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Abstract We give new sufficient and practical conditions in terms of the generators
ensuring the stability of the critical or the essential type of a perturbed Co-semigroup
in general Banach spaces. We apply our theoretical results in order to investigate the
control and in particular the time asymptotic behavior of solutions to a broad class of
transport equations in L'-spaces and higher dimension. Our results improve, complete
and enrich several earlier works.
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1 Introduction and main results

Let X be a complex Banach space and let 7 : D(7) € X — X be the infinitesimal
generator of a Cp-semigroup (U (?));>0 acting on X. We denote by L(X) the algebra
of all bounded linear operators acting on X'. Let us consider the Cauchy problem
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dyr

YV~ Ty +By

dt (1.1)
¥ (0) = o

where B € L(X) and oy € X. By the classical perturbation theory [7], the perturbed
operator A := 7 + I3 generates also a strongly continuous semigroup (V(¢));>o given
for every t > 0 by the Dyson—Phillips expansion

V() = mz_:luj(t) + R (1), (1.2)
j=0
where
Up(t) =U(r), U;j@) = /Otu(t —)BUj—1(s)ds, (j=1)
and

+o00
Rn(6) =Y Uj(t), (m > 1).

j=m
Consequently, for every yo € D(A), the Cauchy problem (1.1) admits the unique
solution ¥ (¢) = V(¢)vo, t > 0.

In order to investigate the asymptotic behavior of v (¢) (for large time), two fun-

damental approaches are at our disposal. The first approach, called the resolvent
approach, is based on the asymptotic spectrum of the generator A:

04ss(A) :={L € C: Rer > w(Uf)},

where w (i) stands for the type of (U4(¢))>0.
This approach was initiated by Vidav [23] in a particular case and developed after-
words by Mokhtar-Kharroubi [16]. It is essentially based on the following hypothesis:

There exists an integer j and @ > w () such that
O BO=T)"is compact for every A € R;
Gi)  lim H (BO—T)~ ') H — 0 uniformly on Ry,

Ima|—+oco

(H(T, B))

where (- — 7)~! denotes the resolvent operator of 7 and R, = {A € C : Rei >
w}. It has been shown in Ref. [16] that under the hypothesis (H (7, B3)) the part of
the spectrum of the perturbed generator A = 7 + B lying in the half-plane R,
consists of at most of a finite number of isolated eigenvalues with finite algebraic
multiplicity {A1,...4,} . Let B; = sup{ReAr : A € o(7 + K) and ReA < w} and
B2 = min{ReA;, 1 < j < n}. Let P; and D; denote the spectral projection and the

@ Springer



On a resolvent approach for perturbed semigroups and... 355

nilpotent operator associated with A;, 1 < j < n, respectively. The solution of the
Cauchy problem (1.1) fulfils

[ ) =D eHiePi Py = o(eP™) for every yo € D(A),
j=1

where 81 < B* < B». The main disadvantage of this approach lies in the fact that
the quantity () — Z?: | €*i'ePi’ Pjyrg can be evaluated only for initial data ¥ in
D(A2). This condition was weakened to Yo € D(A) by D. Song [21] for special
Banach spaces and by Song and Greenberg [22] in some special cases. Recently,
Latrach and the first author [9] weakened the condition ¥ € D(A?) to Yy € D(A)
by considering instead of condition (H (7, B)), the condition

5 There exist an integer j and two reals @ > (i) and C > 0 such that
(H(T,B)) { () [Bw — 7))/ is compact for every A € R;
(i) ImA| ||[[Bx —7)~'}/| < C uniformly on R,,.

Following [25], the essential spectrum of O € L(X) is defined by:
Oess (O) := {A € 6(O) but A is not an eigenvalue of finite algebraic multiplicity},
and the essential spectral radius of O is
Tess(O) :=supf{|r| 1 A € 0e55(O)}.

Let W(2)):>0 be Cop-semigroup. According to [25, Lemma 2.1], there exists a real
number wess (W) € [—00, w(WW)], called the essential type of WV(¢));>0, such that

Fess V(1)) = e®s V7 for every t > 0.

The second approach, called the semigroup approach, is based on the asymptotic
spectrum of V(t):

Oass V() = o (V) N{A e C: |A] > @1y,

This approach makes use of the fact that if some remainder of the Dyson—Phillips
expansion R, (t) is compact (or strictly singular) for t > 0, then [16,26] (U(¢))s>0
and (V(¢));>0 have the same essential type. Therefore, the part of the spectrum of
the perturbed semigroup V(¢) outside the circle || = e consists only of at most
isolated eigenvalues with finite algebraic multiplicities. If these eigenvalues exist, the
semigroup (V(7));>0 may be decomposed in two parts: the first containing the time
development of finitely many eigenmodes, the second being of faster decay. Applying
now the spectral mapping theorem for the point spectrum [6, 3.7 Spectral Mapping
Theorem for Point and Residual Spectrum], we deduce that for any fixed w > w (),
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the set 0(7 + B) N {A € C : ReA > w} consists of finitely many eigenvalues
{A1,...An}. The solution of the Cauchy problem (1.1) satisfies

[ @) — Ze)‘fteDf’le//o | = 0(e?™") for every Yo € D(A),
j=1

where P;, D; and * have the same meaning as above. For sake of completeness, we
note that a similar result concerning the semigroup approach was given in [19] (see
also [2, Chapter 19]).

