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Exact formulae for determination of the mean temperature

and wear during braking

A. A. Yevtushenko, E. G. Ivanyk, 0. 0. Yevtushenko

Abstract This paper deals with the one-dimensional
transient heat conductivity contact problem of a sliding
two semi-spaces, which induces effects of friction, heat
generation and water during braking. In the present tem-
perature analysis the capacity of the frictional source on the
contact plane dependent on the time of braking. The
problem solved exactly using the Laplace transform tech-
nique. Numerical results for the temperature are obtained
for the different values of the input parameter, which
characterise the duration of the increase of the contact
pressure during braking from zero to the maximum value.
An analytical formulae for the abrasive wear of the
contact plane is obtained in the assumption, that the wear
coefficient is the linear function of the contact temperature.

List of symbols

z axial coordinate

T temperature

14 sliding speed

Vo initial sliding speed

p pressure

Po maximum pressure

q capacity of frictional heat source
per unit contact area

K thermal conductivity

k thermal diffusivity

fo friction coefficient

o the coefficient of the thermal

expansion of the frictional pad
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v Poisson’s coefficient of the pad

m coefficient of wear

t time

tm duration of the increase of the
loading from zero to maximum
value

1 duration of braking in the case
of constant load

ts duration of the stop

tmax time at which the maximum
contact temperature is reached

w initial kinetic energy per unit
contact area

A parameter given by formula (12)
and taking the dimension of the
temperature

erf(-) Gauss error function

erfc(-) =1 —erf()  complementary error function

Dimensionless parameters

T=1/t

Tm = b /1

Tmax = tmax /1t

Ty =t/ 10

™ =t/ty

(= lzl/(2kit?), i=1,2
T =T/A

T =T;/A, i=1, 2

1

Introduction

A mathematical model which permits to study the contact
temperature of various types of braking systems has been
presented by Chichinadze [1], Chichinadze et al. [2]. It is
assumed that the maximum temperature rise on the
contact surface was represented as the sum of the mean
temperature of the nominal contact area and the flash
temperature. The following one-dimensional heat con-
ductivity boundary-value problem is used for determina-
tion of the mean temperature:

0 T,'(Z, f) . laTi(Z, t)
022 k; ot

, z>0 fori=1,

z<0 fori=2,0<¢t<ts,

(1)
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Ti(z,0) =0, i=1, 2 (2)

Ti(z,0) = T5(z,0) = T(¢), 0<¢t<t , (3)

Klw _KZM :q<t),0§l’§ts,
0z |,o; 0z |-

(4)

T;—0, i=1,2 for|z] »o0, 0<t<1 . (5)

Here and further the indices i = 1, 2 denote the upper and
the lower half-spaces respectively. The rate of frictional
heat generation throughout the contact plane z = 0 is
equal

q(t) = fF(Op(1)V (1),
The exact solution of the contact problem with frictional
heating (1)-(5) can be obtained for three cases of the
function q(t) [3]: (1) q(t) = qo = const.; (2) q(t) = qo\V/t;
(3) g(t) = qot. However, really the contact pressure rises
from zero to a value, when the motion comes to a still, in
the form [2];

p(t) = pop™(t/tm),  p*(t) =1 —exp(—1) . (7)

At the known pressure (7) and the constant friction

coefficient f(t) = f, we obtain the speed changing law

during braking [5]:

V(1) = VoV'(7), V(1) =1 -1+ tmp’(v), 0< 1<K,

(8)

where © = t/1%, T = tm /12, T = /T, 1 =2W/(fopo Vo).
Using the condition V() = 0, from expression (8)

we find the equation for the dimensionless braking time

o=t /10 > 1

Ts — TP (Ts/Tm) = 1 . 9)

0<t<t, (6)
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Fig. 1. Dependence of the dimensionless time 75 on the dimen-
sionless parameter 1y,

The numerical solution of the equation (9) is shown in
Fig. 1. These results can be obtained from the approximate
linear function:

7s =1+ 0.99757, . (10)

The behaviour of the nondimensional contact pressure p*
(7) and sliding speed V* (8) is presented in Fig. 2. We see
that in the case when the contact pressure is constant
(tm = 0) the sliding speed decreases from V; to zero
linearly with time so that the deceleration is constant
(uniform braking).

