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Abstract In this study, a discussion of the fluid dynamics

in the attic space is reported, focusing on its transient

response to sudden and linear changes of temperature along

the two inclined walls. The transient behaviour of an attic

space is relevant to our daily life. The instantaneous and

non-instantaneous (ramp) heating boundary condition is

applied on the sloping walls of the attic space. A theoretical

understanding of the transient behaviour of the flow in the

enclosure is performed through scaling analysis. A proper

identification of the timescales, the velocity and the

thickness relevant to the flow that develops inside the

cavity makes it possible to predict theoretically the basic

flow features that will survive once the thermal flow in the

enclosure reaches a steady state. A time scale for the

heating-up of the whole cavity together with the heat

transfer scales through the inclined walls has also been

obtained through scaling analysis. All scales are verified by

the numerical simulations.

List of symbols

A Slope of the attic

g Acceleration due to gravity

h Height of the attic

k Thermal conductivity

L Length of one inclined side of the roof

l Horizontal half length of the attic

Nu Nusselt number

Nus Steady state Nusselt number

Nusr Nusselt number at quasi-steady state

Nuh Nusselt number at quasi-steady mode

p Pressure

p̂ Dimensionless pressure

Pr Prandtl number

Ra Rayleigh number

T Temperature

T0 Reference temperature

Tc Cooling temperature

Th Heating temperature

t Time

tf Heating up time for sudden heating

ts Steady state time

tsr Quasi-steady time

tp Ramp time

u, v Velocity components

û; v̂ Dimensionless velocity components

ur Unsteady velocity scale

uq Velocity scale at quasi-steady state

us Steady state velocity

ûr Dimensionless unsteady velocity scale

ûs Dimensionless steady-state velocity

usr Quasi-steady velocity

ûsr Dimensionless quasi-steady velocity

V Volume

x, y Coordinates

x̂; ŷ Dimensionless coordinates

Greek symbols

b Thermal expansion coefficient

DT Temperature difference between hot surface and the

ambient

dT Thickness of the thermal boundary layer

dTs Steady state thickness of the thermal boundary layer
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dTr Thickness of the thermal boundary layer at quasi-

steady time

dTq Thickness of the thermal boundary layer at the quasi-

steady stage

dp Thickness of the thermal boundary layer when ramp

is finished

d�T Dimensionless thickness of the thermal boundary

layer

d�Tr Dimensionless thickness of the thermal boundary

layer at quasi-steady time

d�Tq Dimensionless thickness of the thermal boundary

layer at quasi-steady mode

j Thermal diffusivity

/ Angle

q Density

m Kinematic viscosity

h Dimensionless temperature

s Dimensionless time

sr Dimensionless heating-up time (sr [ sp)

sr0 Dimensionless heating-up time (sr \ sp)

ss Dimensionless steady-state time

sf Dimensionless heating-up time

sp Dimensionless ramp time

ssr Dimensionless quasi-steady time

1 Introduction

Heat transfer through an attic space into or out of buildings

is an important issue for attic shaped houses in both hot and

cold climates. One of the important objectives for design

and construction of houses is to provide thermal comfort

for occupants. In the present energy-conscious society, it is

also a requirement for houses to be energy efficient, i.e. the

energy consumption for heating or air-conditioning houses

must be minimized. Relevant to these objectives, research

into heat transfer in attics has been conducted for more than

two decades. Initially, the focus of the research was to

obtain previously unavailable heat transfer data for a tri-

angular enclosure heated or cooled from below. Flack [1]

adopted an isosceles triangle for his experimental model

and conducted flow visualizations and heat transfer mea-

surements for night-time (heating from below) conditions.

The velocity measurements were made primarily to aid the

general understanding of the flow structure. It was found

that, at low Rayleigh numbers, the flow remained laminar.

However, as the Rayleigh number was increased, the flow

eventually became turbulent. Flack [1] reported that the

transition from laminar to turbulent regimes took place at

critical Rayleigh numbers Rac = 2.17 9 105, 6.39 9 105,

and 7.56 9 105 for aspect ratios A = 0.58, 1.0 and 1.73,

respectively.

The attic space problem under daytime conditions has

received very limited attention. The boundary conditions

for day-time or summer-time are that the sloping walls of

the attic space are isothermally heated and the bottom

surface is cooled. Flack [1] first investigated the daytime

boundary conditions on the triangular enclosures. The

author found that under these conditions, the flow inside

the enclosure remained laminar for Rayleigh numbers up to

4.9 9 107. It was found that the resulting heat transfer data

could be correlated with heat fluxes calculated for one-

dimensional conduction, suggesting that the heat transfer

through the enclosure was dominated by conduction. Under

the daytime conditions, the heat transfer rates and flow

velocities were significantly lower than those under the

night-time conditions. Latter Akinsete and Coleman [2]

numerically simulated the attic space with a hot upper

sloping wall and cooled base. Their aim was to obtain

previously unavailable heat transfer data, relevant to air

conditioning calculations. This study considered only half

of the domain. The authors considered two forms of heat-

ing on the hot wall including isothermal heating and con-

stant heat flux heating. The calculated flow remained

laminar in this study, which agrees with Flack’s [1]

experiment for daytime conditions.

With the continuation of the previous work for air

conditioning calculation, Asan and Namli [3] reported

results for steady, laminar, two-dimensional natural con-

vection in a pitched roof of triangular cross-section under

the summer day boundary condition. The results showed

that the height-to-base ratio has a profound influence on the

temperature and flow field. On the other hand, the effect

of Rayleigh number is not significant for H/B \ 1 and

Ra \ 105. For small Rayleigh numbers, two counter

rotating vortices are present in the enclosure and the eye of

the vortices is located at the center of the half of the cross-

section. With the increase of the Rayleigh number, a sec-

ondary vortex developed and the newly develop secondary

vortex pushes the eye of the primary vortex further towards

the inclined wall. The transition from a two-vortex solution

to a multiple vortex solution is dependent on the Rayleigh

number and the height-to-base ratio.

Scaling analysis of the transient flow inside the attics

space has been studied for the case of night time boundary

condition by Poulikakos and Bejan [4] with the assumption

that the flow is symmetric about the center plane. The

authors also assume that the aspect ratio is very small

(A ? 0) and the working fluid is water. Scaling analyses

coupled with numerical simulations have been used in a

variety of other geometries and thermal forcing. Recently

Lin et al. [5, 6] and Lin and Armfield [7, 8] investigated the

transient processes in the cooling of an initially homoge-

neous fluid by natural convection in a vertical circular

cylinder and in a rectangular container for Pr \ 1. To
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identify possible flow regimes of the unsteady natural

convection flow in a small-slope shallow wedge induced by

the absorption of solar radiation, Lei and Patterson [9]

presented a scaling analysis and established relevant scales

to quantify the flow properties in each flow regime. A night

time cooling boundary condition has been considered for

the same geometry by Lei and Patterson [10]. The authors

develop some important flow regimes of the boundary

layer development.