The major drawback of this approach is that it is not applicable unless the unper-
turbed semigroup is explicit.

Even though these two approaches have a significant merit in their own right, it is
of interest to find a balance between them to avoid the aforementioned drawbacks. On
that account, the two approaches were linked firstly in the Hilbert spaces setting by
Sbihi and subsequently in Banach spaces by Latrach and the authors. Specifically, if
X is a Hilbert space, 7 is dissipative and there exists @ > w(l{) such that

(@+iB—T)'"Bla+ip—T)"'is compact for all 8 € R,
and

ﬂlim I1B* (o + i —T)"'Bl| + | Bl +if —T)"'B*|| =0, (1.3)
— 00

where B* denotes the dual operator of B, then [20, Theorem 2.3 and Lemma 2.8] R (¢)
is compact on X for all # > 0. This implies that, for each r > 0, ¢ (¢) and V() have
the same essential spectrum. Further for a general Banach space X, if the condition
(H(T, B)) holds, then [8, Theorem 1.1] the remainder term R j+3 is compact for
each ¢ > 0, and consequently, (V(¢));>0 and ({£(¢));>0 have the same essential type.

In many applications, including multi-dimensional transport equations, the item (ii)
in (H(T, B)), seems to be not always verified because 0 gives a singularity point in
an integral representation of K R(A, T)K, where T and K denotes respectively the
streaming operator and the collision operator (see, Proposition 4.2 below and its proof).
In this work, we present and describe an efficient method to avoid singularities. The
idea of the method is to construct a sequence of operators (198 (7, B)(A))g>0 which
converges in £(X) to (A — 7)™ ! as & goes to zero, uniformly on R, (see, Lemma 3.4
below), and satisfies (see, Proposition 4.2 below): for every ¢ > 0, there exists C; > 0
such that

ImA| |B9G(T. BY(W)B| < C; uniformly on R,,,
or more generally, we construct a sequence of operators (19]"’? (7, B)(A))e~0 which

converges in L(X) to 9;(7, B)(A) := (A — )~ B —T)~') as ¢ goes to zero,
uniformly on R,,, and satisfies the hypothesis
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For every fixed ¢ > 0, there exists v > max(w (U), 0) satisfying

: +00
(AL(j)) Sup/ 195(T B)(& + iv)]| dt < oo.

E>vJ—o00

For further purposes, we recall the following:

Theorem 1.1 (i) [4] Let j > 1, then, U;(t) is compact for all t > 0 if and only if,
the map t — U;(t) is norm continuous for t > 0, and (A — H-UBG -1~
is compact for all s € R.

(ii) [5]If the mapping t — R (t) is norm right continuous for every t > 0 and some
Jj €N, then one has werit(V) = werir U).

(for the definition of the critical type w.,i; (W) of a given Co-semigroup WV(¢));>0,
see Sect. 2). A natural relevant problem occurs here; namely, for B € L£(X) and
Jj € N with j > 1, does exist necessary and sufficient conditions involving 7 and 55
to get norm continuity of the jth order term U/ (t) for t > 0, of the Dyson—Phillips
expansion defining the Co-semigroup (V(¢))>0 generated by 7 + /5. This problem has
been addressed by several investigators in the Hilbert spaces setting (cf. [3,11,18,20]
and [1]).

In [20], Sbihi gave a practical sufficient condition to get norm continuity of R1(¢)
for ¢ > 0, in the case where X is a Hilbert space. His result states as follows:

Lemma 1.1 [20, Corollary 2.9] Assume that X is a Hilbert space, T is dissipative
and for some o > 0, the condition (1.3) holds true, then the map t — U\ (t) is norm
continuous fort > 0.

More recently, in [1], we showed the following:

Theorem 1.2 [If X is a Hilbert space then V(t) — U(t) is norm continuous fort > 0
if and only if,

sup / ||R(oe—i—is,A)KR(oz—{—is,A)tzds — 0asa — +o0
xeH, |x||=1/]s|=a

and

sup / |R(x +is, A)K*R(a + is, A")x||*ds = 0as a — +oo.
xeH. |lx[|=1|s|za

This problem becomes distinctly more complicated when going from Hilbert spaces
to Banach spaces. Notice that according to Theorem 1.1, the norm continuity of one
of the terms ({4 (t));>0, j > 1, implies that the critical type we,ir()) of the perturbed
semigroup (U£(¢));>0 equals to the critical type w,,;; () of the unperturbed semigroup
(V(1))r=0. This enables us to study the control for # > 0 or in particular the time
asymptotic behavior of solutions to several evolution equations. Indeed, according to
the partial spectral mapping theorem (see, Theorem 2.1 below), for 8 > w(U), if
o(T+B)N{r € C: Rer = B} = P and P is the spectral projection associated to the
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closed part of the spectrum o (7 + B) N {A € C: ReX > B}, then there exists M > 0
satisfying

V@) (I — P)|| < MeP! forall 1 > 0.

