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Abstract
The transient heat and mass transfer characteristics of the freeze-drying process of milk in a vial is numerically investigated. The
paper reports the influence of semi- stoppered vial onmass transfer resistance and the relative importance of the bottom curvature
of the vial on the drying time. Moreover, the variation of product temperature and mass transfer resistance as a function of time is
predicted. The study revealed that the vial heat transfer coefficient strongly depends on chamber pressure; however, the effect of
shelf temperature is minimal. The analysis is conducted for two fill heights (8.25 and 16.5 mm.) It is observed that the presence of
curvature at the bottom of the vial increases the primary drying time but decreases the product temperature. Based on the
simulation, it is observed that 16.5 mm product fill height provided higher mass transfer resistance than 8.25 mm fill height.

Nomenclature
Ac Contact area between vial and shelf, mm2

cp Specific heat capacity, J kg−1 K−1

C1 Empirical constant
h Heat transfer coefficient, W m−2 K−1

I(t) Sublimation interface position
k Thermal conductivity, W m−1 K−1

kc Direct conduction heat transfer coefficient, W m−2 K−1

kg Gas conduction heat transfer coefficient, W m−2 K−1

kv Vial heat transfer coefficient, W m−2 K−1

l Effective curvature depth, mm
L Product height, mm
m Sublimation rate, kg s−1

pc Chamber pressure, Pa
peq Equilibrium vapor pressure of ice, Pa
pv Total pressure in the vial, Pa
q Heat flux, W m−2

Rd Dry layer resistance, KPa s m−2 kg−1

Rs Semi-stoppered vial resistance, KPa s m−2 kg−1

T Temperature, K
t Time, s
vn Normal velocity of sublimation interface, m s−1

z Spatial coordinate

Greek symbols

ΔHs Sublimation enthalpy of ice, KJ kg−1

ρ Density, kg m−3

α Thermal diffusivity, m2 s−1

α Accommodation coefficient
λamb Heat conductivity of water vapor at ambient pressure,

W m−1 K−1

Λ Free molecular heat conductivity of water vapor at
0 °C, W Pa−1 K−1 m-2

Subscripts
f Sublimation interface/front
g Gas
s Shelf
1 Dry layer
2 Frozen layer

1 Introduction

Freeze drying has been extensively used in the food and
pharmaceutical industries for the manufacture of dried
products, where the permitted residual moisture content is
as low as 1 to 4% [1–3]. The process minimizes thermal
degradation and especially, retains the original flavor and
aroma in dried food products. A schematic representation
of the freeze-drying process in a PT diagram and the var-
iation of chamber pressure and product temperature is
shown in Fig. 1a and b. The overall process contains three
stages, namely freezing, primary drying, and secondary
drying [1–4]. During freezing, the product to be dried is
loaded on trays or into vials and mounted on a temperature-
controlled shelves. The product is recommended to be
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frozen well below the eutectic temperature in the case of
crystalline solutes and collapse temperature in the case of
amorphous solutes. Freezing is followed by primary dry-
ing, where the frozen moisture content in the product is
sublimated under vacuum. The chamber is recommended
to be operated well below the triple point pressure of water
to achieve an effective sublimation. In primary drying
stage around 85 to 95% of the frozen water content is
sublimated and the remaining is dehydrated by desorption
in secondary drying stage. The primary drying stage con-
sumes more time that the other two stages.

The overall process is influenced by (a) heat diffusion
from the temperature-controlled shelves to the product, (b)
the vacuum pressure difference between the region, where
the product is loaded and the condenser, where the subli-
mated water vapor is condensed, (c) flow rate of the vacu-
um pump, (d) mass transfer resistance to the vapor flow.
During vial freeze drying, the stopper is kept in a partially
opened condition till the end of secondary drying and then

