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Abstract. In the first part of this paper we shall classify proper triharmonic isoparametric
surfaces in 3-dimensional homogeneous spaces (Bianchi-Cartan-Vranceanu spaces, shortly
BCV-spaces). We shall also prove that triharmonic Hopf cylinders are necessarily CMC.
In the last section we shall determine a complete classification of CMC r-harmonic Hopf
cylinders in BCV-spaces, r > 3. This result ensures the existence, for suitable values of r,
of an ample family of new examples of r-harmonic surfaces in BCV-spaces.

1. Introduction

In order to introduce the geometrical setting of this paper we recall that harmonic
maps are the critical points of the energy functional

1
E(p) = E/M ldpl*dV , (1.1)

where ¢ : M — N is a smooth map between two Riemannian manifolds (M, g)
and (N, h). A map ¢ is harmonic if it is a solution of the Euler-Lagrange system
of equations associated to (1.1), i.e.,

—d*dy = trace Vdgp = 0. (1.2)

The left member of (1.2) is a vector field along the map ¢ or, equivalently, a section
of the pull-back bundle ¢! T N: it is called fension field and denoted 7(¢). In
addition, we recall that if ¢ is an isometric immersion, then ¢ is a harmonic map
if and only if the immersion ¢ defines a minimal submanifold of N (see [8,9]
for background). Let us denote VM VN and V¥ the induced connections on the
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bundles TM, TN and @~ TN respectively. The rough Laplacian on sections of
(p‘l T N, denoted A, is defined by

m
A=d'd = _Z(vg;vgj _Vggge,)’ (1.3)

i=1

where {e;}7 | is a local orthonormal frame field tangent to M.

Now, in order to define the notion of a polyharmonic map of order r, shortly an
r-harmonic map, we consider the following family of functionals which represent
a version of order r of the classical energy (1.1).

Ifr =2s,5 > 1:

m
i

1
Ex(g) = —/M ((@*d)...d*d) g, (d*d)...(d"d)¢), dV

2
s times s times
1 —s—1 ——s—1
=3 (A" t(p), A T(p))y dV. (1.4)
M

In the case that r =25 + 1,5 > 0:

1
Erst1(p) = 5/ (d(d*d)...(d*d) ¢, d(d*d)...d"d)¢)y dV
M s times s times
1 e ® —s—1 ) ——s—1
=5 D UVEN T (9, VEA T 1(9)),, dV. (1.5)
M :
j=1

We say that a map ¢ is r-harmonic if, for all variations ¢,

d

— E,
di (1)

=0.

=0

This condition is equivalent to the vanishing of the r-tension field 7, (¢). We recall
that the expressions which describe the r-tension field of a generalmap¢ : M — N
between two Riemannian manifolds were computed by Maeta (see [10]) and are
the following:

mi(p) = A" () — RY (37 r(p). do(en) dyen)
s—1
=Y RN (VA ) BT ) ) doen
=1
— RN (8 ), e BT ) dgten] . (16)

where N 0 and {e;}" , is a local orthonormal frame field tangent to M (the
sum over i is not written but understood). Similarly,
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Dsp1(@) = A () — RY (Zzs_lf(w), drp(ei)) do(er)

s—1
=Y RN (VERT w0, BT ) ) doten)
=1

— RY (B 2. Ve B e g)) doten |
—RY(VE A @), B ) )ducen (17)

If r = 1, the functional (1.5) is just the energy. In the case that r = 2, the functional
(1.4) is called bienergy and its critical points are the so-called biharmonic maps.
At present, a very ample literature on biharmonic maps is available and, again, we
refer to [17] and references therein for an introduction to this topic.

More generally, the r-energy functionals E, (p) defined in (1.4), (1.5) have been
intensively studied (see [2, 10—15], for instance). Inspection of the Euler-Lagrange
equations for E, (¢) shows that a harmonic map is always r-harmonic for any r > 2.
When the target manifold is nonflat, we use to call an r-harmonic map proper if it is
not harmonic (similarly, an r-harmonic submanifold, i.e., an r-harmonic isometric
immersion, is proper if it is not minimal). As a general fact, when the ambient space
has nonpositive sectional curvature there are several results which assert that, under
suitable conditions, an r-harmonic submanifold is minimal (see [11] and [12], for
instance).

Things drastically change when the ambient space is positively curved. Let
us denote by S+ the sphere S”*1(1) of radius 1. Moreover, let A be the shape
operator of M™ into S”*! and H = fn the mean curvature vector field, where 7 is
the unit normal vector field and f is the mean curvature function. Throughout the
whole paper, when we write that M is a CMC hypersurface we mean that f is a
constant which will be denoted by «.

In [16] Ou derived the equation for biharmonic hypersurfaces in a generic
Riemannian manifold. More precisely, he proved:

Theorem 1.1. [16] Let ¢ : M™ — N™t! be an isometric immersion of
codimension-one with mean curvature vector H = fn. Then ¢ is biharmonic
if and only if:
Af + fIA]> = fRicV (n, ) =0, (18)
2A (grad f) +mfgrad f —2 f (Ric¥ ()" =0, :

where RicV : Ty;N — TyN denotes the Ricci operator of the ambient space
defined by (Ric" (Z), W) = RicN(Z, W) and A is the shape operator of the
hypersurface with respect to the unit normal vector 1.

We point out that, contrary to [16], the sign convention for A in this paper is such
that Af = —f” on R. If the mean curvature f is constant, say f = «, then the
biharmonic equation reduces to

{—o:|A|2 + aRicV (n,7) =0

o Ric¥ ()T =0, e
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from which we deduce that a non minimal CMC hypersurface M™ is proper bihar-
monic if and only if

RicV (n) = |A)n. (1.10)

In the instance that M™ is a hypersurface of S”*! the biharmonic condition (1.10)
reduces to

|A]> —m = 0. (1.11)
As for the r-harmonic case, condition (1.11) was generalized in [13]:

Theorem 1.2. Let M™ be a non-minimal CMC hypersurface in "' and assume
that |A|? is constant. Then M™ is proper r-harmonic (r > 3) if and only if

IAI* = m|A)? = (r — 2)m?a? = 0. (1.12)

As an application of Theorem 1.2, several new examples of isoparametric r-
harmonic hypersurfaces were illustrated in [13], where it was stressed that the value
of r, r > 2, plays a crucial role when the ambient is positively curved. By con-
trast, when the target space form has nonpositive curvature, generally non-existence
results are confirmed for all values of r, r > 2.

