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Abstract. In the previous part of this diptych, we defined the notion of an admissible
simplicial connection, as well as explaining how H.I. Green constructed a resolution of
coherent analytic sheaves by locally free sheaves on the Cech nerve. This paper seeks to
apply these abstract formalisms, by showing that Green’s barycentric simplicial connection
is indeed admissible, and that this condition is exactly what we need in order to be able to
apply Chern—Weil theory and construct characteristic classes. We show that, in the case of
(global) vector bundles, the simplicial construction agrees with what one might construct
manually: the explicit Cech representatives of the exponential Atiyah classes of a vector
bundle agree. Finally, we summarise how all the preceding theory fits together to allow us
to define Chern classes of coherent analytic sheaves, as well as showing uniqueness in the
compact case.

1. Introduction
1.1. History and motivation

For an in-depth history and motivation, we refer the reader to the previous part
of this diptych [8, §1] (and we more generally assume that the reader is already
somewhat familiar with its contents, although we always make explicit mention of
any results that we use). We will however give a brief overview here.

In 1980, Green’s thesis [4] gave a construction of Chern classes for coherent
analytic sheaves using twisting cochains, technology developed and put to great use
by Toledo, Tong, and O’Brian in a series of work throughout the 70's and 80 s, where
they proved, amongst other things, a version of Grothendieck—Riemann—Roch for
complex manifolds [10]. Although Green’s work was summarised from a more
abstract point of view in [ 11], there was still no formal framework for the “simplicial
connections” of which he made use, nor for his resolution, which turned a twisting
cochain (an inherently homotopical object) into a complex of vector bundles on the
Cech nerve (something much more homotopically strict). The main purpose of [8]
was to rectify this situation, using the language of (0o, 1)-categories to turn Green’s
resolution into an equivalence between certain categories of complexes of coherent
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sheaves and that of vector bundles on the Cech nerve endowed with simplicial
connections, and also to formally define the ingredients necessary to develop a
simplicial version of Chern—Weil theory. The purpose of this present work is to
show that explicit calculations one can do “by hand”, Green’s construction, and
this simplicial Chern—Weil theory, all give the same Cech representatives for the
Chern classes of coherent analytic sheaves.

1.2. Purpose and overview

The calculations in this paper largely focus on globedtor bundles on the nerve;
we delay the study of coherent sheaves and arbitrary vector bundles on the nerve
until the last section. This is because Green vector bundles on the nerve (resp.
simplicial connections generated in degree zero) are really a mild generalisation of
pullbacks of global vector bundles (resp. Green’s barycentric connections), and so,
by studying the latter, we can mostly understand the former.

The main contributions of this paper are the following:

1. We manually compute explicit representatives in the Cech-de Rham bicomplex
of the first four Atiyah classes (from which we can recover the Chern classes)
of an arbitrary holomorphic vector bundle on a complex manifold (Sect. 3).

2. We introduce and develop a simplicial version of Chern—Weil theory, and show
that this can be applied in particular to Green’s barycentric connection, placing
it in a general formal framework. Explicit calculations show that this agrees
with the manual computations above (Sect. 5).

3. This simplicial Chern—Weil theory allows us to construct Cech simplicial Atiyah
classes of complexes of coherent analytic sheaves. We then show that, in the
case of a compact complex manifold, we recover exactly Cech representatives
of the classical Chern classes (Corollary 6.3.2).

In Sect. 2 we recall the definition of Atiyah classes and study some of their prop-
erties, before recalling the definition of fibre integration of simplicial differential
forms.

The purpose of Sect. 3 is simply to detail an inefficient algorithm for lifting expo-
nential Atiyah classes of vector bundles to closed elements in the Cech-de Rham
bicomplex. This isn’t particularly useful on its own, but will later act as an assur-
ance that the simplicial construction does indeed given the results that we would
hope for. Indeed, this section demonstrates the need for a more abstract approach.

As promised in the previous part of this diptych, we explain, in Sect. 4, how the
admissibility condition of simplicial connections is exactly what we need in order
to be able to apply Chern—Weil theory, and thus get well-defined characteristic
classes from our simplicial connections.

Although the preceding section is general enough to apply to arbitrary vector
bundles on the nerve, in Sect. 5, we apply the results to the specific case of Green’s
barycentric connection on global vector bundles. This allows us to compare the

1 That is, vector bundles on the nerve that are given by the pullback of vector bundles on
X.
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resulting Cech representatives to those calculated in Sect.3 to see that they do
indeed agree.

Finally, Sect. 6 gives a summary of the whole story contained in this two-part
work: we already know that we can resolve coherent analytic sheaves by vector
bundles on the nerve, and that we even get sufficiently nice connections on the
latter; now we can apply the results in this paper to obtain characteristic classes.
There is an even stronger result, further reinforcing the fact that this simplicial
construction is indeed the “good” one: whenever X is compact, we can appeal to
an axiomatisation of Chern classes to show that the construction given here agrees
with any other construction that one might construct in some other way.

2. Preliminaries

Throughout, let (X, Ox) be a paracompact complex-analytic manifold with its
structure sheaf the sheaf of holomorphic functions; let %7 be a locally-finite Stein
open cover such that all finite intersections are also Stein. Let E be a vector bundle
of rank v on X, and assume that it is trivialised by % . We have trivialisation maps
0o E | U, = (Ox | Uy)t, and transition maps

Mg : (Ox |Uap)” = (Ox | Unp)

given on overlaps by My = ¢4 © <p/;1. By picking some basis of sections
(s, ..., s¢} of E over U, we can realise the Mg as (tr x t)-matrices that describe
the change of basis when we go from E ’ Ugto E | Uy, ie.

sf =D (Map), st (2.0.0.1)
4

‘We continue to use the conventions, definitions, and notation from the previous
paper [8], but recall particularly pertinent results when necessary. In addition, we
write Si to mean the symmetric group on k elements, and |o | to mean the sign of
a permutation o € Sk.

2.1. Standard and exponential Atiyah classes

Definition 2.1.1. The Atiyah exact sequence (or jet sequence) of a locally free
sheaf E of O'x-modules is the short exact sequence

0— E®g, Q - JW(E)—> E—0

where J1(E) = (E® Qﬁ() @ E as a Cx-module (writing Cy to mean the constant
sheaf on X of value C), but with an Oy -action defined by

feRw,t)=(fsQRu+tRdf, ft).

The Atiyah class atg of E is defined to be the extension class of this short exact
sequence:

atg = [J'(E)] € Ext:ﬁX(E, E® Q).
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Remark 2.1.2. We are interested in the Atiyah class, as well as the higher standard
and exponential Atiyah classes, (which we define later), of a vector bundle because
their trace is “equivalent”, in some sense that we make precise below, to the Chern
classes.
e [9, Proposition 4.3.10] shows us that the the trace of the Atiyah class gives the
same class in cohomology as the curvature of the Chern connection; combined with
[9, Example 4.4.8 1)], this tells us that the standard Atiyah classes and the Chern
classes are the same, up to a constant. There are some more general comments
about this equivalence in [9, p. 200], just below Example 4.4.11.
e [9, Exercise 4.4.11] tells us that the Chern characters (or exponential Chern
classes) are given (up to a constant) by the traces of the exponential Atiyah classes.
e The traces of the Atiyah classes satisfy an axiomatisation of Chern classes that, in
the case where X is compact, guarantees uniqueness. This is explained in Sect. 6.3.
Note that the treatment of the Atiyah class in [9] is somehow reverse to that
found here: it starts there with the Atiyah class as a Cech cocycle and then shows
that it is equivalent to some splitting of the Atiyah exact sequence.

