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Abstract A mappingo: S — Siscalled a Cayley function if there exist an associative
operation i: S X S — S and an element a € S such that «(x) = u(a, x) for every
x € §. The aim of the paper is to give a characterization of Cayley functions in terms
of their directed graphs. This characterization is used to determine which elements of
the centralizer of a permutation on a finite set are Cayley functions. The paper ends
with a number of problems.
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1 Introduction

Let S be a set equipped with a binary operation, say:
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Both the rows and columns of this table can be viewed as full transformations on S.
For example, the row of 1 induces the map A, and the column of 2 induces the map

p1 as follows:
_(0123) , _ (0123
Pr=\o101) "= \oo20)"

Observe that L1p2 = paA;. In fact, one may check that in the Cayley table above,
every row commutes with every column. Saying that the rows of (S, -) commute with
its columns is just another way of saying that (S, -) is a semigroup (see [5]). This
simple observation prompts an approach to a study of semigroups. However, before
outlining the approach, we introduce some terminology and notation, and recall some
facts.

Let S be a semigroup. For a fixed a € §, the mapping A,: S — S[p,: S — S]
defined by A,(x) = ax[p,(x) = xa] is called a left [right] inner translation of S. If
S is a finite group, then A, is a regular permutation on S, that is, A, is a product of
disjoint cycles of the same length. If S is an infinite group, then A, is a formal product
of disjoint cycles of the same (possibly infinite) length (see [21, Definition 3.2] and
[24, Definition 1.1]). The converse is also true, that is, if « is a regular permutation on
a set S, then there is a group with universe S such that « is a left inner translation of
the group S [28]. The same facts are true for right inner translations.

Let o be a transformation on a set S. Following [30], we say that « is a Cayley
function on S if there is a semigroup with universe S such that « is an inner translation of
the semigroup S. Note that « is a left inner translation of a semigroup (S, -) if and only if
« is arightinner translation of the semigroup (S, *), whereforalla, b € S, axb = b-a.

We now describe an approach to a study of semigroups prompted by the observation
that in any semigroup, the mappings induced by the rows of the Cayley table (left
inner translations) commute with the mappings induced by the columns (right inner
translations). Let S be any set.

1. Find the Cayley functions on S.

2. Given a Cayley function « on S, find all transformations on S that commute with
o, that is, describe the centralizer of « in the full transformation monoid 7 (S)
on S.

3. Given a Cayley function « on S, find all Cayley functions on § that commute
with «.

4. Find pairs {«, B} of Cayley functions on S such that & and § occur as left inner
translations of the same semigroup (S, -).

5. Let G be the simple graph whose vertices are the Cayley functions on S and the
edges are pairs {«, B} such that & and B occur as left inner translations of the same
semigroup (S, -). We will call the graph G g the common semigroup graph of S.
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652 J. Aratjo et al.

Identify the maximal cliques of the common semigroup graph Gg.
6. Let Hg be the simple graph whose vertices are the Cayley functions on § and the
edges are pairs {«, 8} such that:
e {«, B} is an edge in the common semigroup graph G g, and
o there exists a clique C of size | S| in G such that & and g commute with every
element of C.
Identify the maximal cliques of the graph H.

The solution of problem 1 tells us which mappings can appear as rows or columns
in the Cayley table of a semigroup. The solution of problem 2 gives us the candidates
for the rows of the Cayley table of a semigroup provided a given mapping appears as
a column. Problems 3 and 4 are steps toward solving problems 5 and 6.

Regarding problem 5, suppose that (S, -) is a semigroup. The left inner translations
Aq of S, where a € S, form a clique in the common semigroup graph Gs. Hence, the
solution of problem 5 would give us the candidates (the vertices of a maximal clique
of Gg) from which the rows of the Cayley table of a semigroup can be selected. The
same analysis applies to columns.

Regarding problem 6, suppose that we have the Cayley table of a semigroup (S, -).
Then the rows of the table form a clique, say C1, in the common semigroup graph G s,
and the columns also form a clique, say C,, in G 5. Moreover, |C{| = |C2| = |S| and
each Cayley function in C1 commutes with each Cayley function in C,. Therefore,
the rows [columns] of the Cayley table of (S, -) are contained in a maximal clique
of the graph Hg. Therefore, the solution of problem 6 would give us the candidates
(the vertices of a pair of maximal cliques in Hg) from which the Cayley table of a
semigroup can be constructed. In other words, it would provide us with a tool to devise
a method for building the Cayley tables of semigroups. In the process we might gain
a deeper understanding of transformations and the Cayley tables of semigroups.

The current status of the solutions of these problems is as follows. Algebraic descrip-
tions of transformations « that are Cayley functions (in terms of properties of powers
of o) have been provided in [8,9,11,30]. The problem of describing the centralizer of
a given transformation took longer, but it has been fully solved; the final stage was
[6], but this is just the last step in a long process [1-4,14-23,25-27] (not claiming
exhaustiveness). Given that problems 1 and 2 have been solved, one might think that
problem 3 follows straightforwardly. This is not the case, though. One of the reasons
is that while the description of the centralizers is geometric in nature, the available
descriptions of the Cayley functions are not, thus making it difficult to combine the
two results.

Hence, this paper has two goals. The first is to provide a geometric characterization
of the Cayley functions, which can be connected to the existing geometric descriptions
of centralizers. The second is to describe the Cayley functions that commute with a
finite permutation. That is, we solve problem 3 in a special case. In other words, we
describe the candidates for the rows of the Cayley table of a finite semigroup when
one of its columns is a permutation. This is the part of the paper containing the most
delicate considerations.

Any o: § — § can be represented by a directed graph D, with § as the set of
vertices such that x — y is an arc in Dy, if and only if «(x) = y. A directed graph
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representing some transformation on its set of vertices is called a functional digraph.
We will characterize the functional digraphs that represent Cayley functions. As a
result, we will obtain a visual criterion for a transformation « on a set S to be a Cayley
function: look at the digraph of « and see if it has desired properties.

To obtain a complete characterization of digraphs that represent Cayley functions,
we first need to describe functional digraphs. We provide such a description in Sect. 2
(Propositions 2.5 and 2.6). Transformations on a set S can be divided into two types:
those that have the so called stabilizer and those that do not. In Sect. 3, we characterize
the functional digraphs that represent transformations with stabilizers (Theorem 3.10).
In Sect. 4, we characterize the digraphs that represent Cayley functions (Theorems 4.6
and 4.10). Finally, in Sect. 5, we apply our characterization to centralizers of finite
permutations (Theorem 5.6). We illustrate our results with examples and figures. We
conclude the paper with a list of open problems (Sect. 6).

