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Abstract. In this paper we define a Moebius invariant metric and a Moebius invariant
second fundamental form for submanifolds inSn and show that in case of a hypersurface
with n ≥ 4 they determine the hypersurface up to Moebius transformations. Using these
Moebius invariants we calculate the first variation of the moebius volume functional. We
show that any minimal surface inSn is also Moebius minimal and that the image inSn of
any minimal surface inRn unter the inverse of a stereographic projection is also Moebius
minimal. Finally we use the relations between Moebius invariants to classify all surfaces
in S3 with vanishing Moebius form.

0. Introduction

In this paper we study submanifolds inSn unter the Moebius group. We define
a Moebius invariant metricg and a Moebius invariant 2-formB called the
Moebius second fundamental form. We show that in case of hypersurface
with n ≥ 4 {g,B} form a complete invariant system which determines the
hypersurface up to Moebius transformations (cf. Theorem 3.1). Using these
Moebius invariants we calculate the Euler–Lagrange equations for the volume
functional with respect tog (cf. Theorem 4.1). In case of surfaces inS3

a critical surface to this functional is exactly a Willmore surface, which is
well-studied (cf. [2], [5], [8]). We show that any minimal surface inSn is also
Moebius minimal and that the image inSn of any minimal surface inRn under
the inverse of a stereographic projection is also Moebius minimal, known for
n = 3 (cf. [2], pp24). Finally we use the relations between Moebius invariants
to classify all surfaces inS3 with vanishing Moebius form. We show that the
image inR3 of such surface unter a stereographic projection is Moebius
equivalent to a circular cylinder, or a torus of revolution, or a circular cone
(cf. Theorem 5.1).
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1. The Moebius metric for submanifold in Sn

Let Rn+2
1 be the Lorentz spaceRn+2 with the inner product〈 , 〉 given by

〈X, Y 〉 := −x0y0 + x1y1 + · · · + xn+1yn+1, (1.1)

whereX = (x0, x1, · · · , xn+1), Y = (y0, y1, · · · , yn+1) ∈ Rn+2. We denote
by Cn+1

+ the half cone inRn+2
1 and byQn the quadric inRPn+1 :

Cn+1
+ := {X ∈ Rn+2

1 | 〈X,X〉 = 0, x0 = p(X) > 0}, (1.2)

Qn := {[X] ∈ RPn+1 | 〈X,X〉 = 0}, (1.3)

wherep : Rn+2
1 → R is the projection ofX to its first coordinatex0. Let

O(n + 1, 1) be the Lorentz group ofRn+2
1 keeping the inner product〈, 〉

invariant. ThenO(n+ 1, 1) is a transformation group onQn defined by

T([X]) := [XT], X ∈ Cn+1
+ ,T ∈ O(n+ 1, 1).

A classical theorem states that

Theorem 1.1. Two submanifoldsx, x̃ : M → Sn are Moebius equivalent if
and only if there existsT ∈ O(n+ 1, 1) such that[1, x̃] = T([1, x]) : M →
Qn.

Let x : M → Sn be a m-dimensional submanifold inSn. We defineX =
[1, x] : M → Qn. For any local liftZ of the standard projectionπ : Cn+1

+ →
Qn we get a local lifty := Z ◦X of X : M → Qn. Such lifty exists around
each point ofM .

Let y : U → Cn+1
+ be a lift ofX = [1, x] : M → Qn defined in an

open subsetU of M . Then we havey = λ(1, x) for some smooth positive
functionλ : U → R. Thus〈dy, dy〉 = λ2dx · dx is a metric conformal to
the induced metricdx · dx of x : M → Sn. We denote by∇, 1 andκ the
gradient, the Laplacian operator and the normalized scalar curvature of the
metric〈dy, dy〉. Then we have

Theorem 1.2. The 2-form

g := (〈1y,1y〉 −m2κ) 〈dy, dy〉 (1.4)

is a globally defined Moebius invariant ofx : M → Sn. Moreover,g is
positive definite at any non-umbilic point ofM .