In this paper we provide sufficient conditions in terms of the resolvent operator
(-=T) ! ofthe generator 7 of the semigroup ({/()),>0 and the perturbation operator
B, ensuring the norm continuity of the mapping ¢ +— R;(t) for t > 0 (see Theo-
rem 3.1 and Corollary 3.4 below). Furthermore, we show that, if condition (A1(j))
and assertion (i) of hypothesis (H (7, B)) hold true simultaneously, then the j’ h_order
term R (t) of the Dyson—Phillips expansion (4.4) is compact on X" for every t > 0
(see Theorem 3.2 and Corollary 3.6 below). These theoretical results apply directly
to discuss the control for every t > 0 and consequently the time asymptotic behavior
(for large times) of solutions to a broad class of multi-dimensional neutron transport
equations on L !-spaces.

2 Critical spectrum
Let us recall the concept of critical spectrum introduced by R. Nagel and J. Poland

[17]. Let (W(t)),zo be a Cy-semigroup on a given Banach space ). We consider the
Banach space ) := £°°())) of all bounded sequences in ) endowed with the norm

5]l := sup [[ynll for § = (y)new € V-

neN

We extend the semigroup (V(t));>0 to Y and obtain a new semigroup (W(t)),zo
defined by

W(D)F .= V() yn)nen for § = (V)nen € V.

Let f’W be the subspace of strong continuity of (VNV(t))tzo

:o},

This subspace is closed and (VNV(t)),Zo-invariant. On the quotient space Y=Y / fw,
the semigroup (WV(t));>0 induces the quotient semigroup (W (t));>0 given by

Py = {y e ¥ lim HW(r)y —5
110

W(D)$ :=W@)y + Yy for =5+ Yy and 1 > 0.
The critical spectrum of W(t) is then defined as

Oerit V(1)) := o V(1))
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and the critical spectral radius is defined as
rerit V() := rOV(@))
while the critical type or the critical growth bound of WV (t));>o is defined as
Werit W) 1= 0 ().

The critical spectrum enjoys nice properties (see, [5,17] for general theory); in partic-
ular, we have

Theorem 2.1 [17, Proposition 4.3] Let OV(t));>0 be a Co-semigroup on a Banach
space Y with infinitesimal generator E. Then

w(W) = max{s(E), wcrir W)}
Moreover, the following partial spectral mapping theorem holds
T V() N Qeris W (1) = €7 N Quyis W (1)) for each t = 0,

where QcriyW(1)) 1= {A € C:[A] > reris V(1))

3 Resolvent approach for perturbed semigroups
3.1 Norm continuity of 1/; (-)
For every ¢ > 0 small enough, set
U (1) = U@ X(e,+00) (1), 1= 0. (3.1
Remark 3.1 (1) Foreverye > Oandx € X,Uj(-)x = 0on (0, &) and since (U(1));>0
is a strongly continuous semigroup on X', the map L{g (-)x is continuous on (&, +00)
(and therefore, the map Z/lg(~)x is measurable on (0, +00)) and for every w >
o (U), there exists M > 1 satisfying
U@ < Me* forevery t > 0,
and therefore,

Uy (D1 < Me®" for every t > 0. 3.2)

(2) It is well known that (see, [7] for example) for every @ > w(U), there exists
M > 1 satisfying

;DI < M 11 e for everyt >0and j >0 3.3)

where M; == (M/*1|B|7)/j!, j > 0.
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Let ¢ > 0. Formally, we set
t
U;(r)x =/0 Z/{f_l(t —8)BUs(s)xds, t >0, x € Xand j > L.

In the following lemma, we prove that the operators L{;? () are well defined for almost
allt > 0andall j € N.

Lemma 3.1 Foreveryj >0,&e > 0andx € X, Z/{JS. ()x =00n (0, ), the map Z/{;(~)x
is continuous on (&, +00), and therefore, it is measurable on (0, +00). Furthermore,
for every w > w(U), there exists M > 1 satisfying

||Z/l;(t)|| <M, ) e foreveryt >0, e > 0and j > 0 (3.4)

where M; := (M*|B]|/)/j!, j = 0.

Proof We proceed by mathematical induction on j € N. For j = 0, the result follows
from the first item of Remark 3.1. Let j > 0 and assume that the result holds for j.
Then, for ¢ > 0 and x € X, we have

1
Z/{;H(t)x = /(; U;f(t —$s)BUS(s)xds, t > 0. (3.5)

Since Uj(-)x = 0 on (0, &), then, Z/{;?H(-)x = 0 on (0, &). Linking (3.2), (3.4) and
(3.5), we get

i+1
1 O] < My £ e, 1 > 0.

To achieve the proof, it remains to show that the map Z/l; Jrl(~)x is continuous on
(e, +00). For e < tg < t, we have

uf_H (t)x — jé"+1 (to)x

t fo
= / Z/{;(t —8) BUy(s)x ds —/ Z/{Js-(to —5) BUy(s)x ds
0 0

I t
= / O[L{f(t —5) —Z/{;(to — )1 BUG(s)x ds +/ U;-(t —8) BUy(s)x ds
0 fo

and hence,

045 (D = U ()|

=

1
/O[Z/I;(Z —5) — Z/I;?(to —)IBUS(s)xds
0

t
+ / IIUf(t —8) BUS(s)x]l ds
fo
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and similarly for ¢ < ¢ < 1y, we have

WAy (to)x — US,y (D)x ]

=

4]
+/ IUS (1o — ) BUG (s)x || ds.
t

t
/ [U; (to —s) — Z/I;? (t —)IBU5(s)xds
0

Now the continuity of Z/l; 1 (x at top € (e, +o0) follows from the fact that

||Z/{]S. (") BU (s)x|| is uniformly bounded for #" and s belonging to bounded subsets of
(0, 400) [see (3.4)] together with the boundedness of 3 and the Lebesgue dominated
convergence theorem. This ends the proof. O

Lemma 3.2 For every j € N, the sequence (Z/l; (t))e>0 converges in L(X) to U;(t)
as ¢ goes to 0, uniformly on bounded and closed intervals of (0, +00).

