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Abstract The undamped linear wave equation on a bounded domain in R” with C?
boundary is considered. The interaction of the interior waves and the viscoelastic
boundary material is modeled by convolution boundary conditions. It is assumed that
the convolution kernel is integrable and completely monotonic. The main result is
that the derivatives of all solutions tend to zero. The proof is given by an application
of the Arendt-Batty-Lyubic-Vu Theorem. To this end, the model is reformulated as
an abstract first order Cauchy problem in an appropriate Hilbert space, including
the memory of the boundary as a state component. It is shown that the differential
operator of the Cauchy problem is the generator of a contraction semigroup on the
state space by establishing the range condition for the Lumer-Phillips Theorem using
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a generalized Lax-Milgram argument and Fredholm’s alternative. Furthermore, it is
shown that neither the generator nor its adjoint have purely imaginary eigenvalues.

Keywords Wave equation - Boundary conditions of memory type - Viscous
damping - Cp-semigroup - Stability

1 Introduction

Consider a model for the evolution of the sound in a compressible fluid with vis-
coelastic surface (cf. [7]):

put,x)—Ap(t,x) =0, xeQ,t>0, 0
9
a—p(t,x)+a*p,(t,x)=o, xedQ, t>0

n

supplemented with initial conditions p(0,.) = po, p:(0,.) = p1, where p(t,x) € C
denotes the acoustic pressure at time #, 2 C R” is a bounded domain with Cc?
boundary and n(x) the outer normal to d€2 at x. The convolution is a * v(z,.) :=
fé a(t —s)v(s,.)ds.

Our goal is to prove stabilization through the viscoelastic boundary damping a *
D:, 1.e. to prove that the derivatives of solutions to (1) converge to zero in the sense
JoU(pi(t, x)1> + |V p(t, x)|*) dx — 0 when time tends to infinity.

We will rewrite the model as an evolution problem x; = 2(x, x(0) = xo, with &
being a generator of a Cp-semigroup on a space X, and use the Arendt-Batty-Lyubic-
Vu theorem (see e.g. [2, Theorem 5.5.5] or [9]) to obtain the following result.

Theorem 1 Let S(t) be the semigroup generated by 2A. Then lim;_, », S(¢)x =0 for
all x e X*+.

Our approach thus rests on Cp-semigroup theory, and we are not aware of anal-
ogous pathways in the theory of integral equations (cf. [7]). It is shown in [3] by
methods of complex analysis, that the rate of exponential decay might be arbitrarily
low; this is so, because there are eigenvalues arbitrarily close to the imaginary axis.

2 Construction of the semigroup

We will consider the n-dimensional version of (1), i.e. the case when p(¢, x) € C".
The basic model (1) can be rewritten as the system

0
—U=diva inQ, t>0,
at
do .
—=Vv inQ, >0, (2)
ot
o-n+axv=0 ond, t>0,
0
where v := —p, =Vp.
ot
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Stabilization through viscoelastic boundary damping: a semigroup 407

One obtains solutions of (1) by considering just the first component of solutions of
(2).

To rewrite the system (2) in the form of an evolution equation we need certain
assumptions on the kernel a. We will suppose that

(H1) the kernel a is a completely monotonic function, i.e. there exists a locally finite
positive measure v # 0 on [0, co) such that

o0
a(t):/ e Sdv(s), t>0;
0

and that
(H2) a € L0, 00).

Under these assumptions the Laplace transform a of a is given by

1
a(\) = d , RA>0,
a0 /0 v, Wi

and has a holomorphic extension to C\(—o0, 0]. We note that a € L0, 00) if and
only if
© dv(s)

s

<0

v({0h) =0 and /
0
(see e.g. [10] or [5]). The convolution a * v can be expressed in the following form
t [oe]
(axv)(t,x)= / ait —t)(Tv)(r,x)dt = / v(t,s, x)dv(s)
0 0

on 9%, for any v € C(R*, H' (22, C")), where

t
v(t,s,x) :=f e () (z, x)dT,
0
and I is the trace operator (see below). Note that i satisfies the equation
oy +
E(r,s,x) =T, x)—sy(t,s,x), ts,eR", xea.

We consider the Hilbert space
X:=L%(Q; C") x LY(; CV") x L2,
where we use the abbreviation L,z) = L%(R*; L2932, C")). Let
Y :={o € L*(; C""); DIVo € L*(Q; C™")},

where the divergence DIV is to be understood in the sense of distributions. Note that
for o €Y there is a generalized trace o - n in the sense that

(o-n,Tu) 1 i ::/(DIV a)ﬁ—}—/ o.Vu, 3)
H™2(0Q)xH2Z(dQ) Q Q
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forallu €e HY(Q; C"). Here T : HY(Q) — H%(BQ), u — ulyq is the trace operator.
For details see e.g. [8]. The dot in the last term of (3) denotes the inner product in
(Cn Xl’l.

