Semigroup Forum (2012) 85:322-336
DOI 10.1007/s00233-012-9415-1

RESEARCH ARTICLE

Ascending chain conditions on principal left and right
ideals for semidirect products of semigroups

Nik Stopar

Received: 7 July 2011 / Accepted: 5 June 2012 / Published online: 30 June 2012
© Springer Science+Business Media, LLC 2012

Abstract In this paper we investigate the ascending chain conditions on principal
left and right ideals for semidirect products of semigroups and show how this is con-
nected to the corresponding problem for rings of skew generalized power series. Let
S be a left cancellative semigroup with a unique idempotent e, T a right cancellative
semigroup with an idempotent f and w : T — End(S) a semigroup homomorphism
such that w(f) = ids. We show that in this case the semidirect product S x,, T sat-
isfies the ascending chain condition for principal left ideals (resp. right ideals) if and
only if S and T satisfy the ascending chain condition for principal left ideals (resp.
right ideals and Im w(¢) is closed for complete inverses for all # € T'). We also give
several examples to show that for more general semigroups these implications may
not hold.

Keywords Ascending chain condition - Principal ideal - Semidirect product -
Semigroup - Cancellation property

1 Introduction

The aim of this article is to investigate how ascending chain conditions for princi-
pal left and right ideals behave in regard to semidirect products of semigroups. The

motivation comes from the following theorem for rings.

Theorem 1.1 [5, Theorem 3.3] Let R be a ring, (S, -, <) a strictly totally ordered
monoid and w : S — End(R) a monoid homomorphism.
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(1) R[[S,w]] is an ACCPL-domain if and only if R is an ACCPL-domain, S is an
ACCPL-monoid and wy is injective for any s € S.

(i1) R[[S, w]] is an ACCPR-domain if and only if R is an ACCPR-domain, S is an
ACCPR-monoid and wy is injective and preserves nonunits of R for any s € S.

We are able to prove a similar result for semidirect products of semigroups (see
Theorem 3.11 and Corollary 3.12) from where the main parts of the above theorem
follow as a corollary.

Let S be a semigroup. If S is not a monoid we may adjoint an identity 1 to form
a monoid which will be denoted by S'. If S is already a monoid we define S' = .
Recall that a left ideal of S is any nonempty subset of S that is closed under mul-
tiplication from the left with elements of S. Right ideals are defined analogously. A
principal left (resp. right) ideal of S generated by an element a € S is given by S'a
(resp. a$ h.

Anelement b € Sis aninverse of a € S if aba = a and bab = b. If such an element
b exists then a is said to be a regular element of S. If there exists an inverse b of a
such that ab = ba then a is completely regular and we shall say that b is a complete
inverse of a. If such b exists then it is unique. The set of all regular elements of S will
be denoted by Reg(S).

A semigroup S is said to satisfy the ascending chain condition on principal left
ideals (ACCPL) if there does not exist an infinite strictly ascending chain of principal
left ideals of S. The ascending chain condition on principal right ideals (ACCPR) if
defined analogously. Semigroups that satisfy the ACCPL (resp. ACCPR) are some-
times called ACCPL-semigroups (resp. ACCPR-semigroups). It has been shown in
[5, Example 2.6] that these two conditions are independent. For any undefined con-
cepts on semigroups we refer the reader to [1].

In Sect. 2 we present some results involving cancellativity that we need later on. In
particular in the class of all left cancellative semigroups we give a characterization of
those semigroups that contain at most one idempotent. The main results are contained
is Sect. 3 where we study in detail under what conditions the semidirect product
of semigroups will satisfy ACCPL and ACCPR. We divide the proof of the main
theorem into several lemmas and give numerous examples to demonstrate that the
conditions involved are essential. At the end of Sect. 3 we show how our results are
connected to the skew generalized power series rings. We postpone the more technical
proofs of our examples to Sect. 4.

2 Cancellativity and chain conditions

Ascending chain conditions for principal one-sided ideals are essentially conditions
on sequences of elements. We put this simple fact into a lemma since we will use
it throughout this paper. The point of this lemma is also that even though one-sided

ideals are given via S! we need only work with sequences in S.

Lemma 2.1 For an arbitrary semigroup S the following are equivalent:

(1) S is an ACCPR-semigroup.

@ Springer



324 N. Stopar

(2) For any sequences (ay)nenN and (by)neN in S such that a, = an+1by, foralln e N,
there exists N € N and a sequence (cp)neN in S such that a,1 = aycy, for all
n>N.

(3) Forany sequences (ap)nen and (by)yeN in S such that a, = a,1by, foralln € N,
there exists N € Nand cy € S such that ay+1 = ancy .-

Proof (1) = (2): If (ay)nen and (by),en are as in (2) then we have a chain a; sl c
a>S' C a3S! C .- of principal right ideals, which must stabilize say at N. Hence
there exists a sequence (¢;)neN S S1 such that ap+1 =aycy foralln > N.If ¢, =1
for some n, then a,+1 = a, and hence a,+| = a, = a,+1b, = a,b,. So we may take
cn = by, instead of ¢, = 1. The new sequence (c;)neN then lies in S.
(2) = (3): This is obvious.
(3) = (1): Suppose there exists a strictly increasing chain a1 S' ¢ a2 S' ¢ a3S! ¢
- of principal right ideals of S. Then there is a sequence (b,),en C S ! such that
an = au41by, for all n € N. Infact b, must lie in S since the inclusions in the chain
are strict. By assumption ayy; = aycy € ayS! for some N and ¢y € S, which is a
contradiction. O

Of course with obvious changes we also get a version of the above lemma for
ACCPL.