Proof. Let ỹ be another lift of [1, x] defined on an open setV of M with
U∩V 6= φ. We denote bỹ1 andκ̃ the Laplacian operator and the normalized
scalar curvature of〈dỹ, dỹ〉. Then we can find a smooth functionτ : U∩V →
R such that̃y = eτy onU ∩ V . Since〈y, y〉 = 0 and〈dy, y〉 = 0 we have

〈dỹ, dỹ〉 = e2τ 〈dy, dy〉 . (1.5)
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Let {u1, u2, · · · , un} be a local coordinate system inU ∩V . For any function
F : M → R we denote byFi the derivative∂F

∂ui
. Then we have

〈dy, dy〉 =
m∑

i,j=1

〈
yi, yj

〉
dui ⊗ duj :=

m∑
i,j=1

gijdu
i ⊗ duj . (1.6)

We denote by(gij ) the inverse matrix of(gij ), by {0kij }, {0̃kij } the Levi-Civita
connection of〈dy, dy〉 and〈dỹ, dỹ〉 respectively. By a direct calculation we
have

0̃kij = 0kij + τiδ
k
j + τj δ

k
i −

m∑
λ=1

τλg
kλgij ; (1.7)

κ̃ = e−2τ (κ − 2

m
1τ − m− 2

m
‖∇τ‖2); (1.8)

1̃ỹ = e−τ

(1τ + (m− 1)‖∇τ‖2)y +1y +m

m∑
i,k=1

τig
kiyk

 . (1.9)

Sincegij = 〈
yi, yj

〉
, we have

〈
Hess(y)ij , yk

〉
:=
〈
yij −

m∑
λ=1

0λijyλ, yk

〉

= 〈yij , yk〉− 1

2
((gkj )i + (gki)j − (gij )k) = 0.

In particular we get

〈1y, yk〉 = 0, 1 ≤ k ≤ m. (1.10)

Using (1.6) we get

〈1y, y〉 =
m∑

i,j=1

gij

〈
yij −

m∑
λ=1

0λijyλ, y

〉
=

m∑
i,j=1

gij
〈
yij , y

〉
= −

m∑
i,j=1

gij
〈
yi, yj

〉 = −m.
(1.11)

It follows from (1.9) and (1.10) that〈
1̃ỹ, 1̃ỹ

〉
= e−2τ {〈1y,1y〉 − 2m1τ −m(m− 2)‖∇τ‖2} . (1.12)

Thus (1.5), (1.8) and (1.12) yield(〈
1̃ỹ, 1̃ỹ

〉
−m2κ̃

)
〈dỹ, dỹ〉 = (〈1y,1y〉 −m2κ) 〈dy, dy〉 . (1.13)
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From (1.13) and Theorem 1.1 we know that the 2-formg defined by (1.4) is a
globally defined Moebius invariant ofx : M → Sn. To show thatg is positive
definite at any non-umbilical point we takey := (1, x) . Let {e1, e2, · · · , em}
be an orthonormal basis forTM with dual basis{θ1, θ2, · · · , θm} and let
{em+1, · · · , en} be an orthonormal basis to the normal bundle ofx in Sn. We
write the second fundamental formII of x as

II =
n∑

α=m+1

m∑
i,j=1

hαij θi ⊗ θj eα.

Then from the structure equations forx : M → Sn we have

1x =
n∑

α=m+1

(

m∑
i=1

hαii)eα −mx. (1.14)

From (1.13) and the Gauss equation we get

〈1y,1y〉 −m2κ

=
n∑

α=m+1

(
m∑
i=1

hαii

)2

+m2

−m2

1 + 1

m(m− 1)
(

n∑
α=m+1

(

m∑
i=1

hαii)
2 −

n∑
α=m+1

m∑
i,j=1

(hαij )
2)


= m

m− 1

 n∑
α=m+1

m∑
i,j=1

(hαij )
2 − 1

m

n∑
α=m+1

(
m∑
i=1

hαii

)2


= m

m− 1

∥∥∥∥II − 1

m
tr(II )I

∥∥∥∥2

,

(1.15)

whereI := dx · dx is the first fundamental form ofx. This shows thatg
is positive definite at any non-umbilical point and thatg = 0 at umbilical
points. ut
Definition 1.3. The metricg defined by (1.4) is called the Moebius metric
for x : M → Sn.

2. Moebius invariants for submanifolds inSn

In this section we assume thatx : M → Sn is a connected submanifold
without umbilical point. Since in this case the Moebius metricg is positive
definite, there exist a unique liftY : M → Cn+1

+ of [1, x] : M → Qn such
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thatg = 〈dY, dY 〉. We callY the canonical lift of [1, x]. By takingy := Y

in (1.4) we get
〈1Y,1Y 〉 = 1 +m2κ. (2.1)

Let {E1, E2, · · · , Em} be a local orthonormal basis forg with dual basis
{ω1, ω2, · · · , ωm}. For any functionF : M → R we denote byFi the partial
derivativeEi(F ). Then fromg = 〈dY, dY 〉 we get〈

Yi, Yj
〉 = δij , 1 ≤ i, j ≤ m. (2.2)

We define

N = − 1

m
1Y − 1

2m2
〈1Y,1Y 〉Y. (2.3)

From the facts (cf. (1.10), (1.11)) that

〈Y, Y 〉 = 0, 〈Y, dY 〉 = 0, (2.4)

