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List of symbols
Ac	� Cross-sectional area of the channel (m2)
cp	� Specific heat (J/kg K)
e	� Electron charge (C)
Ez	� Electrical field strength along axial direction (V/m)
kB	� Boltzmann constant (J/K)
kth	� Fluid thermal conductivity (W/m K)
n0	� Bulk ion concentration (m−3)
Nu	� Mean-time Nusselt number
Gs	� Thermal scale ratio
Pr	� Prandtl number
q′′s 	� Imposed constant wall heat flux (W/m2)
r	� Radial coordinate (m)
ℜ	� Radius of the micro-channel (m)
R	� Dimensionless radial coordinate
t	� Time (s)
T	� Absolute temperature (K)
Ts	� Local wall temperature (K)
V	� Dimensionless axial velocity
Vz	� Axial velocity (m/s)
z	� Axial coordinate (m)
Z	� Valence of ionic species

Greek symbols
χ	� The length scale ratio or the electrokinetic radius 

(ratio of half channel diameter to Debye length)
ɛ	� Electric permittivity of solution (F/m)
Φ	� Dimensionless temperature
κ	� Debye–Hückel parameter (m−1)
μ	� Dynamic viscosity (Pa s)
θ	� Dimensionless time
ρ	� Fluid density (kg/m3)
σ	� Fluid electrical conductivity (S/m)
ω	� Frequency (s−1)
Ω	� Dimensionless frequency

Abstract  A theoretical analysis is performed to explore 
the thermal characteristics of electroosmotic flow in a circu-
lar microchannel under an alternating electric field. An ana-
lytical approach is presented to solve energy equation, and 
then, the exact solution of temperature profiles is obtained 
by using the Green’s function method. This study reveals 
that the temperature field repeats itself for each half-period. 
Frequency has a strong influence on the thermal behavior 
of the flow field. For small values of the dimensionless fre-
quency (small channel size, large kinematic viscosity, or 
small frequency), the advection mechanism is dominant in 
the whole domain and the resultant heating (Joule heating 
and wall heat flux) can be transferred by the complete flow 
field in the axial direction; while, the middle portion of the 
flow field at high dimensionless frequencies does not have 
sufficient time to transfer heat by advection, and the bulk 
fluid temperature, especially in heating, may consequently 
become greater than the wall temperature. In a particular 
instance of cooling mode, a constant surface temperature 
case is temporarily occurred in which the axial temperature 
gradient will be zero. For relatively high frequencies, the 
unsteady bulk fluid temperature in some radial positions at 
some moments may be equal to the wall temperature; hence 
instantaneous cylindrical surfaces with zero radial heat flux 
may occur over a period of time. Depending on the value 
and sign of the thermal scale ratio, the quasi-steady-state 
Nusselt number (time-averaged at one period) approaches a 
specific value as the electrokinetic radius becomes infinity.
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ψ	� Electrical potential (V)
Ψ	� Dimensionless electrical potential
ζ	� Zeta potential at the wall (V)

Subscript
m	� ≡Mean value

1  Introduction

When the motions of liquids or the solutes are controlled 
electrically (e.g. in many lab-on-a-chip applications), 
electrohydrodynamics (EHD) will be the main subject of 
study. This topic introduces the electric body force into the 
Navier–Stokes equation for a liquid with a non-zero charge 
density in an external electric field. If an electrolyte, i.e. 
an aqueous solution of ions, is in contact with a solid sur-
face (for example, the microchannel walls), depending on 
the chemical composition of the solid and of the electro-
lyte chemical processes at the surface will result in a charge 
transfer between the electrolyte and the wall. As a result, 
the wall and the electrolyte get oppositely charged, while 
maintaining global charge neutrality. The ions having the 
opposite charge of the solid, the counterions, are attracted 
to the solid, while the other ions, the coions, are repelled. 
The first layer, known as Stern layer, is a molecular film 
of counterions which are fixed at the level of the solid/liq-
uid interface under the effect of attractive forces developed 
by the charged solid surface. The Stern layer is bonded to 
the solid by an electrostatic interaction. The second layer, 
named as diffuse layer, is not bonded to the crystalline net-
work (ordered or disordered) of the solid. The structure of 
diffuse layer results from a statistical equilibrium between 
thermal agitation (which tends to homogenize the charge 
distribution) and electrical forces (which tend to displace 
charges of the same sign towards the surface, thus break-
ing the homogeneity). The characteristic length scale of 
this phenomenon, the Debye length, is of order of few 
nanometers. The potential and the charge density become 
nearly zero once the distance to the surface is longer than 
one Debye length. Electroosmotic flow (EOF) is produced 
when an electric field is applied parallel to the surfaces in 
the presence of an established double layer. In such a situ-
ation, the double layer is moved by the effect of Coulomb 
forces, and then the rest of the fluid is pulled with it due 
to viscous forces. Microfluidics is defined as the study of 
flows (simple or complex, mono- or multiphasic) which are 
circulating in artificial microsystems. In recent years, there 
has been a rapid growth in the development of Micro-Elec-
tro-Mechanical Systems (MEMS) related devices that per-
tains to the miniaturization of all kinds of systems. There 
are several advantages of scaling down standard laboratory 
setups by a factor of 1000 or more from the decimeter scale 