For the remainder of the paper, we fix a non-empty set S and denote by 7'(S) the
set of all transformations on S (mappings «: S — S).

2 Functional digraphs

A directed graph (or a digraph) is a pair D = (S, p) where S is a non-empty set of
vertices (not necessarily finite), which we denote by V (D), and p is a binary relation
on S. Any pair (x, y) € p is called an arc of D, which we will write as x — y. A
vertex x is called an initial vertex in D if there is no y € S such that y — x; it is
called a terminal vertex in D if there isno y € § such that x — y.

A digraph D is called a functional digraph if there is @ € T(S) such that for all
x,y € §,x — yisanarcin D if and only if «(x) = y. If such an « exists, then it is
unique, and we will write D = D,, and refer to D as the digraph that represents «. In
this section, we describe functional digraphs.

Let D be a digraph and let ..., x_1, xo, X1, ... be pairwise distinct vertices of D.
Consider the following sub-digraphs of D:

X0 —> X] = = Xk—1 —> X0 2.1
X0 —> X] —> = X 2.2)
X0 —> X| —> Xp —> --- 2.3)
cee > Xp > X — XQ 2.4
Cee > XL > X > X] > e 2.5)

We call (2.1)—(2.5), respectively: a cycle of length k(k > 1), written (xo X1 ... Xk—1);
a chain of length m, written [xo x1 ... X, ](m > 0); a right ray, written [xo x1 x2 .. .);
a left ray, written (. .. x3 x1 xo]; and a double ray, written (... x_1 xg x1 .. .).

Definition 2.1 Let D, be a functional digraph, where « € T(S). A right ray
[x0x1 x2...)in Dy, is called a maximal right ray if x¢ is an initial vertex of Dy .

Definition 2.2 Let D, be a functional digraph, where o € T'(S).
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654 J. Aratjo et al.

e Aleftray L = (... x2 x1 x0] in Dy, is called an infinite branch of a cycle C [double
ray W] in D, if xo lies on C[W] and x; does not lie on C[W]. We will refer to
any such L as an infinite branch in Dy,.

e Achain P = [xpx] ... xp] of length m > 1 in D, is called a finite branch of a
cycle C [double ray W, maximal right ray R, infinite branch L] in D, if xq is an
initial vertex of Dy, x;, lieson C[W, R, L] and x,,_; does not licon C[W, R, L].
If x;, lies on an infinite branch L = (... y> y1 yo], we also require that x,,, # yo.
We will refer to any such P as a finite branch in Dy,.

By abranch in D, we will mean a finite or infinite branch in D, . Note that all branches
of a maximal right ray R or an infinite branch L are finite. In other words, we only
consider infinite branches of cycles and double rays.

Definition 2.3 Let o € 7(S), x € S. The subgraph of D, induced by the set
{y € §:af(y) = ™ (x) for some integers k, m > 0}

is called the component of D, containing x. The components of D,, correspond to the
connected components of the underlying undirected graph of D,,.

Definition 2.4 Let {D;};c; be a collection of digraphs D; = (S;, p;). By the join
of the digraphs D;, denoted | |;.; D;, we mean the digraph D = (S, p) such that
S = Ujes Siand p = ;s pi- (Thatis, x — y is an arc in the join D if and only if
x — yisan arc in some D;.) If the index set [ is finite, say I = {1, 2, ..., m}, we
will write D1 LU Dy Ui --- U Dy, for | |;c; D;.

The following two propositions, proved in [6, Propositions 2.10 and 2.13], describe
the functional digraphs. (The first characterization of functional digraphs is due to F.
Harary [10, Theorem 2].)

Proposition 2.5 Let D be a functional digraph. Then for every component A of Dy,
exactly one of the following three conditions holds:

(a) A has a unique cycle but not a double ray or right ray;
(b) A has a double ray but not a cycle; or
(c) A has a maximal right ray but not a cycle or double ray.

Proposition 2.6 Let D, be a functional digraph. Then for every component A of Dy:

(1) if A has a (unique) cycle C, then A is the join of C and its branches;

(2) if A has a double ray W, then A is the join of W and its branches;

(3) if A has a maximal right ray R but not a double ray, then A is the join of R and
its (finite) branches.

Suppose that a component A of Dy, has a right ray R but not a double ray. It is then
clear by Proposition 2.6 that A is the join of its maximal right rays. We will say that
such a component A is of type rro (“right rays only™).

Figure 1 presents a component of a digraph that contains a cycle (necessarily
unique). The cycle has two infinite and three finite branches. The infinite branch
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e

Fig. 1 A functional digraph component with a cycle

Fig. 2 A functional digraph component with a double ray

on the right has one finite branch. Figure 2 presents a component of a digraph that
contains a double ray. The double ray in the middle has one infinite and three finite
branches. The infinite branch has one finite branch and extends to the second double
ray of the component. Figure 3 presents a component of a digraph that contains a
maximal right ray but not a double ray (type rro). The maximal right ray in the middle
has five (necessarily) finite branches.

3 Transformations with stabilizers

In this section, we describe the functional digraphs representing transformations that
have the so called stabilizer.

Leta € T(S). We denote by im (o) the image of «. For an integer n > 0, we denote
by a” the nth power of «, that is, the composition of o with itself n times. As usual,
¥ denotes the identity transformation idg on S.
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Fig. 3 A functional digraph component of type rro

Definition 3.1 Let o € T(S). The stable image of «, denote sim(«), is a subset of S
defined by

sim(a) = {x € §: x € im(a") for every n > 0.}.

(See [12, p. 42], where sim(«) is called the stable range of «.)

Remark 3.2 If o € T(S), then:

e sim(w) consists of the vertices of D, that lie on cycles, double rays, or infinite
branches;
e sim(x) = ¢ if and only if each component of Dy, is of type rro.

Definition 3.3 Following [30], we define the stabilizer of « € T (S) as the smallest
integer s > 0 such that im(e®) = im(a**!). If such an s does not exist, we say that «
has no stabilizer.