〈1Y, Y 〉 = −m, 〈1Y, Yk〉 = 0, 1 ≤ k ≤ m, (2.5)

one can easily verify that

〈N, Y 〉 = 1, 〈N,N〉 = 〈N, Yk〉 = 0, 1 ≤ k ≤ m. (2.6)

Thus span{N, Y } ⊥ span{Y1, · · · , Ym}. We define

V = {span{N, Y } ⊕ span{Y1, · · · , Ym}}⊥. (2.7)

ThenV is a positive definite subspace ofRn+2
1 such that

Rn+2
1 = span{N, Y } ⊕ span{Y1, · · · , Ym} ⊕ V. (2.8)

We callV the Moebius normal bundle forx : M → Sn.
Let {Em+1, · · · , En} be a local orthonormal basis for the bundleV over

M . Then{Y,N, Y1, · · · , Ym,Em+1, · · · , En} forms a moving frame inRn+2
1

alongM . By using the range of indices:

1 ≤ i, j, k, λ ≤ m; m+ 1 ≤ α, β, γ ≤ n;
and (2.4), (2.6) we can write the structure equations as follows:

dY =
∑
i

ωiYi; (2.9)

dN =
∑
i

ψiYi +
∑
α

φαEα; (2.10)

dYi = −ψiY − ωiN +
∑
j

ωijYj +
∑
α

ωiαEα; (2.11)

dEα = −φαY −
∑
i

ωiαYi +
∑
β

ωαβEβ; (2.12)
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where{ψi, ωij , ωiα, φα, ωαβ} are 1-forms onM with ωij = −ωji andωαβ =
−ωβα. By exterior differentiation of these equations we get∑

i

ωi ∧ ψi = 0;
∑
i

ωiα ∧ ωi = 0; (2.13)

dωi =
∑
j

ωij ∧ ωj ; (2.14)

dψi −
∑
j

ωij ∧ ψj =
∑
α

ωiα ∧ φα; (2.15)

dφα −
∑
β

ωαβ ∧ φβ = −
∑
i

ωiα ∧ ψi; (2.16)

dωij −
∑
k

ωik ∧ ωkj = −
∑
α

ωiα ∧ ωjα − ωi ∧ ψj − ψi ∧ ωj ; (2.17)

dωiα −
∑
β

ωiβ ∧ ωβα −
∑
j

ωij ∧ ωjα + ωi ∧ φα = 0; (2.18)

dωαβ −
∑
γ

ωαγ ∧ ωγβ = −
∑
i

ωiα ∧ ωiβ. (2.19)

By (2.13) and the Cartan’s Lemma we can write

ψi =
∑
j

Aijωj , Aij = Aji; ωiα =
∑
j

Bαijωj , B
α
ij = Bαji; (2.20)

where{Aij } and{Bαij } are locally defined functions. It is clear that

A :=
∑
i,j

Aijωi ⊗ ωj ; B :=
∑
α

∑
ij

Bαijωi ⊗ ωjEα; (2.21)

8 :=
∑
α

φαEα =
∑
iα

Cαi ωiEα (2.22)

are Moebius invariants. We will callB the Moebius second fundamental from
of x and8 the Moebius form ofx. We define

dCαi +
∑
j

Cαj ωji +
∑
β

C
β

i ωβα =
∑
j

Cαi,jωj . (2.23)

dAij +
∑
k

Aikωkj +
∑
k

Akjωki =
∑
k

Aij,kωk. (2.24)

dBαij +
∑
k

Bαikωkj +
∑
k

Bαkjωki +
∑
β

B
β

ijωβα =
∑
k

Bαij,kωk. (2.25)

dωij −
∑
k

ωik ∧ ωkj = −1

2

∑
kλ

Rijkλωk ∧ ωλ, Rijkλ = −Rijλk; (2.26)
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dωαβ −
∑
γ

ωαγ ∧ ωγβ = −1

2

∑
ij

Rαβijωi ∧ ωj , Rαβij = −Rαβji . (2.27)

Then (2.15)–(2.19) are equivalent to the following equations:

Aij,k − Aik,j =
∑
α

(BαikC
α
j − BαijC

α
k ); (2.28)

Cαi,j − Cαj,i =
∑
k

(BαikAkj − BαkjAki); (2.29)

Bαij,k − Bαik,j = δijC
α
k − δikC

α
j ; (2.30)

Rijkλ =
∑
α

(BαikB
α
jλ−BαiλBαjk)+(δikAjλ+δjλAik−δiλAjk−δjkAiλ); (2.31)

Rαβij =
∑
k

(BαikB
β

kj − B
β

ikB
α
kj ). (2.32)

By (2.11) we have

1Y = −tr(A)Y −mN +
∑
α

∑
i

BαiiEα.