Proof We proceed by induction on j € N. For [a, b] C (0, +00), we have
U (1) — U () || = IU) x0,6) ()]l = 0 forevery ¢t € [a,b]land 0 < & < a.

This gives the result for j = 0. Let j € N and assume that the sequence (Z/l;: (t)e>0
converges in £(X) told;(¢) as & goes to 0, uniformly on bounded and closed intervals of
(0, +00). We will show the result for j + 1. Notice, for every ¢ > O and ¢t € (0, +00),
we have

t
a0 =i = sw | [ U5 —sBUovas,
llxll =1

_ /tuj(t — $)BUy(s)x ds H
0

< swp | fot[uj.(t—s)—u,-(t—s)]Bug(s)xdsH

+ sup | /Otl/{j(t—s)B[Z/lé(s)—Uo(s)]xdsH

xeX
lxll =1

t
< /o 45 (¢ —s) — Ut — ) IBI I ()]l ds

t
+/O 1ed; e = )INBINIUG (s) — Uo(s)]l ds.

Now, taking into account (3.3), (3.4) and the boundedness of 5, the result follows
from the Lebesgue dominated convergence theorem. O

Set
8(T,B)(A\) = (A — T) "B —T)~'} for Rer > w (@) and j > 1.
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For ¢ > 0, set by induction,

LX) 3 05(T, B)(L) :

+oo
/ e MUE (1) dt for Rer > o (U) (3.6)
0

in the strong sense, and
L(X) > 19;?(7’, B)(A) = 295;1(7', B)(\) BY5(T, B)(A), forRed > w(U) and j > 1.
For w > w(U), set

Re :={r € C:Rel > w}.

Remark 3.2 In the strong sense, we have [7]
+oo
(T, B)(%) = f e ™ U;(t) dt for Rer > w(U) and j > 0. 3.7
0
Lemma 3.3 Forevery j > 0and ¢ > 0, we have, in the strong sense,
+o00
/ e M Z/l}?(t)dt = 19]8-(7', B)(X) for Rer > w(U) (3.8)
0

and consequently for w > w(U), there exists M; > 1 satisfying

+00

195(T, BYW| < M,-(/O t/e(“""")‘dt> for Rex > o' > w. (3.9)

Accordingly, by applying the Lebesgue dominated convergence theorem, we obtain
Corollary 3.1 Forevery j > 1, ¢ > 0, w > w(U) and x € X, the function
R, 2 A+— ﬁf(T, B)()x e X

is holomorphic on the interior of R,,.

Proof of Lemma 3.3 We proceed by induction. For j = 0, the result follows from
(3.6). Let j > 0 and assume that (3.8) holds for j. For ReA > w (/) and x € X, we
have by Fubini’s theorem

400 “+o0 +00
/ e MU, (Dxdr = / dte ™ / ds U (1 — ) BUS (s)x
0 0 0

+00 +00
= / ds/ dt e M US (1 — s) BUg (s)x
0 0
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where Z/{f.(.) is identified to its natural extension (Z/{f (u) = 0 for u < 0) on R. Now
using the change of unknowns # > u : =t — 5, we get

+o00 +oo +ee
f e M Ui (Dxdt = / ds e_M/ du ™" Uj ) BUg (5)x
0 0 0

+00
- / ds e 94(T, B)(M) BUG (5)x.
0 .
And, by linearity and continuity,

+00
/0 e MU, (Dxdi = 95(T, B)(1) BOG (T, B)(M)x
= 0}?+1(T, B)Y(M)x.
To achieve the proof, we use formula (3.4). O

Lemma34 Let j € Nand v > w(U), then uniformly on R, the sequence
(19,8.(7, B)(A))e=0 converges in L(X) to (T, B)(A) as € goes to zero.

Proof For every A € R, from (3.8) and (3.7), we have

195(T, BY(A) — 9;(T,. BYM)|l = sup

“+00
/ e MU (t)x — Uj(n)x]dt
xeX || x||=111J0O

+00
<[ o -woiar
Let o’ € (w(U), w). From (3.3) and (3.4), there exists M’ > 0 satisfying
max (U5 (O, 1U; (DO < M t ¢”" forevery t > 0
where M/, := ((M"7+11B]17)/j!. We have
0 < e US(0) — Ui ()| < 2M) 17 ) for every 1 > 0

and the map: (0, 4+00) 3 1 —> 2M’ tJ @~ ¢ R belongs to L' (0, +00). Now

we achieve the proof by using Lemma 3.2 and applying the Lebesgue dominated

convergence theorem. O
The following lemma will be crucial in the proof of the two results below.