Remark 3.4 If o € T(S), then:

o the stabilizer of « is the smallest integer s > 0 such that «® (x) € sim(«) for every
x es;

e « has the stabilizer s = 0 if and only if im(¢) = sim(«) = S, which happens if
and only if each component A of Dy, is either the join of a cycle C and the infinite
branches of C or the join of a double ray W and the infinite branches of W

e if o has the stabilizer s, then sim(«) = im(a*).

The transformations represented by the digraphs in Figs. 1 and 2 have stabilizers
2 and 4, respectively. If « is the transformation represented by the digraph in Fig. 3,
then sim(«) = ¥ and the stabilizer of « does not exist.
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Fig. 4 The digraph of o from Example 3.5

Example 3.5 A transformation may have a non-empty stable image and no stabilizer.
LetS={...,x_1,x0, x1,...} U{y1, y2,...} U{z1, 22, ...}. Consider « € T (S) rep-
resented by the digraph in Fig. 4. Then sim(«) = {..., x_1, x0, x1, .. .JU{y1, ¥2, ...}
but « has no stabilizer because of the increasing lengths of the finite branches of the
double ray (... x_j xox1...).

For the rest of this section, our goal is to characterize the digraphs of transformations
with stabilizers.

Lemma 3.6 Let o € T(S) such that a has the stabilizer s. Suppose [xo X1 ... Xg]isa
chain in Dy, such that x5 does not lie on a cycle. Then o has a left ray (... y» y1 xs].

Proof We will construct a sequence yg, Y1, y2, . - - of elements of S such that yo = x;
and for every n > 0,

(@) [yn... yolisachainin Dy, and
(b) y, € sim(w).

Let yo = x,. Then [yg] is a chain in Dy and yo = x; = a’(xp) € sim(x) (see

Remark 3.4). Let n > 0 and suppose we have constructed vertices yop = Xg, 1, ..., Vn
that satisfy (a) and (b). Since sim () = im(a*) = im(a**!), we have y, € im(a**!).
Thus, there are zg, ..., Zs, Zs+1 in S such that

20> > s —> Zs+1 = Yn-

Let y,4+1 = z5. Then

Yn+1 = 2Zs = Zs+1 = Yn = Yn—1 —> = - —> )O.
Note that y,+1 ¢ {yu, ..., Yo} since otherwise x; = yo would lie on a cycle. Thus
[Vn+1Yn ... yolis achainin Dy and y, 1| = z; = «®(z0) € sim(«).

The sequence yp = xs, y1, ¥2, . . . that satisfies (a) and (b) for every n > 0 has been
constructed. But then (... yy y; x;] is a left ray in Dy,. O
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Fig. 5 The digraph of « from Example 3.9

The following lemma states that the digraph of a transformations with stabilizer
cannot have a component of type rro (see the paragraph after Proposition 2.6 and
Figure 3).

Lemma 3.7 Let o € T(S) with stabilizer s. Then for every component A of Dy, A
has a (unique) cycle or a double ray.

Proof Suppose that a component A of D, does not have a cycle. Select any
xo € A. Since A has no cycle, [xgx; x2...), where x; = a(xg), x2 = a(xy),...,
is a right ray in A. By Lemma 3.6, A has a left ray (... y» y; x5]. For every
n > 0,y, ¢ {xs+1,X542,...} since otherwise A would have a cycle. Hence
(... Y2 Y1 X5 Xg41 X542 . . .) is a double ray in A. O

The converse of Lemma 3.7 is not true, that is, not every o € 7 (S) such that every
component of D, has a cycle or a double ray has the stabilizer (see Example 3.5).

Definition 3.8 Let « € T(S). A finite branch [xg x ... x;,] in Dy is called a twig
in D, if x,, € sim(«) (that is, x,, lies on a cycle, double ray, or infinite branch) and
xp ¢ sim(a) forevery p € {0, ..., m — 1}.

Example 3.9 Not every finite branch is a twig. Let S = {...,x_1, x0, x1,...} U
{v1, y2,...} U{z1,..., 25}, and consider « € T (S) with the digraph in Figure 5.
Then [z1 z2 ¥1 x0] is a branch in D, but not a twig, while [z7 z2 y1] and [z3 24 25 x2]
are twigs.

Theorem 3.10 Let o € T (S). Then o has the stabilizer if and only if:

(1) every component of Dy, has a unique cycle or a double ray, and
(2) there is an integer M > 0 such that every twig in Dy has length < M.

Proof Suppose o has the stabilizer, say s. Then (1) holds by Lemma 3.7. To prove
(2), suppose to the contrary that such an integer M does not exist. Then there is a
twig in D, of length greater than s, say [xg ... X5 ... X, ] with m > s. Since s is the
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Directed graphs of inner translations of semigroups 659

stabilizer of o, we have x; = «®(xg) € sim(«) (see Remark 3.4), which contradicts
the definition of a twig. We have proved (2).

Conversely, suppose that « satisfies (1) and (2). Let s be the smallest value of M
from (2). We claim that im(e®) = im(a**!). Let z € im(a*). Suppose to the contrary
that z ¢ sim(oz”l). Then, by (1), Proposition 2.6, and the fact that 7 € im(«*), D, has
a finite branch [xo ... Xt ... Xg4s = 2... x¢], where k > 0,¢ > k + s, and x; lies on
acycle or double ray. Consider the smallest p € {0, ..., ¢} such that x, € sim(«) and
note that p < k +s. (Indeed, if p > k + s, then [x¢ ... Xg4s ... xp] would be a twig
of length p > s, which is impossible.) But then 7 = x34+5 = afkts—r (xp) € sim(a),
which is a contradiction. Thus z € sim(«), and so z € im(a**!) by the definition of
sim(ar). We proved that im(e®) C im(a* ). Since the reverse inclusion is obvious,
it follows that im(e*) = im(a**1!).

We claim that s is the stabilizer of «. The claim is clearly true if s = 0. Suppose
s > 0. Then D, has a twig [xg ... x5]. Suppose to the contrary that there exists
p,0 < p < s such that im(a”) = im(a”*!). Then xp = aP(xg) € im(a?). But

im(a?) = im(e”*!) = im(e”*?) = -, which implies that x,, € im(«") for every
n > 0. Thus x,, € sim(a), which is a contradiction since p < s and [x¢ ... x;] isa
twig. The claim has been proved, which concludes the proof of the theorem. O

It follows from Theorem 3.10 and its proof that if « € T(S) has the stabilizer s,
then

s = the smallest M > 0 such that every twig in D, has length < M. 3.1

4 Cayley functions

Let S be a set. Recall that a transformation o € T (S) is called a Cayley function if there
is a binary operation * on S such that (S, *) is a semigroup and « is an inner translation
of the semigroup S; that is, there exists a € S such that for every x € S, a(x) = a*x.