Left and right cancellativity of semigroups is often very helpful when considering
ACCPR and ACCPL. Recall that a semigroup S is left (resp. right) cancellative if
ax = ay (resp. xa = ya) implies x = y for all a, x, y € S. The following is a gen-
eralization of [5, Proposition 2.1] to semigroups and only one-sided cancellativity is
assumed.

Proposition 2.2 For a left cancellative semigroup S the following are equivalent:

(1) S is an ACCPR-semigroup.

(2) For any sequences (a,)neN and (by)neN in S such that a, = an+1by, foralln € N,
there exists N € N such that by, is regular and a,, € a, S foralln > N.

(3) Forany sequences (ap)neN and (by)yeN in S such that a, = a,1by, foralln € N,
there exists N € N such that by is regular and ay4+1 € ay+1S.

Proof (1) = (2): Let (ap)nen and (by)nen be as in (2). Then by Lemma 2.1
an+41 = apcy for some ¢, € S for alln > N. Choose any n > N. Then a,, = a,,+1b, =
ancnby € a, S, which implies a, ¢, = a,, ¢, by, ¢, and by left cancellativity ¢, = cp,by ¢y -
From this we get ¢, b,, = ¢, b, c,,b, and again by left cancellativity b,, = b, c,,by,. This
shows that b, is regular.

(2) = (3): This is obvious.

(3) = (1): Let (ay)neN, (bn)nen S S be sequences such that a, = a,4+1b, for all
n € N. By assumption there exists N € N such that by is regular and ay+1 = ay+1x
for some x € S. Let ¢ be an inverse of by . Then cbycx = cx and by left cancellativity
bycx = x. Hence ayy1 = any1x = ay+1byex = aycx. By Lemma 2.1 § satisfies
ACCPR. O

Next we characterize left cancellative semigroups in which at most one idempotent
exists.
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Proposition 2.3 For a left cancellative semigroup S the following are equivalent:

(1) S has at most one left identity.

(2) S has at most one idempotent.

(3) Every inverse in S is complete.

(4) Each element in S has at most one inverse.

(5) If s = sab for some elements a, b, s in S then a is a complete inverse of b.
(6) Reg(S) is either empty or a subgroup of S.

Proof Let s and x be elements of S such that s = sx. Then for all a € S we have
sa = sxa and left cancellativity implies a = xa. So x is a left identity.

(1) & (2): Any left identity is an idempotent and any idempotent ¢ = 2 is a left
identity by the above.

(2) = (3): Let @’ be an inverse of a. Then aa’ and a’a are idempotents, hence they
are equal.

(3) = (4): This is obvious since complete inverses are unique.

(4) = (1): Let e and f be two left identities of S. Then efe =e and fef = f and
also eee = e. So e and f are both inverses of e, hence e = f.

(1) = (5): If s = sab then also sa = saba, so by the above ab and ba are left
identities. This implies aba = a, bab = b and by assumption ab = ba.

(5) = (1): Let e and f be two left identities of S. Then e = efe so by assumption
e and f are each others complete inverses. In particular they commute, hence e =
fe=ef=f.

(2) = (6): Every regular element is L-related to some idempotent and R-related to
some idempotent. So either Reg(S) is empty or every element in Reg(S) is H -related
to a unique idempotent of S. In the second case Reg(S) is an H-class, because every
element that is related to an idempotent is automatically regular. Since this H -class
contains an idempotent it is a subgroup of S.

(6) = (2): This follows from the fact that all idempotents lie in Reg(S) and a
group has only one idempotent. g

Observe that conditions (2) and (6) are equivalent in any semigroup. Note also
that in a left cancellative monoid S the identity element 1 is a unique left identity
and regular elements are exactly the invertible elements of S in the group sense. The
following example shows that a left cancellative semigroup with a unique left identity
need not be a left cancellative monoid.

Example 2.4 Let N denote the set of positive integers. Define multiplication on § =
N x N by
(n,m) - (n/, m’) = (nmn/, m’).

It is easy to see that (S, -) is a left cancellative semigroup with a unique left identity
(1, 1). Since (1, 1) is not a right identity, (S, -) is not a monoid. This is an example
with trivial group Reg(S). However if G is any group then S x G is an example with
Reg(S x G) isomorphic to G.

Proposition 2.2 has a simple corollary (cf. [5, Corollary 2.2] for part (2)).
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Corollary 2.5 Let T be a left cancellative ACCPR-semigroup with at most one idem-
potent.

