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Abstract. In this paper, we study the Yau sequence concerning the minimal cycle over com-
plete intersection surface singularities of Brieskorn type, and consider the relations between
the minimal cycle A and the fundamental cycle Z. Further, we also give the coincidence
between the canonical cycles and the fundamental cycles from the Yau sequence concerning
the minimal cycle.

1. Introduction

After Artin’s work [1], the complex normal surface singularity theories have been
researching by many mathematicians (such as Wagreich, Brieskorn, Laufer, Saito,
Wahl, Neumann, Yau, etc.). It is well known that the topological type of a complex
normal surface singularity is determined by its resolution graph [14]. For a given
resolution graph of a complex normal surface singularity, there are various types
of complex structures which realize it. We are interested in finding the relations
between analytic invariants and topological invariants [7,13,15,16].

Let (X, o) be the germ of a complex normal surface singularity and let 7 :
(i , E) = (X, o) be a good resolution, where £ = 1 ~1(0) denotes the exceptional
divisor. Let E = [ J;_; E; be the irreducible decomposition of E. Then Y i_; E;
is a simple normal crossing divisor. A divisor on X supported in E is called a
cycle. For any effective cycle D = > i_ | d;E; (di € Z,d; > 0 forany i) on
E, x(D) is defined by x(D) = dimc HO()~(, Op) — dimc Hl()?, Op) where
Op = O% /O (=D). From Riemann-Roch theorem, we have

1
x(D) = —5(D2+K,;D>, (1.1)

where K5 is the canonical divisor on X. For any irreducible component E;, we
have the adjunction formula

K3 E; = —E} +2g(E;) — 2+ 28(Ey), (1.2)
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where g(E;) is the geometric genus of E; and 6(E;) is the number of nodes and
cuspson E; [9]. The arithmetic genus p, (D) of D is defined by p, (D) = 1—x (D).
It follows that if B, C are cycles, we have

Pa(B 4 C) = pu(B) 4+ p.(C) — 1+ BC. (1.3)

Among the non-zero effective cycles which have a non-positive intersection
number with every irreducible component E; of E, there is the smallest one, which
is called the fundamental cycle Z on E. It is defined as follows (cf. [1]):

r
ZE = min lD = Za,'E,'
i=1

Obviously, —Z% is one of the most important numerically invariants of (X, o) and
it is independent of the choice of resolutions. The arithmetic genus of Zf is called
the fundamental genus of (X, 0), denoted by p (X, 0) := ps(Zg). This invariant
is also independent of the choice of resolutions. Furthermore, there is the smallest
non-zero effective cycle (< Zg) whose arithmetic genus is equal to pr(X, o),
which is called the minimal cycle A on E. It is defined as follows (cf. [9, Definition
3.1], [18, Definition 1.2]):

a; > 0and DE; §Of0ranyi}.

A=min{D > 0| p,(D) = ps(X,0), 0 <D < Zg}.

Yau gave the definition of Yau sequence concerning the minimal elliptic cycle
for weakly elliptic singularities (cf. [ 19, Definition 3.3]) and showed which is impor-
tant in his theories that if (X, o) is a numerically Gorenstein elliptic singularity,
then

_KBI‘ - (_KBiJrl) = ZB,‘

for any i, where K, is the canonical cycle on B; and {Zp,} is the Yau sequence
(cf. Proof of Theorem 3.7 in [19]). As a generalization of the minimal elliptic cycle
to the minimal cycle, Tomaru (cf. [18, Definition 5.1]) gave an analogue to Yau
sequence concerning the minimal cycle for hypersurface singularities of Brieskorn
type, and obtained a similar property for the case p (X, 0) > 2 as Yau’s theory,
ie.,

—Kp, — (—Kp, ) =cZp,,c €Q, (1.4)

where {Zp,} is the Yau sequence concerning the minimal cycle. It is well known
that complete intersection surface singularity of Brieskorn type is a generalization
of Brieskorn hypersurface singularity. It is a natural question to ask whether the
equation (1.4) also holds for Brieskorn complete intersection surface singularity.

In this paper, we consider a germ (W, 0) C (C™, 0) of a Brieskorn complete
intersection surface singularity defined by

W= {(x1,x2,...,xm) € C"|gjux{" + -+ qjmxg =0, j=3,...,m},

where a; > 2 are integers. We assume that (W, o) is an isolated singularity, this
condition is equivalent to that every maximal minor of the matrix (g;;) does not
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vanish (cf. [4, Section 7]). By Serre’s criterion for normality, (W, 0) is a normal
surface singularity. Let 7 : (VT/, E) — (W, 0) be the good resolution of (W, o)
with exceptional divisor £, Meng-Okuma (cf. [11]) constructed a good resolution
of (W, o) by employing Konno-Nagashima’s method (cf. [5]) and gave the concrete
topological structure of (W, o), such as the weighted dual graph of the exceptional
divisor E, the genus of the central curve Ey in E, the fundamental genus p s (W, 0)
and the concrete description of the fundamental cycle Zg in terms of ay, ..., ay.
Following these results, we obtain a similar equality as (1.4) for (W, o), that is,

_KBi _(_KBi+l) =C-ZBI.,C€Z.