to the 100 micro meters scale. One obvious advantage is 
the dramatic reduction in the amount of required sample. 
Moreover, the small volumes make it possible to develop 
compact and portable systems that might ease the use of 
bio/chemical handling and analysis systems tremendously. 
Finally, it is the hope by mass production to manufacture 
very cheap lab-on-a-chip systems that can really be thought 
of as the shrinking of an entire laboratory to a chip. A lab-
on-a-chip device is a miniaturized system including micro-
channels, electrodes, sensors and electric circuits. Applying 
electric field along a microchannel also causes a phenom-
enon named Joule heating that is due to electrical resistiv-
ity of the electrolyte. EOF requires electrodes in contact 
with an electrolyte where an ion current is created. The 
power needed to drive this ion current is eventually dissi-
pated into heat, and it turns out that this Joule heating usu-
ally creates a much more significant temperature shift in 
the fluid than viscous heating. The electric field strength is 
limited by Joule heating, due to the electric current cross-
ing the solution containing ions. Although high voltages are 
often necessary in the EOF, the required electrical power 
is very small due to the very low current involved. How-
ever, heat generated in EOF eventually brings problems to 
many applications where solutions of high electrolyte con-
centrations and long operation time are required. Most of 
electrokinetic processes include pumping, mixing, thermal 
cycling, dispensing and separating. Understanding of the 
fluid flow and heat transfer characteristics in microchan-
nels is essential to optimal design and precise operation of 
microfluidic systems. Another application of microfluidics 
is in microelectronic engineering in which the electronic 
cooling of compact and micro-sized circuits is of general 
interest [1–3].

Extensive studies have been conducted to explore the 
behaviors of electroosmotic flow in micro-scale devices. 
Arulanandam and Li [4] studied the liquid movement in 
a rectangular microchannel by electroosmotic pumping. 
They used the 2D Poisson-Boltzmann equation and the 
2D momentum equation to model the problem. The flow 
field and volumetric flow rate were presented as functions 
of the zeta potential, the ionic concentration, the aspect 
ratio, and the applied electrical field. Erickson and Li [5] 
presented a combined theoretical and numerical approach 
to investigate the time-periodic electroosmotic flow in a 
rectangular microchannel. Kang et al. [6] solved the EOF 
problem in a cylindrical channel for only sinusoidal wave-
form by the Green’s function method. Tang et al. [7] inves-
tigated the electroosmotic flow in axisymmetric micro-
ducts. They presented axisymmetric lattice Boltzmann 
models to solve the electric potential distribution and the 
velocity field. Wang and Kang [8] presented a numerical 
solution based on coupled lattice Boltzmann methods for 
electro-kinetic flows in microchannels. Xuan and Li [9] 
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used a semi-analytical approach to investigate electroos-
motic flows in microchannels with arbitrary cross-sectional 
geometry and distribution of wall charge. Moghadam [10] 
obtained the exact solution of the velocity distribution for 
alternating current electroosmotic flows in a circular micro-
channel by using the Green’s function approach. Oddy 
et  al. [11] proposed and experimentally demonstrated a 
series of schemes for enhanced species mixing in microflu-
idic devices using AC electric fields. They also presented 
an analytical flow field model, based on a surface slip con-
dition approach, for an axially applied AC electrical field 
in an infinitely wide microchannel. Comprehensive models 
for a slit channel have also been presented by Dutta and 
Beskok [12] who developed an analytical model for an 
applied sinusoidal electric field, and Soderman and Jons-
son [13] who examined the transient flow field caused by 
a series of different pulse designs. Green et al. [14] experi-
mentally observed peak flow velocities on the order of 
hundreds of micrometers per second near a set of parallel 
electrodes subject to two AC fields, 180 degrees out-of-
phase with each other. The effect was subsequently mod-
eled using a linear double layer analysis by Gonzalez et al. 
[15]. Using a similar principal, both Brown et al. [16] and 
Studer et al. [17] presented microfluidic devices that incor-
porated arrays of non-uniformly sized embedded electrodes 
which, when subject to an AC field, were able to generate a 
bulk fluid motion. The time-periodic EOF in a microannu-
lus was investigated by Moghadam [18, 19], in which, the 
exact solution of velocity distributions has been obtained 
by the Green’s function method. The effects of various 
periodic waveforms have been also studied.