(1) Let  : S — T be a semigroup homomorphism such that ¥ ~'(Reg(T)) C
Reg(S). If ¥ is injective or if S is a left cancellative monoid then S is an ACCPR-
semigroup as well.

(2) If S is a subsemigroup of T such that RegS =RegT N S then S is an ACCPR-
semigroup as well.

Proof (1): If ¢ is injective then S is also a left cancellative semigroup. So in both
cases we may use Proposition 2.2. Let (a,),en and (by,),eN be sequences in S such
that a, = an+1b, for all n € N. Since ¥ (a,) = ¥ (an+1)¥ (by) for all n € N there
exists N € N and 7 € T such that ¢ (by) is regular and ¥ (ay+1) = ¥ (an+1)t. By
assumption by is also regular. Let ¢ be an inverse of by. Then ¥ (c) is an inverse
of Y (by). As in the proof of Proposition 2.3 this implies that ¢ and ¥ (by)v(c)
are idempotents in 7', so they are equal. Hence ¥ (ay+1) = ¥ (an+1)¥ (bN)¥ (c) =
Y(an+1bye). If ¥ is injective then ay+1 = an+1byc and so ayy1 € ay+1S. If S is
a monoid then we also have ay1 € ay+1S. So S satisfies condition (3) of Proposi-
tion 2.2 hence it is an ACCPR-semigroup.

(2): In this case the inclusion of S into 7 is an injective homomorphism that satis-
fies the condition in (1). O

3 Semidirect product of semigroups

Let S and T be two semigroups and w : T — End(S) a semigroup homomorphism
where End(S) is the monoid of all endomorphisms of S. The image of an element
t € T under w will be denoted by w;. Now define multiplication on the Cartesian
product S x T by

(s1,11) (52, 12) = (s100, (52), 1112).

Then the set § x T together with this multiplication becomes a semigroup called the
semidirect product of semigroups S and T over w. This semigroup will be denoted
by S % T.

The following lemma is easy to verify. Some parts of it can be found in [2, Lem-
mas 3.1 and 3.2].

Lemma 3.1 Ler S and T be semigroups and w : T — End S a semigroup homomor-
phism. Then the following holds.

(1) If S and T are right cancellative then S X, T is right cancellative.
(2) If S and T are left cancellative and w; is injective for all t € T then S %, T is
left cancellative.

If there exists u € T such that w, is surjective then the implications go the other way
as well.
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If we take w; = idg for all t € T then § X, T is the direct product of S and 7.
It is known that for cancellative monoids S and T the direct product S x T satisfies
ACCPL if and only if S and T satisfy ACCPL (this is true also if S and T are
not cancellative, see Theorem 3.13). The same holds even for infinite direct sums of
cancellative monoids (see [3] and [5]). The aim of this section is to investigate how
ACCPL and ACCPR behave in regard to semidirect products of semigroups.

For the rest of this section, let S and 7 be semigroups and w : T — End(S) a
semigroup homomorphism. First we consider when the fact that the semidirect prod-
uct satisfies ACCPL or ACCPR implies the same for each factor.

Lemma 3.2 If S %, T satisfies ACCPL (ACCPR) and there exists f € T such that
f2=fand wyf =idg then S satisfies ACCPL (ACCPR) as well.

Proof Denote Q = S X, T and let 51,50 € S. If 51 = 557 for some s € S then
(s1, ) = (s, f)(s2, f). If (s1,f) = (s,t)(s2, f) for some s € S and r € T then
f=tf and 51 = sw,(s2). Hence w; = w,wy = w;r = wy = idg and so s; = ss3.
This shows that

S's; € Slsy iff Q'(s1, £) € Q' (52, £). (1)

If 51 = sp5 for some s € S then (s1, f) = (52, £)(s, ). If (s1, f) = (s2, f)(s,t) for
some s € S and ¢t € T then 51 = spw ¢ (s) = s25. This shows that

518t oSt it (s1, £)O' S (52, £)O 2)

The conclusion of the lemma follows easily from (1) and (2). O

Note that the existence of an idempotent f as in Lemma 3.2 gives us an inclusion
S < § X T defined by s — (s, f). As the next example demonstrates the existence
of an idempotent alone does not suffice for the conclusion of the lemma, not even if
there are other elements in 7 that act on S as the identity map.

Example 3.3 Let S = (0, 1] x (0, co) be equipped with multiplication and 7 = N U
{oo} be equipped with addition (here n 4 0o = co+n = 0o and 0o + 00 = 00). Define
w: T — End(S) by

wy, =idg foralln e N,
Weo(x,y)=(1,xy) forall (x,y)€S.

So oo is an idempotent in T but w, # ids. The commutativity of multiplication in
(0, 00) ensures that w is an endomorphism of . Obviously w is a homomorphism.
Simple calculations show that for all (a, ) € S and all n € N we have

(S %0 T)' (@, b), 00) = ((0, 11 x (0, 00)) x {o0},
(S %0 T)' ((@,b),n) = (((0,a] x (0,00)) x {n+1,n+2,...})
U(((0, 11 x (0, 00)) x {oo}) U{((a, b),n)},
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and
((a.b),00)(S 30 T)' = ({a} x (0, 00)) x {00},
((a,b),n)(S 0 T)' = (((0,a] x (0,00)) x {n+1,n+2,...})
U (((0,al x (0, 00)) x {oo}) U{((a,b),n)}.

