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Abstract. It is shown that a mixed Ricci-flat twisted product semi-Riemannian manifold can
be expressed as a warped product semi-Riemannian manifold.As a consequence, any Einstein
twisted product semi-Riemannian manifold is in fact, a warped product semi-Riemannian
manifold.

1. Introduction

Twisted and warped product structures are widely used in geometry to construct
new examples of semi-Riemannian manifolds with interesting curvature properties.
(See, for example, [1,3,7]). Twisted product metric tensors, as a generalization
of warped product metric tensors, have also been useful in the study of several
aspects of submanifold theory, namely, in hypersurfaces of complex space forms
[5], in Lagrangian submanifolds [2] and in curvature netted hypersurfaces [4],
etc. In [8], the relations between the twisted and warped product structures in semi-
Riemannian geometry are studied. There, essentially the following is proven (cf. [8,
Proposition 3]):

Letg be a semi-Riemannian metric tensor on the manifoldM = B×F and as-
sume that the canonical foliations LB and LF intersect perpendicularly everywhere.
Theng is the metric tensor of

(i) a doubly twisted productf B× bF if and only if LB and LF are totally umbilic
foliations,

(ii) a twisted productB × bF if and only if LB is a totally geodesic foliation and
LF is a totally umbilic foliation,

(iii) a warped productB × bF if and only if LB is a totally geodesic foliation and
LF is a spheric foliation,

(iv) a usual product of semi-Riemannian manifolds if and only if LB and LF are
totally geodesic foliations.
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In this note, we state a curvature condition, called themixed Ricci flatness,
relating (ii) and (iii) above. Note that the condition relating (ii) and (iii) in the above
is the normal parallelism of the mean curvature vector field of the totally umbilic
foliation LF . Here we use the mixed Ricci flatness condition, that is, Ric(X, V ) = 0
for everyX ∈ L(B) andV ∈ L(F ) to relate the cases (ii) and (iii) of the above. In
order to achieve this result, we give the expressions for the Levi–Civita connection,
curvature tensor, Ricci curvature and scalar curvature of a doubly twisted product
of two semi-Riemannian manifolds without giving the straightforward but lengthly
computations of these connection and curvatures. (The first two of them are also
given in [8] in a slightly different form). Then by using the expression of the Ricci
tensor of a doubly twisted product of two semi-Riemannian manifolds, we obtain
the main result mentioned above.

Roughly speaking, our main result says that when we write physical models in
general relativity, replacing a warped product by a twisted product is not a good
way to make a generalization in order to incorporate some further physical features
because at that time the spacetime is no longer mixed Ricci-flat.

2. Geometry of twisted products

Here we give some notation and terminology used throughout this note.
Let (B, gB) and(F, gF ) be semi-Riemannian manifolds of dimensionsr and

s, respectively, and let,π : B × F → B andσ : B × F → F be the canonical
projections. Also letb : B × F → (0,∞) andf : B × F → (0,∞) be smooth
functions. Then thedoubly twisted product of (B, gB) and(F, gF ) with twisting
functionsb andf is defined to be the product manifoldM = B × F with metric
tensorg = f 2gB⊕b2gF given byg = f 2π∗gB+b2σ ∗gF . For brevity in notation,
we denote this semi-Riemannian manifold(M, g) by f B × bF . In particular, if
f = 1 then1B × bF = B × bF is called thetwisted product of (B, gB) and
(F, gF ) with twisting functionb. Moreover, ifb only depends on the points ofB
thenB × bF is called thewarped product of (B, gB) and(F, gF ) with warping
function b. As a generalization of the warped product of two semi-Riemannian
manifolds,f B × bF is called thedoubly warped product of semi-Riemannian
manifolds(B, gB) and(F, gF ) with warping functionsb andf if b andf only
depend on the points ofB andF , respectively.