Lemma 3.5 Forevery j > 1, & > 0 and w > w(U), the function

R, 2>\ +— z?j(’]’, B)Y(L) € L(X)
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is holomorphic on the interior of R, and,

+00
Mx=TA)x = —/ re M U;(t)x dt forevery A € int(Ry) and x € X,
0

d(T. B)
d

where int(R,) denotes the interior of R,.

Proof For each t > 0 and z € Ry, we put ¢ (z) := e . Let A € int(R,y) where
o' > w. Note that ¢,(A) = —te™*'. For each x € X’ and h € C such that

A+he int(R,) and [h~ (g (h) — 1) +1] < 1, (3.10)

we have according to Lemma 3.3,

+o0
Hh—l[ﬁ;(T, B)(.+ h)x — 05(T, B)(1)x] + / te MU (1)x di
0

+00
= H / (A= (i + 1) — ¢ (1)) + te ™ NUS (1) x di
0

+00
< / B (e (h) — 1) + ] e RH S (1) .
0

Hence,

||h_1[195~(7, B)(A +h) = 93(T, B) (W] =Tl
+00
—  sup Hh_l[ﬁj(T, B)(. + hyx — 95(T, B)()x] + f te MU (1) di H
0

xeX, |x|<1

+00
< / R i (h) = 1) + 1] e R U (1) | .
0
Note that, by using (3.4), one has
0< [ (k) — 1)+ 1] e R WU | < MjtT e @7RDT < M o] 0=

for each h satisfying (3.10) and

+00 . ,
M;t/ e gt < 00,
0
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Therefore, by applying the Lebesgue dominated convergence theorem, we get

Jim 1A' 95T, BYO-+ h) = 95(T, BY(W] — YW
+o00
= lim [~ 9T, B+ ) — 95T, BT + f e MU 1) dr |
h—0 0
+o0
< lim / [ (e (h) = 1) + 1] e R U 1) ] di
h—0 Jo

+o0
= / lim [h~ (¢ (h) — 1) + 1] e KM 1245 (0)|| dt = 0.
0 h—0

This ends the proof. O
For each fixed j > 0 and ¢ > 0, let us consider the following hypotheses

There exists v > max(w (U), 0) satisfying

. +00
(AL(, £)) sup/ 195(T, By +i0)lldt < o0

E>vJ—00

and
(A1(j)) The hypothesis (A1(j, €)) hols for every (small) ¢ > 0.

Now, we are in a position to state the following

Theorem 3.1 Let j > 0 and assume that (A1(j)) holds true. Then, U;(-) is norm
continuous on (0, +00).

Proposition 3.1 Let j > 0 and ¢ > 0. If the hypothesis (A1(], €)) holds then, Z,{;: )
is norm continuous on (g, +00). Furthermore, in the strong sense and in L(X), we
have for & > v,

1 E+ioco
U(t) = — MOS(T,BYA) dh, 1> ¢. (3.11)
J 2mi E—ioco 1

To prove this result, we need to recall some relevant definitions and auxiliary results.

Definition 3.1 (See [7, Definition 6.4.1].) Let ) be a Banach space and let ¢ (-) denote
an Y-valued function defined on the half-plane {A € C : ReA > «} where ¢ € R. We
say that ¥ (-) belongs to the class Hj(«, )) if the following conditions are satisfied:

(a) 9 (-)is a function on complex numbers to ), which is holomorphic for ReA > «;

1
(b) sup, {2 19 (y +iD)||PdT}? < +00;
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(¢) lim, 4 ¥ (y +if) = ¥ (a + if) exists for almost all values of £ and
+00
/ 19 (x +it)||P dT < +00.
—0o0

The following result shows that every function in H, («, ) may be represented by
a generalized Laplace integral.

Proposition 3.2 (See [7, p. 230].) Let ¥ (-) € Hp(a, V) where a > 0. Let y > o and
Bq > 1 where % + % = 1. Then

1 y+ioco
Op(1) = — APy (n) dn
2mi y—ioco

defines a continuous function on (0, +00) to Y and

+00
d(h) = 1P f e Mgt dt
0

the integral being absolutely convergent for ReX > «.
For p =1 (see [7, p. 230]), we may take § = 0, obtaining

400
D) = / e M0o(1) dt.
0

Let ¥ () be an Y-valued function defined on a half-plane P, := {A € C: ReA > «}
where ) is acomplex Banach space and o € R. Assume that the function ¢ (-) satisfies
Conditions (a) and (b) (except may be Condition (c)) of Definition 3.1, say

() € Epla, V). (3.12)

Then, naturally, for each o’ > «, this function satisfies

(a’) ¥ (-)is afunction on complex numbers to ), which is holomorphic for Rea > o’;

1 R 1
) SUpy o ([ N0+ 1P dT) 7 < supy o (L[ 19y +iDIP de)? < +o0;
(¢") The holomorphy of ©#(-) on P, implies its continuity on P,; thus,

lim ¢ (y +if) = 9 (a’ + iL) exists for all values of £ € R.
y—a
Furthermore,

+00 +00
/ 9@ +it)|” dr < sup {/ 19y +iol” dr

—00 y>a lJ—oco

+00 1/p\ P
sup {/ ||z9(y+ir)||pdt} < +4o00.
y>a —00
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This means that ¢ (-) belongs to H,(c’, V) for every o’ > «, and consequently, we
deduce the following

Corollary 3.2 Let ¥(-) € Ep(a, V) where o > 0. Let y > o and Bq > 1 where
% + 5 = 1. Then, the conclusion of Proposition 3.2 holds true.

