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Abstract. Itis shown thata mixed Ricci-flat twisted product semi-Riemannian manifold can

be expressed as awarped product semi-Riemannian manifold. As aconsequence, any Einstein
twisted product semi-Riemannian manifold is in fact, a warped product semi-Riemannian
manifold.

1. Introduction

Twisted and warped product structures are widely used in geometry to construct
new examples of semi-Riemannian manifolds with interesting curvature properties.
(See, for example, [1,3,7]). Twisted product metric tensors, as a generalization
of warped product metric tensors, have also been useful in the study of several
aspects of submanifold theory, namely, in hypersurfaces of complex space forms
[5], in Lagrangian submanifolds [2] and in curvature netted hypersurfaces [4],
etc. In [8], the relations between the twisted and warped product structures in semi-
Riemannian geometry are studied. There, essentially the following is proven (cf. [8,
Proposition 3]):

Let g be a semi-Riemannian metric tensor on the manitdle- B x F and as-
sume that the canonical foliationgland Ly intersect perpendicularly everywhere.
Theng is the metric tensor of

(i) adoublytwisted productB x , F if and only if L 3 and Ly are totally umbilic
foliations,

(ii) atwisted productB x , F if and only if L is a totally geodesic foliation and
L ¢ is a totally umbilic foliation,

(iif) a warped producB x , F if and only if L3 is a totally geodesic foliation and
L 7 is a spheric foliation,

(iv) ausual product of semi-Riemannian manifolds if and onlygfand Ly are
totally geodesic foliations.
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In this note, we state a curvature condition, called rihiged Ricci flatness,
relating (ii) and (iii) above. Note that the condition relating (ii) and (iii) in the above
is the normal parallelism of the mean curvature vector field of the totally umbilic
foliation L . Here we use the mixed Ricci flatness condition, that is(Rid’) = 0
foreveryX € £(B) andV e £(F) to relate the cases (ii) and (iii) of the above. In
order to achieve this result, we give the expressions for the Levi—Civita connection,
curvature tensor, Ricci curvature and scalar curvature of a doubly twisted product
of two semi-Riemannian manifolds without giving the straightforward but lengthly
computations of these connection and curvatures. (The first two of them are also
given in [8] in a slightly different form). Then by using the expression of the Ricci
tensor of a doubly twisted product of two semi-Riemannian manifolds, we obtain
the main result mentioned above.

Roughly speaking, our main result says that when we write physical models in
general relativity, replacing a warped product by a twisted product is not a good
way to make a generalization in order to incorporate some further physical features
because at that time the spacetime is no longer mixed Ricci-flat.

2. Geometry of twisted products

Here we give some notation and terminology used throughout this note.

Let (B, gp) and(F, gr) be semi-Riemannian manifolds of dimensionand
s, respectively, and lety: B x F — B ando: B x F — F be the canonical
projections. Also leb: B x F — (0,00) and f: B x F — (0, co) be smooth
functions. Then theloubly twisted product of (B, gg) and(F, gr) with twisting
functionsb and f is defined to be the product manifod = B x F with metric
tensorg = f2gp ®b%gr givenbyg = f2n*gp +b2c*gr. For brevity in notation,
we denote this semi-Riemannian manifgid, g) by B x , F. In particular, if
f = 1theniB x ,F = B x ,F is called thetwisted product of (B, gg) and
(F, gr) with twisting functionb. Moreover, ifb only depends on the points &f
thenB x , F is called thewarped product of (B, gg) and (F, gr) with warping
function b. As a generalization of the warped product of two semi-Riemannian
manifolds, s B x ,F is called thedoubly warped product of semi-Riemannian
manifolds(B, gg) and (F, gr) with warping functionsh and f if b and f only
depend on the points & and F, respectively.