Definition 2.1.3. A holomorphic (Koszul) connection V on a vector bundle E on
X is a (holomorphic) splitting of the Atiyah exact sequence of E. By enforcing the
Leibniz rule

VE®w)=Vs Aw+s Q@ dw

we can extend any connectionV: E — E®Q§( toamap’ V: E®Q, — E®Q;(+] .
The curvature « (V) of a connection V is the map

. 2
k(V)=VoV:E— EQ®Q%

given by enforcing the above Leibniz rule.
Givenaconnection V on E, we say thatasections € I'(U, E)isflatif V(s) = 0;
we say that the connection V is flat if (V) = 0.

Remark 2.1.4. Given the definition of a connection as a splitting of the Atiyah exact
sequence, and the Atiyah class as the extension class of the Atiyah exact sequence,
we see that one way of understanding the Atiyah class is as the obstruction to
admitting a (global) holomorphic connection.

Lemma 2.1.5. Any vector bundle on a Stein manifold admits a holomorphic con-
nection.

Proof. This is an application of Cartan’s Theorem B, using the fact that a vector
bundle can be viewed as a locally free sheaf. See [4, Lemma O.E.3]. |

Lemma 2.1.6. The Atiyah class of E is represented by the Cech cocycle

(V3 | Uap = Ve | Usg),, 5 € Bl (90m (E.E@2Y)).

2 Using the same symbol V to denote the connection as well as any such extension is a
common abuse of notation.
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Proof. First, recall that the difference of any two connections is exactly an Ox-
linear map. Secondly, note that the cocycle condition is indeed satisfied, since

(Vo — Vo) +(V, —Vg) =V, — V,.

Combined, this tells us that {Vg — Vo g € C‘L,// (Fom (E, E® Q! x))- Then we use
the isomorphisms

Extlﬁx(E, E ® Q) = Homg ) (E, E ® Qk[1]) = H' (X, Jom (E, E ® QY)).

Finally, we have to prove that the class thus defined in homology agrees with that
given in our definition of the Atiyah class. We show this by proving a more general
fact.

Let0 > & - # — ¥ — 0 be a short exact sequence in some abelian
category A. By definition, [#] € ExtlA (¢, &) is the class in Hom g 4) (¢, </[1])
of the canonical morphism ¥ — </[1] constructed using £ as follows:

(i) Consider &/ — % as a complex with 4 in degree 0, and take the quasi-
isomorphism (&7 — %) = ¢
(i) Invert this quasi-isomorphism to get a map € = (&/ — Z) such that the
composite € — (o — B) — B — € is the identity;
(iii) Compose with the identity map (&/ — %) — J/[1].

When A is the category of locally free sheaves on X, we can realise the quasi-
isomorphism ¢ = (& — 28) as a quasi-isomorphism € = C*(«&/ — %) by
using the Cech complex of a complex:

C(A - B) = Go(ﬂ) e (;z/)
@ @) LI, 82y @ ©1 () CLD

where (Vi'o(sz%) is in degree —1. If we have local sections o, : € ’ Uy, > B | Uy
then og — oy, lies in the kernel Ker(# | Usp — € | Uqpg), and so we can lift this
difference to <7, giving us the map

({0a}e, l0 — 0ulap) - € — C(B) @ €' ().
This map we have constructed is exactly [Z]. More precisely,
Extl, (¢, ) =  Homg, (€, /(1) = H (X, 3om (¢, o))
(2] € 5 (o > B) > A1 < {05 — o), 5]
0

Deﬁniti0n217 We write wqp for the cocycle (Vg | Uwg — Vo | Uwg) €
(%m (E,EQ ! x)-
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Remark 2.1.8. When &, %, and ¢ are sheaves of Ox-modules, with ¢ locally free,
we have the isomorphism

Fom (&, F QY =Fom (&, F)RY.
In particular,
H! (X Fom (E E® Qﬁ()) ~H! (X énd (E) ® sz}() .

Taking the trivialisation over Uy, this lets us consider wyg as an endomorphism-
valued 1-form: an (v x t)-matrix of (holomorphic) 1-forms on X (where t is the
rank of E).

Remark 2.1.9. Recall that, for sheaves F and G of Ox-modules, we have the cup
product

—: H"X, 5 QH" (X, 9) — H""(X,F® 9)

which is given in Cech cohomology by the tensor product: (a — D)apy = (@)ap @
(b)ﬂy-

Definition 2.1.10. We define the second exponential® Atiyah class at%2 by the fol-
lowing construction: take the cup product

(atg ® idgy) — atg € H? (X, Jom (E ® Q. E ® Q) ® Q)
®3om (E, E ® Q%))
and apply the composition map
H" (X, Yom (F,9) @ om (&, F)) — H" (X, Tom (£,9))
to obtain
(atp ® idgy) — atg € H? (X, Fom (E E®Q® sz&))
= H? (X, &nd (E) ® Q) ® Q)
and then apply the wedge product (of differential forms) to get
aty = (atp ® idgy) A (atg) € H (X, &nd (E) ® @3)).

In general, the k-th exponential Atiyah class at%k is the class

k
atyk =[] <atE ® idgﬁk‘”) e H (X, &nd (E) ® %))
i=1 X
where the product is given by applying composition and then the wedge product
(of forms) as above.

31n general, we will be interested in standard Atiyah classes, but we consider the manual
construction of exponential ones since these can be written down very explicitly, as shown
in Sect. 3.
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Remark 2.1.11. As a general note on notation, we will omit the wedge symbol A
when talking about the wedge product of differential forms (or we will use - if
we have to use any symbol at all), and reserve it solely for the wedge product
of endomorphisms. In particular, for endomorphism-valued forms M and N, we
write M N (or M - N) to mean the object given by composing the endomorphisms
and wedging the forms, and M A N to mean the object given by wedging the
endomorphisms (following [1, Definition 2.1.1]) and wedging the forms. In terms
of (2 x 2)-matrices (i.e. taking E to be of rank 2), this means

b b bh
(£2) (1) -2tz ) s o s

(e serisionicns

=1 (U, Q%)

Note that, if we take the trace, then these two objects will both be 2-forms on U.
Similarly, tr(M kY and tr(A% M) are both just k-forms on U.

Remark 2.1.12. The classical theory of Chern classes has two important “types” of
Chern class: standard and exponential. For now, we are content with simply saying,
as a definition, that the polynomial that gives the exponential classes is tr(M?),
and the polynomial that gives the standard classes is tr(A? M). Caution is needed
when discussing the k-th Atiyah class though: there is no trace in the definition; to
obtain characteristic classes we have to take the trace.