The purpose of this section is to characterize the digraphs of the Cayley functions.
To do this, we will use the algebraic description of the Cayley functions given in [30].

Definition 4.1 Suppose « € T(S) has the stabilizer s. If s > 0, we define the subset
Q, of S by:

Qo ={a € S:a'(a) € sim(e) but &’ ' (a) ¢ sim(x)}.

If s = 0, we define 2, to be S.

Remark 4.2 1If o € T(S) has the stabilizer s > 0, then 2, consists of the initial
vertices of the twigs of length s in Dy, .

For example, for « defined in Example 3.9, Q, = {z3}. The following result is due
to Zupnik [30, Theorems 1-3].

Theorem 4.3 Let o € T(S). Then « is a Cayley function if and only if exactly one of
the following conditions holds:
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(a) o has no stabilizer and there exists a € S such that &" (a) ¢ im(ot”“)for every
n>0;

(b) « has the stabilizer s such that o|ims) is one-to-one and there exists a € 2y
such that ™ (a) = " (a) implies & = &" for allm,n > 0; or

(¢c) o has the stabilizer s such that o |im(qs) s not one-to-one and there exists a € Qg

such that:
(1) o™ (a) = o«"(a) implies m = n forallm,n > 0; and
(ii) For every n > s, there are pairwise distinct elements y1, y2, ... of S such
that a(y1) = o (a),a(yr) = Yr—1 for every k > 2, and if n > 0 then
v # e ().

Conditions (a)—(c) of Theorem 4.3 correspond to Theorems 1-3 of [30], respec-
tively. The slight difference in phrasing is due to the fact that for transformations «
with stabilizer s, Zupnik uses the set

By ={beS:a"(bh) eim(a’)ifandonlyifn > s — 1}

(although he does not specify exactly what that means when s = 0), while we use
the set 2, from Definition 4.1. The set €2, is more natural for our purposes than B,
since if s > 0, then €2, consists of the initial vertices of the twigs in D, of length s,
whereas B, = {«(a) : a € Q4}; thatis, B, consists of the vertices that come after the
initial vertices of such twigs.

Lemma 4.4 Let o € T(S). Then alsim() is one-to-one if and only if Dy does not
have an infinite branch.

Proof (=) We will prove the contrapositive. Suppose D, has an infinite branch L.
Then L is an infinite branch of a cycle or double ray. Suppose L = (... y» y; x;] isan
infinite branch of a cycle C = (xg ... xx—1). Then y1, x;_1 € sim(«) with y; # x;_
(since y; does not lie on C) and a(y1) = a(x;—1) = x;, which implies that & |gim(q«) 15
not one-to-one. An argument in the case when L is an infinite branch of a double ray
is similar.

(<) Suppose D, does not have an infinite branch. Let x, y € sim(«) be such that
a(x) = a(y). Then x and y are vertices of the same component of D,, say A. By
Proposition 2.5, A has a unique cycle or a double ray (since a component of type
rro has no vertices that belong to sim(w)). Suppose A has a cycle C. Then, since
x,y € sim(e) and Dy does not have an infinite branch, x and y must lie on C. Thus
a(x) = a(y) since, clearly, « restricted to the vertices of C is one-to-one. If A has a
double ray, we prove that o (x) = «(y) in a similar way. Hence «|sim(«) 1 One-to-one.

O

Lemma 4.5 Let o € T(S) be a Cayley function. Then every component of Dy has a
unique cycle or a double ray if and only if « has the stabilizer.

Proof Suppose every component of D, has a unique cycle or a double ray. Suppose
to the contrary that o has no stabilizer. Then, by Theorem 4.3, there is a € § such
that & (a) ¢ im(a" ) for every n > 0. Let A be the component of D, containing a.
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Suppose A has a unique cycle, say C. Then, by Proposition 2.6, A is the join of C and
its branches. It follows that there is an integer k > 0 such that ok (a) lies on C. But
then o (a) € im(akH), which is a contradiction. If A has a double ray, we obtain a
contradiction by a similar argument. Hence « has the stabilizer.

The converse follows from Theorem 3.10. O

If @ € T(S), then the digraph D, has exactly one of the following features:

e D, has a component of type rro;

e every component of D, has a unique cycle or a double ray, and D, does not have
an infinite branch; or

e every component of D, has a unique cycle or a double ray, and D,, has an infinite
branch.

We will characterize the digraphs of Cayley functions considering each of the above
three cases.

Theorem 4.6 Let o € T(S) be such that D, has a component of type rro. Then o is
a Cayley function if and only if Dy has a component A of type rro such that:

(1) A is the join of a maximal right ray R = [xo x1 x2 . ..) and its branches;
(2) foreveryi > 1,if[yoy1 ... Ym = Xi| is a branch of R, then m < i.

Proof Suppose « is a Cayley function. Then « has no stabilizer by Lemma 4.5. Hence,
by Theorem 4.3, there is a € S such that such that &” (a) ¢ im(a” 1) for everyn > 0.
Let A be the component of D,, containing a, and note that A is of type rro (see the proof
of Lemma 4.5). Let xo = @ and x; = a(x;_1) for every i > 1. Then x¢ is an initial
vertex of Dy, (since xo = a ¢ im(«)) and xg, x1, X2, ... are pairwise distinct (since A
has no cycle). Thus R = [xg x1 x2 .. .) is a maximal right ray in A. By Proposition 2.6,
A is the join of R and its branches, that is, (1) is satisfied. To prove (2), suppose to the
contrary that for some i > 1, there is a branch [y y1 ... y, = x;] of R withm > i.
Then
o' (@) = &' (x0) = xi = yu = " (o) € im(a™) < im(a"*h),

which is a contradiction. Hence (2) is satisfied.