Patterson et al. [11] consider the ramp heating boundary

condition to perform the scaling analysis for natural con-

vection adjacent to the vertical flat plate. The authors

considered the working fluid as water (Pr [ 1). Saha et al.

[12, 13] has been studied scaling analysis for the transient

development of the fluid flow adjacent to the inclined plate

for air (Pr \ 1) and a range of aspect ratios and Rayleigh

numbers. The authors also applied those results for the attic

space problem of night time cooling case.

The objective of this study is to understand the phe-

nomenon of thermal convection in an attic or a wedge-

shaped space, filled with a Newtonian fluid (air). We

investigate the fluid dynamics in the attic space. The main

focus has been given to the transient response to sudden

and linear changes of temperature along two inclined walls.

Certain periods of the day or night may be considered as

having a constant ambient temperature (e.g. during

11 a.m.–2 p.m. or 11 p.m.–2 a.m.). However, at other

times during the day or night the ambient temperature

changes with time (e.g. between 5 a.m. and 9 a.m. or

5 p.m. and 9 p.m.). Based on these natural scenarios, we

consider two cases in this study: one with sudden heating

on the roof of the attic and the other with ramp heating

under which the temperature on the roof follows a ramp

function up until a specified temperature and then remains

constant.

2 Problem formulations

Under consideration is a triangular cavity of height h, half

length of the base l, containing a Newtonian fluid with

Pr \ 1 which is initially at rest with a temperature Tc. At

the time t = 0, two possible heating boundary conditions

are considered on the inclined walls: sudden heating to a

specified temperature which is then maintained; and heat-

ing by a linearly increasing temperature to a specified

temperature over some time (the ramp time) after which

the temperature is maintained (the ramp function). In order

to avoid the singularities at the tips in the numerical sim-

ulation, the tips are cut off by 5% and at the cutting points

(refer to Fig. 1) rigid non-slip and adiabatic vertical walls

are assumed. The bottom surface is also considered as

adiabatic and rigid non-slip. We anticipate that this

modification of the geometry will not alter the overall flow

development significantly.

The development of natural convection inside an attic

space is governed by the following two-dimensional Navier–

Stokes and energy equations with the Boussinesq

approximation:
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The initial and boundary conditions are defined as

follows:

• On the sloping walls a rigid non-slip wall boundary

condition is applied. For the sudden heating case, a

constant temperature condition, T = Th and for the

ramp heating case the following temperature condition

is applied on the slopping walls.

Th ¼
Tc if t� 0;
Tc þ DTðt=tpÞ if 0\t\tp;
Tc þ DT if t� tp;

8<
: ð5Þ

where DT = Th - Tc and tp is the time duration of

ramp heating.

• The bottom horizontal wall is adiabatic (qT/qn = 0,

where n is the direction normal to the wall) and rigid

non-slip.

• At the cutting points of the bottom tips rigid non-slip

and adiabatic vertical walls are assumed.

• Initially the fluid is motionless and isothermal at

temperature Tc.
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Fig. 1 The schematic of the geometry and the coordinate system of

h/l = 0.5
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3 Scaling analysis for sudden heating

In this section we focus on the flow which is dominated by

two distinct stages of development, i.e. a boundary-layer

development stage and a heating-up stage. The boundary

layer development stage is the early stage of the flow

development and the heating up stage is the stage when the

cavity is filled with hot fluid.

The scaling results of the boundary layer development

adjacent to the sloping walls of the attic space are identical to

those obtained by Saha et al. [12] for the case of a heated

inclined flat plate. Initially the thermal boundary layer adja-

cent to the sloping wall grows according to dT * j1/2t1/2.

The ratio of the advection term O(u2/L) to the unsteady

term O(u/t) is O(ut/L). For very small time ut/L � 1.

Therefore, the advection term is insignificant at this time.

Again the ratio of the unsteady to viscous term is (u/t)/

(mu/dT
2) * 1/Pr, where Pr = m/j. If Pr * O(1), then the

unsteady and viscous terms are of the same order, and thus

both terms need to be included in a balance with the

buoyancy term. Now the balance in the inclined momen-

tum equation is

1þ Prð Þ u
t
� gbDT sin / ð6Þ

Therefore u * gb sin/DTt/(1 ? Pr). The inclination

angle, / is related to the slope or aspect ratio, A through

sin/ = A/(1 ? A2)1/2.

The transient velocity scale for the case of sudden

heating boundary condition on the inclined flat plate is

given by

u� ARaPr

1þ Prð Þ 1þ A2ð Þ1=2

t

h2=j

� �
j
h

� �
; ð7Þ

where Ra = gbDTh3/(mj). As time passes, the thermal

boundary layer thickness, dT continues to grow until a

balance between convection and conduction is reached. i.e.

u
DT

L
� j

DT

d2
T

ð8Þ

Therefore, the steady state time, thermal layer thickness

and the velocity scales using (7) and dT * j1/2t1/2 are

given by

ts�
1þ Prð Þ1=2

1þ A2ð Þ1=2

ARa1=2Pr1=2

h2

j

� �
; ð9Þ

dT �
h 1þ Prð Þ1=4

1þ A2ð Þ1=4

A1=2Ra1=4Pr1=4
; ð10Þ

and

us�
Ra1=2Pr1=2

1þ Prð Þ1=2

j
h

� �
: ð11Þ

In addition to these scaling results, the scaling for heat

transfer through the inclined wall of the attic space at the

steady state time, in the form of a Nusselt number, have

been developed as follows.

3.1 Heat transfer scales

The instantaneous local Nusselt number during the

boundary-layer development stage can be calculated as

Nu�
oT
oy

� �
DT
h

�DT

dT
	 h

DT
� h

dT
� h

j1=2t1=2
: ð12Þ

Using (9), the average steady-state Nusselt number for

the boundary layer is given by

Nus�
1

L

ZL

0

Nudx� A1=2Ra1=4Pr1=4

1þ Prð Þ1=4
1þ A2ð Þ1=4

: ð13Þ

3.2 Heating up stage

Once the boundary layer is fully developed, the interior of

the enclosure is gradually stratified by the hot fluid ejected

from the boundary layer, starting from the top of the cavity,

and this heating-up stage continues until the hot fluid layer

from the top reaches the bottom surface. The appropriate

parameters to characterize this heating-up stage are the

time, tf for the fluid to be fully heated-up and the average

Nusselt number on the heated wall.

Let us consider an arbitrary moment, t during the heat-

ing-up stage. At this moment, the fluid inside the enclosure

can be assumed to consist of two layers with the location

x = xi as the interface. The bottom layer is at the original

temperature, Tc whereas the top layer is filled with the hot

fluid discharged from the thermal boundary layer, the

temperature of which is assumed to be the same as the wall

temperature Th.