Definition 2.1.13. We define the second standard Atiyah class atg2 by the follow-
ing construction: take the cup product

atg — atg € H? (X, 3om (E, E ® Q) ® 3om (E, E ® Q)
=~ H2 (X, &nd (E) ® &nd (E) ® Q% ® Q%)

and then apply the wedge product of endomorphisms and the wedge product of
forms to get

aty? € H2 (X, &nd (E A E) @ 9%).
In general, the k-th standard Atiyah class atgk is the class
k
atpf = /\ atp € HY (X, &nd (A*E) ® % ).
i=1

Remark 2.1.14. We can find an explicit representative for axt‘jg2 by using Remark
2.1.9:

(s ®idgy) — @tr), 5, = (ate ® idgg{)w3 ® (atp)py
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which corresponds to

(a)aﬁ ® ideaﬁ) ® wpy € Mat, . (Ql(Uaﬂ) X Ql(Uaﬁ)> ® Mat, ¢ (Ql(Uﬁy))

where Mat, . (A) is the collection of A-valued (t x t)-matrices. But before com-
posing these two matrices, as described in Definition 2.1.10, we first have to account
for the change of trivialisation from Ug,, to Uyg. That is, after applying composition
and the wedge product, we have

(at%z)aﬁy = @up A Mappy Mg

Remark 2.1.15. We know that at? is represented locally by wypgwgy, @y 5, but where
wgy and w,s undergo a base change to become Q! (Uqp)-valued. But then there
seem to be two choices of how we might calculate this:

1. base change w,s to be ! (Ug,)-valued; compose with wg,; and then base
change this composition to be Q! (Uqp)-valued; or

2. base change both w5 and wg, to be Ql (Uqp)-valued; and then perform the
triple composition.

These two would give the same result if
Wap A Mog(wpy A MﬂywysMg;)Mgﬂl = Wap A Ma,;wﬁVM;ﬁ] A Moy wysMy,)

and, thankfully, this equality does indeed hold, thanks to the cocycle condition on
the Myg and some form of associativity,4 and so we can use whichever one we so
please.

2.2. Fibre integration

Here we recall some results summarised in [8, §2.3]. Let Y, be a simplicial complex
manifold. Following [2], we define a simplicial differential r-form on Y, to be a
family (wp) pen of forms, with ), a global section of the sheaf

* i * J
Ty Q2 T Q
@ Y, 2, ®ﬁYPXA5Xt AP AP

Lo d extd extd
i+j=r

(where Afxtd is the affine subspace of R?*! given by the vanishing of 1 — Z,I;,:o Xp;
where QY,, is the sheaf of holomorphic forms, and €2 ,» ; is the sheaf of smooth
exl

forms; and where 7y, and 7 N the projection maps from Y, x Agxtd) such

that, for all coface maps f,: [p — 11— [p],

(Y.f;‘, x id>*w,,_1 = (id x f;;)*w,, e (Y, x AP7h.  (2202)

4 That is, A-MB = AM - B, where M is a matrix of O-forms.
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We write "2 (Y,) to mean the algebra of all simplicial differential r-forms on
Y,. We can describe each w, as a form of type (i, j), by writing w, = &, ® 1,
where &, is the Y,-part of w,, and 7, is the AP-part of w,, and then setting i = |§,|
and j = |t,|. This lets us define a differential

d: QA1) — QLAY

which is given by the Koszul convention with respect to the type of the form:

A6y ® 1) = (dn, + (=D¥"ldse ) (6, © 7,)
=dg, ® 1, + (—1)¥rlg, @ dr,.

Lemma 2.2.1. (Dupont’s fibre integration) There is a quasi-isomorphism which,
for each fixed degree r, consists of a map

/ S QYY) — @szr—l’(yp) (2.2.0.3)

p=0

induced by fibre integration
/ D QYL = QTP(Y)) (2.2.0.4)
AP

where the latter is given by integrating the type (r — p, p) part of a simplicial form
over the geometric realisation of the p-simplex with its canonical orientation.
In particular, taking Yo = X?/ gives

.
/A. L QMAXY) > P TPXY) = Tot” C(2%).
p=0

Remark 2.2.2. ([4, p. 36]). Since the integral of a k-form over an £-dimensional
manifold is only non-zero when k = ¢, we see that the fibre integral of some

simplicial differential r-form w, = {a);’j }peN,i+j=r is determined entirely by the
type-(r — p, p) parts on the p-simplices:

/ a):/ w6’0+(—1)(r7])/ wi_1’1+...+(—l)(r7p)(p)/ wp, 1P
o A0 Al AP
+...+/ "

where the signs come from the fact that we work with X ?/ x A® instead of A® x X f)/ .
Remark 2.2.3. There are further sign confusions that can arise from the choice of
orientation on the simplices, but this will not concern us here. This is discussed in
[7].

3. Manual construction for global vector bundles

Assume now that we have flat holomorphic (local) connections V,, on each E | Uy,.
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3.1. Truncated de Rham cohomology

Remark 3.1.1. Since 7% is Stein (and any finite intersection of these opens is also
Stein) and the sheaves ', are coherent, we can apply Cartan’s Theorem B, which
tells us that H¥ (%, Q%) = H* (X, Q%) Since X is paracompact and % is Stein, we
know that Cech cohomology computes hypercohomology, and so ]ﬁlk(X Q%) =
HK (X, Q%). Finally, H*(X, Q%) = HF (X, C) (by e.g. [12, Theorem 8.1]). In
summary, we are in a nice enough setting that Cech-de Rham bicomplex lets us
calculate singular cohomology:

H' Tot* C* (Q%) = H' (X, C).

Definition 3.1.2. Given the de Rham complex Q2$,, we define the k-th Hodge complex
>k .
Q" as the truncation

> d d
>k (Q’;( 4okt s ) [—]

i.e. where Q’% is in degree k.

Definition 3.1.3. We define the k-th truncated de Rham cohomology (or tDR coho-
=k
= ) .

mology) to be H . (X) = HF(X, Q¥
Remark 3.1.4. If we have some closed class ¢ = (co, . .., cy) € Tot% é'(Q}),
where ¢; € éi(Qilcfi), such that ¢c; = 0 fori > k + 1, then we can refine the

corresponding class in singular cohomology [c] € HZ (X,C) to a class [c] €
H?SR(X ) in tDR cohomology.

Remark 3.1.5. Recalling Remark 3.1.1, we know that we can use the Cech complex
to calculate singular cohomology. Now, say we are given some c¢x € Gk (Q];() with
Scx = 0 but deg # 0. If we can find ¢; € éi(Qik_i) fori =1,...,(k — 1) such
that Sc,-_l = dc;, and define ¢ =0 € éO(Qgg‘), then’

O, £c1, ..., £eet, ¢k, 0, ..., 0) € Tot?* C* (%)

is (g +(—1D*d)-closed, and thus represents a cohomology class in HZ Tot® é*(Q}),
and thus a cohomology class in H** (X, C).

In essence, given some “starting element” in the Cech-de Rham bicomplex, we
can try to manually lift it to some closed element of the same total degree.

Remark 3.1.6. A few important notes before we continue.

e Although we have the isomorphism H' Tot® (V?*(Q}) = H' (X, C), we don’t
necessarily have an easy way of computing explicitly what a closed class in the
Cech-de Rham complex maps to under this isomorphism, unless it has a non-zero
degree-(0, r) component, in which case it maps to exactly that component.

5 The signs depend on the parity of k.
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o We will construct classes in singular cohomology, but note that they can actually
all be considered as living in the corresponding tDR cohomology, thanks to Remark
3.14.

e The assumption that the local connections V,, are flat is not necessary for the
abstract theory, but essential for these explicit calculations.

e We point out, once more, that the constructions given in this chapter are for the
exponential Atiyah classes.