Proof of Proposition 3.1 By using the hypothesis (A1(j, ¢)) and Corollary 3.1 (resp.
Lemma 3.5), we infer from (3.12) that 19; (T, B)(-)x (resp 19;(’]', B)(-)) belongs to
E1(v, X) for each x € H (resp. E1(v, L(X))). This implies, according to Corollary
3.2, that the continuous function

y+ioco

1
0% (t) = — MOET, BYW)dr, y > v, t >0,
J 2]Tl y—ioco J

satisfies,
+o0
/ e‘“@f(t) dt = 19‘7(7, B)(),
; .

where the integrals are considered in the strong sense (resp. £(X)). Keeping in mind
that (Lemma 3.3) in the strong sense,

+o00
/ e MU (1) dit = 95(T, B)(1) for Rer > o),
0

the uniqueness of the Laplace transform yields by continuity in the strong sense (see
Lemma 3.1),

U;(t) = Gf(t) for every t > ¢.

Therefore, (3.11) follows in the strong sense and in £(X"); moreover, L{; (-) is norm
continuous on (&, +00). This ends the proof. O

Proof of Theorem 3.1 The result follows from Proposition 3.1 on the basis of Lemma
3.2 O

As a consequence of Theorem 3.1 we obtain the following

Corollary 3.3 Assume that there exists j > 0 such that the hypothesis (A1(j)) holds.
Then, the semigroups (U(t));>0 and (V(t));>0 have the same critical type wcyi;.

Remark 3.3 For each j > 0 and ¢ > 0, let consider the following conditions
There exists v > max(w (U), 0) satisfying

AVG) Y lim sup f 19(T, B)E + i)l dr = 0
It|>a

a——+00 E>v
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and
(A1’(j)) The hypothesis (A1'(j, €)) hols for every (small) ¢ > 0.

Note that for every j > 0 and ¢ > 0, Condition (A1(j, ¢)) implies Condition
(Al1(J, &)). Therefore, forevery j > 0, Condition (A1’(j)) implies condition (A1(j)).

Let us consider the following hypothesis.

For every ¢ > 0, there exist v > max(w (), 0) and C, > 0 satisfying
(A2)
[ImA| |BOG(T, BY(M)B|| < C¢ forevery A € R,.

Now we state another consequence of Theorem 3.1. This result is very useful in
applications.

Corollary 3.4 Assume that (A2) holds true. Then for each j > 4, the operator U;(t)
is norm continuous for each t > 0 and therefore, the semigroups (U(t));>0 and
V(t))i>0 have the same critical type wc,i;. Furthermore (3.11) holds in the strong
sense and in L(X), foreache >0, & > vand j > 4.

Proof From (A2), we have fore > 0, j > 4, ReA > v and ImA # 0,

19T, BYWI| < 195(T. BYMIBOG(T. BYWI*| 1B (T, BYW) |
< IBO§(T, BYWBIP 19§ (T, By 11BIE(T, By~
Cc? : .
I3 j—4 & j—1
= 1B I9G(T, BYGI ™

Since the operator B is assumed to be bounded, then by the fact that |95 (7, B)(A) ||

oU)+v
2

is uniformly bounded on R, (apply (3.9) with ' = v and w = ), there exists

C, > 0 verifying

~ dt
lim sup/ ||19;(T, B)(E +it)|dt < Cg lim — =0.
a=>+0 e~y Jir|>a a=+00 Jizj>a T
Now, the result follows from the remark above and Theorem 3.1. O

3.2 Compactness of U (-)
For j > 0, let us consider the following hypothesis

A3(i There exists v > max(w (f), 0) such that
(A3() for every (small) ¢ > 0, 19;7 (7T, B)()) is compact for all A € R,,.

The second main result of this section is the following
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Theorem 3.2 Let j > 0 and assume that (A1(j)) and (A3(j)) hold true. Then, U; (t)
is compact for every t > 0.

Proof From the hypothesis (A1(j)) and according to Proposition 3.1 we get, in the
strong sense and in £(X), foreache > 0 and & > v,

1 E+4ioo
Us(t) = — exp(ht) 95 (T, BY(A) dA, t > 0.
J 2mi E—ioco J

Now the use of the convex compactness property [24] gives that L{f () is compact for
every t > 0 and ¢ > 0. Now, the result follows from Lemma 3.2. O

Consequently, we get

Corollary 3.5 Assume that there exists j > 0 such that the hypotheses (A1(j)) and
(A3(}j)) hold. Then, the semigroups (U(t))s=0 and (V(t));>0 have the same essential

type Wess.

Now we state another consequence of Theorem 3.2. This result is very useful in
applications.