From DA0B0C and DA0DE in Fig. 2, we have,

L� xi

L
¼ h� hi

h
) h� hi ¼ h 1� xi

L

� �
; ð14Þ

and

A′

B′
C

D E
xi

L-xi

hi

h-hi

l

Fig. 2 Schematic of heating-up process for sudden heating
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L

L� xi
¼ l

DE
) DE ¼ l 1� xi

L

� �
ð15Þ

Therefore

DA0DE ¼ 1

2
hl 1� xi

L

� �2

� h2

A
1� xi

L

� �2

: ð16Þ

Suppose the total volume of the enclosure ABC is

Vtotal ¼
1

2
lh: ð17Þ

At the steady state time the volume filled by the hot fluid

is

Vsteady� usdT ts; ð18Þ

which gives

Vsteady�
h2 1þ Prð Þ1=4

1þ A2ð Þ3=4

A3=2Ra1=4Pr1=4
: ð19Þ

The ratio of the volumes

Vsteady

Vtotal

� 1þ Prð Þ1=4
1þ A2ð Þ3=4

A1=2Ra1=4Pr1=4
: ð20Þ

It is estimated that the maximum ratio of the volume

filled by hot fluid during the transient stage (from start-up

to the steady state time) to the total volume of the enclosure

is less than 0.095 over the ranges of Ra, A and other

parameters considered here. Therefore, the filled volume at

the transient stage is insignificant compared to the total

volume and is neglected below.

From the mass conservation law

h2

A
1� xi

L

� �2

� usdT t: ð21Þ

Now applying (7) and (8) in (18) we have,

h2

A
1� xi

L

� �2

� j 1þ A2ð Þ1=4
Ra1=4 Pr1=4

1þ Prð Þ1=4A1=2
t

) xi� L 1� j1=2A1=4Ra1=8Pr1=8 1þ A2ð Þ1=8

h 1þ Prð Þ1=8
t1=2

" #
: ð22Þ

The time when the whole enclosure is filled with hot

fluid (xi * 0) is obtained as

tf �
1þ Prð Þ1=4

A1=2Ra1=4Pr1=4 1þ A2ð Þ1=4

h2

j

� �
: ð23Þ

Since only the lower part of the sloping wall contributes

to the heat transfer at any given time, it is apparent from (9)

that the instantaneous global Nusselt number, Nu at the

heating up stage is,

Nu� xi

L

� �
Nus: ð24Þ

Applying (22) and (23) in (24), we have

Nu

Nus
� 1� j1=2A1=4Ra1=8Pr1=8

h 1þ Prð Þ1=8
t1=2

) Nu

Nus
� 1� t

tf

� �1=2

: ð25Þ

4 Scaling analysis for ramp heating

Like sudden heating case, a detail of scaling results for the

case with the ramp heating temperature boundary condition

has been produced in Saha et al. [12] for an inclined

thermal boundary layer. As soon as the heating boundary

condition applied on the inclined wall, a thermal boundary

layer starts to develop with the scale j1/2t1/2. By balancing

the unsteady and viscous terms with the buoyancy term the

transient velocity scale inside the boundary layer is given

by

ur �
ARaPr

1þ Prð Þ 1þ A2ð Þ1=2

t

h2=j

� �
t

tp

� �
j
h

� �
: ð26Þ

This scale is valid until the quasi-steady time if the ramp

time is larger than the quasi-steady time or until the ramp is

finished if the ramp time is shorter than the steady state

time.

It is shown in Saha et al. [12] that for the case of

inclined flat plate the steady state scales for the ramp

heating boundary condition of time, velocity and the

boundary layer thickness are exactly the same as those for

the sudden heating boundary condition if the ramp time is

shorter than the steady state time. However, if the quasi-

steady time is shorter than the ramp time (tsr \ tp), then by

balancing the unsteady and viscous terms with the buoy-

ancy term we get the quasi-steady time (tsr), the thermal

layer thickness (dTr) and velocity scales (usr) are given,

respectively, by

tsr �
1þ Prð Þ1=3

1þ A2ð Þ1=3

A2=3Ra1=3Pr1=3

tp

h2=j

� �1=3
h2

j

� �
; ð27Þ

dTr �
h 1þ Prð Þ1=6

1þ A2ð Þ1=6

A1=3 RaPrð Þ1=6

tp

h2=j

� �1=6

; ð28Þ

and

usr �
RaPrð Þ1=3

1þ A2ð Þ1=6

A1=3 1þ Prð Þ1=3

h2=j
tp

� �1=3
j
h

� �
: ð29Þ

After the quasi-steady time the thermal boundary layer

develops according to the scale in the quasi-steady mode

dTq�
h 1þ A2ð Þ1=4

A1=2Ra1=4

tp

t

� �1=4

; ð30Þ
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and the velocity grows according to the scale

uq�Ra1=2 j
h

� � t

tp

� �
: ð31Þ

These two scales are valid until the ramp is finished.

After the ramp is finished the boundary layer does not

know that it comes from a ramp function.

In addition of those, for the attic space, a heat transfer

scaling at different times of boundary layer development

in a form of a Nusselt number has been developed as

follows:

4.1 Heat transfer scaling for ramp heating

Since initially the temperature on the inclined wall changes

with time, the temperature difference between the wall and

the interior is also changing with time up to the time when

the ramp is finished. Therefore, the temperature difference

is constant (maximum) after the ramp is finished. We may

consider the maximum temperature difference or the

transient temperature difference in the Nusselt number

definition. Firstly, if we consider the temperature differ-

ence, DT as the maximum then the local Nusselt number on

the inclined surface during the boundary-layer develop-

ment stage is

NuX �
oT
oy

� �
DT
h

�DT

dT
	 h

DT
� h

dT
� h

j1=2t1=2
: ð32Þ

Using (27), the average quasi-steady state Nusselt for

the whole boundary layer is given by

Nusr �
1

L

ZL

0

NuXdx� A1=3Ra1=6Pr1=6

1þ Prð Þ1=6
1þ A2ð Þ1=6

h2=j
tp

� �1=6

:

ð33Þ

After the quasi-steady state time, the boundary layer

does not grow as j1/2t1/2. It grows according to the scale

(30). Therefore, the Nusselt number at the quasi-steady

state mode is

Nuh�
A1=2Ra1=4

1þ A2ð Þ1=4

t

tp

� �1=4

: ð34Þ

However, if we consider the instantaneous temperature

difference then the local Nusselt number on the inclined

surface during the boundary-layer development stage is

NuX �
oT
oy

� �
DT
h

� DTt

dT tp
	 h

DT
� ht

dT tp
� ht1=2

j1=2tp
: ð35Þ

At the quasi-steady state time predicted by (27), the

local Nusselt number is

Nuins�
1

L

ZL

0

NuXdx� 1þ Prð Þ1=6
1þ A2ð Þ1=6

A1=3Ra1=6Pr1=6

h2=j
tp

� �5=6

:

ð36Þ

Similarly to (34), we may derive the Nusselt number at

the quasi-steady state mode as

Nuh�
A1=2Ra1=4

1þ A2ð Þ1=4

t

tp

� �5=4

: ð37Þ

4.2 Heating up scale of the entire cavity

Similarly to the sudden heating case, once the boundary

layer is fully developed by the ramp heating on the sloping

boundary, the fluid in the enclosure is gradually stratified

by the hot fluid ejected from the boundary layer, starting

from the top of the cavity, and this heating up stage con-

tinues until the whole body of fluid has the same temper-

ature as that imposed on the incline walls of the attic space.