In this paper the exact solution of the transient one-
dimensional heat conductivity problem (1)-(5) with the
rate of the frictional heating g Eq. (6), contact pressure p
Eq. (7) and sliding speed V Eq. (8) is obtained.

Temperature

Employing the convolution theorem for the Laplace
transform with respect to time ¢ [5], the solution of the
boundary-value heat conductivity problem (1)-(5) we find
in the form

i) = A [ 9= /sl V(- )5

x exp(—3/10)dty, 0<t <ty (11)
where
A JopoVo Rt Kk
(1 +k;)K1 T ’ ¢ K1 k27
2| :
i = , i=1,2. 12
C 2 kito : ( )

S

0 T T T A\ T
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e

Fig. 2. Change of the dimensionless pressure p* (continuous
curve) and dimensionless speed V* (dotted curves) during
braking with different dimensionless parameters t,,



Having an analytical expressions for the contact pressure
p*(7) Eq. (7) and sliding speed V*() Eq. (8), from Eq. (11)
we obtain the temperature of the braking elements:

Ti(zv t) = A[(l +Tm — T)N_((ivr) - (1 + 2t — T)

L~ (élia T, Tm) + TmL_(Cia T, Tm/Z)
+N+(€i7f) +L+(Ci,T,Tm)
—tmVTexp(—n)], 0<t<t, i=12,

(13)
where
Ni(é/ivf) _ f +1/2 2
(Lo = [ et
1
g { exp[—(t — 10) /) } o
i=1,2 (14)

We evaluate the integrals N*({;, t) appearing in Eq. (14) as
shown below. After integrating by parts in (14) we have

N (£,7) = 2V exp(—1?)
a2 / o exp(—Cfo)dr, ,  (15)
0
2

2

(517 ) = 3 T exp( ) - gg?N_(ChT) ) (16)
where
i = Ci/\/E .
Using the integral[6]
| e = 1207 et
from the Eq. (15) we obtain
N~ ({, 1) = 2v/7 exp(—n?) — 2{;v/m erfe(n;) - (17)

By methods [4], the integrals L*({;, 7, ) Eq. (14) can be
rewritten as:

L (gia T, Tm)
= VTTm eXP(_T*){[Fc(Cia T, ‘Cm) - 1] Sin(znim)
+ C(iyt,tm) cOs (21y) ), i=1, 2 (18)
Li(Civ T, Tm)
_ %‘cm\/n—‘cm exp(—t ) {[Fs(i, T, Tm)
+ 2’7im C(Civ T, Tm) - 1] Sin(zrlim) + [C(C“ T, Tm)
—271im FS(é’bT)Tm) +2’11m] COS(Z?’[im)}, i= 132
(19)

(R oo+ {502 ) e
{ae e | = Voot

)
[ e {2

where

Substituting integrals N*({;, ) Eq. (16), (17) and
L*(;, 7, tm) Egs. (18)-(21) into Egs. (13) we determined
the temperature field of the working elements (the fric-
tional pad and the disc) during braking.

The contact temperature we find from Egs. (13) atz =0
in the form

—A[2+ m —%r)\/%

—(1 +;rm —1)2/Tm F(\/‘E—*>
+ V2t F(V219)], 0< £ < £ .

where F(t) = exp(—1?) |, exp(x*) dx is Douson’s integral
[7]. To count F(t) we use formulae [8]:

(—27%)
)_2(21+ ”’ §T§3)

(21—1 )
)_Z z+1’

where (—1)!! =1.
At ty, = 0 (t; = 10) from Eq. (22) we obtain the known
result [9] for the contact temperature in the case of uni-

form braking
2t t
——— — 0<t<t .
3t ts
3

T(t) =2A (1

The temperature-dependence wear

We assume the Archard’s law of wear [10] in which the
rate of material removal is proportional to pressure and
speed of sliding:

T(t)

(22)

T>3

I(t) = /Otm(T)q(to) dty, 0<t<¢ . (23)

In according to [11] the wear coefficient m(T) at the small
gradients of the contact temperature takes the form

m(T):m0+m1ﬁT(t), ﬁ:a1(1+V1)/(1—V1) .
(24)

Substitutes Egs. (22), (24) and (6)-(8) into Eq. (23) after
integrating we find:

