Semigroup Forum (2017) 95:415-417 @ CrossMark
DOI 10.1007/s00233-016-9813-x

SHORT NOTE

Infinite compact sets of idempotents in S

Neil Hindman! - Dona Strauss?

Received: 5 February 2016 / Accepted: 21 June 2016 / Published online: 6 July 2016
© Springer Science+Business Media New York 2016

Abstract We show that if S is a countably infinite right cancellative semigroup and
T is an infinite compact set of idempotents in the Stone—Cech compactification S of
S, then T contains an infinite compact left zero semigroup.
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Given a discrete semigroup (S, -) we let 85 be the Stone—Cech compactification of S
with the operation - on 85 which makes (8S, -) a compact right topological semigroup
with § contained in its topological center. If the operation on S is denoted by another
symbol such as +, we use the same symbol to denote the operation on 8S. Because
this is a short note, we refer the reader to Chapters 3 and 4 of [2] for basic information
about the semigroup 8S.

Properties of idempotents in 8S play an important role in combinatorics and topo-
logical dynamics. (See, for example, [1].) It seems obvious to us that the semigroup
(BN, +) cannot contain an infinite compact set of idempotents. Unfortunately, we
cannot prove this assertion. Further, we should warn the reader that it was also
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obvious to us that there could not be an idempotent p € BN which is both mini-
mal and maximal with respect to the ordering of idempotents wherein p < ¢ if and
onlyif p = p+q = q + p. But Zelenyuk [3] gave a ZFC proof that such idempotents
exist.

It is known [2, Lemma 9.3] that if S is a countably infinite right cancellative semi-
group, then B8S does not contain an infinite compact right zero semigroup. It is also
known [2, Theorems 6.15.2 and 6.44] that while any minimal left ideal in (8N, +)
has 2¢ idempotents which form a left zero semigroup, that semigroup is not compact.

We show in this note that SN contains an infinite compact set of idempotents if and
only if it contains an infinite compact left zero subsemigroup. In fact, more generally,
we have the following theorem.

Theorem 1 Let S be a countably infinite right cancellative semigroup and assume
that T is an infinite compact subset of BS consisting of idempotents. Then T contains
an infinite compact left zero semigroup.

Proof Let D be the set of right identities for S (which may, of course, be empty).
If D # ¢, then D is a left zero semigroup so by [2, Exercise 4.2.1] D is a left zero
semigroup. Therefore, if T N D is infinite, we are done. So we will assume that 7 N D
is finite. Since D is open, we may presume that 7 N D = .

Pick a discrete sequence (p,);°, in T and let P = {x, : n € N}. (That is to say,
the sequence (p, )5 | isinjective and P is discrete.) We may assume that 7 = clgg P.
Note that, since P is discrete and T = cfgs P, we have that T \ P is compact. Let
S’ = §\ D and note thatif ¢ € T, then S’ € q. We claim that ifa € §’ andg € T,
then ag # g. So suppose instead that a € §’,q € T, and ag = g. Then by [2,
Theorem 3.35], {x € S : ax = x} € ¢ and in particular we may pick some x € S
such that ax = x. Then since § is right cancellative, a is a right identity for S, a
contradiction.

Next we claim that forallg € T\ P,q € clgs((T N Tq) \ {g}). Suppose instead
we have g € T\ P and A € ¢ such that A N ((T NTg)\ {q}) = ). We claim that
q € clgs(PNA)Nclps(S'qNA). Tosee this, let B € g. Then ANB € gso AN BN
P # ¢, thatis BN (P NA) # #. Also g = gq soq € S'q = clpsS'q. Therefore
ANBNS'q # 0, thatis BN (S'gNA) # 0. Thus g € clgs(PNA)Nclps(S'qgNA)
as claimed.

Thus by [2, Theorem 3.40] we have either

(1) There exist some ¢’ € clgs(P N A) and some a € S’ such that ¢’ = ag or
(2) There exists n € N such that p, € A and p, € clgs(S'g N A).

Incase (1), ¢'g =aqq =aq =q' andag #gsoq’ € AN ((T NTq)\ {q}), a
contradiction. In case (2) p, = rq for some r € S’ s0 p,q = rqq = rq = p, and
Pn#qsop, € AN ((T NTq)\ {q}), a contradiction.

Thus we have established that forallg € T \ P, g € clgs ((T NTq)\ {q}). Next
we claim that forallg € T \ P, (T N Tq) \ P is infinite. Soletg € T \ P. We have
thatg € clgs((T NTq)\{g}) so T N Tq is infinite and closed so [T N Tq| = 2° and
in particular, T N T g is uncountable so (T N Tq) \ P is infinite as claimed.

Next we claim that there is some ¢ € T \ P which is <;-minimal in 7"\ P; thatis,
forallr € T\ P,ifr <y q,thenq <y r, wherer <y g means thatr = r + ¢q. To see
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this, let A = {B C T \ P : B is a chain with respect to <}, where p < r means
that p <y r and it is not the case that » <; p. Note that for p,r € T, p < r if and
only if 8Sp C BSr.If p € T \ P, then {p} € A. By Zorn’s Lemma, pick a maximal
member B of A. Now {(B8Sp) N (T \ P) : p € B} is a collection of closed subsets
of BS with the finite intersection property, so pick g € () peg(BSP) N (T'\ P). Then
q <p pforeach p € B.If wehadsomer € T \ P withr <, g, then B U {r} would
be a larger member of A.

We have that (T N Tq) \ P is infinite and compact. We claim it is a left zero
semigroup. Soletr,s € (T NTq)\ P.Thenr € BSqsor < g and thus g < r.
Consequently 8Sqg C BSr, and therefore 8Sr = $Sq. Similarly 8Ss = BSq. Since
BSr = BSs we have sr = s and rs = r as required. O

We close by stating the obvious question.

Question 2 Does (BN, +) contain an infinite compact set of idempotents?
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