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Abstract. Let £ be a prime number different from the residue characteristic of a non-
archimedean local field F. We give formulations of ¢-adic local Langlands correspondences
for connected reductive algebraic groups over F, which we conjecture to be independent of
a choice of an isomorphism between the ¢-adic coefficient field and the complex number
field.

Introduction

The local Langlands correspondence for a connected reductive algebraic group over
anon-archimedean local field F is usually formulated with coefficients in C because
of its relation with automorphic representations. On the other hand, when we discuss
arealization of the local Langlands correspondence in £-adic cohomology, we need
a correspondence over Q,, where £ is a prime number different from the residue
characteristic of F'. We can take an isomorphism ¢: C > Q; and use it to transfer
the local Langlands correspondence over C to a local Langlands correspondence
over Q. However, the obtained correspondence over Q, depends on the choice of «.
In [5], Bushnell-Henniart formulated an ¢-adic local Langlands correspondence for
GL,, which is independent of a choice of an isomorphism C > Q, by making some
twists of L-parameters. The £-adic local Langlands correspondence is suitable to
describe the non-abelian Lubin—Tate theory in the sense that it is canonically defined
over Q (cf. [16, 5]).

In this paper, we discuss formulations of ¢-adic local Langlands correspon-
dences for general connected reductive groups. A natural idea is to make similar
twists as GLp-case for L-parameters. However, we can not make such twists in
general as explained in Example 2.1. A problem is that we do not have enough
space inside the Langlands dual group to make an appropriate twist. To overcome
this problem, we have two approaches. One is to introduce £-adic C-parameters
using C-groups, which make spaces for twists. Another is to introduce Tannakian
£-adic L-parameters that incorporate necessary twists in the realizations. Using
these parameters, we formulate £-adic local Langlands correspondences, which we

conjecture to be independent of a choice of an isomorphism C > Q. We show

N. Imai (X): Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1
Komaba, Meguro-ku, Tokyo 153-8914, Japan. e-mail: naoki@ms.u-tokyo.ac.jp

Mathematics Subject Classification Primary 11F70 - Secondary 11F80

https://doi.org/10.1007/s00229-024-01582-y


http://crossmark.crossref.org/dialog/?doi=10.1007/s00229-024-01582-y&domain=pdf
http://orcid.org/0000-0003-2103-9847

346 N. Imai

that two conjectures formulated by using ¢-adic C-parameters and Tannakian £-
adic L-parameters are equivalent. Further, we confirm that the conjectures are true
for GL, and PGL,,. The formulation of the £-adic local Langlands correspondence
using Tannakian £-adic L-parameters is motivated by the Kottwitz conjecture for
local Shimura varieties in [26, Conjecture 7.4]. In the number field case, a relation
between C-groups and the Kottwitz conjecture for Shimura varieties is discussed
in [17].

In Sect. 1, we recall various versions of L-parameters and explain their relations.
In Sect. 2, after explaining the problem, we give formulations of the ¢-adic local
Langlands correspondences introducing the ¢-adic C-parameter and the Tannakian
{-adic L-parameter.

After we put a former version of this paper on arXiv, related papers [2,30]
appeared on arXiv. [2] also explains a relation between C-groups and the local
Langlands correspondence. In a similar philosophy as this paper, formulations of
Satake isomorphisms using C-groups are explained in [2,30].

Notation

For a field F, let I' 7 denote the absolute Galois group of F. For a non-archimedean
local field F',let Wr and I denote the Weil group of F' and its inertia subgroup. For a
homomorphism¢: G — H of groupsand g € G, let ¢¢ denote the homomorphism
defined by ¢%(g’) = ¢(gg’'g™") for g’ € G. For a group G, let Z(G) denote the
center of G. For a group G, a subgroup H C G and a subset S C G, let Zy(S)
denote the centralizer of S in H. Let Ad denote the adjoint action of a group, and
ad denote the adjoint action of a Lie algebra.

1. Langlands parameters
1.1. Over fields of characteristic zero

Let F be a non-archimedean local field of residue characteristic p. Let g be the
number of elements of the residue field of F. Let vp: F* — 7Z be the normalized
valuation of F. Let

Artp: FX — W

be the Artin reciprocity isomorphism normalized so that a uniformizer is sent to a
lift of the geometric Frobenius element. For w € W, we put

dp(w) = vr(Art' @), Jw| =g "),
where w denotes the image of w in W}b.

Let G be a connected reductive algebraic group over F. Let C be a field of
characteristic 0. Let G be the dual group of G over C. Let G = G x W be the
L-group of G defined in [7, 2.3]. We say that an element of “ G (C) is semisimple
if its image in G(C) x Gal(F’/F) is semisimple for any finite Galois extension F’
over F that splits G. Let pg: LGc) — @(C) denote the projection map.
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Definition 1.1. Let H be a group with action of Wr. Let ¢: H x Wr — LG(C)
be a homomorphism of groups over Wg.