3.2. The first Atiyah class

We wish to calculate wyg (Definition 2.1.7), and we can use the fact that our local
sections {s¢, ..., sZ} are V,-flat:

wap (s¢) = (Vg — Va) (s¢) = Vi (57)

(where we omit the restriction notation on the local connections). But then, using
(2.0.0.1) followed by the Leibniz rule,

Vs (%) = Vg (Z(Mawﬁsf)
4
-y [vﬁ (sf) A (Map)f + 5, ® d(Maﬁ)ﬁ] :
4

Since the sf are Vg-flat, the first part of each £-term is zero, and then, using the
inverse of (2.0.0.1),

oty () o]
= Zsm ® (Moc_ﬂldM“/S)?

where we can move the M, 5] across the tensor product because the tensor is over
Ox, and the M 2” are exactly elements of this ring. Thus, in the U, trivialisation,

Wap = M;ﬁldMaﬁ. (3.2.0.5)
Remark 3.2.1. This wyg is exactly the first Chern class d log Mg of the bundle.
Lemma 3.2.2. dwys = —wgﬁ.
Proof. Using the fact thatd (A™!) = —A~! . dA - A™!, we see that

dwgg = d(M dMqp )

= d (M) dMap
-1 —1
= _Motﬂ dMDtﬁMaﬁ dMyg
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—_ (M;ldMa,g)z
2

= —(,()aﬁ.
]
Lemma 3.2.3. d trwgg = 0.
Proof. Since dtrwyg = trdwyg = —tra)iﬁ, by Lemma 3.2.2, this lemma is a
specific case of the fact® that tr(A%€) = 0 for any k € N. O

By Lemma 3.2.3, and the fact that wgg is a Cech cocycle by definition (Lemma
2.1.6), we can draw the closed element atg in the Cech-de Rham bicomplex as

follows:
0

d
T ; (3.2.3.1)
tr(wep) —— 0
——
tratg

3.3. The second Atiyah class
By Definition 2.1.10, we know that

aty’ = {waﬁMaﬂwﬁyMt;ﬂl}a 5
and we introduce the notation

A = wyp M = Mg
B=wy, X=Mawg,M™'
so that at‘}s2 = AX, and everything can be thought of as living over Uj,.
By Lemma 3.2.2, we know that dA = —A? and similarly for B and X. Further,

by differentiating the cocycle condition MysMg, = My, of the transition maps,
and then right-multiplying by M;Vl, we see that” tr(A + X) = tr(B). Hence

traty? = tr (A(B — A)).

6 Using the skew-symmetry of forms, and writing matrix multiplication as a sum, we
can show that we can cyclically permute matrices of forms inside a trace, up to a sign
(trA1Ay--- A = (—l)k_ltrAz -+ ApAp); this fact is then a corollary, since tr(A%%) =
_ 2k

tr(A<Y).

7 As previously mentioned, Mwg, M ~l s the natural way of thinking of X as being a
map into something lying over Uy, so this equation should be read as a cocycle condition
over U, by thinking of it as wyg + Wg, = wyy, Where the tilde corresponds to a base

y g ap T Oy v P
change. Note that this is also the result we expect, since Wup corresponds to Vg — Vg, and
(as we have already noted) this clearly satisfies the additive cocycle condition.
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Using the fact that dA = A” we see that dA% = 0, whence
dtr (at‘,;?) —dur (AB - AZ) S— (AZB - AB2) .
Recalling Remark 3.1.5, we want f € ¢! (Q}) such that §f = —d tr(at%Z) and
df = 0. It is necessary, but not sufficient, that f be the trace of a polynomial of
homogeneous degree 3 in the one variable A = wyg. But then f(A) = tr(A3) is,

up to a scalar multiple, our only option. We set f(A) = Ltr(A3) and compute its
Cech coboundary:

(8f)aﬁy = f(wﬂy) - f(wocy) + f(a)otﬂ)
= f(B—A)— f(B) + f(A)

1
=§tr((B—A)3—B3+A3)

_l _ 2 _ Y 2 2
= 30 (~AB®— BAB — B’A+ A’B + ABA+ BA? ).

Using the aforementioned (Lemma 3.2.3) fact that we can cyclically permute, up
to a sign, inside the trace, we see that

1
St (—AB> - AB? — AB? + A2B + A2B + A%B) = (A%B - AB?)
= —dtr (at‘,}z) .
Now we just have to worry about whether or not d f is zero. But
1 3
df(A) = gdtr(A )

_1 2 0 Loy
= Str(dAA? - AdA?) = —tr(Ah),

and we know, as in Lemma 3.2.3, that this is indeed zero.
This calculation can be summarised by the following diagram:

0

|

—Lir (A%) =25 w(A(B — A)B)

(3.3.0.1)
|
w(AB —A)) —2= 0
—_— ———
trat°E2
which gives us the closed® element
1 v
(0, §tr(A3), tr(AX), 0, o) € Tot* C*(Q2%) (3.3.0.6)

8 See Remark 3.3.1.
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Remark 3.3.1. We know that trat‘jg2 is a cocycle by definition, but we can still man-
ually show that it is Cech closed:

Str(wag(a)w —wep)) = Str(wapay)
= tr(wgywgs) — r(Way Was) + r(WepWas) — r(WapWay)
= tr((Way — Wap)(@as — Dap)) — T (Way Das)
+ tr(@apwas) — tH(@ap@ay)
= —tr(wey wap) + tr(wéﬁ) — tr(wepway)

= tr(wozﬂwoty) - tr(waﬂway)
=0.

3.4. The third Atiyah class

We extend our previous notation, writing

A=wy M=My X=Mog,M"
B=wy, N=M, Y=NosN'
C = wgys

so thatat3? = AXY = A(B — A)(C — B).
It is then relatively simple to calculate that

dirats = —ur(A(B - A)(C - B)C) € & (2%).

Trying to find some ¢ € (VBZ(Q;‘() such that 5(,0 = dtrat? , however, is slightly
harder. The most naive approach is to list all the monomials in éZ(Q‘)‘(), apply the
Cech differential to each one, and then equate coefficients. Using the fact that (up
to a sign) we can cyclically permute under the trace, finding all the monomials is
the same as finding all degree-2 monomials in non-commutative variables X and
Y, modulo equivalence under cyclic permutation, and there are just four of these:
X2%y2, (XY)Z, X3Y,and XY3. By calculation,

- 1 -
0 = Ttr<(A(B _ A))2> + Sr(A2B — AY) + (438 - 4))

-1
+—tr(A(B — A)%)
is exactly such that Stp =d tratcg. Factoring de¢, we see that

1 . 1
dp = —tr((B — A)> — B> + A%) = §—1tr(A°).
@ 10r(( ) + A%) 10r( )
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This calculation can be summarised in the following diagram:

0

d

rad) —2— Lu((B—4)’-B5+4%)

|
—%tr((A(B—A))2)+%tr(A2(B—A)2)
—Lir(A3(B—A))—Lir(A(B—A)) —5 —tr(A(B—A)(C—B)C)

1

tr(A(B—A)(C—B)) -5 0
[ —
trat3}

(3.4.0.1)
Taking the signs of the total differential into account, this gives us the closed
element

<o, %tr(AS), p(A.X), tr(AXY), 0, 0, 0) € Tot® €*(%)

where | | . .
P(A. X) = —tr(AXAX) + Su(A2X%) + —ur(AX) + —u(AX7).