The appropriate parameters characterizing this heating up

stage are the time, tf for the fluid to be fully heated up and

the average Nusselt number on the heating wall.

Let us consider an arbitrary moment t during the heating

up stage. At that moment, the fluid inside the enclosure is

assumed to consist of two layers with the location x = xi as

the interface. The bottom layer is at the original tempera-

ture, Tc, whereas the top layer is at the wall temperature Th.

The total volume of the enclosure A0B0C is (see Fig. 3)

Vtotal ¼
1

2
lh: ð38Þ

At the quasi-steady state time the volume filled by the

hot fluid is

Vsteady� usrdTrtsr: ð39Þ

which gives

Vsteady�
h2 1þ Prð Þ1=6

1þ A2ð Þ2=3

A4=3Ra1=6Pr1=6

tp

h2=j

� �1=6

: ð40Þ

The ratio of the above two volumes is

Vsteady

Vtotal

� 1þ Prð Þ1=6
1þ A2ð Þ2=3

A1=3Ra1=6Pr1=6

tp
h2=j

� �1=6

: ð41Þ
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l
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Fig. 3 Schematic of heating-up process for ramp heating
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The maximum ratio of the volume filled with hot fluid at

the transient stage to the total volume of the cavity is less

than 0.08 for the ranges of Ra, A and other parameters

considered here. Therefore, the quasi-steady time can be

ignored for the calculation of the filling box time.

Suppose the ramp is finished when the interface is at

x = x1 measured from A, for the case when the ramp time

is longer than the quasi-steady time (tp [ tsr). Let us cal-

culate the volume of the hot portion filled by the time

t = tp. The volume of the heated portion is

V1 ¼
1

2
lh

x1

L

� �2

: ð42Þ

The flux at the time t = tp is

uqdT tjt¼tp
¼ jA1=2Ra1=4 1þ A2ð Þ1=4

h2
tp: ð43Þ

Mass conservation then requires

1

2
lh

x1

L

� �2

� jRa1=4 1þ A2ð Þ1=4

A1=2
tp

) x1� L
jA1=2Ra1=4 1þ A2ð Þ1=4

h2
tp

" #1=2

: ð44Þ

Therefore, the volume, V1 is filled up with hot fluid by

the time t = tp. The rest of the volume will be filled up

after the ramp is finished. At t = tp the thermal boundary

layer thickness and the velocity scales from (30) and (31),

respectively, are

dp�
h 1þ A2ð Þ1=4

A1=2Ra1=4
; ð45Þ

and

up ¼ Ra1=2 j
h

� �
ð46Þ

The rest of the volume after ramp is finished is

1

2
lh 1� xi

L

� �2

� 1

2
lh

x1

L

� �2

� A

1þ A2
L� xið Þ2�x2

1

h i
:

Again from the mass conservation law we have

A

1þ A2
L� xið Þ2�x2

1

h i
� uqdqt: ð47Þ

Applying (45) and (46) we have,

A

1þ A2
L� xið Þ2�x2

1

h i
� jRa1=4 1þ A2ð Þ1=4

A1=2
t

) xi� L� x2
1 þ

jRa1=4 1þ A2ð Þ5=4

A3=2
t

" #1=2

: ð48Þ

Recognizing that for t = tr, xi = 0, therefore,

tr �
h2 1þ A2ð Þ � A2x2

1

� �
A1=2jRa1=4 1þ A2ð Þ5=4

; ð49Þ

where L = (h/A)(1 ? A2)1/2.

However, if the enclosure is heated up before the ramp

is finished then

h2

2A
1� xi

L

� �2

� usrdsrt: ð50Þ

Applying (29) and (28) we have,

) xi� L 1� j5=12 1þ A2ð Þ1=6
A1=6 RaPrð Þ1=12

h5=6 1þ Pr2ð Þ1=12t
1=12
p

t1=2

" #
: ð51Þ

and the heating-up time is then given by

tr0 �
1þ Prð Þ1=6t1=12

p

1þ A2ð Þ1=3A1=3 RaPrð Þ1=6

tp

h2=j

� �1=6 h2

j

� �
: ð52Þ

It is apparent from (33) that the instantaneous Nusselt

number, Nu at the heating up stage is

Nu� xi

L� x1

� �
Nup ð53Þ

Using (48) and (49), we have

Nu

Nup
� 1� t

tr

� �1=2

for t [ tp; ð54Þ

where Nup is the Nusselt number at the time, t = tp

Nup�
Ra1=4A1=2

1þ A2ð Þ1=4
ð55Þ

In the following sections, the above scaling relations are

validated against the numerical simulation. However, grid

and the time step dependence tests must first be performed

to ensure the accuracy of the numerical results. Two-

dimensional numerical simulations have been carried out in

this study. For this purpose, an isosceles triangular domain

is considered, and a Cartesian coordinate system is

adopted, which is shown in Fig. 1.

5 Numerical scheme and grid and time step

dependence test

To facilitate the numerical validation of the scalings

obtained above, dimensionless forms of the governing

equations and the scalings are used. The governing Eqs. 1–4

can be written in the following non-dimensional forms,

oû

ox̂
þ oû

oŷ
¼ 0 ð56Þ
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oû

os
þ û

oû

ox̂
þ v̂

oû

oŷ
¼ �op̂

ox̂
þ Pr

o2û

ox̂2
þ o2û

oŷ2

� �
þ Ra Pr h sin /

ð57Þ

ov̂

os
þ û

ov̂

ox̂
þ v̂

oû

oŷ
¼ �op̂

oŷ
þ Pr

o2v̂

ox̂2
þ o2v̂

oŷ2

� �
þ Ra Pr h cos /

ð58Þ

oh
os
þ û

oh
ox̂
þ v̂

oh
oŷ
¼ o2h

ox̂2
þ o2h

oŷ2

� �
ð59Þ

where x̂; ŷ; û; v̂; h; p̂ and s are, respectively, the

normalised forms of x, y, u, v, T, p and t, which are

made normalised by the following set of expressions, i.e.,

x̂ ¼ x

h
; ŷ ¼ y

h
; û ¼ u

j=h
; v̂ ¼ v

j=h
; s ¼ t

h2=j

p̂ ¼ p

qj2=h2
; h ¼ T � Tc

Th � Tc
ð60Þ

The dimensionless initial and boundary conditions are

defined as follows:

• On the sloping walls a rigid non-slip wall boundary

condition is applied. For the sudden heating case, a

constant temperature condition, h = 1 and for the ramp

heating case the following temperature condition is

applied on the slopping walls.

h ¼
0 if s� 0;

s=sp

� 	
if 0\s\sp

1 if � sp

8><
>: ð61Þ

where sp is the time duration of ramp heating.