Conversely, suppose that D, has a component A of type rro such that (1) and (2)
are satisfied. Then o has no stabilizer by Theorem 3.10. Let a = xp. Suppose to
the contrary that there is n > 0 such that «"(a) € im(a”t1). Then x, = o”(xg) =
o (a) = a"t1(y) forsome y € S.Clearly y does notlie on R. Thus, by Proposition 2.6,
there is a finite branch [yg ... yy = y... ¥y = x;] of R with 0 < k < m. By (2), we
have m < i. Since o ! (y) = x,,, we must have n > i. Thus

") = xn = ") = " ) = o @R () = ot (),
which impliesn —i =n—m+k+ 1. Thusk+1=m —i < 0(since m < i), which

is a contradiction. We have proved that o (a) ¢ im(a*!) for every n > 0. Hence «
is a Cayley function by Theorem 4.3. O
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Fig. 6 A Cayley function (/eft) and not a Cayley function (right) (see Theorem 4.6)

Example 4.7 Consider components A; and A, in Fig. 6. By Theorem 4.6, any trans-
formation oy whose digraph has component A is a Cayley function, whereas any
transformation oz whose only component of type rro is A; is not a Cayley function.
Also, any « that has the component presented in Fig. 3 is a Cayley function.

Definition 4.8 Leto € T(S)andletN = {0, 1, 2, .. .}. We define sup, (@), sup, («) €
N U {oo} by

sup, () = sup{m : m = 0 or m is the length of a finite branch in D},
sup, () = sup{m : m = 0 or m is the length of a twig in Dy }. “.1)

Lemma 4.9 Let o € T(S) be such that every component of Dy has a unique cycle or
a double ray, and Dy does not have an infinite branch. Then sup,(a) = sup, (c).

Proof Since every twig is a finite branch (see Definition 3.8), sup, (o) < sup,(«) in
any D,. To prove sup, () < sup,(c), it suffices to show that if D, has a finite branch
of length m, then D, has a twig of length k > m. Let P = [yp... y;u] be a finite
branch of length m, and let A be the component of D,, containing P. If A has a unique
cycle, then every finite branch in A is a twig (since Dy, has no infinite branches and a
component with a cycle does not have a double or right ray), so a desired twig of length
at least m is P itself. Suppose A has a double ray, say W. Then sim(e) N A = V(W)
since Dy, has no infinite branches. Thus, if y,, lies on W, then again P itself is a desired
twig. Suppose y;, does not lie on W (which is possible since y,, may lie on a maximal
right ray). Then, by Proposition 2.6, there is a finite branch P; = [yo... Y ... Vk]
such that £ > m and y; lies on W. Thus P; is a twig of length bigger than m. Hence
sup, (o) < sup,(a). O

Lemma 4.9 is not true if D, has an infinite branch. Let

S={..x—1x0,x1,...} U{y, y2, ...} U{z1, 22, .. .},

and consider o € T (S) with digraph in Figure 7. Note that sim(«) = {. .., x_1, X0, X1,
...} U {y1, y2,...}. We have sup, («) = oo since for every n > 1, [z, y, ... y1 Xo] is
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Fig. 7 A transformation o with sup, () < supy,(c)

a finite branch (of the double ray (... x_1 xo x1 ...)), but sup, () = 1 since the only
twigs in Dy are [z1 y1], [22 y2], [23 y3], - - ..

Theorem 4.10 Let o € T(S) be such that every component of Dy has a unique cycle
or a double ray, and Dy, does not have an infinite branch. Then « is a Cayley function
if and only if the following conditions are satisfied:

(1) s = supy () is finite;
(2) ifs > 0 and Dy has a double ray, then some double ray in D, has a branch of
length s;
(3) if Dy does not have a double ray, then there are integers 1 < k; <ky» < ... <
kp, p > 1, such that:
(@) {ki,...,kp} is the set of the lengths of the cycles in Dy;
(b) k; divides k), for everyi € {1, ..., p},; and
(c) if s > 0, then some cycle of Dy of length k), has a branch of length s.

Proof Suppose « is a Cayley function. By Lemma 4.5, « has the stabilizer, say s;. By
(3.1), s1 = sup,(«), and so s; = sup, (o) = s by Lemma 4.9. Thus (1) holds since
the stabilizer of any transformation is finite by definition. By Lemma 4.4, o|sim(q) 15
one-to-one, and so o |im(qs) iS one-to-one since sim(x) = im(a*) (see Remark 3.4).

Suppose that s > 0 and that D, has a double ray, say W = (... x_1xgx1...).
By Theorem 4.3, there is a € €2, such that for all m,n > 0, if " (a) = «"(a) then
a™ = o". Then a is the initial point of some twig P in D,, of length s (see Remark 4.2).
Suppose to the contrary that no double ray in D, has a branch of length s. Then P
must be a branch of some cycle (yg ... yt—1), k > 1. Thus o* (a) = &***(a), and so
o' = o’ % But then x; = o* (x0) = T (x0) = x,,4, which is a contradiction, as W
is a double ray. Hence some double ray of D, must have a branch of length s, which
proves (2).

Suppose D, does not have a double ray. Then each component of D,, has a unique
cycle. Leta € Q4 be as in the proof of (2) (but here we do not assume that s > 0). Then
thereisacycle C = (yo... yk—1) in Dy such that, for some j, eithera = y; (if s = 0)
or C has a branch [a ... y;] of length s (if s > 0). In either case, a’(a) = o’ (a),
and so o = &’ 1K, Let (x0...x;—1) beany cyclein Dy, and leti € {0, ..., — 1} be
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such that o® (x;) = x¢. Then

x = o (x0) = of (@ (x) = & () = & (i) = xo.
It follows that £k = 0 (mod ¢), that is, ¢ divides k. We have proved that the set of the
lengths of the cycles in Dy, is bounded above by k, and soitis finite, say {k1, k2, ..., kp}
with 1 < k; < ko < ... < k, = k. We have also proved that each t = k; divides
k =k, and that C has a branch of length s (if s > 0). Thus (3) holds.
Conversely, suppose that (1)—(3) are satisfied. Then, by (1), (3.1), and Lemma 4.9,
s = sup,, () is the stabilizer of «z. As in the proof of the first part, o[ qs) is One-to-one.
Suppose D, has a double ray. Then, by (2), there is a € 2, such that o’ (a) lies
on some double ray. Then, for all m,n > 0, if @ (a) = «"(a) then m = n, and so
o =a™.
Suppose D, does not have a double ray. Then, by (3), there is a € 24 such that
a’(a) lies on a cycle C of length k,,. Suppose o' (a) = a" (a), where m,n > 0. We
may assume thatm > n. Thenm = n (mod k), thatis, m = n+ gk, for some g > 0.
If n < s (which is possible only if s > 0), then & (a) = «" (a) implies m = n, so
a™ = o™.Supposen > s,andletx € S. Since s is the stabilizer of  and n > s, & (x)
lies on some cycle of Dy. Let Ci = (x¢ ... xi;) be the cycle such that o (x) = x; for
some j. By (3), k), = rk; for some r > 1. Thus

a™(x) = "k (x) = @"TIH (x) = @TFi (0" (x)) = i (x}) = xj = @ (x),

which implies «™ = «" since x was an arbitrary element of S. Hence « is a Cayley
function by Theorem 4.3. O