the stopper will be pushed into vial under vacuum. During
this process the sublimated water vapor encounters three
major flow resistance along its path from the product to the
condensing chamber namely (1) resistance to water vapor
flow due to the porosity in the dry layer (2) resistance due
to the partially opened stopper (3) flow path resistance
between the chamber and the condenser. The first resis-
tance is attributed to Knudsen flow effect and the other
two are attributed to both Knudsen and viscous flow effect.
The contribution of the latter two resistances is less in
comparison with the former, which is over 90% of the total
flow resistance. Thermal diffusion resistance is caused in
the contact between the vial and the shelf, where the cur-
vature at the bottom of the vial entraps sublimated vapor.
Pikal et al. [5] have demonstrated that the bottom curvature
of the vial restricts the heat transfer to the product and
causes a reduction in sublimation rate and increased drying
time. Scutella et al. [6] have investigated the role of vial
geometry on heat transfer coefficient and subsequently on
product quality by predicting the product temperature dis-
tribution during the primary drying. King [7] proposed
Uniformly Retreating Ice Front (URIF) model to a freeze-
drying process and subsequently the same was improvised
by Litchfield & Liapsis [8] and Liapsis & Marchello [9],
which is commonly called as sorption-sublimation model.
Mascarenhas et al., [10] presented a 2D axisymmetric fi-
nite element model for freeze drying process and computed
a transient variation of the temperature, partial pressure of
water vapor and the concentration of sorbed water and
bound water in the dried layer. Sheehan and Liapsis [11]
studied the transient nature of vial freeze drying using the
sorption-sublimation model. Hottot et al., [12] performed
simulation to study the temperature pattern and sublima-
tion front velocities of bovine serum albumin using 2D
axisymmetric model and reported that the heat transfer
from shelf and surrounding to the product controls the sub-
limation process. Song et al. [13] developed a moving
boundary model and conducted detailed experiments on
skimmed milk and explored a multi-dimensional character-
istic of the vial freeze-drying process. In this study, a dy-
namic two-dimensional numerical analysis is carried out
for primary drying stage using COMSOL Multiphysics
software. A vial of 15 mm in diameter with a milk of
16.5 and 8.25 mm fill height is considered for analysis
and the numerical result is validated with the available
results in the published literature of Mascarenhas et al.,
[10]. The curvature at the bottom of the vial is considered
to find its influence on the drying process parameters such
as product temperature and drying time. The objectives of
the work are (a) to simulate a vial freeze drying process
and predict the heat and mass transfer behavior (b) to study
the chamber pressure influence on overall heat transfer
coefficient (c) to find the effect of bottom curvature of vial
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on the heat and mass transfer behavior using the method
proposed by Scutella et al. [6].

2 Governing equation

The region of interest and the corresponding boundary condi-
tions are shown in Fig. 2. The region is demarcated into two
parts and termed as dried and frozen region. During sublima-
tion, the interface moves towards the bottom of vial and in
turn increases the thickness of dry layer, which is formed
above the interface. The primary drying process ends when
the sublimation interface reaches the bottom of the vial. The
term q represents the heat flux supplied to the vial from shelf.
The radiation heat transfer through the sides of the vial is
neglected in this study. The following are the assumptions
made in this study (a) One dimensional heat and mass transfer
along the axis of the vial, (b) The sublimation front is in
thermodynamic equilibrium with the sublimated water vapor,
(c) the sublimation interface has negligible thickness, (d) uni-
form thermo-physical properties of both frozen and dry mate-
rial, (e) No shrinkage in the dried cake. Temperature distribu-
tion in the dried and frozen region is described in the follow-
ing equations.

∂T1

∂t
¼ αI

∂2T 1

∂z2
ð1Þ

∂T2

∂t
¼ α2

∂2T2

∂z2
ð2Þ

Where, αI = kI/ρICpI, α2 = k2/ρ2CP2, the spatial domain for
dry region is 0 ≤ z ≤ I(t), while for frozen region is I(t) ≤ z ≤ L.