It follows from (2.1) and (2.3) that

tr(A) = 1

2m
(1 +m2κ);

∑
i

Bαii = 0. (2.33)

By taking trace in (2.30) and (2.31) we get

−
∑
j

Bαij,j = (m− 1)Cαi ; (2.34)

Rij = −
∑
α

∑
k

BαikB
α
kj + tr(A)δij + (m− 2)Aij . (2.35)

Taking trace in (2.35) and using (2.33) we get∑
α

∑
ij

(Bαij )
2 = m− 1

m
. (2.36)

From (2.34) and (2.35) we know that in casem ≥ 3 all coefficients in the PDE
system (2.9)–(2.12) are determined by the Moebius metricg, the Moebius
second fundamental formB and the normal connection∇∗ := {ωαβ} in the
Moebius normal bundleV.
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3. Fundamental theorem for hypersurfaces inSn

In this section we give the relations between the Moebius invariants intro-
duced in §2 andSO(n + 1)-invariants ofx : M → Sn. We give also a
Moebius fundamental theorem for hypersurfaces inSn.

Let x : M → Sn be a submanifold without umbilical point inSn. Let
{e1, e2, · · · , em} be a local orthonormal basis forTM with respect todx ·dx.
Let {θ1, θ2, · · · , θm} be its dual basis. Let{em+1, · · · , en} be a local orthonor-
mal basis for the normal bundleN(M ) of x in Sn. We write the second
fundamental formII and the mean curvature vectorH of x by

II =
∑
α

∑
ij

hαij θi ⊗ θj eα, H = 1

m

∑
α

∑
i

hαiieα :=
∑
α

Hαeα. (3.1)

Then we have the structure equations forx : M → Sn:

dx =
∑
i

θiei(x); (3.2)

d(ei(x)) =
∑
j

θij ej (x)+
∑
α

∑
j

hαij θj eα − θix; (3.3)

deα = −
∑
ij

hαij θj ei +
∑
β

θαβeβ; (3.4)

where{θαβ} is the normal connection ofx in N(M ). SinceY = ρ(1, x) for

ρ :=
√

m

m− 1
‖II − 1

m
tr(II )I‖,

we have
ei(Y ) = ei(logρ)Y + ρ(0, ei(x)). (3.5)

Thus{Ei := ρ−1ei} is a local orthonormal basis for the Moebius metricg.
From (3.5) we get

dYi =(0, dei) (modY, Yk)

=
∑
j

(
0,
∑
α

hαij eα − δij x

)
ρ−1ωj (modY, Yk). (3.6)

Thus we have

1Y = mρ−1

(
0,
∑
α

Hαeα − x

)
(modY, Yk). (3.7)

We define
Eα = (Hα, eα +Hαx); m+ 1 ≤ α ≤ n. (3.8)
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Then we have

〈Eα, Y 〉 = 〈Eα, Yk〉 = 〈Eα,1Y 〉 = 0,
〈
Eα,Eβ

〉 = δαβ. (3.9)

Thus{Eα} is a local orthonormal basis for the Moebius normal bundleV.
From (3.6), (3.8) and (2.11) we get

Bαij = ρ−1(hαij −Hαδij ), (3.10)

where{Bαij } are the components of the tensorB with respect to{Ei}. Thus
we have

B =
∑
α

∑
ij

ρ(hαij −Hαδij )θi ⊗ θj (H
α, eα +Hαx). (3.11)

From (3.8) we have

dEα = (dHα, deα + dHαx +Hαdx). (3.12)

Thus we get
ωαβ = 〈

dEα,Eβ
〉 = 〈

deα, eβ
〉 = θαβ. (3.13)

Therefore, the bundle mapf : N(M) → V defined by

f (eα) := (Hα, eα +Hαx)

preserves the inner product and the connection. In particular, the normal
connection{θαβ} in N(M ) is a Moebius invariant.

By a direct calculation we get the following expression of the Moebius
invariantsA and8 := ∑

iα C
α
i ωiEα:

Aij = − ρ−2

(
Hessij (logρ)− ei(logρ)ej (logρ)−

∑
α

Hαhαij

)

− 1

2
ρ−2

(
|∇ logρ|2 − 1 +

∑
α

(Hα)2

)
δij ; (3.14)

Cαi = −ρ−2

Hα
,i +

∑
j

(hαij −Hαδij )ej (logρ)

 ; (3.15)

where{Hessij } and{Hα
,i } are Hessian-Matrix ofdx · dx and the covariant

derivative of the mean curvature vector field ofx in the normal bundleN(M)
(with respect to the basis{ei} and{eα}).