Soong and Wang [20] studied flow and heat transfer 
between two parallel plates. The effects of the EDL near the 
solid–liquid interface and the flow-induced electrokinetic 
field on the pressure-driven flow and heat transfer through 
a rectangular microchannel were reported by Yang et  al. 
[21]. Thermally fully-developed, electroosmotically gen-
erated convective transport has been analyzed by Maynes 
and Webb [22] for a parallel plate microchannel and cir-
cular microtube. They presented analytical expressions for 
the fully-developed, dimensionless temperature profile and 
corresponding Nusselt number for both geometric shapes. 
Chen [23] investigated thermal transport characteristics of 
combined electroosmotic and pressure-driven flow in paral-
lel plate channels subject to constant surface heat flux. Ana-
lytical solutions were obtained for constant fluid properties, 
while numerical solutions were presented for variable fluid 
properties. Sadeghi and Saidi [24] considered the influence 
of viscous dissipation on thermal transport characteristics of 
the fully-developed, combined pressure and electroosmoti-
cally-driven flow in parallel plate microchannels subject to 
uniform wall heat flux. Electroosmotic flow and develop-
ing heat transfer is analytically studied by Moghadam [25]. 

Maynes and Webb [26] investigated the influence of viscous 
dissipation on thermally fully-developed, electroosmotically 
generated flow in a parallel plate microchannel and circular 
microtube under imposed constant wall heat flux and con-
stant wall temperature boundary conditions. They examined 
the effects of governing parameters on the relative magni-
tudes of total volumetric generation by viscous and Joule 
heating. Moghadam [27] presented an analytical approach 
to study the transport characteristics of electroosmotic flow 
and heat transfer of non-Newtonian power-law fluids in a 
circular microchannel.

The theory of thermal transfer in microfluidic systems 
is complex; especially when the alternating electric field 
is applied. In this research, we pay attention to the ther-
mal behavior of AC electrokinetic-driven flow in a cir-
cular microchannel under an imposed wall heat flux. To 
the author’s knowledge, this particular situation has not 
been explored previously, and is of general interest in the 
field of thermal electrokinetics. An analytical approach is 
employed to deal with the energy equation, and then, it is 
solved by the Green’s function method. The velocity profile 
obtained by [10] is used to perform a parametric study to 
analyze the associated heat transfer.

2 � Problem formulation and analysis

As shown in Fig. 1, two metallic electrodes are situated at 
each end of the microchannel in which charge separation at 
the walls has led to the formation of an equilibrium Debye 
layer. When an electric field, Eext = E(ωt), is applied along 
the channel, a body force (ρeEext) is exerted on the Debye 
layer; hence it begins to move and then by viscous drag 
pulls the charge neutral bulk liquid along. For a fully-devel-
oped pure EOF inside a circular microchannel, the equa-
tions of potential and velocity fields are [2, 28]:

(1)
d2ψ

dr2
+

1

r

dψ

dr
= −

ρe

ε

Fig. 1   A schematic of the physical model
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where, ψ is the electrical potential, Vz is the only non-zero 
velocity component in the channel, ρ and μ are density 
and viscosity of liquid, respectively, and E(ωt) is a gen-
eral time-periodic function with a frequency ω = 2πf that 
describes the applied electric field strength; the net volume 
charge density for a symmetric electrolyte (Z− = Z+ = Z) 
is ρe = −2Zen0 sinh

(
Zeψ
kBT

)

. The related boundary condi-
tions are:

(2)ρ
∂Vz

∂t
= µ

(
∂2Vz

∂r2
+

1

r

∂Vz

∂r

)

− ρeE(ωt)

(3)

{

r = 0 :
dψ
dr

= 0

r = ℜ : ψ = ζ

(4)

{

r = 0 :
∂Vz
∂r

= 0

r = ℜ : Vz = 0

Equation  (6), under the condition that the double layer 
potential Ψ is small, can be linearized by the so-called 
Debye–Hückel approximation, yielding:

in which, the constant χ has been introduced to denote κℜ 
(the length scale ratio or the electro-kinetic radius). Solu-
tion of (11) subject to the boundary conditions (9) is [10]:

where, Iν(x) is the modified Bessel function of the first kind 
and order ν.