This paper is organized as follows. In Sect.2, we introduce some notations
and notions, and some fundamental results with respect to the minimal cycles. In
Sect. 3 and 4, we give the relations between the minimal cycles and the fundamen-
tal cycles, and also consider a sequence given by Tomaru which is analogous to
Yau sequence concerning the minimal cycle over Brieskorn complete intersection
surface singularities, and give some new results on these singularities.

2. Preliminaries

In this section, we introduce some notations used throughout this paper, some
fundamental results in terms of ay, as, ..., a,, and some fundamental facts on the
minimal cycles over complex normal surface singularity.

2.1. Some fundamental results

Letay, az, ..., an be positive integers. For 1 < i < m, we define positive integers
dm, dim, i, ejm as follows:

dy :=lem(ay, ..., an),
dim :=lem(ay, ..., ai—1,ai+1, ..., am),
ST el (ar. i)
Cim - = —dim .
ged(a;, dim)

In addition, we define integers B; := i, by the following condition:
eimpim +1=0 (mod nj;u), 0 < pim < nipm.
Leta =[]/, «; and 6y = min{e,,,, '}. We give the following Lemma 2.2 which

implies the relation between the coefficient of the central curve Eg in Zg and «;
from the cyclic quotient singularity of type Cy, g, fori =1,2,...,m — 1.
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E

Fig. 1. The weighted dual graph of the minimal resolution of Cp_

Remark 2.1. Let n and p be positive integers that are relatively prime and p < n.
Then the singularity of the quotient

/{(5 )

is called the cyclic quotient singularity of type C, ., where €, denotes the primitive
n-th root exp(2w+/—1/n) of unity. If n = 1, © = 0, then the type C; ¢ means a

non-singular point. For integers ¢; > 2,i = 1,2, ..., s, we put
1
ety - oveslli=c1 = 1
c) — 1
Cs

Suppose n/p = [[c1, ..., cs]], it is known (cf. [3]) that if £ = Ule E; is the
exceptional divisor of the minimal resolution of C, ,, then E; =~ P! and the
weighted dual graph of E is chain-shaped as in Fig. 1.

It is well known that the complex structure of quotient surface singularity is
determined by its resolution graph (cf. [2,10]).

Lemma 2.2. Suppose that2 < ay < a» < --- < a;,. Then 6y = 0 (mod «;) for
ie{l,2,....,m—1}

Proof. If « < ey, then the result is obvious following the assumption 2 < a; <

a» < --- < ap. Suppose that e,,, < «, then 6y = e,,,,. It suffices to prove that
i dmm ; 3
gcd(;’dm) s dm) fori € {1,2,...,m — 1}. We can easily see that
ai - dim
——— = lem(a;, dim) = dp,
gcd(ai, dim)
am * dnm

cd(@m, dym) cm(am, dpm) m

Since d;;, =0 (mod a,,) fori € {1,2,...,m — 1}, and
- dy = G i
ged(ai, dim) ged(am, dmm)
we have
am-a,-~d,~ d,' ~dmm-am
ged(a;, dim) | ged(am, dpm)’

which implies that e;,,,, = 0 (mod «;) fori € {1,2,...,m — 1}. Thus, we obtain
the assertion. O
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For any x € R, we put [x] = min{n € Z|n > x} and |x] = max{n € Z|n < x}.
The following Lemma 2.3 is essentially following Hirzebruch resolutions for cyclic
quotient singularities of type C,_, [3].

Lemma 2.3. Let Ag be a positive integer and let n; and ; be positive integers that

are relatively prime with (; < n;. Suppose that €; := n;/u; = [[ci, ..., cs]]l with
¢i>2and Aj = [hi—1/€i],i =1,2,...,s, where
1
leis .oy esll =c¢i — 1
Ci+1 — . 1
Cs

If Ao =0 (mod ny), then Ag—1 > 2 and hy = As_1/Cs.

Proof. Ttis clear that ng /s = ¢, thatis ng = ¢ > 2, and

ni 1 nacy — |2
— =[le1,....,c5]ll =1 — = .
78 na/u2 %)

Since ged(ny, n1) = 1 and L9 = 0 (mod ny), it follows that | = ny and A =
[Lo/€1] = Aop1/n1. Thus Ay = 0 (mod n»). Further, since ged(n;, u;) = 1 for
i=1,2,...,s, we have

/'L2=n37"'7l’l/k=nk+1a"~’/’lﬂ§‘—1 =nS7

A =Arpua/no, oo Ak = A1k [Nk -

As = As—1us/ng = As—1/cs, k=1,2,...,5.