(1) We say that ¢ is semisimple if all the elements of ¢ (W) are semisimple.
(2) We say that ¢ is relevant if any parabolic subgroup P of “G containing Im ¢
is relevant in the sense of [7, 3.3].

We say that two homomorphisms H x Wrp — i G(C) of groups over Wp are
equivalent if they are conjugate by an element of G(C).

We say that a map from Wy to a set is smooth if it is locally constant.

Lemma 1.2. Let ¢: Wr — LG(C) be a homomorphism of groups over Wr such
that pg o ¢ is smooth. Let o, € W be a lift of the q-th power Frobenius element.
Assume that ¢ (o) is semisimple. Then ¢ is semisimple.

Proof. We write w € Wp as oé”a form € Z and o € Ir. Since (pg o ¢)(IF) is
finite, there is a positive integer d such that ¢ ((a(;”a)d) =¢ (og'"). Then the claim
follows, because ¢ (w) is semisimple if and only if d(w)? is semisimple. |

Let WD = G, x W be the Weil-Deligne group scheme over Q for F defined
in [9, 8.3.6].

Definition 1.3. [¢f. [7, 8.2]]
(1) An L-homomorphism of Weil-Deligne type for G over C is a homomorphism

£: WDp(C) - LG(C)

of groups over Wr such that &g, (c) is algebraic and (pg o &)|w, is smooth.
(2) An L-parameter of Weil-Deligne type for G over C is a semisimple relevant
L-homomorphism of Weil-Deligne type for G over C.

Let LZYD(G) denote the set of equivalence classes of L-homomorphisms of
Weil-Deligne type for G over C. Let CD‘CVD (G) denote the set of equivalence classes
of L-parameters of Weil-Deligne type for G over C.

Definition 1.4. (1) A Weil-Deligne L-homomorphism for G over C is a pair (t, N)
of ahomomorphism 7 : Wy — LG (C) of groups over Wy and N € Lie(@)(C)
such that pg o 7 is smooth and Ad(t(w))N = |w|N for w € Wg. The second
component N of a Weil-Deligne L-homomorphism (z, N) is called a mon-
odromy operator. We say that two Weil-Deligne L-homomorphisms for G over
C are equivalent if they are conjugate by an element of G (C).

(2) A Weil-Deligne L-parameter for G over C is a Weil-Deligne L-homomorphism
(r, N) for G over C such that t is semisimple and any parabolic subgroup P
of LG containing (W) and satisfying N € Lie(P N @)(C) is relevant.

Let L%(G) denote the set of equivalence classes of Weil-Deligne L-
homomorphisms for G over C. Let @%(G) denote the set of equivalence classes
of Weil-Deligne L-parameters for G over C.
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Remark 1.5. Let1: C — C’ be an isomorphism of fields of characteristic 0. Then ¢
induces bijections LY¥P(G) =~ LYP(G), dFP(G) =~ PP (G), LY(G) ~ LY(G)
and ®Y(G) ~ oY, (G).

Lemma 1.6. Let (v, N) be a Weil-Deligne L-homomorphism for G over C. Then
N is an nilpotent element of Lie(G4 (C)).

Proof. We take a finite separable extension F’ of F that splits G. By the condition
Ad(z(w))N = |w|N forw € Wg, wehave N € Lie(G%"(C)). Further, the adjoint
endomorphism ad(N) € End(Lie(G%"(C))) satisfies

Ad(t(w)) oad(N) = |w|ad(N) o Ad(t(w))
for w € Wr. Hence N is an nilpotent element. O

Proposition 1.7. For an L-homomorphism of Weil-Deligne type & for G over C, we
put vz = &|w, and Ng¢ = Lie(¢|g,(c))(1). Then & > (t¢, Ng) induces bijections
LYP(G) ~ LY(G) and PP (G) ~ M(G).

Proof. Let (tr, N) be a Weil-Deligne L-homomorphism for G over C. By
Lemma 1.6, there is a unipotent radical U of a Borel subgroup of G such that
N e Lie(U(C)). Then there is an exponential map

exp: Lie(U(C)) - U(C)
as in [27, 2.2]. We define
Ewny: WDE(C) — FG(C)

by &, ny(a, w) = exp(aN)t(w). Then (7, N) > & ) defines the inverses. O

1.2. Over C

Assume that C = C in this subsection.

Definition 1.8. [¢f. [1, 1.2]] An L-parameter for G is a semisimple relevant con-
tinuous homomorphism

¢: SUs(R) x Wr — LG(C)
of groups over Wr.
Let ®(G) denote the set of equivalence classes of L-parameters for G.

Definition 1.9. [¢f. [22, IV.2]] An L-parameter of SL,-type for G is a semisimple
relevant continuous homomorphism

¢: SL2(C) x W — LG(C)

of groups over Wr such that ¢|sp,(c) is algebraic.



