is a particular case of our system (1)–(2). Therefore, under 
assumptions of Corollary 1, we conclude that Eq. (19) has a unique asymptotically 
almost periodic solution if the Lipschitz constant K is small enough. That is, Eq. 
(19) has a unique mild solution which converges asymptotically to an almost peri-
odic function.
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