It follows that A;_; = 0 (mod ng). Thus, we obtain the assertion following the
fact ny > 2. O

From Lemma 1.2 in [5], we have the following remark.

Remark 2.4. If either Ao =0 (mod ny) or uiAo+1=0 (mod ny), then A;_| +
Aig1 = Ajci fori = 1,2, ..., s. Furthermore, A;c; — A;—1 = 0 when A9 = 0
(mod n1), and Agcg — Ag—1 = 1 when uiAg+ 1 =0 (mod ny).

In order to complete the proofs of our results, we also need the following results.

Lemma 2.5. ([18, Lemma 5.4]) Let A, £ and d be integers satisfying £r +1 =0
(mod d) and 0 < £,A < d. For a non-negative integer t, let .; be an integer

d
satisfying {h; +1 =0 (mod ¢t +d) and 0 < A; < €t +d. Ifx = [[by, ..., b ]],
Lt +d

t

then

=I[b1,....br,2,...,2]]
e —
1

Corollary 2.6. Suppose that n/u = [[by,...,b,,2,...,2]], where t is a non-
——

t
negative integer. Let e, p be integers defined by eyt + 1 = 0 (mod n) with 0 <
e <nandep+1 =0 (mod n —et) withO < p < n — et, respectively. Then
(}’l - et)/p = [[b]a cee 7br]]~
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Proof. When t = 0, the assertion holds clearly. Assume that + > 1. Since (n —
e)w =1 (mod n), wehaven/(n —e) =[[2...,2,b,,...,b1]] and
— —
t
1 n—et

T e+ 1)

[y, ..., b1l

—_—

Furthermore, since ((n — et) —e)p = 1 (mod n — et), we have (n — et)/p =
[[b1, ..., bl O

2.2. Minimal cycles over normal surface singularities

Let (X, 0) be the germ of a complex normal surface singularity and 7 : ()? ,E) —>
(X, 0) agoodresolution of (X, 0),wherer (o) = E = Ulr'=1 E; is the irreducible
decomposition of E. Let Zg be the fundamental cycle on E and D a non-zero
effective cycle with D < Zg. Then we can construct a computation sequence from
D to Zg as in [8]. For the relation between the arithmetic genus of D and the
arithmetic genus of Zg, we have the following Lemma.

Lemma 2.7. ([18, Lemma 1.1]) Let D be a cycle on E such that 0 < D < Zp.
Then pa(D) < pa(Zg) = pr(X, 0).

Among the effective cycles (< Zg), there is the smallest one whose arithmetic
genus is equal to p,(Zg), which is defined as follows.

Definition 2.8. ([9,18]) Let A be an effective cycle on E satisfying 0 < A < Zg.
Suppose pr(X,0) > 1. Then A is said to be a minimal cycle on E if p,(A) =
pr(X,0)and p,(D) < pr(X, o) for any cycle D with 0 < D < A, that is,

A= min{D > 0|pa(D) = pr(X,0),0 <D < ZE}.

In 1977, Laufer showed that if (X, 0) is an elliptic singularity (i.e., ps(X,0) =
1), then A is the minimally elliptical cycle (cf. [9]). Further, the existence and
the uniqueness of the minimal cycle A can be shown as in [9]. Also, Stevens
(cf. [17]) defined the minimal cycle on the minimal resolution space and called
it characteristic cycle for complex normal surface singularity (X, o). In fact, it is
not easy to give the concrete descriptions of the minimal cycle A when A # Zp
for the complex normal surface singularities. For the case A = Zg, Tomaru (cf.
[18]) proved that A = Zg if lem(ay, az) < a3z < 2 - lem(ay, az) on the minimal
resolution space for Brieskorn hypersurface singularity (V, o) with p¢(V,0) > 1,
which is given as follows.

Theorem 2.9. ([18], Theorem 4.4) Let (\7, E) — (V, 0) be the minimal resolution
with p(V,0) > 1, where (V, 0) is the hypersurface singularity of Brieskorn type

{(x1, x2,x3) € (C3|xf' +x37 = x5}, iflem(ar, ap) < az < 2-lem(ay, ap), then

A=ZgonkE.
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Consequently, Meng et al. (cf. [12]) considered the Brieskorn complete intersection
surface singularity (W, o) defined as in Sect. 1 and proved that A = Zg on the
minimal resolution space if lem(ay, ...,an—1) < a, < 2 -lem(ay, ..., an—1),
which is given as follows.

Theorem 2.10. ([12], Theorem 3.3) Let (VT/, E) — (W, 0) be the minimal reso-
lution, where (W, o) is the complete intersection surface singularity of Brieskorn
nype {(x1,x2, ..., xm) € C"gjix]" + -+ qjmxy" =0, j = 3,....m}, if
Iem(ay, ...,am—1) <ay, <2 -lem(ay, ..., an—1), then A = Zg on E.