Local Langlands correspondences ... 349

Let ®55(G) denote the set of equivalence classes of L-parameters of SL,-type
for G.

Proposition 1.10. The map OSL(G) — D(G) induced by the restriction with
respect to SU>(R) C SLo(C) is a bijection.

Proof. Let ¢: SUr(R) x Wp — LG(C) be an L-parameter for G. Let H be the
centralizer of ¢ (W) in G. Then H is reductive by [21, 10.1.1 Lemma]. We take a
compact real form H, of H such that ¢ (SU2(R)) C Hc(R). Let ¢psy, : SU2(R) —
H:(R) be the restriction of ¢ to SU2(R). The continuous homomorphism ¢sy,
extends to an algebraic morphism ¢sy, : SL2(C) — H(C) uniquely by [25, 5.2.5
Theorem 11], since any continuous homomorphism between real Lie groups are
differentiable. Let ¢St: SL»(C) x Wr — LG (C) be a homomorphism defined by
#s1, and ¢|w,. Then ¢ > ¢S* induces the inverse of the map ®5H(G) — ®(G).

O

Lemma 1.11. Let H be a compact topological group. Let ¢: H — LG(C) be a
continuous homomorphism. Then the centralizer of ¢ (H) in G is reductive.

Proof. Let K be the image of ¢ (H) under Ad: Lg - Aut(a). Then GK is
reductive as in the proof of [21, 10.1.2 Lemma]. Hence we obtain the claim. O

The following is a slight generalization of [11, Proposition 3.5] and [19, 2.4].

Lemma 1.12. Let G be a reductive group over C. Let s be a semisimple element of
G(C) and u be a unipotent element of G(C) such that sus™" = u?. Then there is
an algebraic homomorphism 6 : SL,(C) — G(C) such that

11 0 _
0 ((o 1)) —u, 6 <<"O q—é>> 57! € Zgc)(Imo).

Further, such 0 is unique up to conjugation by Zgc)({s, u}).

Nl—

Proof. The first claim is proved in the same way as [11, Proposition 3.5]. We recall
the argument briefly. We take an algebraic homomorphism 6: SL,(C) — G(C)

such that
11
((o1) -+

We put G’ = G x Gy,. We define
Sgrcy() = {(8.2) € G'(C) | gug ™ = u™),
Sgic)(0) = {(g, z) € g’((C)’ Ad(g) ot =00Ad <<(Z) ZOI))} .

Then we can see that S¢gr(c) (@) is amaximal reductive subgroup of Sg/(c) (1) asin the
proof of [8, Proposition 2.4]. Then any maximal reductive subgroup of Sg/(c) (1) is
conjugate to Sg/(c)(0) by [14, VIIL. Theorem 4.3] (cf. [24, Theorem 7.1]). Hence,

by replacing 6 by its conjugate under Sg/(c) (1), we may assume that (s, q%) €
Sg/(c)(0). Then 0 satisfies the conditions in the first claim.
The second claim is proved in the same way as [19, 2.4 (h)]. |
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Let ¢: SLy(C) x Wr — LG(C) be an L-parameter of SLo-type for G. We
define £5: WDp(C) — LG(C) by

Epla, w) = ¢ ((é C{) <|u;)|2 |w(|)_5> , w) )

We define E: ®31(G) — d¥P(G) by E([4]) = [£4].
The following proposition is proved in [ 10, Proposition 2.2]. We give a different
proof here.

Proposition 1.13. The map E is a bijection.

Proof. Let& be a Weil-Deligne L-parameter for G over C. Let H be the centralizer
of £E(If) in G. Then H is reductive by Lemma 1.11. Take alift o, € W of the g-th
power Frobenius element. Then H is stable under conjugation by & (o), since I
is a normal subgroup of Wr. Take a positive integer mo such that aqm  commutes
with G in ©G and

(pg 0 )0, 650, ™) = (pg 0 £)(0,0)

for any o € Ir. Then (1, 04")% is a normal subgroup of H - £(0,)% C LG. We
put

G = (H-&@)") /(1.oy™)".

Then G is a reductive group, because the identity component of G is equal to the
identity component of H. We view H as an algebraic subgroup of G. Let s be the
image of f;’\ (0, 04) in G(C). Since & is semisimple, the element s is semisimple.
Let u € G(C) be the image of 1 € G4(C) under &. Then u belongs to H(C).
Hence we can view u as an element of G(C). By Lemma 1.12, there is a morphism
0: SLy(C) — G(C) such that

1
11 20 B
’ ((O 1)) - <<q02 ﬁ)) 57! € Zg()(Im ). (1.1)

Since 6 factors through the identity component of G(C), it factors through H(C).
Hence 6 determines a morphism 6z : SL>(C) — G(C). We note that

(%)

commutes with &§(Wp), because it commutes with s by the latter condition in
(1.1) and we have Im60z C H(C). We define ¢ : SL2(C) x Wr — LG(C) by
e lsLyc) = O and