As anatural further step, in this paper we shall focus on the study of ¥-harmonic
surfaces into 3-dimensional homogeneous spaces with group of isometries of
dimension 4.

It is well-known (see, e.g., [1], [3], [4], [6]) that 3-dimensional homogeneous
spaces with group of isometries of dimension 4 admit, as a local canonical model,
the so called Bianchi-Cartan-Vranceanu spaces (shortly, BCV-spaces)

dx? + dy? £ ydx —xdy 72
d by ’
T w7+ 14 ])

3 _ Y —
Mmf—(MXR’g— 2 THmG2 90

(1.13)

where M = {(x, y) € R?: 1 +m(x% + y?) > 0}.
The space M;, ; 1s the total space of the following Riemannian submersion over
a simply connected surface M?(4m) of constant curvature 4m, see [6]:

dx? +dy2
[1+m(2+yH)]?

s m, el

M3 —>M2(4m)=(M,h= > (x,y,2) = (x, y).

(1.14)

We point out that while in S” (p) the letter p indicates the radius, in M2 (4m), H?(4m)
the real number within the brackets represents the sectional curvature.

These BCV-spaces are also a local model for Thurston’s eight 3-dimensional
geometries with the exception of the hyperbolic space H> and Sol. More precisely,
we have the following cases:

(1) when £ =m =0, then M? , is R3;
(2) when €2 = 4m > 0, then an,[ is a local model of S*(1//m);
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"y
$*(59=) \ {oo} x R
Y 2 =4m
SU(2)
SU(2)
Nily R3

SL(2,R) SL(2,R)

H2(4m) x R

Fig. 1. Distribution of BCV-spaces with respect to the values of £ and m

(3) when ¢ =0 and m < 0, then Msl ¢ 1s the product space H2(4m) x R;

(4) when ¢ =0 and m > 0, then M;l’e is the product space Sz(ﬁ) \ {oo} x R;
(5) when ¢ # 0, then MSM is Nils;

(6) when ¢ # 0 and m < 0, then an .18 ﬁ(Z, R);

(7) when £ % 0, m > 0and £ # 4m, then M, , is a local model of SU (2) with
a Berger metric.

See Fig. 1 for a representation of the BCV-spaces with respect to the values of
the parameters £ and m.

In their paper [18], Ou and Wang used equation (1.8) to study biharmonic
surfaces in BCV-spaces. They first showed that a totally umbilical biharmonic
surface in any 3-dimensional Riemannian manifold has constant mean curvature.
Then they used this to show that the only totally umbilical proper biharmonic surface
in 3-dimensional geometries is a part of S*(1/+/2m) in S3(1//m).

Moreover, they proved the following characterization of CMC biharmonic sur-
faces:

Theorem 1.3. (see [18]) A CMC surface in a 3-dimensional Bianchi-Cartan-
Vranceanu space is proper biharmonic if and only if it is a part of one of the
following:

D S2(—y i S3 (L

O nSG,
@) S (m) xRin$S (2m) x R,
(iii) a Hopf cylinder in SU(2) with 4m — €% > 0 over a circle of radius R =

1/+/8m — €2 in the base sphere M*(4m) = Sz(#ﬁ).

The main aim of our paper is to investigate the existence of triharmonic and,
more generally, r-harmonic surfaces in this geometric setting (r > 3).
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Our paper is organised as follows. In Section 2 we state our main results on
triharmonic surfaces in BCV-spaces. These results will be proved in Sects.4 and
5. Finally, in Sect. 6, we shall determine a complete classification of proper CMC
r-harmonic Hopf cylinders in Bianchi-Cartan-Vranceanu spaces, r > 3. As an
application, we shall be able to describe, for suitable values of r, an ample family
of new examples of r-harmonic surfaces in BCV-spaces.

2. Statement of the results on triharmonic surfaces in BCV-spaces

In order to state our results, it is convenient to recall first some basic facts and
terminology.

For a Bianchi-Cartan-Vranceanu 3-space given in (1.13), one can easily check
that the vector fields

d Ly o d £x 0 d
Eyv=F————, Eh=F—+4+ ——, E3=—,

ady 2 0z 9z
where F = 1 + m(x% + yz), form a global orthonormal frame field (see [3,18]).

Now, let y(s) = (x(s), y(s)), s € I be a smooth curve in the base space
M?(4m) of the Riemannian submersion (1.14). Then the Hopf cylinder ¥, = &
over the curve y is defined as

¥ = Usert (y(5)). (2.1)

Then the surface X can be parametrized as r (s, t) = (x(s), y(s), t) since the fiber
of 7 over a point (xq, o) is 7~ xo, o) = {(x0, Y0, ) : t € R}.

It is convenient to assume that the base curve y is parametrized by arc length,
ie.,

%2 4 32
= 1.
F2
Next, we define:
X—XE —i—)}E —yE ).CE 2.2)
_Fle’n_FlFQ' .

Then the unit vector field n is normal to the Hopf cylinder ¥ and {X, E3, n} is a
global orthonormal frame field adapted to X.
Our first result is:

Theorem 2.1. Let ¥ be a triharmonic Hopf cylinder in a BCV-space M,?L ¢ Then
¥ is CMC.

The analysis in the proof of Theorem 2.1 shows that, if ¥ is a Hopf cylinder, then
its tension field is T = —«,n, where k, denotes the geodesic curvature of its base
curve.

Our second result is:
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Theorem 2.2. Let ¥ be a CMC Hopf cylinder in a BCV-space Mi’l.

(1) If 4m < 02 and ¥ is triharmonic, then S is minimal.
(i) If4m > €2 and the geodesic curvature kg of its base curve verifies

Ky =2(4m — £%), (2.3)
then X is proper triharmonic.