• The bottom horizontal wall is adiabatic (qh/qn = 0,

where n is the direction normal to the wall) and rigid

non-slip.

• At the cutting points of the bottom tips rigid non-slip

and adiabatic vertical walls are assumed.

• Initially the fluid is motionless and isothermal at

temperature, h = 0.

The dimensionless form of selected scales are as

follows:

For the sudden heating case the relations (7), (9), (10),

(11), (23) and (25) can be written in dimensionless form,

respectively, as

û� u

j=h
� ARaPr

1þ Prð Þ 1þ A2ð Þ1=2
s ð62Þ

ss�
t

h2=j
� 1þ Prð Þ1=2

1þ A2ð Þ1=2

ARa1=2Pr1=2
ð63Þ

d�T �
dT

h
� 1þ Prð Þ1=4

1þ A2ð Þ1=4

A1=2Ra1=4Pr1=4
ð64Þ

ûs�
us

j=h
� Ra1=2Pr1=2

1þ Prð Þ1=2
ð65Þ

sf �
tf

h2=j
� 1þ Prð Þ1=4

A1=2Ra1=4Pr1=4 1þ A2ð Þ1=4
ð66Þ

Nu

Nus
� 1� s

sf

� �1=2

ð67Þ

For ramp heating case for boundary layer development

stage the relations (26), (27), (28), (29), (30) and (31),

respectively, as

ûr �
ur

j=h
� ARa Pr

1þ Prð Þ 1þ A2ð Þ1=2

s2

sp

� �
ð68Þ

ssr �
tsr

h2=j
� 1þ Prð Þ1=3

1þ A2ð Þ1=3

A2=3Ra1=3Pr1=3
s1=3

p ð69Þ

d�Tr �
dTr

h
� 1þ Prð Þ1=6

1þ A2ð Þ1=6

A1=3Ra1=6Pr1=6
s1=6

p ð70Þ

ûsr �
usr

j=h
�Ra1=3Pr1=3 1þ A2ð Þ1=6

A1=3 1þ Prð Þ1=3

1

s1=3
p

ð71Þ

d�Tq�
dTq

h
� 1þ A2ð Þ1=4

A1=2Ra1=4

sp

s

� �1=4

ð72Þ

ûq�
uq

j=h
�Ra1=2 s

sp

� �
ð73Þ

and the Nusselt number scales (33), (34) and (36),

respectively, are

Nusr �
A1=3Ra1=6Pr1=6

1þ Prð Þ1=6
1þ A2ð Þ1=6

1

s1=6
p

ð74Þ

Nuh�
A1=2Ra1=4

1þ A2ð Þ1=4

s
sp

� �1=4

ð75Þ

Nuins�
1þ Prð Þ1=6

1þ A2ð Þ1=6

A1=3Ra1=6Pr1=6

1

s5=6
p

ð76Þ

For the heating up stage the scales (49), (52) and (54)

are, respectively, as

sr �
tr

h2=j
�

1þ A2ð Þ � A2x̂2
1

� �
A1=2Ra1=4 1þ A2ð Þ5=4

ð77Þ

sr0 �
tr0

h2=j
�

1þ Prð Þ1=6s1=6
p

A1=3 1þ A2ð Þ1=3Ra1=6Pr1=6
ð78Þ

Nu

Nup
� 1� s

sr

� �1=2

for s[ sp ð79Þ

In order to avoid singularities at the tips in the numerical

simulation, the tips are cut off by 5%, and an extra rigid
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non-slip and adiabatic vertical wall boundary is assumed

near each tip. It is anticipated that this modification of the

geometry will not alter the overall flow development

significantly. Equations 1–4 are solved along with the

initial and boundary conditions using the SIMPLE scheme.

The finite volume method has been chosen to discretize the

governing equations, with the QUICK scheme (see

Leonard and Mokhtari [14]) approximating the advection

term. The diffusion terms are discretized using central-

differencing with second order accurate. A second order

implicit time-marching scheme has also been used for the

unsteady term

An accurate and reliable numerical result depends on the

resolution and distribution of the meshes inside the com-

putational domain. In some regions in the domain we may

need to distribute a significant number of meshes in order

to resolve true physical flow features (e.g. boundary lay-

ers). The results may be inaccurate if the mesh is not dis-

tributed properly or the number of mesh nodes inside the

domain is insufficient. Unfortunately, it is difficult to

accurately determine the locations of significance before

the calculation is actually carried out, however, we may use

our previous knowledge to locate the regions of large flow

gradients. Although an increase in the grid resolution will

generally increase the numerical accuracy, it also increases

the usage of computing resources for both calculation and

post-processing. Therefore, it is necessary to compromise

between the numerical accuracy and computing efficiency

when considering the grid used for the simulations.

Since the thermal boundary layer develops adjacent to

the inclined heated walls of the attic space and the gradi-

ents of all parameters are very strong near the two bottom

tips, finer meshes need to be distributed near the walls and

two bottom tips compared to other regions. An expansion

factor may be adopted to distribute the non uniform mesh.

However, the expanding factor of grid is usually limited in

order to ensure that the solution is not degraded. A factor

of up to 10% may be used according to Patterson and

Armfield [15].

The distribution of mesh has been shown for three dif-

ferent aspect ratios in Tables 1, 2 and 3. We divide the

whole domain into two by the symmetry line. Then both

left and right portions of the domain are again divided

horizontally into three equal portions. The middle portion

of the three sub region is mapped uniformly in the hori-

zontal direction (see Fig. 4), and the other two sub-regions

Table 1 Grid distribution for aspect ratio 1.0

Grid (H 9 L) In the horizontal direction In the vertical direction Time step

Left (EF) Middle Right (EF) Bottom tip Symmetry line (EF)

180 9 60 28 (1.030) 34 28 (1.02) 60 40 (1.030) 4.52 9 10-6

270 9 90 42 (1.025) 51 42 (1.02) 90 60 (1.025) 3.40 9 10-6

360 9 120 56 (1.020) 68 56 (1.02) 120 80 (1.020) 2.26 9 10-6

540 9 180 84 (1.016) 102 84 (1.02) 180 120 (1.016) 1.70 9 10-6

EF expansion factor, H horizontal grid, L vertical grid

Table 2 Grid distribution for aspect ratio 0.5

Grid (H 9 L) In the horizontal direction In the vertical direction Time step

Left (EF) Middle Right (EF) Bottom tip Symmetry line (EF)

160 9 40 25 (1.030) 30 25 (1.02) 40 40 (1.030) 4.52 9 10-6

240 9 60 38 (1.025) 44 38 (1.02) 60 60 (1.025) 3.40 9 10-6

320 9 80 50 (1.020) 60 50 (1.02) 80 80 (1.020) 2.26 9 10-6

480 9 120 75 (1.016) 90 75 (1.02) 120 120 (1.016) 1.70 9 10-6

Table 3 Grid distribution for aspect ratio 0.2

Grid (H 9 L) In the horizontal direction In the vertical direction Time step

Left (EF) Middle Right (EF) Bottom tip Symmetry line (EF)

180 9 45 30 (1.030) 30 30 (1.02) 45 45 (1.030) 4.52 9 10-6

280 9 70 45 (1.025) 50 45 (1.02) 70 70 (1.025) 3.40 9 10-6

360 9 90 60 (1.020) 60 60 (1.02) 90 90 (1.020) 2.26 9 10-6

560 9 140 95 (1.016) 90 95 (1.02) 140 140 (1.016) 1.70 9 10-6
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are mapped non-uniformly in the horizontal direction. The

symmetry line is mapped non-uniformly in the vertical

direction with finer meshes near the bottom and apex.