Clearly, we always have A < Zpg. Since Zg has been given the formula con-
cretely, so in the case A = Zg, they have the same status. However, for the case
A < Zg,itis useful to give the concrete descriptions of the minimal cycle A, which
associate to (X, o) some new numerical invariants, such as the Yau cycle Y, —Y2,
pa(Y) and dimH ' (Y, Oy) [6].

3. Yau sequence concerning the minimal cycle over (W, 0) when Zg = A

Let 7 : ()N( , E) — (X, 0) be the minimal good resolution of a complex normal
surface singularity (X, o), where “ly=E = U,r: 1 E;istheirreducible decom-
position of the exceptional divisor E. Let Zg and A be the fundamental cycle and
minimal cycle on E, respectively. If D = > ";_, d; E; is an effective cycle, we write
SuppD = (JE;,d; # 0. Suppose ps(X,0) > 2, Tomaru (cf. [18]) defined the
following sequence concerning the minimal cycle which is an analogue to the Yau
sequence concerning the minimal elliptic cycle (cf. [19, Definition 3.3]).

Definition 3.1. ([18, Definition 5.1]) If Zg A < 0, we say that the Yau sequence
concerning A is {Zg} and the length of the Yau sequence is 1.

Suppose ZgA = 0. Let By be the maximal connected subvariety of E such
that B; 2 Supp A and ZgE; = 0 for any E; C Bj. Since Z% < 0, By is properly
contained in E. Let Zp, be the fundamental cycle on Bj.

Suppose Zp, A = 0. Let B, be the maximal connected subvariety of By such
that Bo © Supp A and Zp, E; = 0 for any E; € B,. By the same argument as
above, B> is properly contained in Bj.

We continue this process, if we obtain B; with Zg, A < 0, we call {Zp, =
Zg, Zp,, ..., Zp,} the Yau sequence concerning A of (X, o) and the length of
the Yau sequence is 7 + 1. A connected component of [ J Ei¢Supp A E; is called an
eliminative branch of (X, o).

From Lemma 2.7 and the definition of minimal cycle, we know that for any
non-zero effective cycle D with A < D < Zg, we have p,(D) = py(X, o) for

a complex normal surface singularity (X, o). Thus, if {Zg = Zp,, Zp,, ..., Zp,}
is the Yau sequence of (X, o) and (X p,, 0;) is the complex normal surface singu-
larity obtained by contracting B;, i = 1,...,t, we have ps(Xp,,01) = --- =

pr(Xp,,01) = pr(X,0). Tomaru (cf. [18, 5]) showed that if (X, o) is a Brieskorn



104 F. Meng

E1,2,§1 E1,sl,g1
Ep
— Com.Bm —_—
Em)271 . Em,sm,l Jm

Cond
\

Em,L@m Em~,2s§'rn Em,smgm

Fig. 2. The weighted dual graph of the exceptional divisor E

hypersurface singularity defined by x{' + x3> = x5 (2 < a1 < ay < a3) with
pr(X,0) > 2in arestrictive situation, then

_KB,' _(_KBiJrl):CZBi’ i=0,1,...,t—1,

where ¢ € QQis a suitable positive rational number and K , is the canonical cycle on
B; (Arational cycle K is called the canonical cycleif K E; = —K % E; forall E;, and
the canonical cycle K exists such that —K is a canonical divisor of X for Gorenstein
surface singularity (cf. [19])). Itis well known that the complete intersection surface
singularity of Brieskorn type is the generalization of hypersurface singularity of
Brieskorn type. In the following, we consider the Brieskorn complete intersection
surface singularity (W, o) defined as in Section 1 with the assumption 2 < a; <
a, < --- < ay, and give some new results.

Let w : (W, E) — (W, 0) be the minimal good resolution of (W, 0) with
exceptional divisor E. For 1 < i < m, we define integers ¢ and g; as follows:

. ai---ap ap---ai—1 - di41 - dpm

g =———————, &= .
lem(ay, ..., an)’ lem(ay, ..., ai_1,aix1, ..., Gn)

Theorem 3.2. ([11, Theorem 4.4]) Let g and —co denote the genus and the self-
intersection number of Ey, respectively. Then the weighted dual graph of the excep-
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tional set E is as in Fig. 2, where the invariants are as follows:

m
20-2=(m—-22-Y &
i=1
m

guwpB a---a ColsersCws 17 Vif ay > 2,
co = 8w Pw + . m . Bu/ow = [[cw.1 w,sw]] f oy >
%

a2 0 if ay=1.

w=

Theorem 3.3. ([11, Theorem 5.1]) Let €,y = [[Cw,vs -+ Cw,5, 1] if Sw > 0 and
let

m S gw
g = QOEO + Z Z Zew,v,éEw,v,é-
w=1v=1&=1

Then 6y and the sequence {0y} are determined by the following:

m

9w,0,§ = 6p := min <ema 1_[ 05w> s ew,v,s = |—9w,v—1,é‘/€w,v-|'

w=1

3.1. Forthecase2 <a; <ax <--- < ap

By Lemma 2.2, we know that ¢, = 0 (mod «;) fori € {1,2,...,m — 1}, and
following Definition 2.8, we obtain the following Theorem.