Let (B, gp) and(F, gr) be semi-Riemannian manifolds with Levi—Civita con-
nectionsv? andv’, respectively, and |67 both denote the Levi-Civita connection
and the gradient of the doubly twisted produ@ x ,F of (B, gg) and(F, gr)
with twisting functionsb and f. Also, letk = log(b) and/ = log(f). Now if we
denote the set of lifts of vector fields dhand F to B x F by £(B) and £(F),
respectively and use the same notation for a vector field and for its lift for our
convenience (see [7, p. 205]) then we have the following relations:

Proposition 1. If X, Y € £(B) and V € £(F), then
VxY =VEY + X(OY + Y(DX — g(X, Y)VI, (2.1)

VxV =VDX + X(Kk)V. (2.2)
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Note that, in a doubly twisted produgB x , F, the roles of the base manifold
(B, gp) and the fiber manifoldF, gr) can be interchanged. In the above propo-
sition, we stated the expression of the Levi—Civita connection for vector fields
X,Y € £(B) in (2.1). Clearly, by making corresponding changes, one can easily
see the expression of Levi—Civita connection for vector fiéld®/ € £(F) as in
(2.1). Inthe rest of the paper, we only state the expressions of the geometric objects
for vector fields ing(B). Obviously, the analogue expressions hold for vector fields
in £(F) by making corresponding changes.

Now, for X, Y € £(B), define I’j;(X, Y)=XY(k)— (Vf?Y)(k). First note that,
if X,Y € £(B) andV € £(F), we haveXV (k) = V X (k) and the Hessian form
h* of k on s B x , F satisfies

X, V)= XVk)— XK)V{I) — Xk)V k),
REX,Y) = (X, Y) — X()Y (k) — X(K)Y (1) + g(X, Y)g(Vk, VI).

Let Rp and Ry be the curvature tensors @B, gg) and(F, gr), respectively,
and letR be the curvature tensor @B x ;, F. Then we have the following relations:

Proposition 2. Let X, Y, Z € £(B) and V € £(F). Then
R(X,Y)Z = Rp(X,Y)Z — g(Y, Z)(H'(X) + X()V])
+g(X, Z)(H'(Y) + Y()VI)
+ (hy(X, 2) = X(HZA)Y — (Wy(Y, Z2) = Y(DZA)NX  (2.3)
RX, V)V =hX, V)Y =Wy, VX +VOXDY - VDYDX (2.4)
RX, VY = (X, 1)+ XY (k) — XY (k) — XY (D)) V
+(YROVD - VYO)X + (VIOVI+ H (V))g(X,Y), (2.5)
where H! isthe Hessian tensor of / on B x , F,i.e h! (X, Y) = g(H'(X), Y).

Now let Ricg and Rig- be the Riccitensors @B, gg) and(F, gr), respectively,
and let Ric be the Ricci tensor ¢B x , F. Then we have the following relation:

Proposition 3. Let X, Y € £(B) and V € £(F). Then
Ric(X,Y) = RBic(X, Y)+h (X, Y)+ A= rhy(X, Y) +rX (DY (1)

—g(X, V)[Al + g(VI, V)]
— sl (X, Y) + X (k)Y (k) = X(DY (k) — X(K)Y D], (2.6)

where A(l) isthe Laplacian of /.
RicX,V\ ) =Q—-rnNVXD+A—-XVk)+n—-2XKkV(). 2.7)

Next we use the following construction to express the scalar curvatyrB of
pF.Let{Xy, .-, X, }and{Vy, --- , V;} be orthonormal frames on open sétg C
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B andUp C F of (B, gg) and(F, gr), respectively. ThedZ4,---, Z,} is an
orthonormal frame on the open 4é¢ x Ur € B x F, where

X.

= ifie{l,--,r}

zi=17

Vier

fie{r+1,---,n}.

Here, as mentioned befor&,; andV; denote the lifts ofX; andV; to B x F,
respectively, and = r + s.