Corollary 3.6 Assume that the hypothesis (A2) holds and there exists j > 4 such
that the hypothesis (A3(j)) holds. Then the operator U;(t) is compact for eacht > 0
and therefore, the semigroups (U(t)):>0 and (V(t)):>0 have the same essential type
Wesss -

4 Application to L!-neutron transport theory

In this section, we consider the following concrete initial value problem governing the
time evolution of the distribution of neutrons in nuclear reactor, namely the neutron
transport equation (see [13, 14] and the references therein)
a a
a—lf(x, v 1) = —val(x, v, 1) —o () Y(x,v,1) +/ k(e v, ) Yr(x, v D dp)
x %

=Ty x,v,t)+ Ky (x,v,t) := AY(x,v,t) “.D

t//|r_ =0 and ¥ (x, v,0) = Yo(x, v)

where (x,v) € 2 x V with Q and V are smooth open subsets of RY (N > 1), Q
and V denote respectively the space of positions and the space of velocities, dx and
d denote respectively the Lebesgue measure on RY and a positive Radon measure
on RY with support V. The function ¥ (x, v) represents the number (or probability)
density of particles having the position x and the velocity v. The functions o (-) and
K (-, -, -) are called, respectively, the collision frequency and the scattering kernel, and,

' ={(x,v) € 9Q x V : visincomming at x € 9<2}.

The operators A, T and K the integral part of A, are called respectively the transport
operator, the streaming operator and the collision operator.
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Let us consider the Banach space
X =LY x V,dx @ du(v)).
We assume that
o(-) € L®(V), K € L(X) and Q is bounded and convex.
From [25], the unbounded operator

Ty(x,v) = —v%(x, v) —o()Y(x,v), ¥ € D(T)

0
pry=(pex: ¥ € Xand . =0}
ox r
generates the following explicit positive Cp-semigroup

e_a(v)l‘ﬁ(x —vt,v) ift < t(x,v)

Uy (x,v) =

0 otherwise,

4.2)

where 7(x,v) = inf{t > 0 : x —tv ¢ Q}. The type of (U(t));>0 is given [16,

Formulae (2.4), p. 10] by

—00 if0g¢gV
o(T) = _
—lim inf o(v) if0€ V.

Vav—0

Let us write the evolution problem (4.1) as an abstract Cauchy problem:

dg
Tl T+ K)p, ¢0)=¢ € X,

where the streaming operator 7 is the closed unbounded operator with dense domain
defined by (4.2), and the collision operator K is the bounded integral operator having

the form

Xoy > K¢ = / k(x,v,0) Y(x,v)du®@) € X.
A%

(4.3)

Note that from the classical perturbation theory, the perturbed (transport) operator
A :=T + K generates also a strongly continuous semigroup (V (t));>0 in X given by

the Dyson—Phillips expansion
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V) = '"Z_l U;j@) + R (1), 4.4)
Jj=0
where
Uo(t) =U(), Ujt) = /Ot Ut —s)KUj_1(s)ds, (j=1
and

+00
Ru(t) =) Uj), (m=1).

J=m

Following [13,14], we adopt the following definition

Definition 4.1 A collision operator K € £(X) is said to be regular if it belongs to the
closure in the operator norm topology of the class of collision operators with kernels
in the form

k(0 0) = e (0) fi(w)gi (V).

iel
witho; () € L®(Q), fi() € LY(V,du), gi() € L¥(V,du),i € I, where I is finite.

For every (x, s) € Q x (0, +00), we define the map

fx,s V—Q
v (X = $V) X[0,7 ()] (5)-

Let us assume as in [10] that the Radon measure du on RV satisfies the following
geometrical properties,

a3
/ dy,(v)/ xa(tv)dt — Oas |[A] = O 4.5)
a1 <|v|<ay 0

for every 1 < o < 400 and a3 < 400, where |A| is the Lebesgue measure of A
and x4 denotes the characteristic function of A.
Let us assume that there exists a positive measure dv on R satisfying

{ frs(dw) = (1/sN)dv forevery x € Q and s € (0, +o0), and 4.6)

the canonical injection j : LY(2, dx) — LY(S2, dv) is continuous.
Here, fy s(dp) denotes the image of the measure ¢ on RN by the map fy s.
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Remark 4.1 The set of Radon measures 2 on RY satisfying condition (4.6) is non-
empty, in fact, it contains the usual Lebesgue measure dv on RV .

For any Borelian subset V) C V, we consider the following geometrical property.

Definition 4.2 Let ng € N*. A Borelian subset Vj of V is said to be (2 — 2)-finite of
order ng, if it has a finite ©—measure and foreachx € (R —Q) :={x—y:x,y € Q},
the set

Ay (Vo) :={t € (0, +00) such that (x/1) € Vp}

is a union of at most ng intervals.

Let us assume the following geometrical assumption on the velocity space.
The velocity space V can be written @7
as a partition of (2 — €2)-finite subsets of order ny. ’

Remark 4.2 1f dju denotes the Lebesgue measure on RV, then both of the subsets
B(a,r) :== {v —a € R suchthat |v|| <r},r > 0,a € RV, and C,, , := {v €
RN such that r; < |[v|| < 72}, 0 < rp < ||v|| < 1o, are (Q — Q2)-finite subsets of order
one [and hence each of them satisfies the geometrical assumption (4.7)]. Therefore,
since UpeNCront1 = RY, this velocity space satisfies also the geometrical assumption
4.7).

The following theorem is the main result of this section.