However, a uniform mesh has been distributed vertically

on two bottom tips (tips are cut by 5%). A schematic of the

grid distribution has been shown in Fig. 4.

The initial and boundary conditions for the numerical

simulations are also specified as the air in the enclosure is

initially motionless and isothermal with a uniform tem-

perature of h = 0. All the interior surfaces of the enclosure

are assumed rigid and no slip.

Grid and time step dependence tests have been conducted

for the numerical procedures described earlier for the highest

Rayleigh number case for both boundary conditions (sudden

heating and ramp heating). It is expected that the mesh

selected for the highest Rayleigh number will also be

applicable for all lower Rayleigh numbers. The time steps

have been chosen in such a way that the CFL (Courant–

Freidrich–Lewy) number remains the same for all meshes.

Four different meshes for each aspect ratio, i.e.

180 9 60, 270 9 90, 360 9 120 and 540 9 180 for

A = 1.0; 160 9 40, 240 9 60, 320 9 90 and 480 9 120

for A = 0.5 and 180 9 45, 280 9 70, 360 9 90 and

560 9 140 for A = 0.2 have been tested for the case of

sudden heating boundary condition.

The time histories of the calculated maximum velocity

parallel to the sloping wall for different slopes with the four

different meshes are plotted in Fig. 5 for the case of the

sudden heating boundary condition. It is seen in the figure

that all solutions indicate three stages of the flow devel-

opment, an initial growth stage, a transitional stage and a

steady state stage. In the initial and steady state stage, the

four solutions follow each other closely (except for the

solution with the coarsest mesh 160 9 40 for A = 0.5,

which deviates slightly from the other three meshes in

Fig. 5b. The transitional stage is characterized by a single

overshoot. The time to reach the steady state is around

2.26 9 10-3, 1.47 9 10-3 and 7.35 9 10-3 for A = 1.0,

0.5 and 0.1, respectively. The maximum variation of the

velocity between the coarsest and finest meshes for

A = 0.5 is 5.35%. However, the maximum variation

among the other three finer meshes is only 1.18%. The

maximum variations of the velocity between the coarsest

and finest meshes for A = 1.0 and 0.2 are 0.66 and 1.07%,

respectively. Accordingly, the mesh 320 9 90 for A = 0.5

and 360 9 120 and 360 9 90 for aspect ratios A = 1.0 and

0.2, respectively, are adopted for the present simulations.

Fig. 4 A sample grid showing the major features of the non-uniform

symmetric meshes adopted in this study
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Fig. 5 Maximum velocity

parallel to the left inclined wall

at its midpoint of four different

meshes for each A = 1.0, 0.5

and 0.2 and Pr = 0.72 for

sudden heating
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Mesh and time step dependence tests have also been

conducted for the ramp heating boundary condition to

ensure the accuracy of the numerical solutions. The same

meshes as the sudden heating boundary condition have

been considered here for three different aspect ratios.

Figure 6 shows the time series of the maximum velocity

parallel to the inclined surface calculated on the line nor-

mal to the surface at the midpoint for three different aspect

ratios under the ramp heating boundary condition for

Pr = 0.72. These velocities are calculated with four dif-

ferent meshes for each aspect ratio. The ramp time has

been set to 5.66 9 10-3 for all the cases. As is mentioned

in the scaling analysis, the ramp time may be either longer

or shorter than the steady state time for the boundary layer.

If the ramp time is longer than the quasi-steady time, then

after the quasi-steady time the velocity continues to

increase as the inclined wall is still being heated. However,

the growth rate of the velocity is smaller than the velocity

during the earlier phase. It is seen in this figure that at about

2.04 9 10-3, 3.11 9 10-3 and 4.3 9 10-3 for A = 1.0,

0.5 and 0.2, respectively, the boundary layer becomes

quasi-steady. However, the velocity still increases as the

temperature on the wall is still increasing. At s = 5.66 9

10-3, the ramp finishes and the boundary layer becomes

completely steady.

The maximum variation of the velocity between the

coarsest and finest meshes for A = 1.0 is 1.78%. The

maximum variations of the velocity between the coarsest

and finest meshes for A = 0.5 and 0.2 are 5.78 and 2.55%,

respectively. However, the maximum variations among the

three fine meshes are 1.29 and 0.75%, for A = 0.5 and 0.2,

respectively. Accordingly, the mesh size 360 9 120, 320 9

90 and 360 9 90 are adopted for A = 1.0, 0.5 and 0.2,

respectively for the whole range of simulations.

Four different time steps have been tested along with the

four different meshes for each aspect ratio (see Tables 1, 2,

3). The time step size 2.26 9 10-6 has been adopted for

simulation for both sudden heating and ramp heating

boundary condition. With the selected meshes and time

steps, the maximum CFL numbers are 0.013, 0.14 and 0.14

for A = 0.2, 0.5 and 1.0, respectively, at the steady stage.

6 Flow development in different regimes

for sudden heating

6.1 Conduction regime

The numerical results for a low Rayleigh number have

been shown in Fig. 7 with Pr = 0.72, Ra = 10 and

A = 0.5 for the regime Ra \ (1 ? Pr)(1 ? A2)/(A2Pr).

The temperature contours and streamlines at s/ss = 0.156

are plotted in Fig. 9a, b, respectively. In this regime the

thermal boundary layer expands to the entire domain. The

minimum temperature in the domain is 0.394. However,

the initial temperature inside the domain was set to 0.

Therefore, the entire flow domain has been heated up and

the thermal boundary layer is not distinct in this regime.
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Fig. 6 Maximum velocity

parallel to the left inclined wall

at its midpoint of four different

meshes for each A = 1.0, 0.5

and 0.2 and Pr = 0.72 for ramp

heating
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Moreover, there is no steady state of the flow inside the

cavity as it continues to be heated up as time passes and

may become isothermal. There are two cells in the

streamlines on both sides of the center line of the attic

where the direction of the left cell is clockwise and the

right cell is anti-clockwise.