Suppose there is a strictly increasing chain of principal left or right ideals in S <, T
generated by ((ak, bx), tx). Then 7, = oo for at most one k and from this k on the
sequence #; must be decreasing and hence finite. So S %, T satisfies ACCPL and

ACCPR (and so does T). However S does not satisfy ACCPL nor ACCPR, since
(0, 1] does not (see Theorem 3.13).

Lemma 3.4 If S %, T satisfies ACCPL (ACCPR) and there exists e € S such that
e? = e then T satisfies ACCPL (ACCPR) as well.

Proof Let S x4 T be an ACCPL-semigroup. Let ¢, and u,, be elements of T such that
ty, = upty4 for all n € N. Define x,, = (wy, (e), 1,) € S X, T and y, = (wy, (€), u,) €
S Xy T. Then

Ynxnt1 = (o1, (@), tn) (@1, (€), tns1) = (w4, ()Wt (€), Untnt1)

= (@, (), 1) = (@, (€), 1n) = Xy

for all n € N. Since § x4 T is an ACCPL-semigroup there exist N € N and
(s,t) € S Xy T such that xy4+1 = (s, #)xy. In particular ty41 = tty. Therefore T
is an ACCPL-semigroup.

Now let § x, T be an ACCPR-semigroup. Let 7, and v, be elements of T
such that #, = #,41v, for all n € N. Define x, = (o (e),1;) € § Xy T and y, =
(Wy,vy_y..0(€), V) €S X, T. Then

Xn+1Yn = (wtl (e), tn+l)(wvnv,,_1...v1 (e), Un)
= (w1, (@) Wp, 41 vyvp_y.01 (€), It 1Vn)

= (a)l‘l (6)6()[] (6), tn) = (Cl)l‘1 (6‘), tn) =Xy

for all n € N. As above this implies ;| = txtf for some N e Nand r € T. Hence T
is an ACCPR-semigroup. g

The following example shows that the lemma does not hold if S has no idempotent.

Example 3.5 Let S = N be equipped with addition and T = (0, 1] with multiplica-
tion. Let w be trivial, so S X, T =8 x T.Forall (n,t) € S x T we have

SxD',)=m,0S xT) =((n+1,n+2,...} x 0,1]) U@, 0}

From this it is obvious that S x T satisfies ACCPL and ACCPR (and so does S),
however T does not satisfy ACCPL nor ACCPR.
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Now we investigate when the semidirect product inherits the property of satisfy-
ing ACCPL and ACCPR from its factors. As it turns out these two conditions for
semidirect products are very different, so we treat them separately.

Lemma 3.6 If S and T satisfy ACCPL and for all t,u € T with ut =t there exists
v e T with vt =t such that wyw, = w,w, = ids then S X, T satisfies ACCPL as
well.

Proof Suppose s,,r, € S and t,,u, € T are such that we have (s,, ;) =
(Tns tn)(Spt1, tay1) In S X, T foralln € N. So s, = rpwy, (Sp+1) and t, = u,t,41 for
all n € N. Since T is an ACCPL-semigroup there exists m € N such that t,,11 = v,t,
for some v, € T for all n > m. For n > m define s, = ®y,,u,,,,..un_ (Sn) € S. Then

/ /
Sp = wum”m+1-~~“n—1 (r"a)”n (s"+1)) = CI)Mm"‘erl~~"4n—l (rn)Sn+1

and since S is an ACCPL-semigroup there exists k > m and s € S such that s L=
ss,’(. Since ;1 = vyuuty41 for all n > m by assumption there exist w, € T with
Wply+1 = tyy1 such that wy, w,,,, = ids for all n > m. If we denote z, = w, v, then
wy, 1s a left inverse of w,,, for all n > m. Hence
/ / /
Skt+1 = Wzzp_y...zm (Sk+1) = Oz zp gm0z (Sk) = s'wz (sk),
where s' = w7 .2,(8). In addition zity = wrVktk = Wilk+1 = He41, SO

(Skt15 te+1) = (s', zk) (sk, tx). This shows that § x,, T is an ACCPL-semigroup. [J

Without additional assumptions about elements of 7' the conclusion of the lemma
may not hold. In fact even if we only exclude the assumption vt = ¢ the semidirect
product may not satisfy ACCPL.

Example 3.7 Let S = (..., x_3,x_1, X0, X1, X2 ...) be the free monoid over the set
{...,x_p,x_1, X0, X1, X2, ...}, (v) the free monoid over {v} and 77 a monoid with
representation 77 = (¢t,u | tu = ut =t). Define the monoid T by T =T} x (v) =
(t,u,v | tu = ut =t,tv = vt,uv = vu). First note that T} = {1,u,u2,u3,...} U
{t,72,13,.. ) and

Tiu" = {u" w2, U e %, ) foralln e NU{O},
Tllt” = {t", 2 } for all n € N.