The boundary conditions are,

At z ¼ 0; q ¼ h* T−T 1ð Þ ð3Þ
At z ¼ I tð Þ; T1 ¼ T f ð4Þ

At z ¼ I tð Þ; T2 ¼ T f ð5Þ

The sublimation front temperature (Tf) is a process vari-
able. It can be computed as a function of equilibrium pressure
of water vapor at sublimation interface, using Classius-
Clapeyron relation [9].

T f ¼ 6139:6

28:8912−ln Peq
� � ð6Þ

The equilibrium vapor pressure of ice can be estimated by
using the following equation [14].

Peq ¼ exp 9:550426−
5723:26

T
þ 3:53068ln Tð Þ−0:00728332*T

� �

ð7Þ

A two-dimensional finite element numerical model and
with an arbitrary Lagrangian-Eulerian (ALE) scheme for
tracking the sublimation front is used throughout the simula-
tion. This time dependent study is solved using Multifrontal
Massively Parallel Sparse direct solver (MUMPS) with the
time steps of 100 s. The Backward differentiation formula
(BDF) time stepping method is employed with the maximum
order of 2. The relative tolerance of 1e−20 is taken to get an
accurate result.

2.1 Grid independence test

To check the influence of the grid size on the numerical
results, a case with a fill height of 8.25 mm (without con-
sidering the curvature effect) is simulated for normal, fine,
finer and extra fine grids involving 224, 360, 700 and 2346
structured quadrilateral elements respectively. The results
of the grid independence study are listed in Table 1.
Compared to the reference results (that on the extra fine),
the obtained primary drying time for normal grid shows a
relative error of 0.5%, this difference is still too large for
accurate simulation. On the other hand, the finer grid leads
to a relative error of 0.241% compared to the reference,
which is acceptable, and the same mesh pattern has been
retained for the remaining simulations.

q, HEAT SUPPLY FROM SHELF

MOVING BOUNDARY 

TEMPERATURE = TF

SIDES ARE 

INSULATED

DRIED LAYER

FROZEN LAYER

Z = 0

Z = I(t)

Z = L

Fig. 2 Domain of interest

Table 1 Grid independence study result

Mesh type No of quadrilateral elements Relative error (%)

Normal 224 0.5

Fine 360 0.304

Finer 700 0.241

Extra fine 2346 Reference
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3 Results and discussion

A time dependent and 2-D axisymmetric finite element simu-
lation of the sublimation dehydration of milk in a vial is per-
formed using COMSOL Multiphysics. The model mimics a
vial with inner radius of 7.5 mm and different fill heights of
16.5 and 8.25 mm. The material properties and other param-
eters used for this study are listed in Table 2. As an initializa-
tion guess, the interface position is assumed to be at a location
of 0.1 mm from the top surface. As the drying simulation
progresses, the interface tends to recede towards the bottom
of vial by reconstituting the mesh. The solution is obtained by
coupling the heat transfer and deformed geometry module in
the software.

3.1 Validation of the model

This section presents the validation of our model against the
published literature. The parameters like temperature profile,
sublimation interface position and variation of vial heat trans-
fer coefficient (kv) with respect to chamber pressure are vali-
dated with literatures [6, 10].

Mascarenhas et al., [10] did a numerical analysis of freeze
drying of bovine somatotropin (BST). The properties of
skimmed milk and BST are similar and hence skimmed milk
values are used by the author [10]. The test conditions taken in
our work is identical to Mascarenhas et al., [10]. The param-
eters like temperature profile, sublimation interface position

are compared with the literature [10] as shown in Fig. 3a and b
and a good agreement is seen.