We define the operator

A:DA)CX— X

v DIV o
Al o | := Vv
4 Lo — sy (s)

with domain

DAL :={(v, oY) eX; ve H (QC"), o €Y, Tv—sy(s) € L?
ando -n=— -/OO Y (s)dv(s) with o - n defined by (3)}.
0

Note that the assumption ['v — sy (s) =: J(s) € L% implies that ¢ € L‘l), since we

can write (s) = A=y (s) + £ — ¥ 3 >0, and ;1 e L) N L2RH).

We will use the Helmholtz orthogonal decomposition

LZ(Q, (CVLXH) — X @ XJ_’

where X is the L?-closure of such o € C*®(£2; C**") for which divo =0 and o -
n =0 (n is the outer normal to the C2 boundary 9€2). It follows that DIV o = 0 for
the distributional divergence of o € X. Gradient fields are dense in X . For details,
see e.g. [8]. According to this decomposition we have

X=Xo®xt,

where

Xo= {0} x X x {0}, =12 x xt < L2
Proposition 2 Xy = Ker 5[, ﬁ(%i N D(ﬁ)) cxt.

Proof Only the inclusion Ker Ac Xo is not obvious. Let DIVo = 0, Vv =
0,¢¥(s) = % By the generalized trace and the boundary condition for o we have

O:f (DIVo)v = (o -n,I'v) —/ o.Vv= —</OO Y(s)dv(s), Fv>
Q Q 0

 dv(s
=—|Fv|2/ )
0 S
Thus 'v=0and ¢ =0. For v € H(} with Vv =0, we obtain that v = 0. Moreover,
DIVo=0ando -n=0, i.e. 0 € X. O
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With respect to this proposition we will consider the restriction 2 := §l| xL. Note
that

D) :{(v,a, V), ve HY(Q;CY, o eYNXt, yeL?

I'v—sy(s) e L% ando -n= —[wlp(s)dv(s)}.
0

Instead of the system (2) we consider the following evolution problem

d (v v
o o|l=2A]o], t>0 @)
v v

on the space X+, Solutions of (2) with initial condition (vg, o) correspond to solu-
tions of (4) with initial condition (vg, o9, 0).

Theorem 3 2 is a generator of a contractive Co-semigroup on X+

Proof We will show that the assumptions of the Lumer-Phillips theorem (see e.g.
[4]) are satisfied.

(i) D) is dense in X~

Let (vg, 09, ¥9) € X=. Choose v € D(2, C") close to vy, and sg > 0 such that

f [Yo(s)2dv(s) < e.

S0

Take v € L2(R*, H2(9S2, C")) such that
Y(s) = l1"v for s € [sg9, o0) and /‘0 [Yo(s) — w(s)|2dv(s) <e.
s 0

Then Tv — sy(s) € L2 and [;° ¥ (s)dv(s) = w € HZ (9, C"). Since ap € X,
there is a p; € H2(§2, C") such that

loo — Vpil2q) <&

Since 92 is C2, the Neumann trace operator % : HZ(Q) — H%(E)Q) is surjective
(see [6, 8]), so there is a p» € H2(2, C") and a g € D(S2, C") such that

ap2 ap
S = W and VP =Vl <e.
For p = p1 + p> — g we have ‘3—’,2 = —w. Therefore, (v, Vp, ¥) € D) and

log — Vp| <log — Vpi|+|Vp2 — Vgl < 2e.
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(i) A is dissipative.
Indeed,

R(A(, o,¥), (v,0,%)) = / (DIVo)v + / o.Vv+ /OO(FU — sy (s), ¥(s))dv(s)
Q Q 0
== /O SIY (172, @V () <O,

since s|1ﬁ(s)|2 =(sy¥(s) —Tv, ¥(s)) 4+ (Tv, ¥(s)) € L‘lj.
(iii) R —A) =X+ for A > 0.

This range condition can be proved via the method of sesquilinear forms. We do
that in several steps. Fix some A > 0 and define

a(v,u) :=A2/ vﬁ+/ Vo.Vu+ra(h) | Twlu, (5)
Q Q Q2

a continuous bilinear form on H'!(2; C") x H'(; C"), and fix (w, k, ¢) € X and

define
F @) :z,\/ wﬁ—/x%—x/ [/w &dv(s)]ﬂ, (6)
Q Q aelJo A+s

a continuous linear form on H'!(£2; C"). We will decompose
a,u) =ai(v,u) +ax(v,u)

according to
ay(v, u) := (v, u) +xa(x)/ FvTu,
I

a(v,u):=0>=1) f Vii.
Q
The idea is to reformulate the resolvent equation in terms of a and F, to show that a;
defines a bijective operator and a> a compact one and to use the Fredholm alternative.