1
—o~ (w2 O
¢ (1, w) =05 (( 0 |w|5>>5(0’ w).
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Let 6" be another choice of 6. Then 0" = Ad(g")0 for some g’ € Zgc)({s, u}) by
Lemma 1.12. Since we have

1
' <(q02 619%» s7 € Zg(o () N Zg(c (s, u))

by (1.1), we may replace ¢’ and assume that g’ € Zy(c)({s, u}). Then g’ commutes
with & (Wr). Hence [¢¢ ] is independent of the choice of 6. We can see that§ +—> [¢ ]
induces the inverse of E. |

Remark 1.14. The bijectivity in Proposition 1.13 does not hold in general if we
drop the Frobenius semisimplicity conditions from the both sides (cf. [6, Example
3.5]).

1.3. Over Q,

Let £ be a prime number different from p. Assume that C = Q, in this subsection.

Definition 1.15. (1) An £-adic L-homomorphism for G is a continuous homomor-
phism

9: Wi — LG @)

of groups over Wr. We say that an £-adic L-homomorphism ¢ for G is
Frobenius-semisimple if ¢(oy) is semisimple for any lift o, € Wp of the
g-th power Frobenius element.

(2) An {-adic L-parameter for G is an Frobenius-semisimple relevant £-adic L-
homomorphism for G.

Let £, (G) denote the set of the equivalence classes of £-adic L-homomorphisms.
Let ®,(G) denote the set of the equivalence classes of £-adic L-parameters of G.
Let tp: I — Z¢(1) be the £-adic tame character. We take an isomorphism

Zy(1) >~ Zy and let

6 =5 7(1) ~ Zy.

Let £ be an L-homomorphism of Weil-Deligne type for G over Q,. We take a lift
o4 € W of the g-th power Frobenius element and define ¢z : Wgp — LG (@) by

veog' o) = ¢ (1}(0), aé"a)
form € Zando € If.

Lemma 1.16. The equivalence class [¢g] € Li(G) of e constructed above is
independent of choices of o4 and an isomorphism Zy(1) == Zy.
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Proof. Let oq’ be another choice of a lift of the ¢-th power Frobenius element. Then
o, = o040’ for some o’ € I'r. We define (pé similarly as ¢¢ using o instead of oy.

q
g=$<t‘z(o),l>.
qg—1

We put
Ad(g)(¢s(0)) = &(1y(0), 0) = ¢ (0)

Then we have

foro € Ir, and
Ad() (¢ () = & (Ad(@e ()8 v (0g) = E(=1{(0"), 0) = ¢} (0.

Hence we have [¢g] = [(pé].
Let

lé/: Ir i) Ze(1) >~ Zy

be a homomorphism obtained from another choice of an isomorphism Z, (1) >~ Z,.
Then we have ¢ = ut; for some u € Z; . Take a positive integer mg such that o;"
commutes with G in G and

(g 08)(0,0,00,™) = (pg 2§)(0,0) (1.2)

for any o € Ip. We put hg = (pg o £)(0,04"°). If §lg,a@, is trivial, there is
nothing to prove. Hence we assume that 5'&(@) is non-trivial. Let Ug be the

algebraic subgroup (E G defined by &£(G, (@4)). Let HAbe the intersection of the
normalizer of Ug in G and the centralizer of £(Wr) in G. We have

Ad(ho)(§(a, 1)) = Ad(E(0;"))((a, 1) = §(¢™a, 1)
fora e Ga(@[) and

Ad(ho)(§(0, 04)) = Ad((1,0,™)) Ad(§(0, 0,"))(6(0, 0¢)) = §(0, o),
Ad(ho)(£(0, 0)) = Ad((1, 0, ))(§(0,0,000,™%) =£(0,0)

for o € I using (1.2). Hence we have hg € H(@Z). The morphism
fiH = Aut(Us) ~ Gy

induced by the adjoint action is surjective, because f (o) = ¢™° is not of finite
order. Hence we can take & € H(Q,) such that f(h) = u. Then we have

Ad(h) (g (zg(o), ag'a)) = (tg(a), a;"a)

form € Z and o € Ir. Therefore [¢¢] is independent of a choice an isomorphism
Zyg(1) >~ Zy. O
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We define ©: E&D(G) — L¢(G) by O([¢]) = [e:].

Proposition 1.17. The map © is a bijection. Further it induces a bijection
@%D(G) — @y(G).
14

Proof. Let ¢ be an £-adic L-homomorphism for G. Take a finite Galois extension
F’ of F such that G splits over F’. Take a representation

n: “G(Qp) — GLa(Qp)
which factors through a faithful algebraic representation
7: G(@p) » Gal(F'/F) — GLy(@)).