3.5. The fourth Atiyah class and beyond

Looking at the first three Atiyah classes, there are some evident patterns: for exam-
ple, the Cech 1-cocycle always seems to be some multiple of tr(A%*~1). Beyond
some vague pattern recognition, however, it becomes increasingly hard to work
with the k-th Atiyah class for k > 4, mainly due to the cumbersome number of
monomials whose coefficients we have to equate. It seems likely that there are two
patterns—one for k odd, and one for k even—but even this is hard to verify, given
that k = 0 and k = 1 are both rather trivial, and £k > 4 is so unwieldy that it
becomes harder to recognise any patterns “by hand”.® For the sake of complete-
ness, we give below the lift of at?, calculated by a basic Haskell implementation

9 Thanks to a comment by Mahmoud Zeinalian, we see that the coefficients 1, %, 1—10, %,

etc. of the degree (1, p — 1) terms (i.e. those that are simply the traces of odd powers of the
Maurer-Cartan form A = g_ldg) are given by

nln+1)! Tr+DM(n+2)
Qu+ D! I'2n +2)

=2n+2)B(n+1,n+2),

where B(x, y) is the beta function (or Euler integral of the first kind). It seems possible
that the other coefficients could be expressed in terms of “iterated beta functions”, using the
formulas coming from the fibre integration approach we study in Sect. 5.
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of the naive method used so far: calculating all non-commutative monomials of a
certain degree, applying the Cech differential, and then equating coefficients.
The lift of atj’E4 in the total complex is

~1 1 1 .
(o, 25 P07, SwP@O P wp®Y 0,0, 0, 0) e Tot® €*(Q%)

where
P@Y = A(B— A)(C —B)(D-C)
13
P39S — ?AS +13A%(B — A) + 5A%(B — A)? + 543 (B — A)(C — A)

+3A3(C—A)(B—A)+4A*(B—A)A(B—A)+4A>(B—A)A(C—A)
+3A%(B — A)} — A’2(B — A)>(C — A) +5A%(B — A)(C — A)?
+5A%(C — A)A(B — A) +2A%(C — A)(B — A)?
+A%(C — A)(B — A)(C — A) +3A%(C — A)*(B — A)
—A(B — A)A(C — A)(B — A) 4+ 5A(B — A)A(C — A)?
—5A(B — A)>(C — A)(B— A) +5A(B — A)(C — A)A(C — A)
+5A(B—A)(C—A)3+4(A(C—A))Z(B—A)—ZA(C—A)(B —A)?
H4A(C — AY(B — A)X(C — A) + A((C — A)(B — A))’
+2A(C — A)’(B — A)? + A(C — A)’(B — A)(C — A)
+3A(C — A} (B — A)

P@® =543(B — A) —4A*(B — A)> + A3(B — A)A(B — A) + A3(B — A)®
—5A%(B— A)A(B — A)?> —4A*(B — A)’A(B — A) — 4A*(B — A)*

—i—%(A(B — A)’ + A(B — A)A(B — A)® + A(B — A)’
paD) — 47

The moral of the above calculation is the following: we need to find a better
way of doing this.

4. Characteristic classes via admissible simplicial connections

Remark 4.0.1. We recall, from [8, §4.2], the motivating example for the definition
of admissibility.

Write 4 to mean the category whose objects are pairs (V, @) of finite-
dimensional vector spaces V along with an endomorphism ¢, and whose morphisms
f:(V,9) = (W, ) are the morphisms f: V — W suchthat fop = Yo f. We
say that (V, ¢) is flat if ¢ = 0. Then we consider the Grothendieck group K (%),
and introduce the equivalence relation [(V, 0)] ~ [(0, 0)] to obtain K (%) /~. Let-
ting E: ¢ — ¥ be the endofunctor that sends (V, ¢) to (V/Ker ¢, 0), we write
Lg % to mean the localisation of & at all morphisms that become isomorphisms
after applying E (the wide subcategory of which we denote by #).
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Then a morphism f: (V, ¢) — (W, ) is in # if and only if it is admissible:
if and only if there exist sub-spaces Vi < V and W; < W such that

1. Vi C Ker ¢; W) C Ker ¢;
2. f restricts to a morphism V; — Wi; and
3. f descends to an isomorphism V/V; = W/ Wj.

In fact, there is a canonical isomorphism K (Lg €) = K(%)/~.

4.1. Generalised invariant polynomials

Definition 4.1.1. Using the notation of Remark 4.0.1, a sequence (Py)ien of C-
valued polynomials Py on ¢"®" is said to be a generalised invariant polynomial of
degree n if the following conditions are satisfied:

(i) Each Py is a GLg-invariant C-valued @-additive polynomial of degree n on

{@(vf,w) e ¢

i=1

dim V; =k} c %

(ii) The Py each factor through K (%)/~.

The second condition is equivalent to the following: the P; all satisfy the
extension by zero property: P = P41 o i for all k € N, where ¢ is the lin-

ear embedding C¥ < C**! corresponding to v . This extension by zero

v

0

property, when combined with additivity, tells us that P is fully additive:
Paimv+w) (V. ©) & (W, ¥)) = Paimv ((V, 9)) + Paimw (W, ¥)).

Mirroring classical notation, given some Py = (Pi)keN ON FO" . we write 13.
to mean the sequence of invariant and additive polynomials on € given by

Piim v ((V, 9)) = Paimv (V, 9)®") .

Example 4.1.2. The prototypical example of a generalised invariant polynomial is
the degree-1 polynomial given by P; = tr for all r € N, where the trace is of the
endomorphism part of a pair; or, more generally, the degree n polynomial given
by P;' = tr o u", where u" is the multiplication map that sends an n-fold tensor
product of endomorphisms to the endomorphism given by the composition of all
the endomorphisms.'?

Lemma 4.1.3. Using the notation from Remark 4.0.1, let f: (V,¢) — (W, )
be an admissible morphism, and (Pi)ken a generalised invariant polynomial of
degree n that is zero on an n-fold tensor product of flat objects. Then Py ((V, (p)) =
Pe((W,¥)) forall k € N.

10 The fact that this is well defined relies on being able to view all the V; in the tensor
product as being identical, but we can do this thanks to the GL-invariance of the trace, as
well as the extension by zero property.
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Proof. By definition, there exist decompositions V = Vi @ Vo and W = W1 & W,
suchthat (Vi) = ¥ (W) = Oand f restricts to an isomorphism V/V; = W/Wj.
Then, necessarily, dim V, = dim W, = s forsome s € N. Since Py is fully additive,

Piimv((V, 9)) = Paimv ((V1,0) ® (V2. ¢ | V2))
= Paim v, (V1, 0)+Ps((Va, ¢ | V).

But Py is assumed to be zero on an n-fold tensor product of flat objects, and so
Paim v (V1. 0) + Py (V2. 9 | V) = Po((Va, 0 | V2).
Then GL-invariance tells us that
Pi((Va, 0| V2)) = Py (W, 9 | W2)),

and this is equal to Pgim w ((W, 4)), again by full additivity and being zero on flat
objects. O

Corollary 4.1.4. Let w, be an admissible endomorphism-valued simplicial r-
form.M\ on &°, and P, = (Py)ren a generalised invariant polynomial of degree n
that is zero on n-fold tensor products of flat objects. Then Ig*(w.) is a simplicial
rn-form.