Now we consider the case thatx : M → Sn is a hypersurface, i.e.m =
n− 1. In this case we get from (3.10) that

S := ρ−1(S −Hid) =
∑
ij

BnijωiEj , (3.16)
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whereS is the Weingarten operator forx : M → Sn. It follows from (3.12)
thatρ−1(S − Hid) is a Moebius invariant which determines the tensorB.
We call ρ−1(S − Hid) the Moebius shape operator ofx. Since form =
n− 1 ≥ 3 all coefficients of the PDE system (2.9)–(2.12) are determined by
{g, ρ−1(S −Hid)}, we get the following theorem:

Theorem 3.1. Two hypersurfacex, x̃ : M → Sn (n ≥ 4) are Moebius
equivalent if and only if there exists a diffeomorphsimσ : M → M which
preserves the Moebius metricg and the Moebius shape operatorS = ρ−1(S−
Hid).

Remark 3.2.In case n=3 a complete Moebius invariant system is given in
[10].

4. The first variation of the Moebius volume functional

Let x0 : M → Sn be a compact submanifold with boundary∂M . We denote
by dM0 the volume form ofx0 with respect to the metricdx0 · dx0. Then we
define the generalized Willmore functionalW as the volume functional of
the Moebius metricg:

W(M ) :=
(

m

m− 1

)m
2
∫
M

‖II −HI‖mdM0 = V olg(M ), (4.1)

whereI = dx0 · dx0, II andH is the first, the second fundamental form and
the mean curvature vector ofx0 in Sn respectively. In this section we assume
thatx0 has no umbilical point.

Let x : M × R → Sn be a smooth variation ofx0 such thatx(·, t) = x0

anddxt (TM) = dx0(TM) on∂M for each (small)t . We call such variation
an admissible variation ofx0. We note that the two boundary conditions for
an admissible variation disappear if∂M = φ. For eacht we denote by{ei}
a local orthonormal basis forTM with respect todxt · dxt with dual basis
{θi} and by{eα} a local orthonormal basis for the normal bundle ofxt . Let
Y = ρ(1, x) : M × R → Cn+1

+ be the canonical lift ofxt andgt = 〈dY, dY 〉
be the Moebius metric ofxt . Let {Ei := ρ−1ei} be a local orthonormal basis
for gt with dual basis{ωi = ρθi}. Using the Laplacian operator1 of gt and
(2.3) we can define the mapN : M ×R → Rn+2

1 . Let{Eα} be the orthonormal
basis for the Moebius normal bundleVt of xt defined by (2.7). We denote by
d the differential operator onM ×R. Since{Y,N, Yi, Eα} is a moving frame
alongM × R, we can find 1-forms

{V, Vα,9i,8α,�i,�ij ,�iα,�αβ}
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onM × R with �ij = −�ji and�αβ = −�βα such that

dY = V Y +
∑
i

�iYi +
∑
α

VαEα; (4.2)

dN = −VN +
∑
i

9iYi +
∑
α

8αEα; (4.3)

dYi = −9iY −�iN +
∑
j

�ijYj +
∑
α

�iαEα; (4.4)

dEα = −8αY − VαN −
∑
i

�iαYi +
∑
β

�αβEβ. (4.5)

Taking the differential of (4.2)–(4.5) we get

dV =
∑
i

9i ∧�i +
∑
α

8α ∧ Vα; (4.6)

d�i =
∑
j

�ij ∧�j + V ∧�i −
∑
α

Vα ∧�iα; (4.7)

dVα =
∑
β

�αβ ∧ Vβ +
∑
i

�i ∧�iα + V ∧ Vα; (4.8)

d9i =
∑
j

�ij ∧9j −
∑
α

8α ∧�iα +9i ∧ V ; (4.9)

d8α =
∑
β

�αβ ∧8β +
∑
i

9i ∧�iα +8α ∧ V ; (4.10)

d�ij =
∑
k

�ik ∧�kj −
∑
α

�iα ∧�jα −9i ∧�j −�i ∧9j ; (4.11)

d�iα =
∑
j

�ij ∧�jα +
∑
β

�iβ ∧�βα −9i ∧ Vα −�i ∧8α; (4.12)

d�αβ =
∑
γ

�αγ ∧�γβ −
∑
i

�iα ∧�iβ −8α ∧ Vβ − Vα ∧8β. (4.13)

SinceY = ρ(1, x), if we write the variation vector field ofx in T Sn by

∂x

∂t
= ρ−1

(∑
i

viei +
∑
α

vαeα

)
, (4.14)

then by (3.5) and (3.8) we can find a functionv : M × R → R such that

∂Y

∂t
= vY +

∑
i

viYi +
∑
α

vαEα. (4.15)
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From (4.2) and the fact thatd = ∑
i ωiEi + dt ∂