Applying Grothendieck’s monodromy theorem (cf. [28, Appendix, Proposition])
to 17 o ¢, we obtain a homomorphism

g6, : WDF(Qg) — GL,(Qy)

such that &g, |Ga @) is algebraic, £gr,, | w, 1s smooth and

o, (11(0). 0)'0) = (o g)(0]'0)

form € Z and o € Ir. Take a finite separable extension F” of F’ such that
§GL, |1, 1s trivial. Since té (Ipnr) is Zariski dense in G, (Qy), the algebraic morphism
oL, |G,‘ @y factors through the inclusion

G@) = G@p) = Gal(F'/F) <> GL,(@y)
via an algebraic morphism «: G, (@5) -G (@5). We define a homomorphism
&1 WDr(Q) — "G@p)
by

£, (a, a;"a) — a(a — 1}(0)p(0]'0)

fora € G,(Qy),m € Zand o € Ir. Then ¢ — &, induces the inverse of ©. The
bijection ® induces a bijection Q%D(G) — ®;(G) by Lemmas 1.2 and 1.16. O
1

Corollary 1.18. Let o, € Wr be alift ofthe q-th power Frobenius element. Then an
L-adic L-homomorphism ¢ for G is Frobenius-semisimple if ¢(o,) is semisimple.

Proof. By Proposition 1.17, we take an L-homomorphism & of Weil-Deligne type
for G over Q, such that [¢] = [¢e], where ¢ is defined using o,. Then &y, is
semisimple by Lemma 1.2, because £ (0, 04) = ¢z (0,) is semisimple. Let O'é e Wr
be another lift of the g-th power Frobenius element. We define (pé using o(;. Then

[¢] = [¢;]1by Lemma 1.16. Hence ¢ (o, ) is semisimple, because goé (0y) =£(0,0,)
is semisimple. O
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2. Local Langlands correspondence
2.1. Problem

Let Irr (G (F)) denote the set of isomorphism classes of irreducible smooth repre-
sentations of G(F) over C. The conjectured local Langlands correspondence is a
surjective map

LLg: Irr(G(F)) —» ©(G)

with finite fibers satisfying various properties (cf. [7, 10], [18, Conjecture G]). We
assume the existence of the local Langlands correspondence in the sequel.
Let Irrg (G (F)) denote the set of isomorphism classes of irreducible smooth

representations of G (F) over Q. If we fix an isomorphism ¢: C S Qy, we have
a surjection

LLLG,e: Irrg (G(F)) — ®¢(G)
sending [r] € Irr (G (F)) to the image of LLg ([ ®@e’t,1 C]) under the bijection

oP(G)
®(G) = O(G) = PP (G) '~ (D%[D(G) ~ &y(G),

where CDLWD(G) is a bijection induced by ¢ as in Remark 1.5. However, LL‘G, ‘

depends on the choice of an isomorphism ¢: C > Q.
In [5, 35.1], an ¢-adic local Langlands correspondence for G~Lg is constructed.
We recall the construction here. For [¢] € ®(GL,), we define [¢] € ®(GL,) by

3. w)=(<'w'2 01),1> $(g.w).
0 |w

We define a bijection A: ®(GL;) — ®(GL,) by [¢] — [5]. We define
LLgL,,¢: Trrg(GL2(F)) — @¢(GLy)

by sending [7] € Irr(GL2(F)) to the image of LLGL, ([ ®@w" C]) under the
bijection

A SL WD *"PGLy) wp
®(GLy) = ®(GLy) =™ (GLy) =¥ (GLy) = ®YP(GLy) = ¢ (GLa)

using an isomorphism ¢: C S Q. Then LLgr,,¢ is independent of the choice of ¢.
We can not make a similar twist for an L-parameter of a general connected
reductive group G as the following example suggests.
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Example 2.1. We have a commutative diagram

LLpgL,

Irr(PGLy(F)) ——— ®(PGL,)

LLgL,
Irr(GLy (F)) ——— = ®(GLyp)
by functoriality. On the other hand, there does not exist a map
LLpGL,,¢: Ity (PGLy(F)) — ®,(PGL»)

which makes the commutative diagram

LLpGL,,¢
Irrg (PGLy (F)) ————— @, (PGL;)

LLGL,,¢

Irrg (GLy (F)) —————— ®¢(GLy),

because (det °PGL; °© ¢)(w) = |w| for w € WF if [p] € ®,(GL,) is the image
under LLGy, ¢ of an element of Irry(GL,(F)) coming from Irry (PGL,(F)) by the
construction of LLGy, ¢ and [7, 10.1].

2.2. L-adic C-parameter

A C-group is constructed in [3, Definition 5.38] for a connected reductive group
over a number field. We recall the construction here in our setting. Let G be
the adjoint quotient of G, and G*¢ be the simply-connected cover of G, Let
y . Z(G*®) — Gy, be the restriction to Z(G*°) of the half sum of the positive roots
of G*¢, where we take a maximal torus 7°* and a Borel subgroup B¢ of G% such
that 7%¢ C B*° to define the positive roots, but y is independent of the choice. By
pushing forward the exact sequence

1> Z(G*) > G* - G —> 1
by y, we obtain an extension
1> Gy — G- GY > 1.