Solution of Eq.  (7), under the Debye–Hückel approxi-
mation is [10]:

(11)
d2Ψ

dR2
+

1

R

dΨ

dR
= χ2Ψ

(12)Ψ (R) =
Z

I0(χ)
I0(χR)

where, ℜ and ζ are the channel radius and the zeta potential 
of the channel wall, respectively.

Following [10], we consider the dimensionless variables:

in which, Ez is a constant equivalent to the strength of the 
applied electric field. The quantity T is considered as a ref-
erence characteristic temperature. Equations (1) and (2) can 
be non-dimensionalized by the above variables as:

where, F(Ωθ) is a general periodic function of unit magni-
tude such that E(Ωθ) = EzF(Ωθ). κ is the Debye–Hückel 
parameter defined as follows:

The boundary conditions (3) and (4) also take the following 
dimensionless form:

(5)

R =
r

ℜ
, Ψ =

Ze

kBT
ψ , θ =

µ

ρℜ2
t, Ω =

ρℜ2

µ
ω,

V =
Zeµ

εEzkBT
Vz

(6)
d2Ψ

dR2
+

1

R

dΨ

dR
= (κℜ)2 sinh (Ψ )

(7)
∂V

∂θ
=

∂2V

∂R2
+

1

R

∂V

∂R
+ (κℜ)2 sinh (Ψ )F(Ωθ)

(8)κ =

(
2Z2e2n0

εkBT

)1/ 2

(9)

{

R = 0 : dΨ
dR

= 0

R = 1 : Ψ = Z

(10)

{

R = 0 : ∂V
∂R

= 0

R = 1 : V = 0

(13)
V(R, θ) =

χ2Z

π I0(χ)

∞∑

n=1

J0(βnR)

(
1∫

0

J0(βnℓ)I0(χℓ)dℓ

)
(

β2
n sin (Ωθ)−Ω cos (Ωθ)+Ω e−β2

n θ
)

(
β4
n +Ω2

)
J21 (βn)

for the sine wave F(Ωθ) =  sin  (Ωθ), where, βn is the nth 
root of J0(β) = 0.

Now, we consider the energy equation with constant 
thermo-physical properties [3]:

in which ρ, cp, kth, and σ are the fluid density, specific heat, 
thermal conductivity, and electrical conductivity, respec-
tively, and the last term is the volumetric heat generation due 
to Joule heating. It should be noted that because of oscilla-
tory velocity profiles in the time-periodic EOF, there are not 
any recognizable upstream and downstream regions; in other 
words, depending on time, both axial directions (i.e. z−and 
z+) represent upstream and downstream properties. Hence, 
contrary to direct current (DC) electroosmotic flow, the 
advection term of Eq. (14) is written with respect to the abso-
lute value of the axial velocity; in fact, as we will prove later, 
the axial temperature variation is only time-dependent for the 
fully-developed condition in a long channel. The classical 
definition of a thermally-fully-developed region requires that:

where, Ts and Tm are the local wall temperature and the 
bulk mean fluid temperature, respectively. The bulk mean 
fluid temperature is determined from:

(14)ρcp

(
∂T

∂t
+ |Vz|

∂T

∂ z

)

= kth

[
1

r

∂

∂r

(

r
∂T

∂r

)

+
∂2T

∂ z2

]

+ σE2(ωt)

(15)
∂

∂z

(
Ts − T

Ts − Tm

)

= 0

(16)
Tm =

1

V|z,m|Ac

∫

Ac

|Vz|T dAc
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in which, V|z,m| and Ac = πℜ2 are the mean fluid velocity 
(based on the absolute values of local velocities across the 
channel) and cross-sectional area of the channel, respec-
tively. Under an imposed wall heat flux condition, q′′s , after 
expanding Eq. (15) and solving for ∂T/∂z, we have:

and thus ∂2T
∂ z2

= 0. As a result, the energy Eq.  (14) is 
reduced to:

This equation is subject to the following boundary 
conditions:

When thermal energy enters into the channel, q′′s  is posi-
tive, and vice versa. Moreover, if an overall energy bal-
ance is carried out on the fluid, the following result will be 
obtained:

Then, the energy Eq. (18) is re-written as follows:

With the help of (5) and introducing the dimensionless 
temperature:

we obtain the following non-dimensional energy equation:

where, Pr = ν
α
 and V|m| = 2

1∫

0

R|V |dR are the Prandtl num-

ber and dimensionless absolute mean fluid velocity, respec-
tively. It is noted that the averaged surface temperature 