Remark 2.3. The base curve of a proper triharmonic Hopf cylinder in SU(2) as in
Theorem 2.2 (ii) is a circle of radius R = 1/+/12m — 2¢% in Sz(l/(2ﬁ)) and so
these Hopf cylinders are tori.

The analysis of the Hopf cylinders fits naturally into the context of the study of
isoparametric surfaces. We recall that, in a general Riemannian manifold, a hyper-
surface is said to be isoparametric if itself and its locally defined nearby equidis-
tant hypersurfaces have constant mean curvature. In the 30’s, Cartan characterized
isoparametric hypersurfaces in space forms as those with constant principal curva-
tures and achieved their classification in hyperbolic spaces H". Segre obtained a
similar result for Euclidean spaces R”. In both cases, isoparametric hypersurfaces
are also open parts of extrinsically homogeneous hypersurfaces, that is, codimen-
sion one orbits of isometric actions on the ambient space. By contrast, the classi-
fication problem in spheres S" is much more complicated and rich, and there are
inhomogeneous examples (see [5] and references therein, for instance).

In spaces of nonconstant curvature, very few classification results are known.
In the case of interest for us we have the following important result:

Theorem 2.4. [7] Let ¥ be an immersed surface in M; p4m— 02 £ 0. Then the
following assertions are equivalent:

(1) X is an open subset of a homogeneous surface.
(i) X is isoparametric.
(i) X has constant principal curvatures.
(iv) X is an open subset of one of the following complete surfaces:
(a) a Hopf cylinder over a complete curve of constant curvature in M*(4m);
(b) a horizontal slice M*(4m) x to with £ = 0;
(c) a parabolic helicoid Py, ¢ with a?+m<0.

Remark 2.5. We point out that in references [4,6,7] the authors use parameters «, T
instead of m, £. The relationship between these parameters is k = 4m, v = £/2.
Also, in these papers our constant « is denoted by H.

The parabolic helicoids Py, ¢ Will be described explicitly in Sect. 4.
Our main result in the context of isoparametric surfaces is the following:

Theorem 2.6. Let ¥ be an isoparametric immersed surface in anq o 4m— 02 +£0.
If X is proper triharmonic, then it is an open part of a Hopf cylinder as in (ii) of
Theorem 2.2.

Remark 2.7. 1f 4m — £> = 0, then an ; 18 a space form with nonnegative sectional
curvature and in this case the only proper triharmonic isoparametric surface is

SZ(J%") in 83(\/#%) (see [11]).
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3. Preliminaries

In order to prepare the ground for our proofs we need to carry out some preliminary
work. Generally, the use of a bar over a symbol indicates that we refer to an object
of the ambient space. We adopt the following notation and sign convention for the
Riemannian curvature tensor field:
R(X,Y)Z=VxVyZ—-VyVxZ—Vix.yZ.

Moreover,

R(X.Y.Z,W) = (R(X. V)W, Z),

Ric(X, ¥) = Y0 R(X, €1, Y, e) = 30 (R(X, epei, ¥).

A straightforward computation shows that
[E1, Ex] = —[E2, E1] =2mxEy — 2myE; + LE3,
all others [E;, Ej]1=0, i,j=1,23. 3.1
Then, using the Koszul formula

2Z,VyX) = XY, Z)+ Y(Z,X) — Z(X,Y)

—([X. Z],Y) =AY, Z], X) — {[X, Y], Z), (3.2)
it is easy to compute:
§E1E1 =2mykE,, ?EZEQ =2mxEq,
— 14 = 14
Vg Ey = —2myE; + ZE3, Vg, By = —2mxE; — S E3,
B B B B 02 (3.3)
Ve, Ey = Vg E3 = _EEZ’ Ve By =Vg,E3 = zEl,

all others VR, E; =0, i,j=1,2,3.

Similarly, a further computation gives the possible nonzero values of the sectional
curvatures:

R ) 3¢2
Ri212 = (R(E1, E2)Es, E1) = 4m — .
2

_ _ V4
Ri313 = (R(Ey, E3)E3, E) = —, (3.4)

_ _ 22
R2323 = (R(E3, E3)E3, Ep) = T

The Riemannian curvature tensor field R of Mﬁl ¢ can be described as follows
(see [6], where the opposite sign convention for the curvature tensor is adopted).



Polyharmonic surfaces in 3-dimensional homogeneous spaces 39

_ 3¢2 2
R(X,Y)Z = (4m — e (= (X, Z2)Y + (Y, Z)X) — (4m — £7)
3.5)
Another useful formula is the following (see [6]):
— £
VxE3=§XXE3, (3.6)

where x here has the following meaning:
(X xY, Z)= det(El,Ez,E3)(Xa Y, 7).

We shall study oriented immersed surfaces ¢ : M?> — an , and denote by 7 the
unit normal vector field.
The vector field E3T = E3 — v n, where we have set

v = (E3, 1), (3.7

will play a basic role in our analysis. This vector field plays an important part also
in the previous literature on this subject. For our purposes, it is useful to recall (see
Proposition 3.3 of [6]):

_ L
VxE] =VxEj + B(X.E{)=v (A(X> -3 J(X)) + (A(X), E5 ),
(3.8)

where J denotes the 7 /2 rotation on T M?.

If p is an arbitrarily fixed point of M 2 then, as VJ = 0, we can consider a
geodesic frame field { X, X»} such that, in a small neighbourhood of p, J(X) =
Xo, J(X2) = —X.

Moreover, taking into account the definition (3.7), we compute:

£ 12
X () = —{AX) = 5 J(X), E3) = —{A(X) — 5 J(X), Ej). (3.9)

4. Proof of Theorems 2.1 and 2.2

Let {T, N} denote the canonically oriented unit tangent and normal fields to y in
the base space MZ2(4m) = (M, h), ie.,

T'=(x,y), N=(-y.x),
so that the geodesic curvature «, of y is defined in the base space by means of

VrT =kgN, VN = —k,T.
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Note that we denote V.= V&, V = V= A computation shows that
2m ) yx — Xy
Keg = —(Xy — yx .
Our first lemma is:

Lemma 4.1. Let X, n be the vector fields defined in (2.2). Then

"= = 14 — l
(1) VxX = —ken (1) Vyxn =X — §E3 (iil)) Vg, X = =1

- 0 L @.1)
(iv) Vgyn = _EX (v) VE,E3 =0 (vi) VxE3 = 3"
Proof. We note that X = TH, i.e., X is the horizontal lift of T and, similarly,
n=-—N H_ Because 7 is a Riemannian submersion, we know that
dr (ﬁvﬁ WH) = Vyuyrydr (W), 4.2)

By way of example, we prove (ii):
dm (ﬁxn) =—VrN =k, T =dn(k,X).
It follows that
§X77 =kgX + k3,
where
¢ =(Vxn, E3) = (1, VxE3).