Table 2 Material properties and
input data Parameter Symbol Value Unit

Density - dry layer ρ1 145 [13] kg/m^3

Density - frozen layer ρ2 1050 [13] kg/m^3

Specific heat - dry layer Cp1 2590 [13] J/(kg*K)

Specific heat - frozen layer Cp2 1930 [13] J/(kg*K)

Thermal conductivity - dry layer k1 0.01 [13] W/(m*K)

Thermal conductivity -frozen layer k2 2.1 [13] W/(m*K)

Initial temperature Tinit 248.8 K

Shelf temperature Ts 263.15 K

Latent heat of Sublimation ΔHs 2840 KJ/kg

Chamber pressure pc 10–100 Pa

Shelf heat transfer coefficient hc 90 W/(m^2*K)

Outer bottom area of the vial Ao 2.07*10^-4 [6] m^2

Inner bottom area of the vial Ai 1.78*10^-4 [6] m^2

Vial-shelf contact area Ac 1.67*10^-5 [6] m^2

Mean bottom curvature depth l 1.23*10^-4 [6] m

Molecular conductivity of the water vapor
at ambient pressure

λamb 0.025 [6] W/(m*K)

Free molecular flow heat transfer coefficient Λ 1.99 [6] W/(Pa*K*m^2)

Accommodation coefficient (water vapor) α 0.48 [6] Dimensionless

Heat transfer model coefficient C1 2.15*10^5 [6] W/(m^4*K)
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The variation of vial heat transfer coefficient (kv) with
respect to chamber pressure is validated by comparing with
the work of Scutella et al., [6]. Scutella et al. studied the effect
of the contact area between vial and shelf on various ranges of
chamber pressure (4 to 50 Pascal) and shelf temperature (−40
to 0 °C). As observed in Fig. 4, a good agreement between our
work and literature [6] is observed at chamber pressure values
between 20 and 50. However, at low chamber pressures, the
variation in vial heat transfer coefficient (kv) is attributed due
to the exclusion of radiative effects in the present study.

3.2 Temperature history

The time-temperature plot at a chamber pressure of 100 Pa
corresponding to five different depths from the top surface is
shown in Fig. 5 (without the effect of bottom curvature) and
Fig. 6 (with the effect of bottom curvature). The temperature
in the frozen region is observed to be almost constant (with
only slight variation), but in the dry region the same tend to
exhibit a steep slope. This is due to the supplied heat to ice
layer is utilized for latent heat of sublimation of ice, which
resulted in a constant temperature. However, in the dry region
the energy is used to increase the sensible heat of the product
and resulted a steep temperature gradient. The fill height of the
product in a vial plays an important role and influence both the
product temperature and drying time. For instance, the model
with 8.25 mm fill height experienced a low temperature than
one with 16.5 mm fill height. Irrespective of the curvature
effect, milk with 8.25mm fill height tend to experience around
1.2–1.5 °C lesser than the one with 16.5 mm fill height.

For the simulated condition, the maximum temperature
attained depends on fill heights. For the 8.25 mm fill height,
the maximum temperature attained without and with consid-
ering the curvature effect is 256.1 and 254.9 °C respectively.
Whereas, the same for 16.5 mm fill height is predicted as
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257.6 and 256.1 °C respectively. The temperature variation at
the top surface and 0.5 L is shown in Fig. 7. It is observed
from Fig. 7a that the trend of temperature variation is different
for without and with considering the curvature effect.
However, in both the cases the temperature variation trend is
same irrespective of the fill height. This is only valid in the
region very close to the top surface, whereas the same varies
for the layers away from the top, which is shown in Fig. 7b.

3.3 Position of sublimation of interface

As the sublimation front recedes, it is necessary to impose
moving boundary condition on the interface. The velocity of
the sublimation interface is attained by a heat balance at the
sublimation front. The heat flux from the dry region entering
the sublimation interface is equal to the sum of heat flux from
frozen region plus the heat absorbed at the interface due to
sublimation. This heat balance gives Stefan equation [10, 15]
and the velocity of the sublimation interface can be estimated
using Vn = (q2 − q1)/(ρ2 − ρ1)ΔHs. The sublimation interface
position against drying time at a chamber pressure of 100 Pa
predicted using Arbitrary Lagrangian-Eulerian (ALE) is
shown in Fig. 8a and b, where the z-axis is normalized with
respect to the thickness of the product. The moving boundary
contour captured during the simulation is shown in Fig. 9.
Though, experimental prediction of exact location of sublima-
tion interface is a difficult task, the same could be tracked by