(17)
∂T

∂z
=

∂Tm

∂z
≡ function of time

(18)

ρcp

(
∂T

∂t
+ |Vz|

∂Tm

∂z

)

= kth

[
1

r

∂

∂r

(

r
∂T

∂r

)]

+ σE2(ωt)

(19a)
∂T

∂r
= 0 at r = 0

(19b)q′′s = kth
∂T

∂ r
at r = ℜ

(20)
∂Tm

∂z
=

2q′′s +ℜ
[
σE2(ωt)

]

ρcpℜV|z,m|

(21)

∂T

∂t
=

kth

ρcp

1

r

∂

∂r

(

r
∂T

∂r

)

+
1

ρcp
σE2(ωt)

− |Vz|

{

2q′′s +ℜ
[
σE2(ωt)

]

ρcpℜV|z,m|

}

(22)Φ =
T − T̄s

ℜq′′s
/
kth

(23)

∂Φ

∂θ
=

1

Pr

1

R

∂

∂R

(

R
∂Φ

∂R

)

+
1

Pr

[

Gs − (2+ Gs)
|V |

V|m|

]

︸ ︷︷ ︸

Q(R,θ)

quantity over one period T̄s =
(
1
/
2π

) 2π∫

0

Tsd(Ωθ) is con-

stant. The non-dimensional parameter Gs indicates the rela-
tive importance of Joule heating and the surface heat flux 
(the thermal scale ratio), and is defined as:

This parameter is generally time-dependent, and in the case 
of constant wall heat flux (q′′s = Q0), it can be expressed as 
Gs = Q0sF

2(Ωθ), in which, Q0s is a constant. It should be 
noted that Gs can be either positive (if Q0 > 0, i.e. surface 
heating) or negative (if Q0 < 0, i.e. surface cooling).

The thermal boundary conditions (19) in dimensionless 
form are:

The dimensionless mean fluid temperature is determined as:

The fully-developed Nusselt number may be expressed 
generally as:

It is noted that the above Nusselt number is time-depend-
ent. The fully-developed mean-time Nusselt number (eval-
uated at one period) is defined as:

3 � Solution procedure

The non-dimensional energy Eq. (23) subject to the bound-
ary conditions (25) is now solved by using a Green’s func-
tion approach. The Green’s function satisfies:

subject to the following homogeneous boundary conditions:

(24)Gs =
ℜ

q′′s

[

σE2
z F

2(Ωθ)

]

(25a)
∂Φ

∂R
= 0 at R = 0

(25b)
∂Φ

∂R
= 1 at R = 1

(26)Φm =
2

V|m|

1∫

0

R|V |Φ dR

(27)Nuθ =
−2

Φm

(28)Nu =
1

2π

2π∫

0

Nuθd(Ωθ)

(29)
∂g

∂θ
−

1

Pr

1

R

∂

∂R

(

R
∂g

∂R

)

=
δ(R− ℓ)δ(θ − τ )

2πR

(30)







limR→0

�
�
�
�
�
g

�

R, θ
.
.
.ℓ, τ

��
�
�
�
�
< ∞

∂ g
∂R

�

1, θ
.
.
.ℓ, τ

�

= 0







0 < R, ℓ < 1 & 0 < θ , τ
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and the initial condition g(R, 0⋮ℓ, τ) = 0. δ(x) is the Dirac 
delta function.

We begin by taking the Laplace transform (29):

Next, δ(R  − ℓ )/R is expressed as the Fourier–Bessel 
expansion:

where, λn is the nth root of J1(λ) = 0, and:

so that Eq. (31) is re-written as:

The solution to (34) is:

Taking the inverse of (35) and applying the second shifting 
theorem:

in which, H(x) is the Heaviside step function.
So the dimensionless temperature profile is calculated 

by the following simplified formula:

where, Q(ℓ, τ) is defined in Eq. (23). Once the dimension-
less temperature distribution is determined, the dimen-
sionless mean fluid temperature and the fully-developed 
Nusselt number can be evaluated from Eqs. (26) and (27), 

(31)
1

R

d

dR

(

R
dG

dR

)

− Pr s G = −
Pr e−sτ

2πR
δ(R− ℓ)

(32)
δ(R− ℓ)

2πR
=

∞∑

n=0

AnJ0(�nR)

(33)

An =
2

J2
0 (�n)+ J21 (�n)

1∫

0

δ(R− ℓ)

2πR
J0(�nR)R dR

=
J0(�nℓ)

π
[
J2
0 (�n)+ J2

1 (�n)
]