Proof. First of all, we need to verify that 13;(a).) is well defined. Over any Uy, o e
we have the pair (@“’_p, wp) | Ue...p X AP consisting (after trivialisation) of an
ﬁUao...ap x ap-module of rank t(a . . . &p) along with a form-valued endomorphism.
As mentioned in [8, Remark 2.3], the rank t(p) = E(Olo S.oap) s indepengent of
the open set Uy,...«, - This means that we can define Pr(p)(w)) by applying Pr(p) to
the endomorphism part of ©®", and wedging the n-fold tensor product of the form
part.

Then we need to show that (X £ xid)* Pe(p—1)(@p—1) = (idx f1)* Pe(p) (@p)-
Now we can use the extension by zero property to replace ﬁt( p—1) and ﬁt( p) With
Ps, where s = max{r(p — 1), t(p)}. But then, by admissibility and Lemma 4.1.3,
it suffices to show that P; commutes with pullbacks. Because P; is just given by
the wedge product of forms on the form part of w), it commutes with pullbacks
there. On the endomorphism part of w),, since we are working locally, the pullback
is simply a change of basis, and so commutes with the P; by GL-invariance. O

4.2. Simplicial Chern—Weil

The simplicial version of Chern—Weil theory that we will now discuss is almost
identical to the classical one, such as that found in [9, §4.4]: we can apply the classi-
cal arguments “simplicial level by simplicial level”, and then use the admissibility
condition to ensure that these all glue.

11 See [8, Definition 4.13].
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Lemma 4.2.1. Let &° be a vector bundle on the nerve, and Vo an admissible sim-
plicial connection on &°. Let A4 be an admissible endomorphism-valued simplicial
1-form, yJ admissible endomorphism-valued simplicial d j-forms, and let P, be a
generalised invariant polynomial of degree n. Then

1. Py (Ve + tAS)) = Pu(kc(Va)) + kt Pu(ic(Va), - .., k(Vs), Vo(As)) + O(t2);
2. K(Vo + Ao) = K(Vo) + Ao . Ao + V.(A.),'
3. Vo(k(Vs)) = 0;
j-1 ;
4P, v = Y CDEE Pl Ve, v
5. dP,(k(V,)) = 0.

Proof. The first statement is found in the proof of [9, Lemma 4.4.6], and so we
simply apply it to each Py(p)(k(V})), where t(p) is the rank of &7; the last four are
[9,Lemma4.3.4,Lemma4.3.5,Lemma4.4.4,Corollary 4.4.5] (respectively) applied
to each Py(p)(k(V))). O

Lemma 4.2.2. I[fV, and V., are two admissible'? simplicial connections on &* such
that their difference is admissible, and P, is a generalised invariant polynomial of
degree n, then

[Pu(ic(Va))] = [Py(k (V)]

i.e. the difference P,(x(V.)) — Pi(k(V,)) € Q?ajn is exact in the simplicial

de Rham complex.

Proof. Thisis [9, Lemma 4.4.6] applied in each simplicial degree (as in the proof of
Lemma 4.2.1), but where we need the admissibility condition to see that everything
glues: writing (locally) Vo =d + A, and V, = d + A/, we see that

K(V,) —k(Ve) = d(A] — Ad) + As - As + AL - A
=d(A/.—A.)+(A’._A.)2+A/._A.+A..A,.-

By skew-symmetry, the last two terms will cancel when we apply P,, and so we
want the difference B, = A, — A, to be admissible, since then P,(B,) will be
an endomorphism-valued simplicial form (by Corollary 4.1.4), and so P,(dB,) =
dP.(B,) will be closed in the simplicial de Rham complex. But this is the case, by
hypothesis. O

Remark 4.2.3. Recall [§, Lemma 4.31]: generated-in-degree-zero simplicial con-
nections on a Green (complex of) vector bundle(s) on the nerve form a
compatible family: the difference of any two such connections is an admissible
endomorphism-valued simplicial form.

12 That is, a connection V p on each &, such that the curvatures define a simplicial differ-
ential form and such that we can actually evaluate a generalised invariant polynomial on the
curvatures in a choice-free way. See [8, Definition 4.21] for the precise definition.
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4.3. The green example

Definition 4.3.1. Given a vector bundle on the nerve &*® and an admissible simpli-
cial connection V, on &°, we define the k-th simplicial exponential Atiyah class

~ ok
at:}. by

ath = {EkK (v.)k} e end (67) @ 22

and the k-th simplicial standard Atiyah class aftgp]f by

aths = {ekfc (V.)Ak} c and () @ QA

X%
where ¢; = (—1)¥&=D/2,

Remark 4.3.2. Both treftogk. and trzftga]f are generalised invariant polynomials eval-
uated on the curvature «(V,). That is, taking the trace of the simplicial Atiyah
classes gives us characteristic classes in the simplicial de Rham complex. The fact
that this is well defined relies on the fact that the simplicial connection is admissible
(indeed, this is exactly the purpose of admissibility, cf. [8, Remark 4.24]).

Example 4.3.3. We now finish our study of the example of Green that was discussed
in [8, Examples 2.23 and 4.16]. Recall that we had X = IP’(%: = C U {oo} with the
cover % = {U;, Uy}, where Uy = X \ {oo} and U, = X \ {0}, and the coherent
sheaf & given by O /J, where J = I({0}) is the sheaf of ideals corresponding to the
subvariety {0} C X. We had constructed the barycentric connections Vi on &% as

Vi = tod =d
V=1td+nd=d

V) = tod =d

V= d+1 (d+%)=d+r1d7?.

V0 on &0 is given by {

V! on &*! is given by {

We see that the only non-trivial part of the simplicial connections is in (simpli-
cial) degree 1, over Uj,, and so we calculate these curvatures:

K(V)) = 0;
d dz\?
K(V]) =d<n—z) + (n—z>
Z Z
dz
= —Z®dl‘1.
Z

Recalling Remark 2.2.2, we know that the fibre integral is given by integrating the
(k — p, p) term over the p-simplex (and here we are taking k = 1), and so we find
that the!> Atiyah classes are given by

/ K(VY) = 0;
Al

13 The first exponential and first standard Atiyah classes agree, by definition, so we do not
need to say which we are using.
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Id d
/K(v})zf Zan = =
Al 0 < Z

Note that the square of either curvature is zero, and so only the first Atiyah class
is non-trivial—all higher ones are zero. Using the convention/definition that the
zero-th Atiyah classis 1, we have the total Atiyah classes (that is, Chern characters),
defined as the sums of all the Atiyah classes:

att(;t.’o == 1,

dz
atté;?i] =1+ ?

Finally, if we say that, for a resolution
R = (R — ... > %) S RO,

the total Atiyah class (or Chern character) of 2*? is given by the alternating sum
of the total Atiyah classes (or Chern characters) of the 2**, then

ch(F) = [atg?:] = [dz_z] )

This agrees with what one might calculate using a short exact sequence (writing
the skyscraper sheaf as a quotient) and the Whitney sum formula, but is stronger,
since Green’s method gives actual representatives of the cohomology class as well.