numerical analysis easily. The interface position and thus the
drying time directly depends on the fill height of the sample in
the vial. For the case without considering the curvature effect,
sublimation interface velocity for 8.25 and 16.25 mm fill
heights are 0.299 and 0.256 μm/s respectively. Upon consid-
ering the curvature effect, the sublimation interface velocity
reduces to 0.19 and 0.17 μm/s respectively for 8.25 and
16.5 mm fill heights. It is observed that the interface velocity
and the dried layer mass transfer resistance depends on the fill
height. The former and the latter are inversely and directly
proportional to the fill height respectively. In case of
8.25 mm fill height, the computed primary drying time by
considering the effect of bottom curvature of vial is almost
4.4 h higher than the one without considering the effect of
bottom curvature of vial. Similarly, for 16.5 mm fill height
the difference in primary drying is observed to be 8.9 h. This
is due to the heat transfer resistance rendered by the vapor
entrapped between vial and shelf.

3.4 Mass transfer resistance

In the dry region, the mean free path of water vapor is large
compared with pore dimension, hence flow in dry region is
free molecular or Knudsen flow which is driven by pressure
difference between equilibrium vapor pressure of ice and par-
tial pressure of water vapor above the dried product [5]. So,
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the dry layer resistance to water vapor flow can be expressed

as Rd ¼ peq−pv
� �

=m˙ . The mean free path of water vapor is

smaller in the vial and chamber, so the flow is predominantly
viscous flow. The difference between total pressure in vial and
chamber can be taken as a driving force. The resistance of the

semi-stoppered vial can be defined as Rs ¼ pv−pcð Þ=ṁ. The
resistance offered by chamber – condenser pathway is
neglected in this study. The dry layer resistance versus prima-
ry drying time at a chamber pressure of 100 Pa is shown in
Fig. 10. At the incipience of drying, the sublimation interface
starts tomove from the top layer to the bottom of the vial and it
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Fig. 9 Position of Sublimation interface predicted by COMSOLMultiphysics at the interval of 1 h – 8.25 mm fill height (without considering the effect
of curvature)
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leaves the dry layer above the interface. As the drying pro-
gresses the thickness of the dry layer grows gradually and in
turn increases the mass transfer resistance to water vapor flow.
The maximum dry layer resistance for 8.25 and 16.5 mm fill
heights of milk is 152 and 303 kPa.s.m.2/kg respectively.

The resistance offered by the semi-stoppered vial at a
chamber pressure of 100 Pa is shown in Fig. 11. The effective
diameter of closure taken for computing the area normalized
semi-stoppered resistance is 4 mm. The maximum semi-
stoppered vial resistance for 8.25 and 16.5 mm fill heights is
0.228 and 0.257 kPa.s.m.2/kg respectively. From the analyses,
it is observed that the resistance offered by the dry layer con-
tributes more than 95% of total resistance, whereas the semi-
stoppered vial resistance is less than 1 to 2% only. In dry
region, mean free path of water vapor is larger than the pore
size, hence it acts as a main hindrance to the flow of water
vapor. Even though, the semi-stoppered vial resistance is very
minimum when compared to the dry layer resistance, it could
be further reduced by positioning the closure in such a way
that it configures more effective diameter.

3.5 Impact of chamber pressure on kv and drying time

The vial heat transfer coefficient (kv) is the sum of heat trans-
fer coefficient due to direct contact (kc), gas conduction (kg)
and radiation (kr) (kv = kc + kg + kr). The direct contact con-
duction is discussed by Kuu et al., [16] which is a function
of direct contact area between shelf and vial. It can be stated
that the higher contact area between shelf and vial will result
in a large contact conduction heat transfer coefficient, kc =
C1