I(t) = myly(t) + mi AL (t), 0<t <t (25)
where
my = mkaVopotg, k=01,
I(t) =t — /2 + tm(t — T — 1)p* (%)

+ 12 p*(27%)/2 (26)
L) =1"(0) +17(0) + 17(t) (27)
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10 =20+ )@t tmeyE - (10+7)PVE [ G
+2;8113\/’E*(1+2‘Cm)<2+1m)‘[m\/a :% 2x+ . + % (2+2x2+x4)F(x)} ,
« B\/Eerf(\/%?)—r*exp(—r*)} / x exp(—
+§(10+11rm)rfn\/a :/eXP( ?) dx — exp(—x*)F (x)} :
" Bﬁef(\/—*)_\/r—*(g *>exp(_r*)] /x ex?( x*)F(x) dx
—grm\/_[wﬁerf(\/_) 4_/ exp(~) dx — xexp(~')
N R el ~(gre) meicema].
e / xsexlla(—:z)F(x)dxz L |
b e il iy

— x* exp(—x*)F(x) — G + x2> exp(—xz)F(x)] ,

x exp(—2x*)F(x) dx

170 = 2/ | (243 m M) = (1 4 7m) 2] [ expta)ax - expl2rce)]
« <1+%‘Em>M001('E) ~ My (2) / 2 exp(—2:)F(x) dx
+M ()_<2+; m)M (1) —é[lz/exp( 2x)dx——x exp(—2x%)
+(1+21m)(1+;m Mo (1) ( —|—x>exp( x*)F(x )}
+ TmMi (1) — m<1+% m)M ()] /xF(\/—x)dx: { \l/_x— F(\/—x>]
19(6) = /25 [(1 + ) Mooa(®) — Mioa(2) [or(a)a=s a5 2
F M) = (1+ 250)Mon(0) < (32 )F(var)|
+ tnMona(0)] /xexp(—xz)F(\/Ex> dx
Ma(5) = [ e exp(—jta) /2P (VT ) -1 [\Lf [ vty ax - gexp<_xz>p(ﬂx)] |
k,j=0,1,2 I1=1,2. (28) ?
Taking into account the values of the integrals: / x* exp(—x")F(v2x) d
1 _ b
/xF(x) dx =3[~ F(x)] [3f/eXP dx — —xexp(—x)

/x3F(x)dx:;[x+;x3—(l+x2)F(x)] : <3+x)eXP( )F(fx)] :



/xexp(—sz)F(\/Ex) dx
:i [%/ exp(—2x*) dx — %exp(—sz)F(\/Ex)} )

for the function Mj; (28) we find:

M001(T):Tm_\/f_*—F(\/T_*) )
_\/T_*+%r*\/r_*—(l+f*)F(\/T_*)} :

M101 (T) = Tfn

M201 (T) = T;’,’n

: 2 1
2\/r7+§r*\/z'*+§r*2\/r'*
—(2+42t" + r*Z)F(\/?*)} 7

Mo (1) = 3 [erf(V) — exp(—)F(VF)]
My (1) = % [erf(\/r—*) —%\/T—*exp(—r*)

- G + r*) exp(—r*)F(\/T—*): :
Mo (7) = % Eerf(\/r_*) —%\/r_*<§+ f)

x exp(—c') — % exp(—t)F(VT)

- (3+) ew-errve)]
Mo (1) = 2 [ 2er (V37 - exp(-20 )R/ |
(0 = 2 1 Fent(V37) =} (V) expl2e)

— G + r*) exp(—21 )F(\/r_*)} :
Moo (7) = \/g _ %F(\/F)} ,
My (1) = 72, ;\/th;\/i—; <;+ r*)F(\/Z?)} ,
Min() = 2 :%iﬁerf(\/r_*) - é \/szexp(—r*)

- G . T*) exp(—r*)F(\/Z?)} ,

2 1 . .
My12(7) = Tm [merf(\/r-) —gexp(—r )F(\/?)} ,

Mon () = [‘/j erf(V2T) — iexp(—zf*)pwz?)] ,

where we using the known integral [6]

/OT exp(—x*)dx = 1/2/7 erf(x) .

4

Numerical results

The input parameters of problem are two dimensionless

quantities: 0 < 7,, < 0.2 - the duration of the application
of load p Eq. (7) from zero to the maximum value p, [2]
and 0 < {; < oo Eq. (12) - the axial coordinate.