5. Simplicial construction for global vector bundles
5.1. The barycentric connection

Throughout this section,

e As always, let E be a vector bundle on X with local flat connections V;
o Write 77 : XZ/ X AP — X:f/ to mean the projection map;
e Define E°, a vector bundle on the nerve, by setting E? = (XZ/ — X)*E;

e Write E” to mean the pullback of E” along 7 e
TP — n*FP — 1 pp /,
EP=m,Ef =m, E ®n;lﬁxz/ Oxy xar-

Remark 5.1.1. The pullback to the nerve of a vector bundle E is strongly cartesian:
forall ¢: [p] — [¢]in A, the morphism

*
E*o: (Xf%) EP —> EY

is an isomorphism.14 This means that, writing ;l’;: [0] — [p] to mean the map
of simplices that sends O to i, we can identify (X ?/ ;;,)*E O with EP, by using the

14 7t 45 actually an identity map.
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isomorphism E4¢ 1i7 between them. This lets us, in particular, think of any connection

Vo, on E 0 as a connection on E?, and we keep the same notation to denote both.
Then the V,-flat sections of E” are exactly those of the form n; (s), where s is

some V-flat section of E | Uy. Note also that the morphism &ar — ﬁxzz Y AP
gives us an O ap-action on EP.
Definition 5.1.2. ([4, 34]) The barycentric connection VE on E* is defined as

P

. Tp Tp 1
Vi = Zt,-vai. EP > EP® szxg/ A
i=0

which acts on a section s @ f of EP = n[le” ® ﬁxi/ war over Uy, o, X AP by

14
Vi8N =2 Ve ® )= iVa(fs &1

i=0

= Y6 (473 (V) +s @ 1@4F)

=Y 75 (tif ® Ve () +s@ 1 @n1df

1

Remark 5.1.3. Recalling Definition 2.1.7, we can rewrite the barycentric connection
as

P P
VE =V + > 1i (Vo = Vag) = Vag + Y _ li®ugay -
i=1 i=1
Remark 5.1.4. By [8, Theorem 4.29, Remark 4.30], we know that the barycentric
connection is indeed an admissible simplicial connection.

Definition 5.1.5. The curvature of the barycentric connection is defined level-wise,
and acts on a section o of E? over Uao...ap x AP by

p 2
K <Vg> (0) = <Vao + Ztia)aoai> (0)

i=1

p
= V2, @)+ Y [(Vag (0) - tiwage;) + 0 @ d(tiage,)]
i=1
p

p
+ Z [tiwa()ai Vi (U)] + Z o® (tjtiwaoajwaoai) :
i=1 ij=1

Definition 5.1.6. Let w, be the endomorphism-valued simplicial form given by

p
5,,: E tiwotooti
i=1

where we identify #; with ¢; I, where I is the (v x t) identity matrix.
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Remark 5.1.7. In the case where o = 0, = 7(s;), where {s{°,...,5{"} is a
Vo -flat basis of E } Uq,» we have that

Vao (04°) = 75 (Vo (5")) = 0.

This lets us simplify the expression for the barycentric curvature, since

p
—|— Z 010 O‘k t,-waoa,.) + 0']?{0 ® d(tiwaoa,-)]
i=1

14
+ Z ti Wage; * Vg Gk Z tj 1 Wy waoai)
i=1 i,j=1

p

Z % @ d(f; Waga; ) + Z (tj1i ®aga; Oae; ) -

i=1 i,j=1

In essence, this tells us that, given a (flat) basis of sections of ﬁ| (Ugy..a, X AP)
in the Uy, trivialisation, the barycentric curvature acts simply as

< (V) =d@, +@, -3,

where dw, = (dx — dar)w, (following the Koszul convention, as explained in
Sect.2.2).

Remark 5.1.8. Since E* is the pullback of a global vector bundle, it is in particular
strongly cartesian, and in fact Green. Since the barycentric connection is defined
exactly as a connection generated in degree zero, we can apply [8, Theorem 4.29],
which tells us that it is an admissible simplicial connection. Further, Remark 4.2.3
tells us that barycentric connections form a compatible family, and so Lemma 4.2.2
says that the resulting characteristic classes are well defined.

The barycentric curvature is, by definition (since the barycentric connection is
admissible), admissible, but we can actually show that w, itself is an admissible
endomorphism-valued simplicial 2-form, by an argument very similar to that of the
proof of [8, Theorem 4.29].

Lemma 5.1.9. The trace of the k-th simplicial (standard or exponential) Atiyah
class is closed in the simplicial de Rham complex.

Proof. We have already formally proven this in Sect.4.2, but we give here an
explicit proof for the case k = 1 as well. For any p € N,

P
d(da)p—i—a)p a)p <Z ao%)—i—d tht,a)aoaja)aoal

=0 i,j=1

=d E tjtiwuootjwaooli
i,j=1
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[waoa-waoa,- ®da (tjti) + tjtidX (w(xoa‘waoai)]
J J

~
Il
MR

[ [
M= 1=

[thoOtj Wope; @ tidtj + Doy j Papa; ® tjdti
L]
+ tjtidX (w()t()olj) Wope; — tjtiw(xoolj dX (w(xoa,-) ]

But, recalling the proof of Lemma 3.2.3, we know that

tr (wozoaj waoa[) = -t (waoa; waoa‘;) )
and Lemma 3.2.2 tells us that dwy,q;, = —a)éoai, whence
)4
trd (dap + wp -51,) =tr Z [a)aoa_l.a)aoai ® tidtj + Wapa; Dage ® tjdl‘i
i,j=1
+tjtidx (")aoaj) Waga; = 1jli Oager; Ax (waoai)]
p
=1r Z [wﬂlow_/ W @ lidtj — Waga; Paga ® tjdli
i, j=1

2 2
+ t/tiwaoaj Wago; — tjtiwaoﬂlj a)aoa,-]'

For fixed i, j, the first two terms both change sign under i <> j, whence they
contribute zero to the trace, since they are equal when i = j. We also know!> that
tr <wgloa,'w‘x00li) =tr (a)aoai wgoaj), whence the last two terms also both change

sign under i <> j and are equal when i = j, as above. Thus the trace is zero. O

5.2. The first simplicial Atiyah class

The first simplicial (exponential) Atiyah class is given by

P P 14
~ol 2
atp = { — E Wape; @ ds; — E tiwaoa,- + E tjtiwozoajwaoa;}

i=1 i=1 i,j=1 peN

(5.2.0.7)

by using the barycentric connection, and Remark 5.1.7.

As explained in Remark 2.2.2, the fibre integral of eft%l depends only on the
(2,0), (1, 1), and (0, 2) parts, but here there is no (0, 2) part (i.e. there is no dz;dy;
term), and so

p=1 p=0 p=0
~ol 2
/ S =(—1) / =3 ey ® dti— / S iR+ / S 1100w e
At Al 4 A% A%

i,j=1

15 The trace on endomorphism-valued simplicial forms is cyclic, up to a sign, as mentioned
in the proof of Lemma 3.2.3.
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= /] Ogpe; @ dty. (5.2.0.8)
A

Continuing the calculation gives us the result that we expect: as in Sect. 3.2, we
get that

1
Aol
tr/ atz = tr/ Wapay A1 = 1 (Wapey) = trat°El, (5.2.0.9)
. 0 ——
p=1

where we write that this term lives in degree p = 1 to remind us that the result is a
Cech 1-cocycle.

Remark 5.2.1. In general, as in the manual construction, the fibre integral of the
k-th simplicial (exponential) Atiyah class will have terms in ki (Q’?") fori =
0,...,k — 1, and so we make up for our rvlotational laziness (namely, using + to
mean @) by labelling the terms with their Cech degree.

Note that, although the (2k, 0) part of aft%k is, in general, non-zero, when we
fibre integrate we look at it on the O-simplex (again, by Remark 2.2.2), and there it
is zero, since all the sums are trivially zero.