(34)

1

R

d

dR

(

R
dG

dR

)

− Pr s G = −
Pr e−sτ

π

∞∑

n=0

J0(�nℓ)J0(�nR)

J20 (�n)+ J21 (�n)

(35)G

(

R, s
...ℓ, τ

)

=
e−sτ

π

∞∑

n=0

J0(�nℓ)J0(�nR)
(

s+
�2n
Pr

)[
J20 (�n)+ J21 (�n)

]

(36)

g

(

R, θ
...ℓ, τ

)

=
H(θ − τ)

π

∞∑

n=0

J0(�nℓ)J0(�nR)

J20 (�n)+ J21 (�n)
e
−�

2
n

Pr
(θ−τ)

(37)

Φ(R, θ) =

θ∫

0

1∫

0

g

(

R, θ
...ℓ, τ

)

Q(ℓ, τ)dℓ dτ

+
1

Pr

θ∫

0

g

(

R, θ
...1, τ

)

dτ

respectively. The method of Simpson quadrature has been 
used to perform the required integrations. A spatial-step of 
ΔR = 0.0001 and a time-step of Δθ = (π/400)/Ω are found 
to be satisfactory in obtaining sufficient accuracy within a 
tolerance of 10−6 in nearly all cases.

Green’s function is generally introduced as a solu-
tion due to a concentrated source at a position (within the 
domain) acting instantaneously only at one moment. It is 
noteworthy that the Green’s function approach is primar-
ily utilized to solve non-homogeneous problems. Actually, 
there is one function for each problem, called the Green’s 
function, which can be used to describe the influence of all 
kinds of non-homogeneity (either in equation or in bound-
ary conditions). This method includes the following basic 
steps: (1) Write the original differential equation subject to 
its boundary conditions (both may be non-homogeneous); 
(2) Write the governing equation of the related Green’s 
function (using the definition of the Dirac delta function) 
subject to the corresponding homogeneous boundary con-
ditions; (3) Solve the Green’s function problem; (4) The 
relationship between the Green’s function and the solution 
of the non-homogeneous original problem is established 
using the appropriate Green’s formula.

4 � Results and discussion

In this analytical description of AC electroosmotic flow 
and associated heat transfer in a circular microchannel, 
the governing parameters are Ω (the ratio of the diffusion 
time scale to the period of the applied electric field), χ 
(the ratio of half channel diameter to Debye length), and 
Gs (the ratio of Joule heating to surface heat flux). A sys-
tematic study is performed to examine the influence of the 
governing parameters on the time-periodic EOF heat trans-
fer in a circular microchannel. Investigation of the source 
term of Eq.  (23) reveals that the temperature field repeats 
itself at each half-period; hence, only the results of a half-
period (0 < Ωθ ≤ π) of the sine wave are presented. The 
effect of the constant wall heat flux condition (equivalent to 
time-periodic thermal scale ratio) on the fluid flow thermal 
behavior will also been considered for a selective value of 
the Prandtl number (Pr = 100).

Figure  2 shows the steady-state time-periodic velocity 
profiles for a half-period of the sine wave [obtained from 
Eq.  (13)] in a circular microchannel for two frequencies 
Ω = 30 and Ω = 300, and two length scale ratios χ = 300 
and χ = 600. These two Ω values correspond to frequen-
cies of 500 Hz and 5 kHz in a 100 μm channel. Two val-
ues of double layer thickness, i.e. κ =  6 ×  106  m−1 and 
κ  =  1.2  ×  107  m−1, are also examined; a uniform sur-
face potential of ζ =  12.5 mv is used (within the bounds 
imposed by the Debye–Hückel linearization). In the case of 
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high Ω value, there is insufficient time for fluid momentum 
to diffuse far into the bulk flow, and thus, while the fluid 
within the EDL oscillates rapidly, the bulk fluid remains 
almost stationary.

The dimensionless temperature profiles in the case of 
constant wall heat flux with Q0s = 2 (surface heating) are 
shown in Fig.  3 for various values of Ω and χ. The bulk 
fluid temperature oscillates in a certain range at one period. 
In the case of surface heating and for low values of the fre-
quency (Fig.  3a, b), the negative values of dimensionless 
temperature are observed; according to Eq.  (22), it means 
T < Ts. In fact, the bulk fluid has sufficient time to trans-
port the resultant heating (combination of Joule heating 

and wall heat flux) in the axial direction. However, for suf-
ficiently high values of the frequency (Fig. 3c, d), positive 
values of dimensionless temperature are temporarily illus-
trated in the middle part of the channel. In this case, as may 
be seen in Fig. 2c, d, the relatively broad range of the cross-
sectional area is almost immobile, and only the region near 
the channel wall oscillates rapidly. Hence, the temperature 
values of this central area are further enhanced at some 
times, since the influence of the advection mechanism on 
that area is weakened.