So it is obvious that 7} satisfies ACCPL. Since any free monoid satisfies ACCPL,
both S and T (by Theorem 3.13) satisfy ACCPL. Now define endomorphisms of §
by

w =ids,

wi(s)=1 forallsesS,

w, (1) =1, wy(xy) =x,—1 foralln eZ,

wy(l) =1, wy(xy) =xy41 foralln eZ.
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Since wrw, = w,w; = Wy, Wrwy = Wyw; and wyw, = wyw, = idg, these endomor-
phisms induce a homomorphism w : T — End(S). If uf =7 in T then u = u" for
some n € N U {0} and for v = v" we have wywy = wzwy = ids. The semigroup
S x4 T does not satisfy ACCPL since the sequence of principal left ideals generated
by elements (x,, t) is an infinite strictly increasing chain. This is because (x,,?) =
(1, u)(xp41,1) for all n € Z. However if (x,+1,1) = (s,a)(xn, 1) = (Swq(xy), at)
then ar =t implies a = uk for some k € NU {0} and hence sw, (x,) = sXp—k # Xn+1
which is a contradiction.

Lemma 3.8 If S and T satisfy ACCPR and forall p,r,s € Sandt,u € T sraw:;(p) =
s andt =tu imply r € Imw, then S 1, T satisfies ACCPR as well.

Proof Let s,,r, € S and t,,,u,, € T be such that (s, t,) = (Sy+1, In+1)(rp, up) for
all n € N. So s, = spr10y,,, (ry) and t, =t 1u, for all n € N. Since § and T are
ACCPR-semigroups there exist k € N, s € § and ¢ € T such that sz4; = sgs and
tkr1 = txt. Then sp = spswy,,, (re) and x4 = tr1ugt, hence by assumption there
exists r € S such that s = ey, (r). This implies

(Skt 10 Trr1) = (k@i (), 1) = (k@ (), 1) = (s, 1) (@1 (r), 1),

which means that S x,, T satisfies ACCPR. O

We will say that a subset M of a semigroup S is closed for complete inverses it
r € M whenever r is a complete inverse of some element of M. In the main theorem
the above lemma will be used in the following way. Let S and T satisfy ACCPR and
suppose in addition that for all p,r,s € Sandt,u € T srw;(p) = s and ¢t = tu imply
that r is a complete inverse of w;(p). If Imw; is closed for complete inverses for all
t € T with t = tu for some u € T then by the above lemma § x,, T satisfies ACCPR.
The next lemma shows that the inverse implication holds as well.

Lemma 3.9 IfS %, T satisfies ACCPR and forall p,r,s € Sandt,u € T srw;(p) =
s and t = tu imply that r is a complete inverse of w;(p) then Imw; is closed for
complete inverses for all t € T with t =tu for someu € T.

Proof Lett =tu in T and let r € S be a complete inverse of w,(p) for some p € S.
Define x, = (r"*,1) € S X, T and y = (p, u) € S X, T. Then

er—ly = (rn+17t)(pvu) = (V’H_lwt(p)vt”) = (rna)t(p)r7 t) = (rnvt) =Xn

for all n € N and since S x,, T is an ACCPR-semigroup there exists k € N, g € § and
v € T such that x;11 = x¢ - (g,v) in S X, T. The first component of this equation
gives us ¥t = rkw, (¢). If we multiply this by e, (p) from the right side and use the
fact that r is a complete inverse of w; (p) we get

o (@ (p) = "o (p) = k.

By assumption this means that w;(g) in a complete inverse of w;(p). So r = w;(q),
since complete inverses are unique. O
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Observe that in the paragraph before this lemma we could exchange the term
“complete inverse” with term “unique inverse” or even “inverse” and the implica-
tions would still hold. However in this case the inverse implication would fail to
hold. Namely, the following example shows that we can not replace “complete in-
verse” with “unique inverse” in the above lemma. Since the proof of the example is
rather technical we will present it in the last section.

Example 3.10 Let S = S| x S where S| and S, are semigroups with representations
Si=(z,w|w?>=w)and S = (x,y | xyx =x, yxy=y).Let T ={0,1,2} be a
submonoid of the multiplicative monoid (Z4, -). Define a homomorphism w : T —
End(S) by

wo(s1,52) = (w,xy) forall (s1,s2) €,
w) =ids,
w2 (z,82) = (w, x), wy(w, s3) = (w,xy) forall sy €Ss.

It is clear that the above induces an endomorphism w;. It is easy to check that w
is indeed a homomorphism. As it turns out (see last section) the semigroup S <, T
satisfies ACCPR and for all s, r, p € S srp = s implies that r is a unique inverse of
p (in particular all inverses in S are unique). However even though 2=2-1in T,
Imw; is not closed for unique inverses since (w, y) ¢ Imw» is a unique inverse of
(w, x) € Imw;.

Now we assemble everything into our main theorem.

Theorem 3.11 Let S and T be semigroups with idempotents e and f respectively
and w : T — End S a semigroup homomorphism.