6.2 Convection regime

The numerical results of a relatively high Rayleigh number

for this regime with Pr = 0.72, Ra = 3.0 9 106 and

A = 0.5 at s/ss = 7.92 9 10-3 are given in Fig. 8 for the

regime Ra [ (1 ? Pr)(1 ? A2)/(A2Pr). The temperature

contours are presented in Fig. 8a and the streamlines are

presented in Fig. 8b. We notice that the convection

increases significantly in this regime as the Rayleigh

number increases. The steady state thermal boundary layers

are distinct. The hot fluid travels through the boundary

layers adjacent to both inclined walls and meet near the

apex. The flow then has no other choice but to come

downwards. However, the interior temperature is lower

than the temperature in the downward flow. Therefore, the

hot fluid on top and the cold fluid in the interior form a

horizontal stratification. This stratification process eventu-

ally heats up the entire cavity.

7 Flow development in different regimes for ramp

heating

7.1 Ramp time shorter than steady time

Figure 9 shows the temperature contours and the stream-

lines for Pr = 0.72, Ra = 5.0 and A = 0.5 at time

s/ssr = 0.147 for the regime Ra \ (1 ? Pr)(1 ? A2)

h4/[A2Prj2tp
2]. The ramp time for this case is sp/ssr =

3.68 9 10-3. Figure 9a presents the temperature contours

and Fig. 9b presents the corresponding streamlines. As

soon as the heating starts the boundary layer develops and

expands from the heated walls and reaches to the bottom

surface. Two circular cells are seen in the streamlines
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Fig. 7 a Temperature contours and b streamlines with Pr = 0.72, Ra = 10 and A = 0.5 at time s/ss = 0.156
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Fig. 8 a Temperature contours and b streamlines with Pr = 0.72, Ra = 3.0 9 106 and A = 0.5 at time s/ss = 7.92 9 10-3
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Fig. 9 a Temperature contours and b streamlines with Pr = 0.72, Ra = 5.0 and A = 0.5 at s/ssr = 0.147
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(Fig. 9b) with a clockwise circulation at the left side and an

anti-clockwise circulation at the right side.

7.2 Ramp time longer than steady time

A representative Rayleigh number for this flow regime

(Ra [ (1 ? Pr)(1 ? A2)h4/[A2Prj2tp
2]) has been chosen as

Ra = 6.0 9 106. The temperature contours and the stream

lines have been shown in Fig. 10 at different times of the

boundary layer development for aspect ratio A = 0.5. The

ramp time, selected for this problem, is sp/ssr = 1.57.

The isotherms and stream lines of Fig. 10a, b are at

s/ssr = 0.628, which is the time before the flow becomes

quasi-steady; Figure 10c, d are at s/ssr = 1.256, when the

flow is in quasi-steady mode; Fig. 10e, f are at the time

when the ramp just finishes (s/ssr = 1.57); and Fig. 10g, h

are at time after the ramp is finished (s/ssr = 3.14). It is

seen clearly from these figures that initially the boundary

layer develops adjacent to the inclined walls of the cavity

and moves upwards. However, as time passes, the top of

the cavity gradually fills with hot fluid and becomes

stratified, where the top portion fluid is hotter than the

bottom portion. At the end the entire cavity has been heated

up. It is noted that the typical situation of quasi-steady state

and the finishing time of ramp cannot be identified from

these set of isotherms and streamlines.

8 Validation of selected scales

The flow features discussed theoretically above are verified

on the basis of a complete series of numerical simulations.

It is assumed that the fluid contained in the attic space is

originally motionless and of a uniform temperature h = 0.

The cavity is heated from the top by means of sudden and

ramp heating boundary conditions of the sloping wall.

Throughout this simulation, the horizontal bottom wall is

assumed to be adiabatic. The above scales have been

developed with an assumption that the flow is symmetric

along the symmetry center line of the cavity. Previous

Fig. 10 Temperature contours (a, c, e, g) and streamlines (b, d, f, h) with Pr = 0.72, Ra = 6.0 9 106 and A = 0.5 at different times
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studies of attic space have revealed that the flow is indeed

symmetric along the center line for the case of heating on

the sloping walls.

The detailed validation of the boundary layer develop-

ment has been discussed in Saha, et al. [12] (e.g. velocity

scale, thickness scale etc.). For brevity, those results are not

repeated here. However, heat transfer scales together with

steady state time scales have been verified in this study.

Moreover, the heating-up time scale and the subsequent

heat transfer scale at that time have also been verified.

8.1 Sudden heating

The heating-up time is determined by the heat flux through

the natural convection boundary layer. The hot fluid moves

upward along the boundary layers of both inclined walls

and meets under the apex of the enclosure. Then it has no

choice but to move downward right below the tip, forming

a horizontal stratification. This stratified hot fluid fills the

enclosure, ultimately reaching the bottom surface at which

time the whole enclosure is filled with hot fluid.

In Table 4, Runs 1–4 with Ra = 1.5 9 107, 3.0 9 106,

1.5 9 106 and 6.0 9 105 while keeping A = 0.5 and

Pr = 0.72 unchanged have been carried out to show the

dependence of the scaling relations on the Rayleigh number,

Ra; Runs 5–6 and 2 with A = 0.2, 1.0 and 0.5, respectively,

while keeping Ra = 3.0 9 106 and Pr = 0.72 unchanged

have been carried out to show the dependence on the slope

of the inclination of the plate. All Rayleigh numbers

considered here are in the convection regime.

The numerical results showing the dependence of the

instantaneous average Nusselt number Nu on Ra, and A at

the boundary-layer development stage and at the heating-

up stage are, respectively, presented in Figs. 11 and 12.

Figure 11a shows the raw data of the time series of the

Nusselt number which have been calculated from the left

inclined wall of the cavity for different Rayleigh numbers

and aspect ratios. It is found that the Nusselt number

depends strongly on Ra and A. In Fig. 11b, the time has

been normalized with respect to the steady state time of the

boundary layer development. We notice that the steady

state of the Nusselt numbers fall on a vertical line (long

dashed line), which validates the steady state time scale of

the boundary layer development (63). The normalized

Nusselt number with respect to its steady state value is

plotted against normalized time with respect to the steady

state time scale in Fig. 11c. As anticipated, all lines

Table 4 Values of A and Ra for six runs for sudden heating

Runs A Ra

1 0.5 1.5 9 107

2 0.5 3.0 9 106

3 0.5 1.5 9 106

4 0.5 6.0 9 105

5 0.2 3.0 9 106

6 1.0 3.0 9 106
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Fig. 11 Time series of the

average Nusselt number

calculated on the left inclined

wall. a Plot of raw data;

b Nusselt number versus

normalized time; and

c Normalized Nusselt number

versus normalized time
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collapse together in one line which confirms the scaling

relation (13) at the boundary-layer development stage.

The Nusselt number at the heating up time has been

plotted in Fig. 12. Again all lines collapse on a single line

which validates the scaling relation (67) at the heating up

stage. Note that the x-axis is on a log scale.