1st step
Let (w, k, ) € X and let A > 0. We shall prove that the equation

v w
A=Wlo]l=|« @)
v @

has a solution (v, o, ¥) if and only if v satisfies
a(v,u) = F(u), forallu € H'(€2: C"), (8)

where F is defined in (6).
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Let (v, o, ¥) € D(R) solve (7). Then

v —DIVo =w, 9
Ao — Vv =k, (10)
A4+s)Y(s) —Tv=0p(s). (11

By multiplying equation (9) by # € H!(2; C") and integrating over £ we get

A/ vﬁ—/(DIVc)ﬁ:/ wiu.
Q Q Q

The second integral can be rewritten with help of the boundary condition for o and
with the substitution

_ v+ ¢(s)

Y (s) its

12)

from (11). This yields

/(Dwamz—/ [/OO v(s) du(s)}r_u—a(/\)/ rvﬁ—f o.Vu.
Q aelJo A+s FIo) Q

Using (10) for o we finally obtain (8).
Conversely, let v € H! satisfy (8). Define ¢ by (12) and 0 € Xt by o := @.
Then ¢ € L% N Lllj and I'v — sy (s) € L%. By substitution for Vv and ¢ in (8) we

have
,\/ vﬁ+/o-W+/ [/ww(s)du(s)]ﬂzf wit (13)
Q Q aIQ 0 Q

forallu e HY(§,C"). In particular, if u € D(2, C"), this condition reads as follows

/(Xv—w)ﬁ:—fov_u,
Q Q

i.e. DIVo = Av —w € L? and o € Y. Therefore, from (13) we obtain that

—/ Uoow(s)dv(s)]ﬁzf(DIVo)ﬁJr/a-v_u=<a-n,ru> 1 )
aQ LJo Q Q H 2xH

Since T(H'(Q)) = H? (0€2), this implies that o - n = —fooo Y (s)dv(s). Therefore
(v, 0,v%) € D) and (7) holds.

0=

2nd step

Note that since |aj (v, u)| < c|v|g1|u|y1, there exists Tj € L(H', (H')*) such that

ay(v,u) = (Thv, ﬁ)(H1)*XH1. We will prove that 77 is a bijection of H! onto (HHY*.
In fact, since

ul3,, 4+ 2a() | Tul?

1 _
|Tiul g1y = sup I(Tlu,v)|2|u |(Thu, w)| =

> |ulg,
lol 1 <1 |1 lul g
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412 W. Desch et al.

Ty is injective and R(T7) is closed. If R(T1) # (H')*, then there is w € H', w # 0,
such that (Tyu, w) =0 for all u € H'. In particular, 0 = (T w, w) > |w|%, which is a
contradiction.

3rd step
In this step we will prove that either (8) has a unique solution v € H! for any F €
(HY)* or (8) with F = 0 has a nontrivial solution v € H'.

To show this, define 7, by

ar(v,u) = (Thv, ﬁ)(Hl)*XHl.

Since T» € L(L*(R), H'(Q)*) and H'(Q,C") is compactly embedded into
L2($2,C") (2 is bounded), T is a compact operator from H Uinto (HY)*. Equa-
tion (8) has the equivalent form

Tww+Tv=F,
or, using the result of the second step,
(I + (1) ' Tyv= () 'F.

This proves the assertion.

4th step
Here we prove that if a(v,u) =0forallu € H!, thenv=0.
It follows from the first step that a(v, u) =0 for all u € H' if and only if

Av —DIVo =0,
lo — V=0,
A+ (s) —Tv=0,

and (v, o, ¥) € D(). The first and second equations imply that A%v = Av. In par-
ticular, v € H2. By the second equation and the boundary condition,

1 dv A .
__=g.n:—a()\,)rl), 1.€.
Adn

0
O A0y =0.
on

So we have

0v— .
)\2|v|§2=f Avi:/ %Fv—|Vv|iz=—Aa(k)|Fv|2—|Vv|2§0.
Q IQ

Since A > 0, this implies that v = 0.
Thus we have finished the proof of the range condition, and in turn, the proof of
the theorem. O
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3 The spectrum of 2(

Since the semigroup generated by 2{ is contractive, we obtain immediately the corol-
lary.

Corollary 4 o () C {%A <0}.

Proposition 5 o () N (C\(—o0, 0]) = P, (), where P, denotes the point spectrum
of the operator.

Proof This can be proved by examining the part (iii) of the proof of Theorem 3.