Next, using (3.6), we deduce that

14 (. X x E3) 14
c=—=(n, X x =—=.
2 =T
The other computations of this lemma are similar and so we omit them. O

It is easy to deduce from Lemma 4.1 that the tension field of the Hopf cylinder is
T = —Kgl).

In particular, the Hopf cylinder X is CMC (« = —k,/2) if and only if its base curve
y has constant geodesic curvature. Next, we need:

Lemma 4.2.
At = AX + BE3 + Chn, 4.3)

where
62

A =3kgkg, B=—lig, C=ig— sy~ K.
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Proof. We compute:

AT = —[gxgx‘[ —gvxx‘f +§E3$E3T _$VE3E3T}-

Since t is orthogonal to X, we deduce from Lemma 4.1(i) that Vx X = 0. Also,
VE; E3 = 0 and so, using again Lemma 4.1, we compute:

AT = —{?var +VE3§E31}
_r ¢ T ¢
= Vx|Kken +ig(ke X — §E3) — Vg, KgEX

.. . 14 .
= K¢n +/<g</<gX — 5E3> + 2Kk X — K;T)

l. ¢ ¢?
—EKgEg, - Zlcgn - ZKgT)
and the conclusion follows readily. O

Now, we compute:

Lemma 4.3. Let A, B, C be the function defined in Lemma 4.1. Then

— 02 £
A2t=[4A+AK —A—EBKg—ZCKg—CKg:I

[ S Ak + 2 B B+eC|Es
e2
[2A;<g + Ak —tB—C+Cil+ < C] (4.4)
Proof. Obviously,
At = A(AX) + A(BE3) + A(Ch).

Computing as in Lemma 4.1 we find:

—_ 22 . ¢ i .
AAX) = [ZA + A2 - A]X _ [EAKg:IE3 + [2A:<g 4 Akg]n
— 1 22 .. )
B(BE:) = =[5 B, |X + [ 7B — B]Es =[]

_ . . 02 .
A(Ch) = _[2ch + Cl'cg]X + [ZC]E3 v [7c + 0 - C]n.

Adding up these three terms we obtain (4.4). O

Now, using again Lemma 4.1 and the explicit expression (3.5) of the Riemannian
curvature tensor field, we can compute the two curvature terms of the 3-tension
field (1.7) and we find:
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Lemma 4.4.

- 52 62 ZZ
—R (Ar(go), dgo(ei)) do(ei) = _ZAX — IBEg, + (—4m + ?> Cn;

- 3¢2
—R(V t(9). 7(9))dyer) = (4m - T) .

Finally, adding up the terms computed in Lemmata 4.3—4.4 and simplifying using
the explicit expression of the functions A, B, C defined in Lemma 4.1, we obtain
the explicit expression of the 3-tension field of a Hopf cylinder. This is summarized
in the following

Proposition 4.5. As in (2.1), let ¥ be a Hopf cylinder in a BCV-space MSM. Then
its 3-tension field is given by

7y = [2kg (g + 5] — Sky) — Sk (M |X
¢ .
+5[ — (€2 4+ 9Dy + 4K£,3):|E3
1 . )
5 [ (602 = (@ + 420 = 8m +kD)) + 2567 — 8m + 206, — 4V |n.
(4.5)

We deduce from (4.5) that a Hopf cylinder ¥ is 3-harmonic if and only if the
geodesic curvature k¢ of its base curve y verifies:

2y (Cicg + 563 — Sicg) — Skl =0

—( + KDYy + 4tk =0

ke (60k§ — (2 4+ 4202 — 8m + Kg)) +2(502 — 8m + 2062)ié — 4is? = 0.

(4.6)

Proof of Theorem 2.1. Because T = —k,1, the proof amounts to showing that the
base curve y of X has constant geodesic curvature k. We denote by K1, K2, K3
respectively the left-hand sides of the three equations in (4.6).
Case ¢ #0
We argue by contradiction. So, let us suppose that (4.6) admits a nonconstant

solution. It follows that there exists an open interval / such that «,(s), K¢ (s) are
both different from zero on /. We work on /. First, from

4K1 45k, K2 =0
we deduce that
. K 2 2
g = 75,36 = 51). 4.7)

Next, replacing the derivative of (4.7) into K2 gives

7 .
—Ez(ez + 15k kg = 0,
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Thus, since £ # 0, we must have that k, = 0 obtaining a contradiction.
Case ¢ =0
In this case (4.6) is equivalent to

() k(] —ig) — kgl =0

4.8
(i) 15kgk2 — k3 (k2 — 8m) + 2(5k2 — 2m)icg — ky" = 0. 9

Explicit integration of (4.8) (i) yields
gy = Kg — I%; +c, 4.9)

where c is a real constant. Taking the first and the second derivative of (4.9) we

obtain the expression of K, KS) and /cg‘) in terms of k¢, K, and c. Substituting these
expressions in (4.8) (ii) we obtain

 + 12mil + Tk§ — Bek] + Tieg + 4micg (kg — ¢) + 2k (Sc + Ticg) = 0.
(4.10)

If m = ¢ = 0, then (4.10) becomes
T(kg +#k5)° =0

from which we obtain a contradiction. Now, let (m, ¢) # (0, 0). From (4.10) we
obtain

/%5 = (4c — 2m/<§ — 7l<g + \/9c2 + 12cmic2 + (4m? — 126¢)ic — 56m/<g) .