Theorem 3.4. Suppose that2 < a; <ar <--- < am—1 < ay and oy, > 1 for any
we{l,2,...,m — 1}, then

Pa(ZE — Eyys,6) <pa(A),E=1,2,....8p,w=12,...,m—1.
Proof. Following Definition 2.8, we have p,(A) = p,(ZE), that is,
7%+ KiyZp = A + KA,

where K is the canonical divisor on W.To prove pu(Zg—Ey 5,.6) < pa(A), w €
{1,2, ..., m — 1}, by the adjunction formula (1.2), it suffices to prove that

~ZpEws,s+Ep, o +1<0.
From Theorem 3.3, we have

_ZEEw,sw,E + Ei,sw,g +1= _ew,sw—l,s + ew,sw,écw,sw — Cu,s, T 1
= _(Qw,sw—l,é -+ (ew,sw,é - 1)Cw,sw~

If emm > [1)—; cw, thenp = [/ _ . By Lemma 2.3, we have 0y, 5, —1.¢ >
2 and

ewysw,é = I_Qw,xw*l:é/cwasw} = Qw,swfl»é/cwssm'



106 F. Meng

o ———

@ .:.

Em)271 . Em757n71 Jm
EWJ;@m Em72)g7n Em757n)g7n

Fig. 3. The weighted dual graph of E for a,,_1 = lem(ay, ..., an—2)

Thus,

_ZEEw,sw,E + Ez%),sw,é +1= _(Gw,sw—l,é - D+ (ew,sw—l,é}/cw,sw - l)cw,sw

=1—-cyys, <O.

Similar for the case e, < ]—m:] oy, following Lemmas 2.2 and 2.3. Thus, we
complete the proof. O

From Theorem 3.4, we note that the length of the Yau sequence concerning the
minimal cycle A mainly depends on e,,, ¢, and the structure of the cyclic quotient
singularity Cy,, g, if we assume 2 < a1 < a» < --- < ayp—1 < ay. For sim-
plicity, we may first exclude the influences of the structures of the cyclic quotient
singularities Cy,; g, fori =1,2,...,m — 1.

3.2. For the case a,,—1 =0 (mod lem(ay, ..., an—2))

Assume that a,,—; = 0 (mod Icm(ay, ..., a,_2)). Then we have o = ap =
.-+ = a;—1 = 1. However, there are many cases for the relations between e, and

o, and the structure of the Cy,, g,,, Where &, /B = [[Cim,1, - - ., Cim,s,, 1], SUCh as
1

emm < O OF @y < e, and [[cmk, -, Cmog, 11 = L or [[emps - -y sy 1] #

% for some positive integer + with 1 < k < s,,. According to Definition 3.1,

we should exclude some special cases satisfying p,(Zg — Ey 5,,,6) # pa(A) for

&e{l,2,...,gn}, and we obtain the following Theorem.

Theorem 3.5. Suppose that 2 < a; < ay < -+ < ap—1 < ayp and ap—1 =0
(mod Iem(ay, ..., am—2)). If am/Bm = llcm,1, ..., Cm,s, 1]l With ci 5, > 2, then
Pa(ZE — Ep 5, 6) < pa(A) for§ =1,2,..., gm.

Proof. Suppose a,,—1 = 0 (mod Icm(ay, ..., an-—2)), then o] = ap = -+ =
om—1 = 1. Thus the weighted dual graph of the exceptional divisor E is as in Fig.
3.

It is obvious that

m
Am—1 a
00 = emm = b fllaw=am= = .
ged(am, am—1) w1 ged(am, am—1)
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Fig. 4. The weighted dual graph of E fora; =2,ay = 3,a3 =5, a4 = 30, a5 = 34

From Lemma 1.2 in [5], wehave ZgE,, 5, ¢ = —lorOfor§ = 1,2, ..., 8. Since
Cm,s, > 2, following the formula (1.3), we have p,(A) = po(Zg) > pa(ZE —
Ens,e) for & =1,2,..., 8, if and only if (Zg — Ep s, .6)Ems,e = 0, ie.,
ZEEy 5,6 > E? = —Cm,s, - According to the assumption c,, 5, > 2, we

K M, Sm £
obtain the assertion. ]

Remark 3.6. From Theorems 3.4 and 3.5, we note that the length of the Yau
sequence concerning the minimal cycle A is 1 if ¢,, 5, > 2. In other words, we
have Zp = Aifcps, >2and2 <a; <ar < - < ap—1 < an.

In fact, by Theorems 3.4 and 3.5, we have the following corollary.