The effect of Q0s on the dimensionless temperature dis-
tribution at χ =  600 and Ω =  30 is illustrated in Fig.  4. 
Recall that Q0s is positive for surface heating (q′′s > 0) 

Fig. 2   Steady-state time periodic non-dimensional velocity profiles for a half-period (0 < Ωθ ≤ π) of the sine wave and a Ω = 30, χ = 300,  
b Ω = 30, χ = 600, c Ω = 300, χ = 300, d Ω = 300, χ = 600
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and negative for surface cooling (q′′s < 0). It is clear that 
increasing the value of Q0s results in increasing the dimen-
sionless temperature for Ω =  30; meanwhile, an increase 
in the absolute value of Q0s leads to broaden the tempera-
ture distribution at one period. As the dimensionless tem-
perature distribution has negative values, the bulk fluid 
temperature is higher than the wall temperature for the 
cooling condition; the reverse is true for the heating state 
[it can also be concluded from Eq.  (22)]. The interesting 
case of constant wall temperature occurs at Ωθ = π/2 with 
Q0s = −2 (Fig.  4b), in which Gs = −2 and according to 
Eq.  (23), the temperature profile does not depend on the 
velocity variations (it is independent of Ω and χ). In fact, 
this instantaneous unique form of a function of Φ corre-
sponds to the condition in which all the energy produced 
by Joule heating is dissipated at the channel wall, yielding 
q′′s < 0 (surface cooling); this special case is one for which 

∂Tm/∂z = 0 and thus ∂Ts/∂z = 0 for thermally fully-devel-
oped flow in a microchannel with constant wall heat flux.

Figure  5 demonstrates the dimensionless temperature 
profiles at χ = 600 and Ω = 300 for various values of Q0s. 
Increasing the dimensionless frequency causes two distinct 
events: broadening the dimensionless temperature distribu-
tion for the surface cooling state at one period (compare 
Figs.  4a, 5a), and locally illustrating the positive dimen-
sionless temperature profiles for the surface heating state 
at some moments. It is noted that both Joule heating and 
velocity field are periodic functions; hence, the resultant 
leads to widen out the temperature field at one period as the 
frequency is increased. Since the bulk fluid is almost sta-
tionary at sufficiently large Ω, its dimensionless tempera-
ture distribution takes positive values in the case of surface 
heating (the bulk fluid temperature becomes greater than 
the surface temperature); in fact, the advection mechanism 

Fig. 3   Steady-state time periodic non-dimensional temperature profiles for a half-period (0  < Ωθ ≤ π) of the sine wave with Q0s =  2 at a 
Ω = 30, χ = 300, b Ω = 30, χ = 600, c Ω = 300, χ = 300 and d Ω = 300, χ = 600
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Fig. 4   Steady-state time periodic non-dimensional temperature profiles for a half-period (0  < Ωθ ≤ π) of the sine wave with χ =  600 and 
Ω = 30 at a Q0s = −3, b Q0s = −2, c Q0s = −1, d Q0s = 0, e Q0s = 1 and f Q0s = 2
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Fig. 5   Steady-state time periodic non-dimensional temperature profiles for a half-period (0  < Ωθ ≤ π) of the sine wave with χ =  600 and 
Ω = 300 at a Q0s = −3, b Q0s = −2, c Q0s = −1, d Q0s = 0, e Q0s = 1 and f Q0s = 2
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is weak and there is not enough time to sweep heat into 
downstream. It is obvious from Figs. 4 and 5 when Gs = 0 
(either Q0s = 0 or Ωθ = 0), effect of Joule heating vanishes.

Figure  6 plots the quasi-steady-state mean-time Nus-
selt number as a function of the length scale ratio (χ) for 
two Ω values and the surface cooling and heating condi-
tions. Clearly, the fully-developed mean-time Nusselt num-
ber increases with frequency. Nusselt number generally 
approaches a specific value as χ → ∞; in the case of sur-
face heating with Ω = 30 and Ω = 300, it would be nearly 
18 and 45, respectively, and in the case of surface cooling 
with Ω = 30 and Ω = 300, it would be nearly 17 and 40, 
respectively.