∗Ac. It is explained earlier that due to curvature at the bot-
tom, the vial is partially in direct contact with the shelf. A
significant portion of the bottom part of the vial traps gas,
which acts as a heat transfer barrier between shelf and the vial
surface. The coefficient kg, represents the vapour (trapped
between vial and shelf) conduction heat transfer coefficient.
Using Smoluchowski theory [6] and characterizing the dis-
tance between vial bottom and shelf by ‘l’, the gas conduction
heat transfer coefficient can be expressed as kg =C2pc/(1 +
(lC2pc/λamb)), where C2 = (Λα/2 − α)16.52Tg

−0.5. This gas
conduction heat transfer coefficient increases with chamber
pressure. But for a better sublimation, the chamber pressure
is always kept as a constant and as low as possible. The radi-
ative heat transfer is not considered in this study.

The chamber pressure influence on the vial heat transfer
coefficient is studied for the pressure range between 10 and
100 Pa. The variation of vial heat transfer coefficient against
chamber pressure for the shelf temperature of 263 K is shown
in Fig. 12. As the chamber pressure increases, the value of kg
increases and the vial heat transfer coefficient at a chamber
pressure of 100 Pa is approximately 5 times higher than the
value at 10 Pa. This prediction agrees well with the results
published in Scutella et al. [6]. The variation trend of vial heat

transfer coefficient with chamber pressure is similar for both
8.25 and 16.5 mm fill height. The relative contribution of kc
and kg on total kv is shown in Fig. 13. At low pressure range,
say between 10 and 15 Pa, the contribution of kc is almost in
the range of 28 to 36%, whereas at higher pressure range, the
same reduces to 7%. The contribution of gas conduction heat
transfer coefficient (kg) is 63% at 10 Pa and 93% at 100 Pa.
This indicates that the gas conduction heat transfer coefficient
is a strong function of chamber pressure. Form Fig. 13, it can
be observed that the difference between the relative impor-
tance of kg on total kv at 75 Pa and 100 Pa is 1% only. To
evaluate the influence of shelf temperature on total kv, the
analyses was carried out for the various shelf temperatures
of 263, 273 and 283 K, and at the pressure range from 10 to
100 Pa. The study revealed no significant variation of kv with
respect to the shelf temperature. The variation of drying time
with respect to chamber pressure is shown in Fig. 14. The
reduction in drying time is observed at higher chamber pres-
sure levels. This is due to the attainment of higher vial heat
transfer coefficient values at higher pressure range.
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4 Conclusions

A finite element simulation of freeze-drying of milk in a vial is
carried out for different fill heights. The results showed that
the vial geometry plays a vital role in determining the freeze
drying parameters such as product temperature, drying time.
The effect of chamber pressure on the gas conduction and
overall vial heat transfer coefficient is also studied. The fol-
lowing are the main observation of this study.

& The product temperature and drying time depends on the
fill height. For instance, at a chamber pressure of 100 Pa
and without the curvature effect, the milk with fill height
of 8.25 mm experienced 1.2 to 1.5 °C less than the one
with 16.5 mm. The drying time of 8.25 mm fill height is
4.4 h lesser than 16.5 mm fill height.

& The sublimation interface velocity depends on the product
fill height and the bottom curvature of the vial. For the
case without considering the curvature effect, the sublima-
tion front velocity is observed respectively to be 0.299 and
0.256 μm/s for 8.25 and 16.5 mm fill heights. The same
reduces to 0.19 and 0.17 μm/s if the curvature effects are
considered.

& Dry layer mass transfer resistance accounts more than
95% of total resistance, and whereas the semi-stoppered
vial resistance is less than 1–2%.

& With reference to the simulated conditions, the vial heat
transfer coefficient strongly depends on chamber pressure
and weakly on shelf temperature. For instance, the coeffi-
cient at 100 Pa is approximately 5 times higher than the
value at 10 Pa. The vial heat transfer coefficient is also
observed to be independent of the fill height.

& The gas conduction heat transfer coefficient is a strong
function of chamber pressure and dominant component
in the total heat transfer coefficient at a higher chamber
pressure only.
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