Corollary 3.7. Suppose that 2 < a; < ap < -+ < ap_1 < ap. If ap/Bm =
[[Cm,] s ey Cm,sm]] with Cm,spm = 2, then

pa(ZE - Em,sm.f) < pa(A)s%_ = 1» 2,~--v§m~

Example 3.8. Let a; = 2,ay = 3,a3 = 5 and a4 = lem(ay, az, az) = 30,a5 =
34. Suppose that (W, 0) C (C, 0) is defined by

{xl2 + x% = xg, 2x12 + 3x§ = xio, 5)(12 + 7x§ = x534}.

Then the weighted dual graph of E on the minimal good resolution of (W, 0) is asin
Fig. 4. Furthermore, the fundamental cycle Zg = 15Eg+8 Y30, Eji + Y30, En,
the fundamental genus p (W, 0) = 856 and —Z% = 30. However, forany Ej, k =
1,2,...,30, we have p,(Zg — Ex2) = 849 < p,(A). In fact, we have Zp = A.

4. Yau sequence concerning the minimal cycle over (W, 0) when Zg # A

According to Theorem 3.5 and Corollary 3.7, in order to study the length of the
Yau sequence concerning the minimal cycle A, it is enough to consider the case
[lemis - s Cms, ]l = [[2,2,...,2]] for some k € {1,2,...,sy,}. Obviously, if
am—1 = 0 (mod lem(ay, as, ..., an—2)) and a, = 0 (mod a,,—1), then oy =
oy =--- = ay—1 = o = 1. This tells us that the length of the Yau sequence is
always 1, thatis Zg = A. Without loss of generality, we may assume that a,, # 0
(mod a,;,_1).



108 F. Meng

G —

Em,smft+l 1 Em75m71 g
gm
Em ,8m—t+1,Gm Em,sm,ém

Fig. 5. The weighted dual graph of E

4.1. For the case ap,—1 =0 (mod lem(ay, ..., ay—2)) and a;, £ 0 (mod a;,—1)

Tomaru ([18, Proposition 5.2]) condidered the Yau sequence concerning the min-
imal cycle A over Brieskorn hypersurface singularities under restrictive situation
and we consider the Brieskorn complete intersection surface singularities (W, 0)
and obtained some new results. Suppose ps(W,0) > 2,2 <a; <a < --- <
am—1 < am and a1 = 0 (mod lem(ay, ..., au—2)). Let ¢t be a non-negative
integer, and let p,, be a non-negative integer defined by

Pmem +1 =0 (mod (am —tey))

with 0 < p;, < &, —tey. By Theorem 3.2 and Corollary 2.6, we get the following
theorem.

Theorem 4.1. Assume that the length of the Yau sequence concerning the minmimal
cycle Aof (W,o0)ist+1witht > 1, Zp, = A, and Ei vE = = —2foreach E, , ¢ ;(_
Supp A, the coefficient of Eyy v ¢ in Zg is 1, where | <v <s,,1 <& < g,. Then
the weighted dual graph of E is given as in Fig. 5, where s, = sy, —t. Furthermore,

2 N
A=Z7Zp — ZEm,v,éSZSUPPA Enyve and Zg = —gp.

Proof. Let D = ZEm.v,g;(_SuppA Ep . Itis easy to see that A + D < Zg and
the coefficient of any irreducible component of SuppA in A which intersects an
eliminative branch is always one. Since Zp, = A, (A + D)E; < 0 for each
irreducible component E; of E, which implies Zr < A 4 D. In fact, for each
irreducible component E; of SuppD, it is clear that (A + D)E; < 0. On the other
hand, for every irreducible component E; of SuppA = SuppZp,,since Zp, | E; =
0,itis clear that (A + D)E; = AE; + DE; <0.Thus Zg = A+ D.

Since t > 1, ZgA = 0, which implies that —A? = AD, i.e., the number of
eliminative branches of (W, 0). Since a,,—1 = 0 (mod lcm(ay, ..., ay—2)), we
have ¢y = --- = «,,—1 = 1. Hence

Zp =Zp(A+ D) =(A+D)D = 8y — 28m = —&m

following ¢t > 1 and Fig. 2. Furthermore, any eliminative branch is a chain whose
component is a rational curve with self-intersection number —2. Following Corol-
lary 2.6 and Theorem 3.2, we obtain that the weighted dual graph of FE is as in Fig.
S. m]
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Theorem 4.2. ([11, Thoerem 5.4]) If emm > [[)_; @w, then

1m R w_l m A
Pf(W,0)=§H0!w!(m—2)g—L gg—}

w=1

If emm < [1y—; otw, then

1 2 mm m -1 m w
b0y =L {(m 2)g — Clemmen )8 Zi}“

mm
w=1

Theorem 4.3. In the situation of Theorem 4.1, assume that t > 1 and the Yau
sequence of (W, 0) is{Zpy = ZE, ZB,, ..., ZB,}. Then
2pr(W,0) =2+ 8nm

_KB,' - (_KB,'_H) = gm

Zg =0,1,...,t—1,

il
where K p, is the canonical cycle on B;.