4.11)

| =

We can restrict our attention to an open subinterval of / where
9¢* + 12cmi; + (4m> — 126¢)ic; — 56mict

is positive. Taking the derivative of (4.11) (we choose the solution with the sign +
before the square root, the other case is similar) we obtain an expression of i, as
a function of «; and c. Substituting this expression and (4.11) into (4.9) we easily
obtain that « is a root of the following polynomial with constant coefficients

7056mi,’ + 196(81c + 26m*)k}
+384(42cm — m* )k + 12c(945¢ — 121m*)icy — 1764c*mic; — 567¢7.

Since (m, ¢) # (0, 0), it follows again that « is constant, a contradiction. Thus the
proof is ended. O

Proof of Theorem 2.2. The proof follows easily from Proposition 4.5 using the
assumption that kg is a constant. O
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5. Proof of Theorem 2.6

Our first goal is to compute all the terms which occur in the expression of the
3-tension field

t3(p) = A 1(9) — R (At (@), dg(e)) dg(e;) — R(VZ; (@), T((P))d(/’(ei)-
5.1)

For this purpose, we now establish a series of useful preliminary lemmata.

Lemma 5.1. Let ¢ : M? — Msl ¢ be an oriented surface. Let A denote the shape
operator, f = (1/2)trace A the mean curvature function and n the unit normal.
Then

(@) (VA(X,Y) = (VA(Y, X) — (R(X. V)T,
() (VA)X,Y), Z) = ((VA)X, 2),Y);
(c) trace(VA)(-,-) = 2 grad f + (4m — () v E; .

Proof. (a) This is just the Codazzi equation.
(b)

(VA)X,Y), Z) = (VxA(Y) — A(VxY), Z)
= (VxA(Y), Z) — (A(VxY), Z)
= X(A(Y), Z) — (A(Y), Vx Z) — (VxY, A(Z)).

Because the above expression is symmetric with respect to Y, Z the conclusion
follows.

(c) Let p € M? be an arbitrarily fixed point and consider a geodesic frame field
{X,~}l.2:1 around p. At p we have:

2 2 2
Trace(VA)(-, ) = Y (VAY(X;, Xi) = ) _(Vx, A)(Xi) = Y Vx, A(X;)

i=1 i=1 i=1

2 2
= > Vx,(AX). X)X)) = > Vx ((Xi, A(X))) X))
i,j=1 i,j=1
2 2
= > (Xi. VK AX)Xj = D (Xi (VA(Xi, X)X
i,j=1

J= i,j=1

Now, first using (a) and then the explicit expression of the curvature tensor field
(3.5), we continue the previous sequence of equalities as follows:

2
Trace(VA)( ) = ... = Y (Xi, Vx,A(X;) — R(X:, X))m)X;
i j=1
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(Xi, Vi, AXD)Xj = (Xi, RXi, X)) X
1

Il
™

i,J

Il
gt

(X, (Xe ACXiD) X,
1
2
+ Y Gm— (X, Es)v — (X, E3)vd; )X,
ij=1
2
=2 X ()X + (4m — 62)[21)E3T - vE3T]
j=I
=2grad f 4 (4m — (®)VE;

iJ

and so the proof of the lemma is ended. O

Next, we compute:

Lemma 5.2. Let ¢ : M> — Mri ¢ be an oriented surface and denote by H = fn
its mean curvature vector field. Then

AH = (Af + flA®)n +2A(grad f) +2f grad f 4 (4m — €%) fv E; .
(5.2)

Proof. We work with a geodesic frame field {X ,'}l.z=1 around an arbitrarily fixed
point p € M?2. Again, we simplify the notation writing V for V¥ ? Since H = In,
around p we have:

Vi H=ViH—Au(X;)) = (X; /)n— fAX).
Then, denoting by B the second fundamental form, at p we have:
VE VY H = (XiXi f)n— (Xi f)AXi) — (Xi /) A(X:) — f(Vx, A (Xi)
+B (Xi, A(X))))
= (XiXi )N —=2(Xi f)AX;) = F(VAX;, X;) — fIA (X)) IPn.

Now, taking the sum over z_ and using Lemma 5.1, we obtain (5.2) (note that the
sign convention for A and A is as in (1.3)). O

In the special case that the surface is CMC, say f = «, then (5.2) becomes:
AH = |A*n+a(@m — ) vE;. (5.3)

Since the mean curvature vector field and the tension field are related by t(¢) = 2H,
setting for convenience of notation 7(¢) = 7 and

V=vE;, (5.4)
we rewrite (5.3) as
AT =20 |AIPn + 20 (4m — € V. (5.5)

Next, from (5.5) and performing a computation as in Lemma 5.2 we find:
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Lemma 5.3. Let ¢ : M?> — Msl ¢ be an oriented surface and assume that f = a.
Then

A7 = 2a(|AI* + AIA1D) 1 + daA(grad |A]?) + 20| A2 @m — €2 V + 2a(m — ) A V.
(5.6)

The first difficulty is to compute in a convenient way A V. We have
Lemma 5.4.

AV = 2v(2A2(E3T) + %E(A(J(E;)) — J(A(E;)))

562
+{(4m —Y(E P =)+ AR+ T}VE;

+H2AAED P + (BT AGED) = 2021AP = @m — 02 1E] 2.
5.7

Proof. We can work with a geodesic frame field {X ,-}l-z=1 such that J (X)) = X»,
J(X») = —X around an arbitrarily fixed point p € M?. Taking into account (3.8)
and (3.9) we obtain around p:

AT (A(Xi) - gJ(Xi)) —(A(X;) — gj(xi), EJ)E] +v(AX), Eq ).
Next, in a similar fashion, we compute at p:
VE (VR V) =20 Xim) (AX) — gf(xi))
[ (VAKX X)) + 1A - §<A(X,»), T
=M, X, ED —vlace) - o]

l Y4
—(AQX) = 54 (X ED|v(AQX) = 57 (X)) + (AX). E{ )]
+X: (W(AX), E3 )+ v((VAY(X:, Xi), E5 )

12
+V3(AX), AX) — 5/ (X = v(A(Xi), E{)A(X)).