Let (B, gB) and(F, gF ) be semi-Riemannian manifolds with Levi–Civita con-
nections∇B and∇F , respectively, and let∇ both denote the Levi–Civita connection
and the gradient of the doubly twisted productf B × bF of (B, gB) and(F, gF )
with twisting functionsb andf . Also, letk = log(b) andl = log(f ). Now if we
denote the set of lifts of vector fields onB andF to B × F by L(B) andL(F ),
respectively and use the same notation for a vector field and for its lift for our
convenience (see [7, p. 205]) then we have the following relations:

Proposition 1. If X, Y ∈ L(B) and V ∈ L(F ), then

∇XY = ∇BXY +X(l)Y + Y (l)X − g(X, Y )∇l, (2.1)

∇XV = V (l)X +X(k)V . (2.2)
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Note that, in a doubly twisted productf B × bF , the roles of the base manifold
(B, gB) and the fiber manifold(F, gF ) can be interchanged. In the above propo-
sition, we stated the expression of the Levi–Civita connection for vector fields
X, Y ∈ L(B) in (2.1). Clearly, by making corresponding changes, one can easily
see the expression of Levi–Civita connection for vector fieldsV,W ∈ L(F ) as in
(2.1). In the rest of the paper, we only state the expressions of the geometric objects
for vector fields inL(B). Obviously, the analogue expressions hold for vector fields
in L(F ) by making corresponding changes.

Now, forX, Y ∈ L(B), define hkB(X, Y ) = XY(k)− (∇BXY )(k). First note that,
if X, Y ∈ L(B) andV ∈ L(F ), we haveXV (k) = VX(k) and the Hessian form
hk of k on f B × bF satisfies

hk(X, V ) = XV (k)−X(k)V (l)−X(k)V (k),
hk(X, Y ) = hkB(X, Y )−X(l)Y (k)−X(k)Y (l)+ g(X, Y )g(∇k,∇l).

Let RB andRF be the curvature tensors of(B, gB) and(F, gF ), respectively,
and letR be the curvature tensor off B×bF . Then we have the following relations:

Proposition 2. Let X, Y,Z ∈ L(B) and V ∈ L(F ). Then

R(X, Y )Z = RB(X, Y )Z − g(Y, Z)(H l(X)+X(l)∇l)
+ g(X,Z)(H l(Y )+ Y (l)∇l)
+ (hlB(X,Z)−X(l)Z(l))Y − (hlB(Y, Z)− Y (l)Z(l))X (2.3)

R(X, Y )V = hl (X, V )Y − hl (Y, V )X + V (l)X(l)Y − V (l)Y (l)X (2.4)

R(X, V )Y = (
hkB(X, Y )+X(k)Y (k)−X(l)Y (k)−X(k)Y (l)

)
V

+ (
Y (k)V (l)− V Y(l))X + (

V (l)∇l +Hl(V ))g(X, Y ), (2.5)

where Hl is the Hessian tensor of l on f B × bF , i.e. hl(X, Y ) = g(H l(X), Y ).
Now let RicB and RicF be the Ricci tensors of(B, gB)and(F, gF ), respectively,

and let Ric be the Ricci tensor off B × bF . Then we have the following relation:

Proposition 3. Let X, Y ∈ L(B) and V ∈ L(F ). Then

Ric(X, Y ) = Ric
B
(X, Y )+ hl(X, Y )+ (1 − r)hlB(X, Y )+ rX(l)Y (l)

− g(X, Y )[�l + g(∇l,∇l)]
− s[hkB(X, Y )+X(k)Y (k)−X(l)Y (k)−X(k)Y (l)], (2.6)

where �(l) is the Laplacian of l.

Ric(X, V ) = (1 − r)VX(l)+ (1 − s)XV (k)+ (n− 2)X(k)V (l). (2.7)

Next we use the following construction to express the scalar curvature off B×
bF . Let{X1, · · · , Xr} and{V1, · · · , Vs} be orthonormal frames on open setsUB ⊆
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B andUF ⊆ F of (B, gB) and (F, gF ), respectively. Then{Z1, · · · , Zn} is an
orthonormal frame on the open setUB × UF ⊆ B × F , where

Zi =




Xi

f
if i ∈ {1, · · · , r}

Vi−r
b

if i ∈ {r + 1, · · · , n} .

Here, as mentioned before,Xi andVj denote the lifts ofXi andVj to B × F ,
respectively, andn = r + s.