Proof. Since (W, 0) is a Gorenstein singularity, the canonical cycle K on E exists.
Thus we may write —K as follows:

Sm—t &m Sm

—K = Zzaz moE + Z va m,,&>

v=1 £=1 v=s,—t+1&=1

where () g’ll Enve = Supp A. Since E?
Supp A, it follows from (1.1) and (1.3) that

—2 for each Ey ¢ ¢

m,v,& =

_KEm,sm,E = Xs;—1 — 2xsm =0, _KEm,v,S =Xy_1 —2xy +xy41 =0

forv =s,—t+1,..., s —1, where x;,, _, is the coefficient of E,, 5,,—; ¢ C Supp A
in —K which intersects Ey, g, —s+1,¢. Therefore,

Sm—t &m

_KzzzaiEm,v,é—i—c- Zm: Z(sm—v—i—l)Emvg, 4.1)

v=1 &=1 v=sy—t+1&=1

where ¢ = x;,,. Similarly, following Definition 3.1, there is a constant ¢’ such that

Sm—t &m sm—1
—Kp, =Y Y biEgye+c - Y Z(sm —V)Ep g, (4.2)
v=I &=1 v=s,—t+1&=1

where K p, is the canonical cycle on Bj. Since r > 1 and from the assumption, it is
easy tosee that ZEA =0, ZgEp 5, ¢ = —1 and —Kp Ey, 5, ¢ = ¢’. Then

(—K - (_KBI))Ej = C/ZEEJ'
for any irreducible component E; of E, which implies that

— (_KB|) = C/ZE, (43)
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Fig. 6. The weighted dual graph of E fora; =3,ay =4,a3 = 12,a4 =42

and then ¢’ € Z following the definition of canonical cycle. From (4.1), (4.2)
and (4.3), we have ¢ = ¢’ € Z. Hence —K — (—Kp,) = c¢Zg. Since Zp, is
the fundamental cycle on B;, the coefficient of Ej, , ¢ in Zp; is also 1 for every
Em,ve ¢ Supp A. Continuing this process, we obtain that

—Kp — (—Kp. ) =cZp, i=0,1,....1—1,

i+1
where —Kp, = —K and Zp, = Zg. Since ZgKp, =0, —KZg = cZ%. From
Theorem 4.1, we have

KZg 2py(W,00=2-Z23 2p;(W,0) =2+ &m

c= = -~
-z -Z2 &m

From Theorem 4.2, we can obtain the integer c. O
Remark 4.4. If p (W, 0) = 2, then &m < 2since ¢ € Z. In fact, we have
Eml2pr(W,0) —2).

Example 4.5. Let a; = 3, a2 = 4 and a3 = lem(ay, az) = 12, a4 = 42. Suppose
that

(W,0) = ({x13 ot x2 =020 +3xd + 22 =0}, 0) c (T, o).

Then the weighted dual graph of the minimal good resolution of (W, 0) is as in
Fig. 6, the fundamental cycle Zg = 2Ep + leil 23:1 Eij, ZX = —12 and
pr(W,0) = 91. The minimal cycle A = 2Eq + lei] E;i. Tt is easy to see
that A = Zp — Y/2, Y, Eij. ZgA = 0, By = Eg U (U2, Ui_, Eij) and
B, = Eq U (UililEil). Then we have Zp, = 2E¢p + leil Z?:l Eij, Zp A =
Oand Zp, = A = 2Ep + Zl]il E;1, Zp,A < 0. Hence the Yau sequence is
{ZE, ZB,, Zp,} and the length of Yau sequence is 3. After computation, we have

12 12 12
—K =111Eg+48) E; +32) En+16) Eg,
i=1 i=1 i=1
12 12
—Kp, =79E+32) En+16) Ep,

i=1 i=1
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Ca —tem,p C
_— Yam—tem,pm — _—Cipre —
1, . Enz,s;”,l Em75m*t+1,1 Em,sm,l Gm
Em,s’m JGm Em75m7t+17gm Em75m,7gm,

Fig. 7. The weighted dual graph of E

12
—Kp, =4TEg+16 Y Eiy.
i=1
Itis clear thatc = 16 and —K — (—Kp,) = 16Zg, —Kp, — (—Kp,) = 16Zp, and
8al2pr(W,0) —2,ie.,2pr(W,0) —2 = 158,.

Corollary 4.6. Assume that the weighted dual graph of E is given as in Fig. 7,
where s, = s — t and Cm.s), > 2, and the coefficient of some Ey, ¢ in Zg is 1
with s, —t+1 <v < sy, 1 <& < g,. Then the length of Yau sequence concerning
the minimal cycle A ist + 1 and

Sm g'm
A=Zp— 3 Y Emve
v=s,;, —t+1 &E=1
Furthermore, we have Z% = —g, and
2pr(W,0) —2+ 2
—Kp — (—Kp,,,) = ps( A) ngBf’i:O’l""’t_l’
8m
where K g, is the canonical cycle on B;, and {(Zp, = Zg, Zp,, ..., Zp,} is the Yau

sequence concerning the minimal cycle A.