Now, since {X i}?=1 is a geodesic frame field, we have at p:

2
AV == "Vy (V5V).
i=1
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Therefore,

_ 1
AV = —2v(A(gradv) — 5J(grad V)

¢ 2
—v2[(m — 2 E] + 147 - DA, J(Xo|

2
+[(4m — CWIES P+ ) v|AX) - %J(Xf”z]E;

i=1

2
14 14
+§<A<Xi> — SIX0). E)[v(AXD) = 54 (X)) + (AKX, E
—(A(gradv), E )y — (4m — £ |E{ [*n

2 2
l
—v? Y (A, AKX = 2 (X +v Y (AKX, E)AX). (58)
i=1 i=1
Now (5.7) can be computed using (3.9) and performing some simplifications such
as:
(AX1), J(X1)) + (A(X2), J (X2)) = 0
i ) - LrcoP =1+ £
— R A 2
1=
2
D (Xi J(ED) (X AED))n = (J(E]). A(E{ )
i=1
2 ¢ ¢
gradv = — Z;(A(X,») = 5T (Xi), E5 ) Xi = —A(E3) = S (E).
Indeed,
— ZZ
AV = 20A%(E]) + tvA(J(E])) — EvJ (A(E])) + \)7153T

—vz[(4m — PWET + |A|2n]
62
+[(4m — CWIE]? +v (|A|2 + 3) ]153T
2

¢ ¢ ¢
+vA(E]) + vEA(J(E;)) - UEJ(A(EJ)) + UZE;

14
HIAEDP + 5 ED, AED) |
14
HAED P+ S (E3), AGED)i — (4m — )2 |E5 Py

—v2 APy + vA*(E]) (5.9)
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from which (5.7) follows immediately (note that each line of (5.8) is equal to the
corresponding line of (5.9)). O

Now, we can state the main result which is of independent interest and summarizes
the preliminary work which we have carried in this section.

Proposition 5.5. Let M? be an oriented surface in M 3! (- Assume that M 2 has CMC
equal to a. Then its 3-tension field is '

3= a{2A|A|2 +20A1 + 1AR[A +20%) — 8m(1 +1)]

+H4(@dm — ) AED +20@4m — ) (J(ET), AE]))
—da(d4m — 2 (A(E]), E])

1262023 + 4v?) — 32ma(1 + vz)}n
20 (4m — éz)v{SlAlz + 40?4300 4 m(4 — 12v2)}E3T

Fha(dm — Kz)v[2A2(E3T) _ 34—£J(A(E3T)) T %(A(J(EJ))}

—4a®(4m — LHvA(ES)

+4aA(grad |A)?), (5.10)
where v is defined in (3.7).

Proof. The explicit expression of the curvature tensor field is given in (3.5) and so
we have all the ingredients to compute the 3-tension field (5.1). More in detail:

1)) Aris given in Lemmata 5.3 and 5.4.
(IT) Here we compute the first curvature term

ﬁ(Kt((p), do(e)) do(ep),

which we rewrite as
2 2
ZE((ZT){X,) X; +Zﬁ((Zr)T,Xi) X;, (5.11)
i=1 i=1

where, according to (5.5), we have
Ayt =20 APy, (A1) =2 @m — ) V. (5.12)

Then, using the general expression (3.5) for the curvature tensor field, we find:

ii((xr){ Xl-) X; = 2a|A|2[2 <4m - 3752> 7

i=1
—(4m —62)[(|E3T|2+2v2)r/+vE3T]}. (5.13)
2 2
=~ 3¢
Y R((A1)". Xi) Xi = 2a(4m — v <4m - —> Ej
i=1 ( ) { 4

—@m — [ |E{ PE] + |E5 [*v n]}- (5.14)
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Adding up the results in (5.13) and (5.14) we can easily handle the term in (II).
(IID) Here we deal with the other curvature term, i.e.,

R(VE 2(0). 1) )do(en.

Using again the general expression (3.5) for the curvature tensor field and observing
that

VYT =—20A(X))

we find (slight abuse of notation: we identify X; and d¢(X;)):
2
NS (v*"r r) ——4a2ZR(A(X) m X
i=1
3@2
= —4052{ —2u (4m — T) n

+(4m — 52)[uA(E3T) — (A(E]). E] )y — 2avE] — 2au2n]}
(5.15)

Using the results obtained in the three cases (I), (II), (III) we can easily compute
the 3-tension field described explicitly in (5.1). More precisely, after some routine
simplifications we obtain (5.10) (where we have used that |E3T |2 =1—v?)andso
the proof of Proposition 5.5 is completed. O

Proof of Theorem 2.6. According to Theorem 2.4, we just have to study the three
possible cases (iv)(a),(b),(c). Case (iv)(a) is analysed in detail in Theorem 2.2 and
provides examples of proper triharmonic surfaces. By contrast, horizontal slices of
the type (iv)(b) are totally geodesic and therefore there exists no proper triharmonic
surface of this type. By way of summary, the proof will be complete if we show
that any parabolic helicoid Py, ¢ as in Theorem 2.4 (iv)(c) cannot be proper trihar-
monic. Despite the simplicity of this plan for the proof, the involved computations
are quite long and will be carried out using the half-space model for M, 3 ¢~ More
precisely, recalling that in the case of parabolic helicoids m < 0 by assumptlon
we shall work in

3 ~ o~ o~ dx +dy - V4 - 2
MmZ_ {(X,y,Z)GR y>0} 4—5)2 dz—i—de .

Now, we recall (see [4]) some bgsic facts about the half-space model. We have an
explicit isometry ® : Mi’e — an!lz given by

2y 1+ mx?+y?) 14 y
O,y,2) = (MG2’ ey .2+ ﬂarccos (5) ,

where we have set
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Moreover, an explicit positively oriented global orthonormal frame field on the
half-space model is:

E; =2/-m7 0z + O, Er=2J—m35d5, E;=0:.

Y4
2/ —m
For future use, we observe that d®(E3) = E3. Next, we compute

[E1, Ex] = =2/—mE| + tE3; [E\, E3] =[E2, E3] =0.