(1) Suppose that for all t,u € T with ut =t there exists v € T with vt =t such that
Wywy = wywy =ids. Then S X, T satisfies ACCPL if and only if S and T satisfy
ACCPL.

(2) Suppose that wy = ids and that for all p,r,s € S and t,u € T srw,(p) =s and
t =tu imply that r is a complete inverse of w;(p). Then S %, T satisfies ACCPR
if and only if S and T satisfy ACCPR and Im w; is closed for complete inverses
forallt € T witht =tu for someueT.

Proof (1): Since f? = f by assumption wy is invertible. But w fwy = wy, hence
wy = idg. The rest follows directly from Lemmas 3.2, 3.4 and 3.6.
(2): This follows from Lemmas 3.2, 3.4, 3.8 and 3.9. O

Assuming some cancellativity simplifies the formulation of the above theorem.
Corollary 3.12 Let S be a left cancellative semigroup with a unique idempotent e

and T a right cancellative semigroup with an idempotent f such that wy = ids.
Then the following holds.

(1) S % T satisfies ACCPL if and only if S and T satisfy ACCPL.
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(2) S X T satisfies ACCPR if and only if S and T satisfy ACCPR and Im wy is closed
for complete inverses forall t in T .

Proof (1): If ut =t in T then fut = ft and right cancellativity implies fu = f.
Using w on this we get w, = ids. Now apply Theorem 3.11.

(2): Proposition 2.3 ensures that the assumptions of Theorem 3.11 are satisfied.
Since T is right cancellative the idempotent f is a right identity. So r = ¢f for all
t € T. Now apply Theorem 3.11. 0

For a semigroup S we will denote by SEnd(S) the monoid of all surjective endo-
morphisms of S.

Theorem 3.13 Let S and T be semigroups with idempotents and let w : T —
SEnd(S) be a semigroup homomorphism. Then S %, T satisfies ACCPL (ACCPR)
if and only if S and T satisfy ACCPL (ACCPR).

Proof If ut =t in T then w, = idg since w; is surjective. In particular w ; = id; for
any idempotent f € 7. Also Imw, = S for all € T. Now the theorem follows from
Lemmas 3.2, 3.4, 3.6 and 3.8. [l

In particular the theorem states that for semigroups S and 7' with idempotents
S x T satisfies ACCPL (ACCPR) if and only if S and T satisfy ACCPL (ACCPR).

In [4] the ring of skew generalized power series was introduced. The construction
is as follows. Let (S, -, <) be a strictly ordered monoid, R a ring with identity and
w:S — End R a monoid homomorphism where End(R) is the monoid of all ring
endomorphisms of R that preserve the identity. Let R[[S, w, <]] be the set of all maps
f S — R whose support supp(f) ={s € S; f(s) # 0} is artinian and narrow (for
details see [4]). For two such maps f and g the set X(f, g) ={(x,y) € Sx S; xy =
s, f(x)#0, g(y) # 0} turns out to be finite for all s € S. Thus one can define a
multiplication on R[[S, w, <]] by

(f= > fMo(e)

(x,y)eXs(f.8)

if Xs(f,g) # @ and (fg)(s) = 0 otherwise. Then R[[S, w, <]] together with point-
wise addition and above multiplication becomes a ring called the ring of skew gener-
alized power series with coefficients in R and exponents in S.

Conditions ACCPL and ACCPR can be defined for rings analogously to those
for semigroups. In fact a ring (R, 4+, -) satisfies ACCPL (ACCPR) if and only if the
multiplicative monoid (R, -) does. A domain R satisfies ACCPL (ACCPR) if and only
if the cancellative monoid R* = (R\{0}, -) does. In [5, Theorem 3.3] the authors have
characterized skew generalized power series rings with exponents in a strictly totally
ordered monoid that are domains satisfying ACCPL (resp. ACCPR). Now we show
how part of this result can be derived from the above. In fact this was the motivation
for our considerations (compare Corollary 3.12 with [5, Theorem 3.3]).

Let R be a domain with identity, S a strictly totally ordered monoid and w : S —
End(R) a monoid homomorphism such that wy is injective for all s € S. Then by [5,
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Proposition 3.1(ii)] R[[S, w, <]] is a domain, hence R[[S, w, <]]* is a cancellative
monoid. For any f € R[[S, w, <]]* the set supp(f) C S is well ordered and so it has
a smallest element that we denote by 7 (f). By [5, Proposition 3.1(i)] the map

v R[[S, 0, <I]" > R* x4, S
fe (f@). ()

is a monoid homomorphism. Since § is strictly totally ordered, it is cancella-
tive. Lemma 3.1 then implies that R* X, S is a cancellative monoid. If f is in
¥~ L(Reg(R* x4, 5)) then (f (7 (f)), m(f)) is invertible in R* x,, S. It is easy to see
that this implies that both 7 ( f) and f (;r(f)) are invertible, so by [5, Proposition 3.2]
f is invertible in R[[S, w, <]]*. Thus ¥ ~! (Reg(R* %, S)) € Reg(R[[S, w, <]1*). If
S and R satisfy ACCPL then by Corollary 3.12 so does R* X, S. Similarly if §
and R satisfy ACCPR and w; preserves nonunits of R for all s € S (that is Imw; is
closed for complete inverses, since R* is cancellative monoid) then by Corollary 3.12
R* x, S satisfies ACCPR as well. Corollary 2.5 now implies that R[[S, w, <]]* sat-
isfies ACCPL, respectively ACCPR, hence so does the ring R[[S, w, <]].