∂t
onC∞(M × R) we get

V = vdt; Vα = vαdt; �i = ωi + vidt. (4.16)

SinceT ∗(M × R) = T ∗M ⊕ T ∗(R), we have the decomposition

9i = ψi + aidt; 8α = φα + bαdt; (4.17)

�ij = ωij + Pijdt; �iα = ωiα + Liαdt; �αβ = ωαβ +Qαβdt, (4.18)

where{ai, bα, Pij , Liα,Qαβ} are local functions withPij = −Pji andQαβ =
−Qβα. We denote bydM the differential operator onT ∗M , then we have
d = dM+dt∧ ∂

∂t
onT ∗M ⊕T ∗(R). Using (4.7), (4.16), (4.18) and comparing

the terms inT ∗M ∧ dt we get

∂ωi

∂t
=
∑
j

(
vi,j + Pij + vδij −

∑
α

vαB
α
ij

)
ωj , (4.19)

where{vi,j } is the covariant derivative of
∑

i viEi with respect togt . Here we
have used the notations of Moebius invariants{Bαij , Aij , Cαi } for xt defined
by §2. By the same way we get from (4.8) and (4.12) that

Liα = vα,i +
∑
j

vjB
α
ij ; (4.20)

∂ωiα

∂t
=

∑
j

Liα,j+∑
k

PikB
α
kj−

∑
β

B
β

ijQβα+Aijvα+bαδij−viCαj

ωj ,
(4.21)

where {vα,i} and {Liα,j } are covariant derivatives of
∑

α vαEα and∑
iα LiαωiEα respectively. Using (4.21), (4.19), (4.20) and the second equa-

tion of (2.20) and (2.33) we get

∂Bαij

∂t
+ vBαij =vα,ij +

∑
k

vkB
α
ik,j +

∑
k

(PikB
α
kj − PkjB

α
ik)

−
∑
β

B
β

ijQβα +
∑
kβ

vβB
α
ikB

β

kj + Aijvα + bαδij − viC
α
j .

(4.22)

It follows from (2.36) that

m− 1

m
v =

∑
ijα

Bαij vα,ij +
∑
αβ

∑
ijk

BαikB
α
ijB

β

kjvβ +
∑
ijα

AijB
α
ij vα

+
∑
ijkα

vkB
α
ik,jB

α
ij −

∑
ijα

viC
α
j B

α
ij . (4.23)
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From (2.30) and (2.36) we get∑
ijkα

vkB
α
ik,jB

α
ij =

∑
ijα

viC
α
j B

α
ij .

Thus we get from (4.23) that

m− 1

m
v =

∑
ijα

Bαij vα,ij +
∑
αβ

∑
ijk

BαikB
α
ijB

β

kjvβ +
∑
ijα

AijB
α
ij vα. (4.24)

Now we calculate the variation of

V (t) = V ol(gt ) =
∫
M

ω1 ∧ ω2 ∧ · · · ∧ ωm =
∫
M

dM,

wheredM is the volume form forgt . From (4.19) and (4.24) we get

V ′(t) =
∫
M

(∑
i

vi,i +mv

)
dM = m

∫
M

vdM

= m2

m− 1

∫
M

∑
ijα

Bαij vα,ij +
∑
αβ

∑
ijk

BαikB
α
ijB

β

kjvβ +
∑
ijα

AijB
α
ij vα

 dM.
(4.25)

From the fact thatx(·, t) = x0 anddxt (TM ) = dx0(TM ) on ∂M for all
small t , we know that at each point on∂M we havevi = vα = 0 and

0 = ∂

∂t
(dxt ) = d

(
∂x

∂t

)
= ρ−1

(∑
i

dviei +
∑
α

dvαeα

)
.

Thus we get alsovα,i = 0 on∂M . It follows from (4.25) and Green’s formula
that

V ′(t) = m2

m− 1

∫
M

∑
α

∑
ij

Bαij,ij

+
∑
β

∑
ijk

B
β

ikB
β

ijB
α
kj +

∑
ij

AijB
α
ij

 vαdM.
(4.26)

It follows from (4.14) and (4.26) that

Theorem 4.1. The volume variation of the Moebius metric depends only
on the normal component of the variation vector field. A submanifoldx :
M → Sn is a Moebius minimal submanifold (i.e. a critical submanifold to
the Moebius volume functional) if and only if∑
ij

Bαij,ij +
∑
β

∑
ijk

B
β

ikB
β

ijB
α
kj +

∑
ij

AijB
α
ij = 0, m+ 1 ≤ α ≤ n. (4.27)
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Using (2.34) and (2.35) we can write the Euler–Lagrange equations (4.27) as∑
i

Cαi,i +
∑
ij

(
1

m− 1
Rij − Aij

)
Bαij = 0, m+ 1 ≤ α ≤ n. (4.28)

Theorem 4.2. Any minimal surface inSn is also Moebius minimal.