The effects of frequency and surface cooling and heat-
ing on the transient response of the channel mid-point (at 
R =  0) are shown in Fig.  7 (here, the channel mid-point 
is selected as a representative point of the bulk fluid). 
Obviously, the mid-point dimensionless temperature cor-
responding to the surface cooling state is more negative 
than the relevant temperature corresponding to the surface 
heating state. In other words, in the presence of Joule heat-
ing, surface cooling decreases the wall temperature, while 
surface heating increases it; hence, the temperature dif-
ference of the channel wall and mid-point in the case of 
surface cooling would be greater than that of the surface 
heating state. Comparison of Fig.  7a, b shows that the 

Fig. 6   Variations of quasi-steady-state mean-time Nusselt number with χ for the sine wave and in two cases of a Q0s = 2 (surface heating) and 
b Q0s = −3 (surface cooling)

Fig. 7   Transient stage non-dimensional temperature at the channel midpoint for the sine wave at χ = 600, and two various values of Q0s and a 
Ω = 30 and b Ω = 300
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transient-stage mid-point temperature amplitude increases 
with frequency. Also, the curve related to surface heating is 
shifted upward and has positive peaks, which is consistent 
with Fig. 5f.

5 � Concluding remarks

In this study, the thermal transport characteristics of time-
periodic EOF in a circular microchannel have been inves-
tigated. The problem was found to be governed by three 
parameters, namely, the dimensionless frequency, the 
length scale ratio, and the thermal scale ratio. Inside the 
fluid is the Joule heating (always with a positive sign), and 
a constant surface heat flux is imposed to the channel wall. 
Therefore, the thermal scale ratio may be positive (surface 
heating) or negative (surface cooling), depending on the 
sign of wall heat flux. In the case of constant wall heat flux, 
the thermal scale ratio is time-dependent (Gs = Q0sF

2(Ωθ)) 
whose sign is determined by Q0s. The resultant internal 
heating (or cooling) of the bulk fluid is transferred in the 
axial direction by the advection mechanism. The solutions 
are obtained for a wide range of the governing parameters. 
The main results of the present work can be summarized as 
follows:

	 1.	 For each period of the velocity field, there are two 
similar half-period of the temperature field; i.e. the 
temperature field repeats itself for each half-period.

	 2.	 Increasing the electrokinetic radius leads to decrease 
the temperature difference between the wall and the 
fluid for the case of surface heating.

	 3.	 Frequency has a strong influence on the thermal 
behavior of the flow field. Generally, when the fre-
quency is small, the complete flow field has sufficient 
time to transfer the resultant heating (Joule heating 
as well as wall heat flux) in the axial direction. How-
ever, at high frequencies, the middle portion of the 
flow field is almost stationary, and does not carry heat 
along the channel (the near-wall section will mainly 
transport the resultant heating in the axial direction); 
in fact, the influence of the advection mechanism on 
the central area is weakened.

	 4.	 For relatively high frequencies, and at each individual 
moment, there is one cylindrical surface in the chan-
nel whose temperature equals the wall temperature; 
i.e. a cylindrical surface with zero radial heat flux.

	 5.	 In the case of constant wall heat flux and for the sinu-
soidal waveform, there is one particular moment, i.e. 
at θ = π, whose dimensionless temperature is inde-
pendent of the value of wall heat flux.

	 6.	 The temperature profile has a unique form of Φ for 
Gs = −2 regardless of Ω and χ, which is the asymp-

totic solution of a constant wall temperature boundary 
condition (for which ∂T/∂z = 0); this special case cor-
responds to the surface cooling state.

	 7.	 The quasi-steady-state mean-time Nusselt number 
generally approaches a specific value as χ → ∞; its 
value depends upon the frequency as well as the type 
of wall heat flux.

	 8.	 Joule heating exists in the electroosmotic flow; now, 
if the channel wall is influenced by surface cooling, 
the wall temperature decreases, while if surface heat-
ing is applied, the channel wall temperature increases. 
Therefore, the temperature difference of the chan-
nel wall and mid-point in the case of surface cooling 
would be greater than that of the surface heating state.

	 9.	 Increasing the dimensionless frequency (larger chan-
nel size, smaller kinematic viscosity, or greater fre-
quency) results in broadening the temperature field at 
one moment; at sufficiently high values of Ω, the bulk 
fluid temperature may become greater than the wall 
temperature at some moments.

	10.	 The effects of frequency on the transient-stage dimen-
sionless temperature of the mid-point are to enhance 
the oscillation amplitude as well as an upward move-
ment in the whole curve, especially in the surface 
heating condition in which positive values of Φ are 
also observed.

	11.	 The steady-state time-periodic dimensionless temper-
ature is independent of Prandtl number.
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