4 Some proofs

In this section we present the proofs needed for Example 3.10. Assume that all the no-
tations are as in the example. By definition S, = F/~, where F is the free semigroup
over the set {x, y} and ~ is the least congruence relation on F such that xyx ~ x and
yxy ~ y. First we need a more explicit description of the relation ~.

A word in F is called alternating if it does not contain xx or yy as a subword (u
is a subword of v if v € F'uF"). For an alternating word a define

X if a starts and ends with x,
V5 if a starts and ends with y,
xy; if a starts with x and ends with y,
yx; if a starts with y and ends with x.

Note that a is again an alternating word that starts and ends with the same letters as
a and @ = a. An arbitrary word in F is a unique product of its maximal alternating
subwords. If u = ujus...u,, where u; are the maximal alternating subwords of u
then define

U=Ujly...lUy.

Note that i; are exactly the maximal alternating subwords of u, since ~ does not
change the beginning or the end of the word. So i = u.

Step 1 Foru,v € F we have u ~ v if and only if u = v.
For an arbitrary word u € F assume the following notations
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b(u) the first letter of u,

e(u) the last letter of u,

B(u) the first maximal alternating subword of u,
E(u) the last maximal alternating subword of u,
|lu|  the length of u,

u  the word & without the first letter,

the word u without the last letter,

S <

where we allow # and u to be empty. By considering all possible cases it can be seen
that for two alternating words a and ¢ we have ac = ac. Since we only have four
possibilities for a and c it is easy to check that

I~Y
o

— |ac; if e(a) =b(c)orlal =|¢| =1,
~ac ife(a) #Db(c) and |a||c| # 1.
Let u = ujus...u, and v = vjvy...v, be arbitrary words in F, where u; and v;

are maximal alternating subwords. Then all #; and v; except perhaps u, and v; are
maximal alternating subwords of uv, thus

I TR TR if e(u) =b(v)
YOSV i g0 Da e O if e(u) # b(v)

=Ul...Up—1UV|V2 ... Uy

and hence by the above
;i e(w) =b() or |EG@)| = |B@)| =1, )
“UT)avs if e(u) % b(v) and |E@)|| B@)] # 1.

Now define a relation & in F by uj & uy if and only if u; = u,. Clearly this is an
equivalence relation. If 1 & up then b(u;) = b(uz), e(u1) =e(uz), B(i1) = B(uz)
and E(u1) = E(u7). So uyv and usv (resp. vuj and vuy) will calculate in the same
way. Hence u1v = usv (resp. vu; ~ vuy). Thus ~ is in fact a congruence. For ar-
bitrary u € F we have u ~ u (for alternating words this is clear, for arbitrary words
this is a consequences of ~ being a congruence), so the relation & is contained in the
relation ~. Since xyx &~ x and yxy = y, the minimality of ~ implies that relations ~
and =~ are the same.

Step 2 If srp ~ s in F then one of the following holds: (r ~x and p ~ y) or (r ~y
and p ~ x) or (r ~xy~ p)or(r ~yx~p).

If we denote e = rp then se = 5. Since se = se would lead to a contradiction
e = ) we must have 5¢ = se = 5. This means that ¢ = e(s), hence & = b(e) e(s),
where b(e) # e(s) by (3). This implies e ~ xy or e ~ yx. By symmetry we may
assume e ~ xy, so rp = xy. If Fp =7p then 7 = x and p = y. Now let 7p =rp,
hence by (3) e(r) # b(p) and |E(7)||B(p)| # 1.Ifr =@ and p = xy then |E(F)| = 1,
which implies | B(p)| > 1 and so p = yxy. This leads to a contradiction p = p = y.
Similarly 7 = xy and p = ¢ would lead to a contradiction. Thus 7 = x and p = y.
Now 7 = xx and p = yy would imply | E(r)|| B(p)| = 1, which is not true. Therefore
r=xy and p = xy, since e(r) # b(p).
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Step 3 If srp =s in S then r is a unique inverse of p.

Suppose (s1, 52)(r1,72)(p1, p2) = (s1,52) is S. Then syrip; = s1 in S; and
sarapr = 53 in S>. By Step 2 clearly r; is an inverse of p; in S». Step 2 also shows
that inverses in S are unique, so r; is a unique inverse of p,. Since in S; length in z
(the number of letters z occurring in the element) is clearly well defined, r; and p
can not contain any z, so r; = p; = w. Since w is a unique inverse of w in Sy, (rq, r2)
is a unique inverse of (py, p2) in S.

Step 4 Semigroup S X, T satisfies ACCPR.