Example 4.11 Consider transformations o and B whose digraphs are presented in
Figs. 8 and 9, respectively. Then « is a Cayley function, while 8 is not a Cayley
function (since s = 3 and (2) of Theorem 4.10 is not satisfied). If we remove the
component with the double ray from Fig. 8, the resulting transformation will not be
a Cayley function since (3) of Theorem 4.10 will not be satisfied. If we remove the
component with the double ray from Fig. 9, the resulting transformation will be a
Cayley function.

d
Fig. 8 A Cayley function described by Theorem 4.10
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Fig. 9 Not a Cayley function (see Theorem 4.10)

It is of interest to apply Theorem 4.10 to permutations. Let Sym(S) be the set of
permutations on S, that is, bijections from S to S. Let @ € Sym(S). Then « is an inner
translation of a group with universe S if and only if D, is either a join of disjoint
double rays or a join of cycles of the same length [28, Theorem 2]. The following is
an immediate corollary of Theorem 4.10.

Corollary 4.12 Let « € Sym(S). Then « is a Cayley function if and only if exactly
one of the following conditions holds:

(a) Dy has a double ray; or
(b) Dy is a join of cycles, and there are integers 1 < ky < ky < ... <kp,p > 1,
such that
(i) {k1,...,kp}is the set of the lengths of the cycles in Dy,
(ii) k; divides k,, for everyi € {1, ..., p}.

Example 4.13 Let S = {1,2, ..., 11}. Consider
a=(123456)(789)(1011)and 8 = (1234)(5678)(91011)

in T(S). Then « is a Cayley function, while § is not a Cayley function.

The last case to consider is when D,, has no component of type rro but it does have
an infinite branch.

Theorem 4.14 Let o € T (S) be such that every component of Dy has a unique cycle
or a double ray, and Dy has an infinite branch. Then « is a Cayley function if and
only if the following conditions are satisfied:

(1) s = sup,(«) is finite;

(2) Dy has a double ray W = (... x_1 x0 X1 ...) such that for some x;:
(a) if s > 0 then W has a finite branch at x; of length s; and
(b) W has an infinite branch at each x; with j > i.

Proof Suppose « is a Cayley function. By Lemma 4.5, « has the stabilizer, say s;. By
(3.1), 51 = sup,(«) = s, and so (1) holds since the stabilizer of any transformation is
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finite by definition. By Lemma 4.4, o jm ) 1S not one-to-one, and S0 ¢ |im (o) is not one-
to-one since since sim(«) = im(a®). Thus, there exists a € 2, such that (i) and (ii) of
Theorem 4.3 hold. Let A be the component of D,, containing a. Suppose to the contrary
that A has a cycle, say C = (xo ... xxk—1). Then, by Proposition 2.6, a”(a) = x; for
some j and p > 0, and so o**7(a) = a*(a?(a)) = af(x;) = x; = aP(a). Thus
k + p = p by (i) of Theorem 4.3, which is a contradiction.

Hence A has a double ray, and so sim(«) NV (A) consists of the vertices x of A such
that x lies on some double ray in A. Thus, since a®(a) € sim(«), there is a double
ray W = (... x_1xox1...) in A such that «*(a) = x; for some i. If s > 0, then
[aa(a) az(a) ... &*(a) = x;] is a finite branch of W of length s (by the definition of
Qy). Let j > i and note that x; = " (a) forn = s + j — i. By (ii) of Theorem 4.3,
there is a left ray L = (... y2 y1 @"(a) = x;] in A such that y; # " L) = Xj-1.
Hence y; does not lie on W, and so L is an infinite branch of W at x;. We have
proved (2).

Conversely, suppose (1) and (2) are satisfied. Then, by (1) and (3.1), s =
sup, («) is the stabilizer of «. By Lemma 4.4, a[imq) i not one-to-one. Let W =
(... x_1x0x1...) be a double ray from (2). If s > 0, then W has a finite branch
[yo...ys =xi].Seta = ypgif s > 0,and a = x; if s = 0. In either case, a € Q. For
allm,n > 0,if «"(a) = «"(a) then m = n since a is in a component of D, that does
not have a cycle. Let n > s. We want to prove that there are pairwise distinct elements
Y1, ¥2, ... 0f S such that a(y;) = " (a), «(yr) = yk—1 forevery k > 2, andifn > 0

then y; # " Y(a). If n = s, then we can take VI = Xi—1, Y2 = Xj—2,.... Suppose
n > s. Then a”(a) = x;j for j =i +n —s > i. By (2b), W has an infinite branch
(... z221x;], and we can take y; = z1, y2 = 22, .... Hence « is a Cayley function
by Theorem 4.3. O

For example, the transformation with digraph in Fig. 10 is a Cayley function (with
s =4).

Let o € T(S) be such that every component of D, has a unique cycle or a double
ray. By Theorems 4.10 and 4.14, if « is a Cayley function, then either every component
of D, has at most one double ray or some component of D,, has infinitely many double
rays. So, transformations with digraphs in Figs. 2, 4, 5, and 7 are not Cayley functions.

Fig. 10 A Cayley function described by Theorem 4.14
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5 The solution of problem 3 for finite permutations

Let S be a non-empty set. For a transformation o € T'(S), the centralizer C(c) of
a in T(S) is defined by C(a) = {8 € T(S) : af = Ba}. Elements of C(«), for an
arbitrary o € T (S), were characterized in [6]. In this section, we initiate the study of
the following problem: given o € T (S), which transformations g € C(«) are Cayley
functions? We show how our description of Cayley functions can be used to solve this
problem in the special case when S is finite and « is a permutation. As will be clear
by the end of this section, problem 3 is very difficult, even with graph descriptions of
the centralizers and Cayley functions.

For the remainder of this section, S will denote a finite non-empty set. The following
theoremis [6, Corollary 6.4]. We agree thatif (yg ... y,,—1)isacycleandi is aninteger,
then y; means y, where r =i (mod m) and 0 <r < m.