By taking the pullback of this extension along the natural morphism G — G, we
obtain an extension

1 >Gp—G—G— 1.

We define the C-group G of G as the L-group LG of G.
The character

G¥* x Gy — Gpy; (g,2) — 72
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induces a character G' — Gy, since 2 = 1 by the construction of y. It further
induces a character G — Gy, by taking composition with the natural morphism
G — G'. Hence we obtain a morphism

G — G x Gp. 2.1

We take a Borel subgroup B C G and a maximal torus 7 C B over F. Let
p¢ denote the half sum of positiveAroots of G with respect to 7 and B. Then 2pg
defines a cocharacter §g: Gy, — T. We put

26 = 8g(—1).

Then z¢ is central in G and independent of choices of B and T as in [3, Proposition
5.39]. By the independent of choices, we see that zg € Z(G)'F cLG.
Then the morphism (2.1) induces the isomorphism

(G x Gm/{(zg, —1) x Wr ~ G (2.2)
as in [3, Proposition 5.39]. We sometimes express a point of € G as [(g, z, w)] using
the above isomorphism. We define ¢, : €G — Gp by tg, ([(g,z, w)]) = z2. We
have an exact sequence

1L = —> Gm — 1.
Definition 2.2. An ¢-adic C-parameter for G is an £-adic L-parameter ¢ for G such
that (g, o ¢)(w) = |w|.
Let CD%(G) denote the equivalence classes of £-adic C-parameters for G. We
take ¢ € Q; such that > = g. We define

ic: Lg - €G
by i.(g, w) = [(g, c¢=4FrW) )], For an £-adic L-parameter ¢ for G, we put
Y =licog.
Lemma 2.3. We have a bijection between the set of the L-adic L-parameters for G

and the set of the {-adic C-parameters for G given by sending ¢ to ¢.. Further, this
induces a bijection ®,(G) =~ CDZC(G).

Proof The first claim follows from the definitions. If two £-adic L-parameters for
G are conjugate by an element of G(Qg) then they are conjugate by an element

of G(Q[) since G(QZ) is generated by G(Q[) and ZG(Q )(CG(Q(Z)) Hence the
second claim follows from the first one. O

We define a map
Cs o @e(G) > DF(G)
by sending [¢] to [¢.]. Then Cf; , is a bijection by Lemma 2.3. For an isomorphism
t: C — Qy, we define
LLG', : Ity (G(F)) — ®§(G)

1
t(q?)
as CG,Z o LLLG,Z
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Conjecture 2.4. The map LLg’f( is independent of a choice of 1: C > Q.

2.3. Tannakian €-adic L-parameter

Assume that C = Q,. For a topological group H, let Rep@Z(H ) be the category

of continuous finite dimensional representations of H over Q,. For an algebraic
group H over a field, a character x of H and a cocharacter v of H, we define

(X, u)n € Zby
(x o W)(z) = z\xmn,

For a cocharacter u© € X.(T) of a torusAT over F, let neXx *(f) denote the
corresponding character of the dual torus 7.

Let .7 be the conjugacy classes of cocharacters Gy, — G Let [u] € ..
We put

dc([1n]) = 2pg, )T,

where we take a Borel subgroup B C G, a maximal torus 77 C B defined over
F and a dominant representative & € X,(T). Let Ef, be the field of definition
of [u]. Let rg (,,; be the irreducible representation of G (Qy) of highest weight [t

viewed as a dominant character of a maximal torus of G.
We take ¢ € Q; such that ¢> = ¢. For an integer n1, let

(3).

denote the twist by the character Wy — Q, sending w to ¢~"4r (W),
Let Rep%g(LG) denote the category of continuous finite dimensional repre-
£

sentations of LG(@K) over @g whose restrictions to 6(@0 are algebraic. Let

ri LG (@g) — Aut(V) be an object in Rep%g (L G). Then we have a decompo-
¢

sition

V= EB Vi

[nle s

as representations of 6(@,3) where Vj,,; is the rg (,)-typic part of V. For an £-adic
L-parameter ¢, we define (r o ¢).: Wr — Aut(V) by

d
Ve @ VM( c(z[m))’

[nleMg

which means that we twist 7 o ¢: Wr — Aut(V) by

dg ([])
2 c
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on each direct summand V[,,. This is well-defined, because dg (w[u]) = dg([11])
forw € Wg.
For an ¢-adic L-parameter ¢ for G, we define a tensor functor

1
Fope: Rep%f(LG) — Repg, (Wr)
by

f(p,c(r) =(ro @)c-
Definition 2.5. A Tannakian ¢-adic L-parameter for G is a functor

F: Rep%f(LG) — Rep@(WF)

which s equal to F, . for an £-adic L-parameter ¢ for G. We say that two Tannakian
¢-adic L-parameters F and F’ are equivalent if there is g € G(Q,) such that, for
all r e Rep%g(LG), we have F(r) = F'(r)"®.