4.2. For the general case2 < a; < --- < ay,

According to Lemma 1.2 in [5], we know that if e;,, 8,y + 1 = 0 (mod «;,) and
am—1 =lem(ay, az, .. ., au—2), then for the fundamental cycle Zg,

am—1 o — am
m — —7
ng(am—l s Qm)

and 0, 5,6 = [6o/om] = 1,6 = 1,2, ..., gm. Further, if [[cyk, ..., Cm,s, 1] =
[12,2,...,2]] forsome k € {1,2,...,5,}, then 8, ,¢ = 1fork <v < s,,1 <
& < g, following Lemma 1.2 in [5]. This means that we should consider the length
of Yau sequence concerning minimal cycle A without the assumption a,,—1 =
lcm(ay, ay, ..., ay—2). That is, for a connected part containing the curve E, ,, ¢
in the minimal resolution graph of C,, g,, with all E 3“}’ ¢ = —2 and the coefficient
of Ey 5,6 in Zg isnot 1 for I <& < g, then we obtain the following theorem.

6y = = — <
0= Cmm = e (@mt. dm)
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Eis1 |0

Eﬁ Sn-9n
am—tem,pPm —_— Ct+1 t
A Em,s;n,l Em,smft+1,1 Em,sm,l Gm
E Em s —t41,gm Ersm,gm

5
M,Sm9m

Fig. 8. The weighted dual graph of E

Theorem 4.7. Assume that the weighted dual graph of E is given as in Fig. §,
where s, = s, — t and Cm,sl, > 2, and the coefficient of Ey, s, ¢ in Zg is not 1
with 1 < & < g,,. Then the length of Yau sequence concerning the minimal cycle
Aist+ 1 and

Sm gm

v=sy,—t+1&=1
Proof. If t = 0, then it is clear by Corollary 3.7. Assume that ¢+ > 1 and the
coefficient of E,, 5, ¢ with 1 < & < g, in Zg is 05, ¢ = Op.s,.e > 2. Since

Cm,s;, > 2, wehave ZgEy 5, & = —1 following Lemma 1.2 in [S]. Thus, by (1.3),
we have

Pa(ZE — Em,sm,é) = pa(ZE) + pa(_Em,sm,S) e ZEEm,sm,E = pa(ZE).

Continuously, let D = Zg — Zi’"zsm_t“ Zg’il Em,v.e, following Lemma 1.2 in
[5] and (1.3), we have

Pa (ZE — D) = po(ZE) + pa(—D) — 1 — ZgD
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Es256 Es16

Fig. 9. The weighted dual graph of E foray; = 3,a; =4,a3 =22,a4 =42

1
= pa(ZE) + EDZ —ZgD

= pa(ZE) — &m + &m
= pa(ZE).

Further, since ¢, 57, > 2, according to Theorem 3.5, we have
Pa(D — Em,s,’",S) < pa(ZE) = pa(A), 1 <& < (ém

By Definitions 2.8 and 3.1, we have

Sm &m
Zp,=Zp— Y, Y Ewve=A.
v=s,—t+1&=1
Hence we complete the proof. O

Leta; = 3,a, =4, a3 =22 and a4 = 42. Assume that
W, 0) = ({6} +x3 = 232,27 + 35F = x§2),0) € (€, 0).

Then the weighted dual graph of the minimal good resolution of (W, 0) is as in
Fig. 9 following Theorem 3.2. Further, by Theorems 3.3 and 4.2, we obtain that the
fundamental cycle

6 6 6 2

Zg =22Ep + 11 ZE]’I"f + 12ZE2.1,§ —l-ZZEz,z,g + 19ZE3,]£
E=1 =1 E=1 =1

2 2 2 2 2
+16) E3pe+13) Esze+10Y Ezae+7) Ezse+4Y Eiee,
£=1 £=1 £=1 £=1 £=1
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and p,(Zg) = 179. Let

6 2 6 6 6
D=7 — ZZE3’V"§ =22Ep+ 11 ZEI’I";& + 1ZZE2,1’§ —I—ZZEQ,QJ’%
E=1 E=1 E=1

v=1&=1

2 2 2
+18) E3ie+15) Espe+12) Esse
&E=1 £=1 £=1

2 2 2
+9 Z E346+6 Z E3s5:+3 Z E36.¢,
£=1 £=1 £=1

then p,(D) = 179. Furthermore, for any E3, ¢, v = 1,2,...,6,§ = 1,2, we
have p,(D — E3,¢) < pa(ZE). Therefore, following Theorem 3.5 and Corollary
3.7, we obtain that the minimal cycle A = D.
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