Theorem 5.1 Let « € Sym(S) and B € T(S). Then B € C(a) if and only if for
every cycle o = (xq ... xXk—1) in «, there exists a cycle 6 = (yo... Ym—1) in « such
that m divides k and B wraps o around 0 at some y;, that is, B(x;) = y;+i for every
ief{0,1,...,k—1}.

Let @ € Sym(S) and let C, be the set of cycles in « (including the 1-cycles). For
B € C(a), we define a transformation yg on Cy by

Yg(0) = the unique 6 € C, such that 8 wraps o around 6.

Note that 1/g is well defined by Theorem 5.1, thatis, Y3 € T (Cy), and that the vertices
of the digraph Dy, are the cycles in c.

The following lemma, which we will use implicitly in the subsequent arguments,
follows immediately from the definition of v/g and Theorem 5.1.

Lemma 5.2 Let o € Sym(S) and p € C(a). Suppose that A is a component of Dy,
with cycle (oo 01 ... 0k—1), and that Z is the set of all elements x € S such that x is
in some o € A. Then:

(1) the cycles oy, o1, . .., 0k—1 have the same length;

(2) foreveryx € Z,B(x) € Z, thatis, Blz € T(Z),

(3) ifo,0 € Awithyg(c) = 0, then for every x in o, B(x) isin 0;
(4) ifx € Z is not in any o;, then x does not lie on any cycle of Dg,,.

Lemma 5.3 Let o € Sym(S) and B € C(a). Suppose that A is a component of Dy,
with cycle (og o1 ... ok—1), each o; having length p. Let Z be as in Lemma 5.2 and
letog = (xox1 ... Xp—1). Then:

(1) ﬂk(xo) = x; for somel € {0, 1, . o p—1}
(2) every cycle in Dg|, has length gcTI;?,l)’

Proof Since (0p 0o ... 0x—1) is acycle in Dy,, wg (09) = o0p. Hence ,3k (x0) is in oy,
and so B¥ (xo) = x; for some /. This proves (1).
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To prove (2), recall that 8|z € T(Z) by Lemma 5.2. Let ¢ be the smallest positive
integer such that B’ (x¢) = x¢. Then wé (00) = 00, and hence ¢ = ku for some integer
u. As o and f commute, we have

B (x0) = B (x0) = XD (xy) = V(! (x0))

_ O{lﬂk(u—l)(x()) — .. = (xl“ (x0).

X0

The smallest positive integer u for which ol (x0) = xp1is .Hence Dgj|, contains

T
acycle of length t = ku = ﬁ.

We will show that every cycle in Dg|, has length %. Letx € Z. If x isnot a
vertex of any o;, then x is not a vertex of any cycle of Dg|, by Lemma 5.2.

Suppose that x is a vertex of og, say x = x;. Since B¥ e C(a) and BF(xg) = x;,
we have ,Bk(x,) = x;4; by Theorem 5.1. We can renumber the vertices of o( in such
a way that x; becomes xo. Then, by the foregoing argument, we obtain a cycle (x .. .)
in Dg,, of length gcd( D

Suppose that x is a vertex of oy, with m # 0. Renumber the vertices of
00, O1s -« vy Ok—1 insuchawaythatforeachi o] = (xo D, X = x; ", and B' (xg) = xO
We have already shown that ,Bk(xo) = xl Thus, since 8" € C(a),

Br () = BE(B™ () = B (BX(x)) = B (x) = x]".

Hence, by the foregoing argument, we obtain a cycle (x ...) in Dg|, of length %.
Since we have considered all possible cycles in Dg),, (2) follows.

Remark 5.4 Let Z and oy, 01, ..., 0r—1 be as in Lemma 5.3, and let x € Z. By the
proof of Lemma 5.3, we have:

(1) if x is not in any o;, then x does not lie on any cycle of Dg|,;
(2) if x is in some o;, then Dg, has a cycle (x...) of length where [ €

{0, 1,..., p— 1} is such that g¥(x) = o/ (x).

gcd( 1)

Lemma 5.5 Let o € Sym(S) and B € C(a). Suppose that A is a component of Dy,
with cycle (og o1 ... 0k—1). Let Z be as in Lemma 5.2. Assume that the maximum
length of a branch in A is s (with s = 0 if A has no branches). Then:

(1) if s =0, then Dg|, has no branches;
(2) ifs > 0, then every branch in Dg|, has length at most s, and there exists a branch
in Dg,, of length s.

Proof If A has no branches, then every element of Z lies on some cycle in Dg), by
Remark 5.4. This shows the first assertion.

To prove (2), suppose that s > 0 and let [y 0 ... 6, = o;] be a branch in A,
som < s. Let x be in 6;, where j € {0,1...,m —1}. Since m < s, we have
wg(ej) = Oits—m+j, and so B°(x) is in 0jy5_p4 ;. Thus, by Remark 5.4, 8*(x) lies
on a cycle in Dg|,. Hence every branch in Dg,, has length at most s.

Now let [6p 0 ... 6 = o;] be a branch of A whose length realizes the maximum
value s. Let x be in 6. Then B°(x) is in o; (since Yg(fy) = o;) and for every
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uel0,1,...,5s—1}, p*(x) isin @, (since Yg(6p) = O,), and so B (x) does not lie on
any cycle of Dg|, by Remark 5.4. Thus [x B(x) B2(x)...B%(x)]is a branch in Dy,
of length s. O

With Theorem 4.10 and the lemmas of this section, we obtain the following char-
acterization.

Theorem 5.6 Let o, B € T(S), where S is finite, o is a permutation, and 8 € C(«).
Suppose that {Ay, Ay, ..., A} is the set of components of Dy, and s = supy,(¥p).
Let M be the set of numbers of the form gc(f("%, 1 <i <t, where k; is the length
of the cycle C; in A;, p; is the length of each cycle of a that occurs in C;, and l; is
the unique number in {0, 1, ..., p; — 1} such that ﬂki (x) = ol (x), where x is any
element of any cycle of a that occurs in C;i. Then  is a Cayley function if and only if
the following conditions are satisfied:

(1) the largest element m of M is a multiple of every element of M;
(2) if's > O, then some component A, of Dy, such that % = m has a branch
of length s.