The effect of t,, during braking on the variation of the
dimensionless contact temperature T* = T/A, where T is
given by formula (22), is shown in Fig. 3. We see that the
largest value of the contact temperature is reached during
braking with the uniform retardation (t,, = 0). In this case
the maximum temperature occurs at the middle-point
(t =~ 0,5t,) of the stop. For 7, = 0.2 this maximum is
attained at t ~ 0.62f;.

The maximum dimensionless contact temperature

= T*
oax T°(1)
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Tinax
falls with increasing t,, (Fig. 4). Thus, the maximum
contact temperature in the case of uniform braking is al-
ways larger than at the non-uniform stopping. The
corresponding dependence for dimensionless time

Tmax = tmax/t° at which TZ __is attained, is shown in Fig. 5.
In additing, we obtain the following engineering expres-

sions for T, .. and Tmax:

3
Thax = O GkThy  Tmax = 0.501 + 0.537, (29)
k=0
where ay = 0.9426, a; = 0.0201, a, = —1.2409,
as = 1.6024.
Distribution in axial direction of the maximum di-
mensionless temperature

t,maX(Ci) = Olgtagfs Ti(t’ Z)/A’ 1

1,2,

1.0

Tm= 7///:%

0.8

0.6

T

0.4

0.2~

0 T T T T i
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Fig. 3. Change of dimensionless contact temperature T* = T/A
during braking with different dimensionless parameters 7,
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Fig. 5. Dependence on the dimensionless time 7,.x, when the
maximum contact temperature is attained, on the dimensionless

parameter f

where T; is given by expression (13), is shown in Fig. 6 for
Tm = 0 (the curves for different values of 0 < 7, < 0.2
almost coincides). We see that the temperature field is
strongly localized and has a sharp gradient in axial di-
rection. According to Chichinadze et al. [2], the effective
depth of the frictional heating during braking character-
ises the depth when the following condition takes place

T (()/Th oy - 100% < 5% .

It is seen that the dimensionless effective depth is equal to
¢ = 2 at uniform braking. A numerical results presented
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e
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Fig. 6. Distribution of the dimensionless maximum temperature
in axial direction during uniform braking (t,, = 0)
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Fig. 7. Change of the dimensionless function I, during braking

with different dimensionless parameters 7y,

in Fig. 6 has permitted us to construct such approximate

formula

4
T;kmax(ci) = Zbkdca i=1,2 forty, =0,
k=0

where by = 0.9426, by = —1.6711, b, = 1.6947,
b; = —1.3668, by, = 0.6551.

Figures 7, 8 shown, respectively, the distribution of the

(30)

dimensionless function Iy(t) (26) and I;(¢) (27) during
braking. The maximum values of these functions are
reached in the end of stopping time at t = f,. Thus, the
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Fig. 9. Dependence of the dimensionless function I; on the di-
mensionless parameter 7y, in the stop time moment t = f

wear during braking is largest in the stop time moment.
We observe also that the function Iy(¢), which characterise
of the wear in the absence of frictional heating, nearly not-
dependence from the parameter 7, at t = t;. Another
picture is observed for the function I, (¢), which falls with

increasing 7, (Fig. 9). Thus, the maximum value of wear is
attained during braking with uniform retardation. The
least square method were applied to approximate of the
function I;(¢;) as polynomial of 7y:

4
L(t) =) ath
k=0

where ¢y = 0.3810, ¢; = 0.0837, c; = —0.9369, ¢; = 6.3810,
¢y = —11.4620.

We note that the absolute error of the approximate
formulae (10), (29)-(31) is at most 0.5%.

(31)

5
Conclusions
By method of the Laplace transform the exact solution of
the one-dimensional transient heat conductivity problem
with frictional heating during braking is obtained in the
general case of contact pressure distribution. We assumed
that the coefficient of friction is constant and coefficient of
wear is linearly dependence on the contact temperature.
It is established that the contact temperature and wear
essentially depends on the one input parameter: the time
when the maximum value of the pressure is reached. If this
parameter increasing then the maximum contact temper-
ature and wear falls. The temperature fields proves to be
strongly localized and possesses a sharp gradient in axial
directions.
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