Proof. Letx : M → Sn be a surface inSn. Let{e1, e2} be a local orthonormal
basis ofdx ·dx and{eα} a local orthonormal basis for the normal bundle. We
use the notations in §2 and §3. From (3.10) and (3.14) we get∑

ij

AijB
α
ij = −

∑
ij

ρ−2(Hessij (logρ)− ei(logρ)ej (logρ))Bαij (4.29)

+ ρ−1
∑
ijβ

HβB
β

ijB
α
ij .

Since we have the following relations of connections

ωij = θij + ei(logρ)θj − ej (logρ)θi; ωαβ = θαβ,

a direct calculation implies∑
i

Cαi,i = −
∑
ij

ρ−2(Hessij (logρ)− ei(logρ)ej (logρ))Bαij − ρ−31Hα,

(4.30)
where1Hα := ∑

i H
α
,ii . Thus we have

∑
i

Cαi,i −
∑
ij

AijB
α
ij = −ρ−3

1Hα + ρ2
∑
ijβ

HβB
β

ijB
α
ij

 . (4.31)

If x is a minimal surface, that isHα ≡ 0 andRij = κδij , we know from
(4.28) and (4.31) thatx is Moebius minimal. ut
Theorem 4.3. Letu : M → Rn be a minimal surface inRn. Letσ : Rn → Sn
be the inverse of a stereographic projection. Thenx := σ ◦ u : M → Sn is
Moebius minimal.

Proof. We may assume thatσ is the inverse of the stereographic projection
from the point(0, · · · , 0,−1) given by

σ(u) =
(

2u

1 + ‖u‖2
,

1 − ‖u‖2

1 + ‖u‖2

)
, u ∈ Rn. (4.32)

Then we have

dx · dx = 4

(1 + ‖u‖2)2
du · du. (4.33)
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Let {ẽ1, ẽ2} be a local orthonormal basis forTM with respect todu · du and
{ẽα} a local orthonormal basis for the normal bundle ofu. We denote by{h̃αij }
the second fundamental form ofu with respect to{ẽi , ẽα} and by

∑
α H̃

αẽα
the mean curvature vector ofu. Then the basis{ei} and{eα} defined by

ei = 1 + ‖u‖2

2
ẽi , eα = 1 + ‖u‖2

2
dσ(ẽα) (4.34)

is a local orthonormal basisTM with respect todx ·dx and the normal bundle
of x respectively. We use the notations in §2 and §3 forx = σ ◦ u. Then we
have the following relations between the second fundamental form ofx and
u:

hαij = 1 + ‖u‖2

2
h̃αij + ẽα · uδij , Hα = 1 + ‖u‖2

2
H̃ α + ẽα · u. (4.35)

Let {θij } and{θαβ} (resp.{θ̃ij } and{θ̃αβ}) be the Levi-Civita connection and
the normal connection ofx : M → Sn (resp.u : M → Rn) with respect to
{ei, eα} (resp.{ẽi , ẽα}). Then we have

θij = θ̃ij + 2u · ẽj (u)
1 + ‖u‖2

θ̃i − 2u · ẽi(u)
1 + ‖u‖2

θ̃j , θαβ = θ̃αβ, (4.36)

where{θ̃1, θ̃2} is the dual basis for{ẽi}. Now let1 and 1̃ be the Lapla-
cian operator with respect tox andu respectively. Then by a staightforward
calculation we get

1Hα + ρ2
∑
ijβ

HβB
β

ijB
α
ij

=
(

1 + ‖u‖2

2

)3
1̃H̃ α +

∑
ijβ

H̃ β(h̃
β

ij − H̃ βδij )h̃
α
ij

 .
(4.37)

Thus Theorem 4.3 follows from (4.31) and (4.37).ut
Remark 4.4.Let u : Mm → Rn be a submanifold inRn. Then

g̃ := m

m− 1

∑
ijα

(h̃αij )
2 −m

∑
α

(H̃ α)2

 du · du

is a Moebius invariant metric inRn. In case m=2 the Euler-Lagrange equations
to the variation of the volume functional ofg̃ is given by

1̃H̃ α +
∑
ijβ

H̃ β(h̃
β

ij − H̃ βδij )h̃
α
ij = 0. (4.38)
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5. Special Moebius surfaces inS3