Then, using the Koszul identity (3.2), it is easy to verify that the version of (3.3) in
this context is:

— o~ ~ — o~ .
VEIEl =2{—mkEp, V = —-2./— E] + E3, Vi E = —EEz,
. 0 - — - — £~
VEZEIZ_%E& VézEZZO VEZEgzzEl, (5.16)
— o~ ~ — o~ ? ~ ~

VE3E1 =—§E2, VE3E2=§E1’ VE3E3—O

The parabolic helicoids P, ¢ (see [7]) are the CMC surfaces in M 3 y parametrized
by

X(u,v) = (u,v,alogv), v>0,

where a is non-vanishing real constant whose relation with the geometrical param-
eters o, m, £ will be made explicit in (5.21) below.

We have to verify that a parabolic helicoid Py ¢, o # 0, cannot be triharmonic.
For this purpose, we apply Proposition 5.5. In order to compute all the terms which
appear in the expression of the 3-tension field t3 (see (5.10) it is convenient to
express and compute all the relevant quantities with respect to the global orthonor-
mal frame field {E1 Eg, E3} Writing [X1, X2, X3] for x1E1 + XzEz + x3E3, we
compute:

1 1
Xu=|7—0,—
“ |:2«/—mv 4mvi|

1 a
et
" %[E 4am, ZM], (5.17)
where we have set
L= +4m@a?m — 1) (5.18)
Note that
=g By =Y
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and so we can compute EgT =E;— vn. We find

E; _ [_ 20/=m 8a(—m)3? 4m n 1]‘

Lz L2 r?
Moreover,
dam l
JEJ)=nxEj =|—,——,0
(E3)=n 3 |:L I :|

Now, we recall that A(X) = —§Xn and J(X) = n x X forall X tangentto Py, ¢.
Next, we observe that all the coefficients of 5, E3T ,J(E ;'— ) are constant. Therefore,
using (5.16) it is not difficult to compute:

[ 2atm €2
A(E]) = | - L ’E’O}
[ V= 2m? 4 ¢ )32 2002 3
A(J(ED) = m (32a%m? + ) dat(-m?? _16a>tm’ +¢
L2 L2 2L2
2/ 3/2 2,2 3 (5.19)
AXET) = 5 —m 4ab(—m) 12 16a%tm? + ¢
3 - i L2 3 L2 s 2L2
TNy i E\/ —m (32a2m2+ﬂz) 2a£2(_m)3/2 16612£2m2+£4
J(A(ES)) = | — 12 - > ’ fd

Using (5.19), we are in the right position to compute the mean curvature « and
|A|?. We have

8a(—m)3/2
((AED). EX) + (AU(E])), J(E]))) = % (5.20)

20 = ——
|EJ |2

Inverting (5.20), together with (5.18), we deduce that the relationship between a
and the geometrical parameters o, £, m is:

o |4m — 02

= — [—F. 5.21
=\ m + a? -21)
As for |A|?, using (5.21) and (5.18) a straight computation returns
1 1
Al = W((A(E_I), AED) + (AU (E), AU (ES)))) = 5 (8a’ +€).
3
(5.22)

Next, using (5.19), (5.21) and (5.22) all the terms in (5.10) can be easily computed
and, after adding up and simplifying, we find
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aZ+m 1% 1o a2 +m
dm -2 J=m dm — 02

3 =0

where

T1 = z[z“ + 02 (—16m + 6a2) + 32(2m> — 3ma® — 2a4)];
T2 = ¢* + 02 (—16m + 6a°) 4+ 32(2m? — 3ma’ — 2a*);
T3 = %+ 02(—=8m + 2a%) + 64 a>(m + o).

By way of summary, a parabolic helicoid Py, ¢ is proper triharmonic if and only
if

T1=0
T2 =0 (5.23)
T3 =0

Now, if £ = 0, the third equation of system (5.23) becomes
64 az(m + az) =0,

which has not relevant solutions since in our construction m+a> < 0by hypothesis.
Next, we handle the case £ # 0. First, we observe that the condition 72—73 = 0
implies

—8(=2m? + 5ma?® + 4a*
2 = =5 m+m‘;‘+“). (5.24)

2m — «
Now, replacing this value of £2 into 72 and simplifying we find that necessarily
2m + 3a?)(—2m?* + 9ma* + 8a*) = 0.
Because m < 0, the only possibilities are:

3 2 2
m:—% or m= “7(9—\/145). (5.25)

The first value for m is not acceptable because, if we replace it into (5.24), we find
¢ = —16a2,

a contradiction. As for the second value of m into (5.25), it suffices to observe that

it would imply m + a? > 0, a fact which contradicts our assumption.

Therefore, there exists no proper triharmonic parabolic helicoid Py ,,, ¢ and so
the proof of Theorem 2.6 is completed. O
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6. Proper CMC r-harmonic Hopf cylinders

In this section we focus on the study of proper CMC r-harmonic Hopf cylinders.
We shall show that the existence of such submanifolds depends not only on the
curvature of the ambient space, but also on the value of r. This will be illustrated
in Corollary 6.3 which is a consequence of the following theorem.

Theorem 6.1. Assume that r > 2. Let ¥ be a non minimal CMC Hopf cylinder
in a BCV-space Mjl’ ¢ Then X is proper r-harmonic if and only if the geodesic
curvature Ko of its base curve y is a non zero constant which verifies

302 02
i+ [—4m(r — 4+ Tr} k2= (m— ) =0, 6.1)

Remark 6.2. From (4.1) (ii) and (iv), the norm |A|2 of the shape operator of X is
(see also [18]):

2

¢
2_ .2
AP =G + 5 6.2)

Using (6.2), condition (6.1) is equivalent to

2 2
|Aﬁ—(@n—%>LM2—U—Q)Gm_§§>K§:0 6.3)

Thus, setting » = 2 into (6.3), it is immediate to recover the result of Ou and Wang
[18] concerning CMC biharmonic Hopf cylinders. Also, in the special case r = 3
in (6.1), it is easy to recover the statement of Theorem 2.2.

In the following corollary we shall indicate for which values of the parameters
£, m and r there are acceptable solutions of (6.1). We suggest that the reader keeps in
mind the geometrical counterpart of the cases (i), (ii), (iii) of Corollary 6.3 referring
to the diagram in Fig. 1.