Proof Suppose that 8 is a Cayley function. By Lemma 5.3, M is the set of the lengths of
cyclesin Dg. Thus (1) follows from Theorem 4.10. Suppose thats > 0. By Lemma 5.5,
s = sup,(B), and so, by Theorem 4.10 and the foregoing observation about M, some
cycle C of Dg of length m has a branch of length s. By Lemma 5.3 and its proof,

: — kr pr
there exists a component A, of Dy, such that m = o7

contained in Z, where Z is as in Lemma 5.2 (with A = A,). Finally, by Lemma 5.5,
A, has a branch of length s.

Conversely, suppose that conditions (1) and (2) are satisfied. We have already
observed that s = sup,(B) and that M is the set of the lengths of cycles in Dg.
Thus, 3(a) and 3(b) of Theorem 4.10 hold by (1). By Lemmas 5.3 and 5.5, Dg has a
cycle of length m with a branch of length s. Hence 3(c) of Theorem 4.10 holds, and
so B is a Cayley function. O

and all vertices of C are

Theorem 5.6 enables us to decide if a given B € C(w) is a Cayley function by
analyzing the components of the digraph of v/g and the corresponding numbers from
the set M.

Example 5.7 Let S = {xo, x1, X2, X3, Y0, Y1, 20, 21, Wo, w1 }. Consider
a = (xox1 x2x3)(yo ¥1)(z0 21) (wo w1) € Sym(S).

Let 8 = (xo x1 x2x3), 01 = (Yo y1), 02 = (20 21), and 03 = (wo wy).

Let B € C(a) such that Dy, is given in Figure 11, B(x0) = yo,B(y0) =
y0, B(z0) = wy, and B(wg) = zo. (Note that the remaining values of B are deter-
mined uniquely by Theorem 5.1.) The components of Dy, and the corresponding
numbers from M are:

- ; kipp 12 _
o Ar =10, o) with 550,75 = gaaco = I

_ : kopp 22
o Ay = {0z, o3} with .50 75 = i =

4.
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a3
o1
0 oo
Fig. 11 Digraph D,/,ﬁ from Example 5.7
a3
02
01 0

Fig. 12 Digraph Dl/fy from Example 5.7

Thus M = {1, 4} with m = 4, and so (1) of Theorem 5.6 holds. However, we have
s = 1 and A, which is the only component with the corresponding number equal to
m = 4, does not have a branch of length s. Hence (2) of Theorem 5.6 does not hold,
and so g is not a Cayley function.

Now consider y € C(a) such that Dy, is given in Fig. 12, y (x9) = x2, y (y0) =
20, ¥ (z0) = wi, and y(wo) = zo. The components of D,/,V and the corresponding
numbers from M are:

_ : kipi 14
o Ar={0}with 130, 75 = @@y = 2

kopo 22 4
ged(pa.l) T ged(2,1) T
Thus M = {2,4} with m = 4, and so (1) of Theorem 5.6 holds. Further, we have
s = 1l and Aj, whose corresponding number is m = 4, has a branch of length s. Hence
(2) of Theorem 5.6 also holds, and so y is a Cayley function.

e Ay = {01, 072, 03} with

6 Problems

In this paper, we have solved a special case of problem 3 of the approach outlined on
page 2. The solution for the case of finite permutations opens some natural questions.

Problem 6.1 Leto beapermutation on a finite set S. Describe the Cayley idempotents
that commute with o. Describe the Cayley permutations § of S such that o6 and §o
are Cayley permutations.

Moving from permutations to idempotents, the following problem is also natural.

Problem 6.2 Find the Cayley functions on a finite set that commute with a given
Cayley idempotent.
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The main open question regarding the content of this paper is problem 3 in its full
generality.

Problem 6.3 Describe the Cayley functions on a set S that commute with a given
Cayley function on S.

Problem 4 of the approach does not need the solution of problem 3, and hence can
be immediately attempted. Recall that the size of the image of a transformation on S
is called its rank.

Problem 6.4 Characterize the pairs {«, 8} of Cayley functions on § such that & and 8
occur as left inner translations of the same semigroup (possibly with some constrains
added, such as pairs of permutations, idempotents, or maps of a given rank).

The ultimate goal is to carry out all steps of the approach outlined on page 2.

Problem 6.5 Carry out the steps 3—6 of the approach on page 2 for some special types
of maps (permutations, idempotents, maps of a fixed maximum rank) on a finite set.

Problem 6.6 Carry out the steps 3—6 of the approach for all Cayley functions on an
arbitrary set.

Other problems about Cayley functions present themselves.

Problem 6.7 Characterize the ordered pairs (¢, 8) of Cayley functions on S such that
in the same semigroup (S, ), « = A, and 8 = p, for some a € S.

Problem 6.8 Given a Cayley function @ on S, find all Cayley functions 8 on S such
that «f and Bo are Cayley functions.

If ¢ and B occur as left inner translations of the same semigroup, then the semigroup
generated by « and S consists of Cayley functions. The converse is not necessarily
true.

Problem 6.9 Find the pairs of Cayley functions [permutations, idempotents, functions
of a given rank] that generate a semigroup of Cayley functions.

Let S be a semigroup. A left translation of S is a transformation A on S such that
A(xy) = (AM(x))yforall x, y € S;similarly, a right translation of § is a transformation
p on S such that p(xy) = x(p(y)) for all x,y € S. A left translation A and a right
translation p of S form a linked pair (A, p) if x(L(y)) = (p(x))y forall x, y € S. For
every a € S, the pair of inner translations (A4, p,) is a linked pair. (See [7, page 10].)
The following problem is a generalization of Problem 6.7.

Problem 6.10 Characterize the pairs («, 8) of transformations on a set S such (¢, 8)
is a linked pair for some semigroup with universe S.

We can also replace inner translations of a semigroup with endomorphisms of a
semigroup or some other algebraic structure.
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Problem 6.11 Describe the transformations « on a set S such that « is an endomor-
phism of some semigroup [group, inverse semigroup, completely regular semigroup,
band, partially ordered set, etc.] with universe S.

Some research along these lines has already been done [29].

In this paper, we deal with full transformations on a set S, but analogous problems
can also be considered for partial injective transformations on S. A partial injective
transformation « on a set S is said to be a Vagner-Preston function if there exists an
inverse semigroup with universe S such that « appears in the Vagner-Preston repre-
sentation of § (see [13, Theorem 5.1.7]).

Problem 6.12 Describe Vagner-Preston functions and their digraphs. For Vagner-
Preston functions, solve problems analogous to those problems posed above for which
an analogous version makes sense and is not trivial.
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