In this section we use the formulas given by §2 to classify all surfaces inS3

with vanishing Moebius form8 := φα defined by (2.22).
Let x : M → S3 be a surface without umbilic point. We assume that for

x the Moebius form8 ≡ 0. We use the notations in §2 and omit allα and
β in the formulas because the codimension now is one. Since the Moebius
shape operatorS for a surface has eigenvalues1

2 and−1
2, we can find an

orthonormal basis{E1, E2} of the Moebous metricg such that

B11 = 1

2
, B12 = B21 = 0, B22 = −1

2
. (5.1)

From the assumption thatφ = ∑
i Ciωi ≡ 0, we know from (2.30) that

{Bij,k} are totally symmetric. Since

dBij +
∑
k

Bkjωki +
∑
k

Bikωkj =
∑
k

Bij,kωk, (5.2)

we getB11,2 = B22,1 = 0. By takingi = 1 andj = 2 in (5.2) we getω12 = 0.
Thus the Moebius metricg is flat. From (2.29) we know that the matrices
(Aij ) and(Bij ) commute, which implies that

A11 = a, A12 = A21 = 0, A22 = b. (5.3)

Let (u, v) be a coordinate system forM such thatE1 = ∂
∂u

andE2 = ∂
∂v

,
then by (2.28) we know thata depends only onu andb depends only onv.
Moreover, from (2.33) we havea + b = 1

4, which implies thata andb are
constant. Thus we can write the structure equations (2.9)–(2.12) as

Nu = aYu, Nv = bYv; (5.4)

Yuu = −aY −N + 1

2
E, Yuv = 0, Yvv = −bY −N − 1

2
E; (5.5)

Eu = −1

2
Yu, Ev = 1

2
Yv. (5.6)

By (5.4) and (5.5) we know thatY = f (u) + g(v) for some 1-variable
functionsf andg, which satisfy

f ′′′(u)+
(

2a + 1

4

)
f ′(u) = 0, g′′′(v)+

(
2b + 1

4

)
g′(v) = 0. (5.7)

We definer = 2a+ 1
4, then 2b+ 1

4 = 1−r. By exchanginguandv if necessary
we may assume thatr ≤ 1

2. Thus we have to consider the following three
case: (i)r = 0; (ii) 0 < γ ≤ 1

2 ; (iii) r < 0.
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In case (i) we can easily get a unique adapted solution (up to transforma-
tions inO(4, 1)):

Y =
(

1

2
u2 + 1, cosv, sinv, u,−1

2
u2

)
. (5.8)

From the fact thatY = ρ(1, x), we get the surface

x = 1

u2 + 2
(2 cosv, 2 sinv, 2u,−u2), (5.9)

whose imgae unter the stereographic projection from the point(0, 0, 0,−1)
is the circular cylinder{(cosv, sinv, u), (u, v) ∈ R2}.

In case (ii) we get a unique adapted solution (up to transformations in
O(4, 1)):

Y =
(

1√
r(1 − r)

,
1√

1 − r
cos

(√
1 − rv

)
,

1√
1 − r

sin
(√

1 − rv
)
,

1√
r

cos
(√
ru
)
,

1√
r

sin
(√
ru
))
. (5.10)

The corresponding surface inS3 is the flat torus

x =
(√

r cos
(√

1 − rv
)
,
√
r sin

(√
1 − rv

)
,

√
1 − r cos

(√
ru
)
,
√

1 − r sin
(√
ru
))
.

(5.11)

In case (iii) we get a unique adapted solution (up to transformations in
O(4, 1)):

Y =
(

1√−r cosh
(√−ru) , 1√

1 − r
cos

(√
1 − rv

)
1√

1 − r
sin
(√

1 − rv
)
,− 1√

r(r − 1)
,

1√−r sinh
(√−ru)). (5.12)

The corresponding surface inS3 is given by

x = 1

cosh
(√−ru)

(√
r

r − 1
cos

(√
1 − rv

)
,√

r

r − 1
sin
(√

1 − rv
)
,− 1√

1 − r
, sinh

(√−rv)), (5.13)
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whose image unter the stereographic projection from the point(0, 0, 0,−1)
is the circular cone{

e−
√−ru

(√
r

r − 1
cos

(√
1 − rv

)
,

√
r

r − 1
sin
(√

1 − rv
)
,

− 1√
1 − r

)
, (u, v) ∈ R2

}
in R3.

Thus we have the following classification theorem:

Theorem 5.1. Any surface inS3 with vanishing Moebius invariant8 := φα
defined by (2.22) is Moebius equivalent to one of the surfaces given by (5.9),
(5.11) and (5.13).
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