Corollary 6.3. Let MSz ; be a BCV-space. Then there exists a proper CMC r-
harmonic Hopf cylinder if and only if one of the following holds:

() 4m — €2 > 0andr > 2;
(ii) 4m — 2 =0, #Oandr = 5
(iii) 4m — €% < 0, Rja10 = 4m — 302/4 > 0 and

4 (ﬁ\/m + 4m)

r> Tom — 302 . (6.4)

Remark 6.4. The assumptions 4 m — 2 <0and Ryzjp =4m— 362/4 > (O in Case
(iii) of Corollary 6.3 have a geometrical meaning because they state that the ambient
space is SU (2) endowed with a metric with positive sectional curvature. Here we
point out that from the analytical view point these hypotheses are equivalent just
to the condition (3/4)¢> < 4m < £* which corresponds to the region between the



54 S. Montaldo et al.

m

4m = ? — solutions if r > 5
4m = al? — solutions if r > r,

4m = yz — no solutions

no solutions no solutions

4

no solutions

no solutions no solutions

Fig. 2. Distribution of proper CMC r-harmonic Hopf cylinders in BCV-spaces with respect
to the values of £, m and r

two parabolas 4m = (3 /4)6% and 4m = €2 (see Fig.2). It is convenient to describe
this region as the union U, y,, 3/4 < a < 1, where y, is the parabola 4 m = a(>.
Now, on y, the lower bound for r in (6.4) becomes

4(a+ /2 —2a)

Vg = —7—7"F7"T"

4a -3

We observe that on (3/4,1) r, is a strictly decreasing function of a with
lim,_,3/4+rq = +o00 and lim,_,-r, = 4. Therefore, the more we approach
3,4, the larger r must be in order to have a proper CMC r-harmonic Hopf cylinder.

Now, we prove the results of this section.

Proof of Theorem 6.1. We know that T = —k,1 and k, is constant. To simplify the
notation, we set

2

14
— 2 _ 2
c—/cg+? (= |A]9).
We know from Lemma 4.2 that At = —kgcn and then we deduce that
ANt =~ . (6.5)

Next, using Lemma 4.1, we obtain:

<. (A" 2. ¢ r .- (AN ¢ r

Vx(A' 1) = —kc" X + Elcgc Es; Ve (A1) = EKgC X. (6.6)
We shall also need the following equalities which can easily by derived from (3.5):

— 3¢2 _ Iz _
R(n, X)X = | 4m — - ) R(n, E3)E3 = ik R(X,nE3=0.
6.7)
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Now, using (6.5), (6.6) and (6.7), we can compute the r-tension field whose expres-
sion is given in (1.6), (1.7). We have:

mi(0) = 87 () — RN (B e (p). dyen) dye)
s—1
~Y R (VBT ), BT ) ) doen
p=1

— RY (37, vE BT 1)) dgen)
=~ + 1, [ RG1, X)X + RO1, E3)Es ]
s—1

_ V4 p—
=Y el RE X = Sk TR Es X
p=1
) _ _
—EK(S%CZ‘Y_SR(X, nE3 — Kg3C2s_3R(77, X)X

14 — 14 —
+36 R EDX = 510 R X0 Es

3¢2 e

= —kec® I+ Kgczsfz[ (4m - —) n+ —n]

s—1 2 2

_ 3¢ 3¢

—c* 32 H—K; <4m—T>n—K§ <4m—T>77}

p=1

2 3¢2

_Kgczs—3[c2 _ <4m — ?> c—2s—=2) (4m — T) K?]n.

It follows from the last equality that the Hopf cylinder X is proper r-harmonic
(r = 2s) if and only if

2 2
&—(Mn—%)c—@—d)@m—§§>K§:Q (6.8)

Finally, using ¢ =« + (¢2/2) in (6.8) we obtain (6.1).
The computations for 7251 are analogous and so we omit further details. O

Proof of Corollary 6.3. We will proceed by an accurate analysis of the dependence
of the roots of equation (6.1) on the values of the parameters ¢, m and r. Putting
x = kﬁ in (6.1), the existence of a proper r-harmonic CMC Hopf cylinder is
equivalent to the existence of a positive solution of the equation

4

We divide the analysis in a series of cases.

If m < 0, then the coefficients of (6.9) are nonnegative and thus there exists no
positive solution.

Thus, from now on, we assume that m > 0. Then we have the following
subcases:

2 2
2+ |:_4m(r -1+ 36_ri| x — %(4m — Ez) =0. (6.9)



56 S. Montaldo et al.

(i) If 4m — €2 > 0, then there exists a unique positive solution ng of (6.9) for all
r>2.
(i) If 4m — €2 = 0, then equation (6.9) admits the positive solution

, r—4
8 4
if and only if » > 5. We point out that this result is in accordance with the
discussion in Remark 1.3 of [14l
(iii) If 4m — €2 < 0, then replacing R1212 = 4m — 3£% /4 in (6.9) we obtain
¢ ¢t

X2+ [4m — rﬁlzlz]x — E§1212 + i 0. (6.10)

Thus, if Ri2;2 < O there exists no acceptable solution. Finally, if Rixn =
4m — 302 /4 > 0, then a straightforward check shows that (6.9) admits two
distinct positive solutions if and only if

4 (ﬁm + 4m)

6.11
"= 16m — 32 : .11

and only one positive solution when

4 (ﬂm + 4m)

- . 6.12
" 16m — 3¢2 6.12)

O

Remark 6.5. (i) We observe that, for all » > 5, there always exist suitable couples
m, £ such that (6.11), or (6.12), is verified. In the case that (6.11) holds the corre-
sponding two solutions give rise to two non-congruent r-harmonic Hopf cylinders.

(i1) Concerning the case 4m — 22 > 0,if r =2 we find K§ = 4m — 2. On the
other hand, Ou and Wang (see Theorem 1.3 (iii)) find that y must be a circle of
radius

1
m —

1
PN
with that of Ou and Wang, we observe that a curve of constant curvature k, in S2(p)
is a plane curve in R? with constant curvature « and radius

in the base space S? ( ) = M?(4m). In order to check that our result is coherent

1
Re-=—Pt (6.14)

kit
Substituting p = 1/(2+/m) and ng, =4m — £% in (6.14) we recover (6.13).
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