Indeed, the assertion of the first step remains true for A € C provided [;° du(s)

As T
a()) exists and fooo f%dv(s) exists for any ¢ € L%. The second expression exists
provided ﬁ € L%(R*, ©), i.e. fooo (ii(j))z = —a’ (M) exists. This is certainly true for

A € C\(—o00,0].
The estimate in the second step can be improved as follows. Since

X RARA 4 5) + %A +isJA
dv(s),

o0

A

a0y = | —L—dv(s) =

a(d) /0 s V= O +9)2 + 321

for A € C\(—o0, 0] we obtain that Aa (1) € C\(—oc, 0]. On the other hand, for this
Ada(x) one has infy~o |1 +gAa(d)| > 0, hence there exists a constant C > 0 such that

1 _ 1 N
\Tvulggrye = ——|(Thu, @) = ——| Jul3,, +2a(W)|Tul*| > Clul g
luel g1 luel g1
So the third step can be interpreted as follows: A € C\(—o00, 0] belongs either to
the point spectrum of 2 or to the resolvent set of 2. 0

Proposition 6 P, () NiR =@.

Proof Suppose it € P,(2). As in the above proposition and the fourth step in the
proof of Theorem 3, thereisav € H 2 guch that

ad
—2y=Av and 2 4ira(it)Mv=0.
an
This implies that

—*[v]?, =/ Avi:/ Ll i IVu[7, = —ita(it)|Tv|* — [Vu]*.
Q aq on

If T # 0 then, by taking the imaginary part we obtain that I'v = 0 and, therefore,
g—z = 0. This means that v can by extended by zero outside €2 and such an extension
solves the equation —72v = Av in R”. But the Laplacian in R” has empty point
spectrum, i.e. v =0, and also ¥ =0 ((v, 0, ¥) as in the first step in the proof of
Theorem 3). Moreover, DIVo =0 and o - n =0. Thus o € X1 N X and o =0. This
proves that it ¢ P, (1) for T # 0.
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Suppose now that 0 € P, (), i.e. that thereisa v € H? such that Av =0, g—z =0.
As above this implies Vv = 0. We have also

DIVo =0, o-n= —/Oow(s)dv(s) =—a(0)'v
0
and
O=/(DIV0)U=—&(0)|FU|2—/ o.Vv=—a(0)|Tv|>.
Q Q

Since a(0) = f;° 242 5£0, ['v =0. It follows that v=0, ¥ =0and 0 € X* N X =
{0}, i.e. 0 ¢ Py (2). O

Note that arbitrarily small A € (—oo, 0) might be in o () (not necessarily all, if
the support of v has holes). Therefore 2 does not generate a Co-group (see e.g. [4]).
4 The operator 2* and its spectrum
In the Hilbert space X the assertion of Theorem 9 below can be obtained by Corol-
lary V.2.22 of [4] without reference to the adjoint A* of 2. Nevertheless, A* is of

interest in itself.

Proposition 7 The adjoint of the operator 2 is given by

DA = {(w,x,q)); weHY(QCY, keYNnXt, pel?

o0
Tw+sp(s) e L2, « -n:—/ go(s)dv(s)} (14)
0
and
w —DIVk
w |« | = —Vuw ) (15)
9] —Tw—s9p(s)

Proof Denote the set on the right-hand side of (14) by 9t and define an operator B by
the right hand side of (15) with domain D(®8) = 91. The isomorphism (v, o, V) >
(—v, 0, ¥) takes 2 into B, therefore B is m-dissipative and P, (B) NiR = 4.

Now we are left to prove that % = A*. To show the inclusion 6 C 24*, choose
(w, k, @) € M and take any (v, o, ) € D(2A). Then the calculation

v w
Alo |, | «
14 @

=/(D1Va)w+f Vv.E—i—/ /Oo(rv—sw(s))mdv(s)
Q Q R J0
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=—/ (/oolﬂ(s)dv(s))m—/ U.V_w—/ v /Oow(s)dv(s)
R 0 Q 02 0

—/ vDIVK—I-f /m(ru—sw(s))mdv(s)
Q 0 J0

=_/ vDIVK—/ G.W—/ /Oow(s) (Fw+s<p(s)>dv(s)
Q Q 02 J0

implies that (w, k, ¢) € D(A*) and proves the inclusion. On the other hand, 2(* has to
be m-dissipative, since it is the adjoint of a generator of a Cy-semigroup of contrac-
tions. So A* cannot strictly contain an m-dissipative ‘B, which proves D(2*) = M
and B = A*. g

Corollary 8 P, (") NiR =@.

5 Conclusion
Now we can obtain Theorem 1 by applying the following theorem.

Theorem 9 [2, Theorem 5.5.5] Let T be a bounded Cy-semigroup on a Banach space
X with generator A, and suppose that o (A) N iR is countable. If P,(A*) NiR is
empty, then | T (t)x|| — 0 as t — oo, for each x € X.
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Note added in proof While the present article was under review, we learned about [1] where a similar
problem is treated by different methods.
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