Suppose s, = Sp+19qn in S, that is 5, =5,11¢q, in F. Closer examination of (3)
shows that we have the following possible cases:

(1) s :in+1én, hence |§n+l| < 8ul,
(2) 5n = 5Sn+19n and |Gn| = 3, hence [Sp11] < |5al,
3) Sp =Sn+19n and |gn| = 2, hence |s,,41] = |5, | and one of the following holds:
(3.1) Gn =xx, Sy41 =axy, 5, =axx forsomea € F!,
(32) Gu=1YYy, Sp41 =ayx, 5, =ayy forsome a € F',
(3.3) Gn=xYy, Spy1=ay, 5, =ay forsomea € F!,
(3.4) Gn=yx, Sp41 =ax, 5, =ax forsomea € F!,
(4) 5, = Sus19n and |g,| = 1 and one of the following holds:
(4.1) Go=x, Sy41 =axy, 5, =ax forsome a € F!,
(42) Gu=1y, Spy1=ayx, 5, =ay forsomea € F'.

To prove that S x, T satisfies ACCPR let (), (Pn)n S S1, (Sn)ns (gn)n S S2 and
(tw)n, (un)n € T be sequences such that

((rn» Sn), tn) = ((rl’l+17 Sn+1), tn+l)((pn7 4n), un)

forall n € N. Then (ry, 5p) = (Fp+1, Sn+1) @1, (Pns qn) and t, =ty 1uy. If 1 appears
in (t,), then all consequent terms must be 1. If 1 does not appear in (z,), but 2 does
then all consequent terms must be 2. If 1 and 2 do not appear in (¢,), then all terms
are 0. So t, must be constant from some term on.

Let first z, = 0 for all n € N big enough. Then for these n we get (r,,s,) =
(Fn+1, Sn+1)(w, xy). But (w,xy) is an idempotent in S, so (rp+1,Sn+1) =
(Fn42+ $n42) (W, XY) = (Fag2, Sn12) (W, Xy)? = (ra, 5,) (w, x). This implies

((rn+1, Sn+1)s Z‘n+1) = ((rn, Sn), tn)((wv x), 1)

for all n big enough.

Now let #, =1 for all n € N big enough. Then for these n we have (r,,, s,,) =
Fnt1s Sn+1) (P> @n) = (Fn1Pns Sn+1qn)- For a € S; let |a|, denote the number of
letters z in a (this is well defined). Then for n big enough |r,|; = |rp+1pnl; =
|rn+1lz + | Pnlz = Irn+1l;. Thus the sequence |ry|,; is nonincreasing, hence it must
be constant from some n on. Therefore |p,|, =0 and so p, = w for n big enough.
Then r, = ry41w and as above (w is an idempotent in Sp) this implies 7,41 = r,w
for n big enough. Now for these n consider what can happen with s, = s,+1¢g5, (see
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the cases above). If (3.3), (3.4), (4.1) and (4.2) never happen then the sequence |s;, |
is nonincreasing and hence constant from some 7 on. So for n big enough only (3.1)
and (3.2) can happen, but this is impossible since on one hand all s,, should end with
two equal letters on the other hand all s, should end with two different letters. So
for some n one of the (3.3), (3.4), (4.1) and (4.2) happens. In any case there exists
s € 8 such that 5,11 = s,5 (s = xy in case (3.3), s = yx in case (3.4), s = y in case
(4.1) and s = x in case (4.2)). For this n we have (r,,+1, Sp+1) = (rn, Sn)(w, s), thus

((rn-'rla sn+1), tﬂ+1) = ((rnv sn), tﬂ)((w’ S), 1)

Now let #, =2 for all n € N big enough. Then for these n we have (r,,, s,) =
(Fp+1, Sn+1)(w, a,), where a, is of the form x™ or x™y for some m € N (see the
definition of w»). As above r, = r, 1w implies r,41 = r,w for n big enough. Now
as above consider what can happen with s, = 5,414, for these n (a, takes the place
of g,). Since a,, starts with x, cases (3.2), (3.4) and (4.2) can never happen. Suppose
that (3.3) never happens. For u € F let |u|, denote the number of letters x in u. In
case (1) we have |5,41|x < |3xlx, since a, contains at least one x. In case (2) element
a, contains at least one x and since a starts with x, 5,41 has to end with y. Hence in
this case we also have |5,41|x < |Sx|x. In case (3.1) we also have |s,41]x < |5,|x and
in case (4.1) we have |5,41|x = |3, |x. Thus the sequence |5, |, iS nonincreasing, so it
must be constant from some term on. So for n big enough only (4.1) can happen, but
this is impossible since on one hand all s,, should end with x on the other hand all s,
should end with y. So for some n big enough (3.3) must happen. For this n we have

Sn+1 =spxy and (rpy1, Spt1) = (Fn, Sn) (W, xy), thus
((rn—Ha Sn+1), tn+1) = ((rm Sn), tn)((wv x), 1)-

We have shown that in any case there exists n € N and ((r, s),t) € S X, T such
that (41, Sn+1), tat1) = ((Fn, Sn), 1) (7, 8),1). So S %, T satisfies ACCPR.
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