L

Lemma 2.6. The set of the Tannakian €-adic L-parameters for G is independent of
a choice of ¢ € Q, such that ¢* = q.

Proof. We have
i(zg) = (_1)(ﬁ,éc>f = (=1)da D (2.3)
for u € X, (T). Let
we: Wr = Z(G)F (@) = "G@0)

be the character sending w to z‘(lf @), By (2.3), we have

(ro@)—c = (ro(w;9))e (2.4)

for an ¢-adic L-parameter ¢ and r € Rep%g(LG). Since w, ;¢ is also an £-adic
£

L-parameter, the claim follows. O

Let @}(G) be the set of equivalence classes of Tannakian ¢-adic L-parameters
for G. This set is independent of a choice of ¢ by Lemma 2.6.

Lemma 2.7. We have a bijection between the set of the £-adic L-parameters for G
and the set of the Tannakian L-adic L-parameters for G given by sending ¢ to Fy ..
Further, this induces a bijection ®,(G) =~ CDE(G).

Proof. We show the first claim. The map is surjective by Definition 2.5. Assume
that ¢ and ¢’ are different £-adic L-parameters for G and F, . = F .. We take
w € W such that (w) # ¢’(w). Further, we take a finite Galois extension F’ of F
such that G splits over F’ and the images of ¢ (w) and ¢’ (w) in 6(@) xGal(F'/F)
are different. By considering a representation of G (Qy) which factors through a
faithful algebraic representation of G (Q,) x Gal(F’/F), we have a contradiction
to Fy o = Fy .. Hence the map is injective.

The second claim follows from the first one. O
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For a Tannakian £-adic L-parameter F for G, we take an £-adic L-parameter ¢
for G such that 7 = F, .. Then the centralizer S, = Z @, (Im ¢) is independent
of a choice of ¢ by (2.4). We write Sz for S,. Then F naturally factors through

1
Fs: Rep%f(LG) — Repg, (SF x Wr).

For a finite separable extension F’ of F, we define the restriction

1
Flr: Repgi(“Gp) — Repg, (W)

of F to F’ by the usual restriction to W of an ¢-adic L-parameter for G and
bijections given by Lemma 2.7. Let

I
Fslpr: Repg ("G pr) — Repg, (7 x Wp)

be the composition of
1
(Flr)s: Repgi(“Gr) — Repg, (Sz(, x W)
and the natural functor

Rep@ (Sr X Wp) — Rep@((S]: x Wgr)

induced by the restriction with respect to Sz C Sz,
We define a map

TG0 Pe(G) > [ (G)
by sending [p] to [F, ]. Then 7 , isabijection by Lemma2.7. For an isomorphism
L CS @@, we define

T
LLg',: Ire(G(F)) — @} (G)
1
1(q2)
as TGI o LLLG!E.

Conjecture 2.8. The map LLE’f,Z is independent of a choice of 1. C S Q.

Remark 2.9. Conjecture 2.8 is motivated by the Kottwitz conjecture for local
Shimura varieties in [26, Conjecture 7.4]. Let (G, [b], [1]) be a local Shimura
datum as [26, Definition 5.1]. Let Mg [5],[.1],k be the local Shimura variety over
the reflex field £y, attached to (G, [b], []) and K C G(F), which is constructed
in [29, 24.1]. Let J denote the o -centralizer of b. Let [p] € Irrg(J). We put

H*((G, [b], [n])[p] = (=1 " (— 1y HM (G, [b], [1]))[p]

i,j=0
where

HY (G, [b], [u))[p] = n_;)nExtf,(F)wg Mo ok 5 Q0 0.
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We put
[F1=LL}}([p.

For [7] € Irry(G) such that LLE’fl([n]) = [F'], let 6, o be the representation of

Sr over Q, determined by ¢ and T,/ ® 7, constructed in [26, p. 312] (¢f. [13,
2.3] for a construction in a more general case), where 7’ = 7 ®@ 1 C and

P =p ®g,.~1 C. Let r,,) be an extension of rg 1) to GE[ constructed by [20,
(1.1.3), (2 1. 2)] using [7, 2.4 Remark (3)]. Then the Kottwitz conjecture says that

H*((G. [b], [u])[p] = Y 7 ®Homs, (8 ,. Fgl £y, (i)
[7]

where [7] runs [7] € Irry(G) such that LLE’L[([TL’]) = [F*]. If the Kottwitz con-
jecture is true, then the isomorphism class of the W, -representation

Homg ., (87 ,, Fl ey, (run))
is independent of ¢, since the £-adic cohomology of local Shimura varieties and
their group actions are independent of ¢. If Conjecture 2.8 is true, F and Sz

are independent of «. By the observation above, we conjecture also that 87 , is
independent of ¢.