To verify the heating-up time scale, the temperature has

been recorded at the midpoint of the bottom surface, which

is shown in Fig. 13. Raw data of the time series of the

temperature for different Rayleigh numbers and aspect

ratios are plotted in Fig. 13a. It is anticipated that initially

there is no response of the temperature at the middle point

of the bottom surface. As soon as the hot fluid comes from

the top and reaches the bottom, the temperature starts to

increase. However, this response time is different for dif-

ferent Ra and A. In Fig. 13b, the time is normalized with

respect to the heating-up time (66) and the temperature has

been normalized by the temperature difference. We see that

the temperature series response at the same time for

different flow parameters. This confirms that the heating-up

time scale (66) is accurate.

8.2 Ramp heating

Similarly to the sudden heating case, the heating-up time is

also determined by the heat flux through the natural con-

vection boundary layer for the ramp temperature boundary

condition. Table 5 shows the full sets of flow cases con-

sidered for the numerical simulation. All Rayleigh numbers

considered here are in the regime where the ramp time is

longer than the quasi-steady time.

To demonstrate the dependency of the Nusselt number

on time at various stages of boundary development stage,

the time series of Nusselt number on the left inclined

surface of the attic space is plotted in Fig. 14. It is seen in

Fig. 14a that it increases with time and becomes quasi-

steady state at about 2.26 9 10-3. Since the surface is still

receiving heat from the ramp temperature boundary con-

dition, the Nusselt number increases until the ramp is

finished. After the ramp finishes it suddenly drops and

decreases as time increases. We have seen that the Nusselt

number scale at the initial stage is the order of O(s1/2) (see

Eq. 35). Therefore, in Fig. 14b the Nusselt number is

plotted against s1/2 and shows an initial linear growth.

However, the Nusselt number scale after the quasi-steady

state is of the order O(s5/4) (see Eq. 37). To verify this

scale, the Nusselt number in Fig. 14c is plotted against s5/4.

The figure shows that after the quasi-steady state the

Nusselt number show a linear growth until the ramp is

finished.

The numerical results showing the dependence of the

average Nusselt number, Nu on Ra, and A at the

boundary-layer development stage are presented in

Figs. 15 and 16. The Nusselt number has been calculated

in two different ways; one with reference to the maxi-

mum temperature difference (see Eq. 74) and the other
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Fig. 12 Time series of Nusselt number on the left inclined wall for

heating-up stage for sudden heating for six runs
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a Plot of raw data;
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sudden heating for six runs
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with reference to the instantaneous temperature differ-

ence (see Eq. 76). Figure 15a shows the raw data of the

time series of the Nusselt number which has been cal-

culated from the left inclined wall of the cavity using the

maximum temperature difference for different Rayleigh

numbers and aspect ratios. It is found the Nusselt num-

ber depends strongly on Ra and A. In Fig. 15b, the time

has been normalized with respect to the quasi-steady

time (69) and Nusselt number has been normalized by

the scaling value (74). It is clear that all lines collapse

together until the ramp is finished which validates the

quasi-steady time (69) and Nusselt number (74) scales of

the boundary-layer development stage.

In Fig. 16, the Nusselt number has been calculated using

the instantaneous temperature difference (s/sp for s B sp).

Raw data of the time series of the Nusselt number is plotted

in Fig. 16a. It is seen that initially the Nusselt number

approaches infinity and decreases sharply until the quasi-

steady state time. After the quasi-steady state it increases

very slowly until the ramp is finished. After the ramp fin-

ishes, the Nusselt number again decreases very fast. In

Fig. 16b, the time has been normalized by (69) and the

Nusselt number by (76). Again all lines lie together until

the ramp is finished, which confirms the scaling relation

(69) and (76).

The Nusselt number at the heating-up time is plotted in

Fig. 17. Again all lines fall together in a line which vali-

dates the scaling relation (79) at the heating up stage. Note

that the x-axis is on a log scale.

To verify the heating-up time scale, the temperature

has been recorded at the middle point of the bottom

surface and plotted in Fig. 18. Raw data of the time

series of the temperature for different Rayleigh numbers

and aspect ratios has been shown in Fig. 18a. It is

anticipated that initially there is no response of the

temperature at the middle point of the bottom surface. As

soon as the hot fluid comes from the top and reaches the

Table 5 Values of A and Ra for the six runs for ramp heating

Runs A Ra

1 0.5 3.0 9 107

2 0.5 1.5 9 107

3 0.5 6.0 9 106

4 0.5 3.0 9 106

5 1.0 3.0 9 107

6 0.2 3.0 9 107
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Fig. 14 Time series of total

heat flux on the left inclined

surface for Ra = 4.0 9 107,

A = 0.5 and Pr = 0.72
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bottom, the temperature starts to increase. However, this

response time is different for different values of Ra and A.

In Fig. 18b, the time is normalized with respect to the

heating-up time (77) and the temperature has been nor-

malized by the temperature difference. We see that the

temperature starts to rise at the same time for different

flow parameters. This confirms that the heating-up time

scale (77) is accurate.

9 Summary

Natural convection adjacent to heated inclined walls of an

attic space is examined by scaling analysis and the scales

verified by numerical simulation for air (Pr = 0.72). It is

found that the flow is mainly dominated by four distinct

stages for the sudden heating boundary condition, i.e. start-

up stage, transitional stage, steady state stage and heating-

up stage. The scaling relations are formed based on the

established characteristic flow parameters of the maximum

velocity inside the boundary layer (us), the time for the

boundary layer to reach the steady state (ts), the thermal

(dT) and viscous (dm) boundary layer thicknesses, Nusselt

number scale (Nus), the heating up time (tf) and the Nusselt

number at the heating-up time. Moreover, some important

regimes based on the Rayleigh number have been estab-

lished in this investigation. The scaling results agree very

well with the numerical simulations.

Furthermore, a temperature boundary condition of a

ramp function applied to the inclined walls has also been

investigated. The boundary layer flow for this boundary

condition depends on the comparison of the time at which

the ramp heating is completed with the time at which the

boundary layer completes its growth. If the ramp time is

long compared with the steady state time, the thermal

boundary layer reaches a quasi-steady mode in which the
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growth of the layer is governed by the thermal balance

between convection and conduction. On the other hand, if

the ramp is completed before the thermal boundary layer

becomes steady, the subsequent growth is governed by the

balance between buoyancy and inertia, as for the case of

instantaneous heating. Several scaling relations have been

established in this study, which include the maximum

velocity parallel to the inclined plate inside the boundary

layer (usr), the time for the boundary layer to reach the

quasi-steady state (tsr) and the thermal and viscous

boundary layer thicknesses (dT rand dm), Nusselt number

scale (Nusr and Nuins), the heating up time (tf) and the

Nusselt number at the heating-up time. Like the sudden

heating case, some important flow regimes have been

established for the ramp heating boundary condition. The

scaling results agree very well with the numerical simula-

tions. The comparisons between the scaling relationships

and the numerical simulations demonstrate that the scaling

results agree very well with the numerical simulations.
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