Hence, if we definẽ�B(k) = ∑r
i=1 g(Zi, Zi)h

k(Zi, Zi) and also likewise,
�̃F (k) = ∑n

j=r+1 g(Zj , Zj )h
k(Zj , Zj ), we can express the Laplacian�(k) of k

on f B × bF as
�(k) = �̃B(k)+ �̃F (k)

Finally, for the scalar curvatures we have the following relation:

Proposition 4. Let τB and τF be the scalar curvatures of (B, gB) and (F, gF ),
respectively. Then the scalar curvature of f B × bF satisfies:

τ = τB

f 2 + τF

b2 − r�l − s�k
+ (2 − r)�̃Bl + (2 − s)�̃F k − s�̃Bk − r�̃F l
+ r(r − 2)g(∇l,∇l)+ s(s − 2)g(∇k,∇k)+ 2rsg(∇l,∇k)
+ (2 − r)f 2gB(π∗∇l, π∗∇l)+ (2 − s)b2gF (σ∗∇k, σ∗∇k)
− sf 2gB(π∗∇k, π∗∇k)− rb2gF (σ∗∇l, σ∗∇l), (2.8)

where �̃F (l) and �̃B(l) are defined as in the above by replacing k with l.

3. Mixed Ricci flat twisted products

Next, letB × bF be the twisted product of(B, gB) and (F, gF ) with twisting
functionb. Recall thatB × bF is called mixed Ricci-flat if Ric(X, V ) = 0 for all
X ∈ L(B) and V ∈ L(F ).

Theorem 1. Let B × bF be a twisted product of (B, gB) and (F, gF ) with twisting
function b and dimF > 1. Then, Ric(X, V ) = 0 for all X ∈ L(B) and V ∈ L(F )
if and only ifB×bF can be expressed as a warped product,B× F of (B, gB) and
(F, g̃F ) with a warping function  , where g̃F is a conformal metric tensor to gF .

Proof. Note that, ifM = B× bF is a semi-Riemannian twisted product of(B, gB)
and(F, gF )with twisting functionb, then by using Proposition 3 and the properties
of the Hessian forms of 1 andB on1B×bF , we obtain Ric(X, V ) = (1−s)XV (k),
whereX ∈ L(B) andV ∈ L(F ).

Hence, if Ric(X, V ) = 0 for allX ∈ L(B) andV ∈ L(F ) then it follows that
XV (k) = 0 andVX(k) = 0. Now,XV (k) = 0 implies thatV (k) only depends
on the points ofF , and likewise,VX(k) = 0 implies thatX(k) only depends
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on the points ofB. Thusk can be expressed as a sum of two functionsφ andψ
which are defined onB andF , respectively, that is,k(p, q) = φ(p) + ψ(q) for
any (p, q) ∈ B × F . Henceb = exp(φ)exp(ψ), that is,b(p, q) =  (p)%(q),
where = exp(φ) and% = exp(ψ) for any(p, q) ∈ B × F . Thus we can write,
g = gB ⊕  2g̃F , whereg̃F = %2gF , that is, the twisted productB × bF can be
expressed as a warped productB ×  F , where the metric tensor ofF is g̃F given
above. The converse is obvious from Proposition 3.��
Corollary 1. LetB× bF be a twisted product of (B, gB) and (F, gF ) with twisting
function b and dimF > 1. If B × bF is Einstein, then B × bF can be expressed as
a warped product as in the statement of Theorem 1.

As an immediate application of Corollary 1, the Einstein generalized Taub-NUT
metrics discussed in [6], indeed, can be expressed as warped product metric tensors.

Remark 1. Note that, both necessary and sufficient conditions of Theorem 1 fail in
the case of doubly twisted and doubly warped products as shown in Proposition 3.

Remark 2. Most physically realistic spacetimes, such as Robertson–Walker and
Kruskal spacetimes, satisfy the mixed Ricci flatness condition with respect to their
product manifold structure. (See [7]). In fact, this is a physical requirement induced
by the stress-energy tensor on these spacetimes. Note that these spacetimes are
warped products. Now, in the view of Theorem 1, clearly this is the maximal
generality since these spacetimes cannot be further generalized to twisted products
in a nontrivial way.
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