2.4. Comparison

Theorem 2.10. There is a canonical bijection
CTG.i: ®5(G) — ®L(G)

such that for any square root ¢ of q in Q; the diagram

C(.‘
®¢(G) - 9%G)
\ \LCTG,(
Gt
o (G)

is commutative.

Proof. Let @ be an £-adic C-parameter for G. We construct an £-adic T-parameter
FyforG. Letr: LG(@@) — Aut(V) be an object in Rep%g (*G). Then we have a
£

decomposition

@ Vi

[ule s
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as representations of 6(@5) where Vi, is the rg ,)-typic part of V. We extend r
to 7 € Rep= g(CG) by letting Gy, act on V[, by z — 246 (1D ysing (2.2), where
the extenswn is well-defined by (2.3). Then we define F3 by

Felr) =70¢.

If two {-adic C-parameters for G are conjugate by an element of G(QL;) then they
are conjugate by an element of G(QZ) Hence,

CTg.e(I9D) = [F5]
is well-defined. We have the commutative diagram in the claim by
Tope=roicop=2Fy(r).

Then C7 g ¢ is a bijection because ng ,and T(’f’ ; are bijections by Lemmas 2.3 and
2.7. O

Corollary 2.11. Conjecture 2.4 and Conjecture 2.8 are equivalent.
Proof. We have

CTgeoLLg, =LLg',
for any ¢: C — Q, by Theorem 2.10. Since C7T ¢ is a canonical bijection inde-
pendent of ¢, the claim follows. O
Corollary 2.12. Conjecture 2.4 and Conjecture 2.8 are true for GL,,.

Proof. Recall that the local Langlands correspondence for GL,, is known by [23]
and [15]. By Corollary 2.11, it suffices to check Conjecture 2.4. Assume that
LLg; ,([7]) = [¢']. Note that zGr,, = (—1)"~!, because

2710 ...00

. 0 z"3...0
GLn:Gm—>TnCGLn;Z'—> . . . >

0 0 ..zl

where we define g1, using the diagonal maximal torus 7, of GL, and the Borel
subgroup of the upper triangular matrices in GL,,. Let

7: ‘GL, —> 6];; [(g,z, w)] — gz" L.
We show that [7 o ¢'] is independent of ¢ in a similar way as the proof of [5, 35.1
Theorem]. For [p] € Irr(GL,,), we write LL ([ 1) for the image of LLgL,, ([o])
under ®(GL,) ~ ®}¥P(GL,), and define t,,([,o]) as the twist of LL& ([p]) by
(a, w) — g~ ®=DdrW)/2 Then 1, ([ ®g,.i-! C)) and [F o ¢] corresponds under
the identification by

®™P(GL,)
oP(GL,) ' = CI%;)(GLH)ZQDZ(GL,,).
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Therefore it suffices to show that [p] +— 71,([p]) is compatible with twists by
Aut(C). By [12, 1.8 Corollaire], {t,},>1 is characterized by the compatibility of
71 with the local class field theory and the equalities

n+n

L <[p] x[p'1,s + - 1) = L(ta([pD) ® T ([0']), 9),

n4+n'

€ ([p] x[p'l,s + -1, w) =e(t(pD) @ T ([p']), s, ¥)

forn’ < n,[p] € Irr(GL,) and [p'] € Irr(GL,;), where 1 is a non-trivial character
of F. The compatibility with twists by Aut(C) follows from this characterization,
[4, 3.2 Theorem] and [5, 35.3].

Let/: C > Q, be another choice. Taking a conjugation of @' by an element of

GL\H(@Z), we may assume that 7o' = 7o' . Hence there isamap x : Wr — @Z
such that

P w) = @' (W) w)' ™", x(w), D]

for w € Wp. By Definition 2.2, we have 7 o ¢' = tg,, © (p". Hence we have

x(w)? =1 for w € W. This implies that ¢ = ¢* by zgL, = (—1)""" and (2.2).
Hence Conjecture 2.4 is true. O

Remark 2.13. We can also show Corollary 2.12 using the geometric realization of
the local Langlands correspondence for GL,, in the £-adic etale cohomology of the
Lubin-Tate spaces after the reduction to the supercuspidal case in the same spirit as
Remark 2.9 (cf. [15, Lemma VII.1.6]). Here we gave a proof by the characterization
without appealing to such a geometric realization.

Corollary 2.14. Conjecture 2.4 and Conjecture 2.8 are true for PGL,,.

Proof. By Corollary 2.11, it suffices to check Conjecture 2.4. This follows from
Corollary 2.12 and the commutative diagram

1
L (g 2 )
LLpGr,, ¢ PGLy £

Trr¢ (PGL,, (F)) ®(PGL,) —— > & (PGL,)

1
' o 2)
GLp ¢ GLy ¢

Irr¢ (GL, (F)) ®¢(GL,) ———— ®F(GL,)

since the vertical injections are independent of . O
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