Theorem 4.1 Assume that Q2 is bounded, 0 < o (-) and the Radon measure d i satisfies
conditions (4.5) and (4.6). If the collision operator is regular and the velocity space
satisfies the assumption (4.7), then for every m > 4, the operator U,,(t) is compact
for eacht > 0 and therefore, the semigroups (U(t));>0 and (V (t)):>0 have the same
critical type w.ri; and the same essential type w,gs.

Remark 4.3 The result of Theorem 4.1 completes the results of [14, Theorem 10 and
Corollary 11] and that of [12, Theorem 2.1]. Furthermore, the result of Theorem 4.1
can be generalized directly to L”-spaces, 1 < p < +00, and thus our result improves
Sbihi and Mokhtar-Kharroubi’s results.

For every ¢ > 0, small, we consider the operator [see (3.6)]
198(T, K)(A), Rer > w(U).

To prove Theorem 4.1, we need the following

Proposition 4.1 [15, Theorem 4.4] Assume that 2 is bounded and the collision oper-
ator K is regular. If the Radon measure du satisfies (4.5), then

KﬁS(T, K)(M)K is weakly compact on X.
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Remark 4.4 Let K be a collision operator given by (4.3). It can be written in the form
K =[ReKt — ReK~ | +i[ImKt — ImK™],
where ReK* and ImK* denote, respectively, the collision operators with kernels
Rex™(x,v,v) = max{£Rek(x, v, ), 0}
and
Imk®(x,v,v") = max{£Imk(x,v,v),0}.
Therefore, since the collision operator K is assumed to be regular and since V (1) —U (¢)
depends linearly and continuously on K, we can assume that K is positive and regular.
Now, since the semigroup (U H(1y) +>0 18 positive, similar reasoning as in [14, p. 1240]

using domination arguments, by linearity and according to Condition (4.7), we can
assume that K is a one rank collision operator with kernel in the form

K(x,v,0) = x,, V),

where Vj is a Borelian (2 — Q)-finite subset of V having the order n, i.e., K = Kj,
where

Ko:Xp3 9 — Ky (x,v) = x, (v)/v Yx,v)dp@) € Xp. (4.8)

For every w > w(U), we consider the half-plane of C:
Reo:={r € C: Rel > w}.

We are going to prove the following auxiliary result.

Proposition 4.2 Assume that 6(-) = o € R and let ¢ > 0 and Vyy be a Borelian
(2 — Q)-finite subset of V having the order ng. If the Radon measure d satisfies
Condition (4.6), then for every w > w(U), there exists Cc > 0 such that

A+ ol [Ko9(T, K)(W)Koll < Ce for every & € Ry,
and consequently,
[ImA| | Ko95(T, K)(MKoll < Cg for every A € R,.

Before proving this result, we need the following

Lemma 4.1 Assume that 6(-) = o € R and let ¢ > 0 and Vy be a Borelian
(2 — Q)-finite subset of V having the order n(. Then, for every @ > w(U), there exists
Ce.ng,1 > 0 such that
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400 -
—(to)s x—x"\ ds <C
e XVO s SN — 8,”0,1
&

uniformly on x, x' € Q and A € R,

A+ o]

Proof Since Vj is a Borelian (2 — ©2)-finite subset of V having the order ng, for every
x,x’ € Q, there exists mo(x — x) < ng satisfying

mo(x—x")

b_ !
/ﬂoe—(xw)s X, (x — x/) as _ Z / 10 e~ OFDs 5 <x — x/> ﬁ
. 0 s sN , aj(x—x") 0 s sN

j=1

where the (a;, b;) are bounded intervals included in (g, +00). Simple integrations by
part to the integrals

bj(x—x") x—x"\ ds
/ o~ (A ta)s Xvy ( ) N 1 <j <mo,
a

j(x—x7) s
yields

mo(x—x") bi(x—x")

T ato)s x—x"\ds _ ol e LT

¢ Avo s sN A+o ¢ sN

¢ j=1 - aj(x—x’)
_mO(X_X)/bf(x_x/) 1 o~ (to)s Nds
= Jaje-n Ata s+

Consequently, by passing to the module, we get

“+00 / / “+00
—(to)s X —x ﬁ 2mo(x — x') Nds
A +ol /g ¢ Xvy < 5 )SN = . + NI
2np + 1
S {;‘N = CS,n(),lv
uniformly on x, x’ € Q and A € R,,. This ends the proof. O

Proof of Proposition 4.2 Note that according to [16, p. 12], the operator
Koﬂg(T, Kop)(M)Kp is an integral operator from LYQ x V,dv(x) ® du(v)) onto
X, whose kernel is

“+o00 R d
—(Ato)s A _s
XVO (U) X{IX*X/|S§(X, xfx: )} /E\ e XVO < s ) SN )

Jx—x"]

where s(x, v) = inf{s > 0 : x — sv ¢ Q}. Therefore, the result follows from Lemma
4.1 on the basis of Assumption (4.6). O

Finally, we are ready to give the
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Proof of Theorem4.1 Since 0 < o (-), the semigroup (U());>0 is positive and the
collision operator K can be chosen to be the positive collision operator K¢ given by
(4.8) (see, Remark 4.4). By using comparison arguments, we need only to prove the
result for o () = 0. Now, the result follows from Propositions 4.1 and 4.2 by applying
Corollary 3.6 of Theorem 3.2. O
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