Hence, if we defineAg (k) = Yi_18(Z;, Z)h(z;, ;) and also likewise,
Apk) = Z’}Z,Jrlg(zj, Zj)hk(Zj, Z}), we can express the Laplaciak) of k
ony¢B x pF as - -

A(k) = Ap(k) + Ap (k)

Finally, for the scalar curvatures we have the following relation:

Proposition 4. Let tp and tr be the scalar curvatures of (B, gg) and (F, gr),
respectively. Then the scalar curvature of B x , F satisfies:

B TF
=F+ﬁ

+Q@—r)Rpl+ (2 —s)Apk — sApk — rApl

+r(r—2)g(VI, V) +s(s — 2)g(Vk, Vk) + 2rsg(VI, Vk)

+ (2 —r) f2gp(m VL, V1) + (2 — )b r (04 Vk, 0, Vk)

— 5f2gp (M Vk, 1. Vk) — rb?gr (0, V1, 0, V1), (2.8)

T —rAl —sAk

where Zp(l) and ZB(I) are defined as in the above by replacing k£ with /.

3. Mixed Ricci flat twisted products

Next, let B x , F be the twisted product ofB, gg) and (F, gr) with twisting
functionb. Recall thatB x , F is called mixed Ricci-flat if Ric(X, V) = 0 for all
X e &(B)andV € L£(F).

Theorem 1. Let B x , F beatwisted product of (B, gp) and (F, gr) with twisting
function » and dim F > 1. Then, Ric(X, V) = 0forall X € £(B) and V € £(F)
ifandonlyif B x , F can be expressed asawarped product, B x ¢ F of (B, gg) and
(F, gr) with awarping function ®, where gr isa conformal metric tensor to gr.

Proof. Note that, ifM = B x , F is a semi-Riemannian twisted product(®f, gg)
and(F, gr) with twisting functionb, then by using Proposition 3 and the properties
of the Hessian forms of 1 arglon, B x;, F', we obtain Ri¢X, V) = (1—s)XV (k),
whereX € £(B) andV € L£(F).

Hence, if RigX, V) = 0forall X € £(B) andV e £(F) then it follows that
XV (k) = 0andVX (k) = 0. Now, XV (k) = 0 implies thatV (k) only depends
on the points ofF, and likewise,V X (k) = 0 implies thatX (k) only depends
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on the points ofB. Thusk can be expressed as a sum of two functigrend
which are defined o and F, respectively, that ik(p, ¢) = ¢(p) + ¥ (q) for
any (p,q) € B x F. Henceb = exp(¢) exp(yr), that is,b(p, q) = ®(p)¥(q),
where® = exp(¢) and¥ = exp(y) for any(p, g) € B x F. Thus we can write,
g = g ® ©2gF, wheregr = W2gp, that is, the twisted produd@ x ,F can be
expressed as a warped prodBick ¢ F', where the metric tensor df is g given
above. The converse is obvious from Proposition 3.

Corallary 1. Let B x ;, F beatwisted product of (B, gg) and (F, gr) withtwisting
function b anddim F > 1. If B x , F isEinstein, then B x , F can be expressed as
a warped product asin the statement of Theorem 1.

As animmediate application of Corollary 1, the Einstein generalized Taub-NUT
metrics discussed in [6], indeed, can be expressed as warped product metric tensors.

Remark 1. Note that, both necessary and sufficient conditions of Theorem 1 fail in
the case of doubly twisted and doubly warped products as shown in Proposition 3.

Remark 2. Most physically realistic spacetimes, such as Robertson—Walker and
Kruskal spacetimes, satisfy the mixed Ricci flathess condition with respect to their
product manifold structure. (See [7]). In fact, this is a physical requirement induced

by the stress-energy tensor on these spacetimes. Note that these spacetimes are
warped products. Now, in the view of Theorem 1, clearly this is the maximal
generality since these spacetimes cannot be further generalized to twisted products
in a nontrivial way.
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