5.3. The second simplicial Atiyah class

Not forgetting the sign € = —1 from Definition 4.3.1, we have that
2 p p p 2
e
a2 { - <_ 3 e @5 — 3 11020y + 3 00, w) }
i=1 i=1 ij=1 peN

(5.3.0.10)

but we also know that the only parts that will be non-zero after fibre integration are
the (2, 2) parts on the 2-simplex, and the (3, 1) parts on the 1-simplex.
The only (2, 2) part comes from the first half of the (dw»)? term, which gives

us
’ 2
~ 02 2.2
t t, =tr(—1 - - . dy;
r/AzaE r(—=1) /A2 ( ZiZIwaoa,‘X’ t)

2

- /A | X s 80 @ D 1)
i,j=1
2

= tr/ Z Wapoj Parge; & dr;dg;
Ao

= tr/2 (a)ioa] ® (dtl)2 + Wogay Vaga, @ dirdts
A

+Ougr O ® Aty + @2 ® (dt2)2>
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= tr/2 (waomwaoaz - waoazwa()m) ® drdny
A

1 1-1n
= tr/ / (waoa, Oagay — a)aoazwaoal) ® dr;dny
0o JoO

1

=zt (waoalwaoaz - waodszlom)

2
= 3 -2 UMWy Oagar

= UWgya, (waoal + walaz)

= W, Waryar - (5.3.0.11)

This means that, so far, we have

~ 02
tr/.atE = ? +tr(wa0a1wa1a2)~

p=1 p=2

For the (3, 1) part, we work on the 1-simplex and get

1
~ 02 . z : 2
tr/Al ity = tr(=1)”" /AI B < B (@aga; @ dt}) - (—1iwgq,)

i,j=1

1
2
— Y (g, - (@age; © )
i,j=I1
1

- Z (wotoak ®dr) - (tjtiwotoaj waoai)
i,j.k=1

1
- Z (tktja)olo(ka(xoaj) . (a)ﬂl()c{,' ® dti))
i\ j k=1

1
3 2
= trf Zwaoal (t1 — B )dt;
0

Finally then, we have

) 1
tr / aty = gtra)goal + (D Waryary) = trat? (5.3.0.12)
L —
p=1 p=2

which again agrees with the result of Sect.3.3.
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5.4. The third simplicial Atiyah class

Remark 5.4.1. There is a subtlety in the calculations when we reach the third sim-
plicial Atiyah class due to our choice of conventions for Cech cocycles: we don’t
assume skew-symmetry of cocycles (i.e. that exchanging two indices changes sign),
but it is true that skew-symmetrisation of cocycles is a quasi-isomorphism, and
so doesn’t change the resulting cohomology class. If we had worked with skew-
symmetric Cech cocycles from the start then this calculation would seem somewhat
simpler.

In particular, the first two (exponential) Atiyah classes agree with those that we
manually constructed in Sects. 3.2 and 3.3 on the nose, whereas for k > 3 we will
have equality only in cohomology.

Definition 5.4.2. We write ¢, to mean the skew-symmetrisation of a Cech p-
cochain, so that

1
(S‘pc)ao..up = Z |0 |Cary 0.t ) -
| 0 (0)---%a(p)
(p+ D! cesm

where |o| denotes the sign of .

. . ~ 03 ..
So, we begin the calculation of atg . Writing 1, to mean wey,q;, We start by
calculating the (3, 3) part as follows:

~ 03 .
tr/ atp = tr(—1)33/ - Z (—ux ®@dty) - (—pj; ®dtj) - (—p; ®@dy;)
A3 A3

i,j k=1
p=3
:tr/2 Z Wi j i @ digdt;d;
A3 L
i,j,k=1

=1tr drydrrdr
/M D 1ol oo @) o) ® dtidiydis

gES3

1
=gt > 1ol koo @ o)

O‘€S3

1
= 5tr(mmua — 143 142)

1
= —tr(waoal (wﬂloﬂll + walag)(a)aoal + Woyay + wCCZUlS)

2
- a)aoal (a)(xoal + walaz + wa2a3)(wa0a1 + walag))
1
- 5tr<wa0mwalazwaza3 - a)aoala)aza3wala2>. (5.4.0.13)

But note that both of the terms in this last expression skew-symmetrise to the same
thing, modulo a minus sign:

z : |T| a)ar(O)ar(l)a)at(l)atﬂ)wat(Z)az(S) = - : : |T| w‘xr(O)‘xr(l)w“r(Z)“rG)a)ar(l)arQ)'
TESY TES,

(5.4.0.14)
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Since skew-symmetrisation doesn’t change the class in cohomology, we see that

~ 03
[tr/ atEi|=[ ? 4?4 U0k Oajey @y |- (5.4.0.15)
p=1 p=2

p=3
The (4, 2) part (including the sign €3 = —1) is given by
XY + XYX+YX?—X?Z—XZX — ZX? (5.4.0.16)
where
2 2 2
X=—2Mi®dl‘i Y=Zti,ul'2 Z = Z titipjpi. (5.4.0.17)
i=1 i=1 ij=1
Using that [, djdey = fol fol_tz dr;dr,, we calculate that

() [y t1dt1dty = [0 dhdty = L
(i) [y t2dtdn = [»13d0ds = 453
(iii) [y i2dtidty = 5.

whence

tr(—l)z'zf XY -2)+ XY - 2)X + (Y — 2)X?
A2

1, 1 ;1
= —Ztrpuyjp — Strp s + tri o e 2

2 2 4
1 1
= —Ztr((waoala)alaz)z) - Etr(wgoalwalaz — Waga) Dy ) - (54.0.18)

Comparing this to Sect.3.4, we see that we have the same, except for a missing
+%tr (wgoa . w? ]az) term. But this missing term skew-symmetrises to zero, since it
is invariant under the permutation that swaps 0 and 2. Thus the (4, 2) part is exactly
what we wanted, and

1 2
- Ztlr(((a)ogoal walaz)) )
~ 03 — 5 (W5 o Paran
tr/ atE] = ?7 + % o 3 + U ®go Ooyoy Paryars
|: o \/-‘p 1 _litr(woéoalwawz
= -3
t+atr (waoal wdlaz) b
L p=2 i
(5.4.0.19)

Finally, the (5, 1) part is

1
‘o 1
tr(—1)5'1f ity = tr/ —(Bt7 + 3t} — 6] ®dr = ——ad
Al 0 ]0 0%1
(5.4.0.20)
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which agrees exactly with the manual construction from Sect. 3.4. Thus

1
_Ztlr (a)ogoalwa]ocz)z)
~03 1 5 —5tr(w, W io
|:tr/ atE] - _Ew"m“l + _itrga)womaﬁ1 2) + U®aga) Doy Payars

. 2 Q00 Yo an

+5tr (02 4, @ p=3
p=1 2 apa; Caran

L p=2 J
= [rag’]. (5.4.021)

5.5. Agreement with the manual construction

Theorem 5.5.1. The degree-(k, k) term in the trace of fibre integral of the k-th
simplicial exponential Atiyah class agrees with the k-th exponential Atiyah class,
up to skew-symmetrisation. That is,

(k.k)
Sk <tr/ ﬁtc,;-k) = Gitr (at°Ek> € Gk% (Q]&) .

Proof. First we rewrite the left-hand side. Generalising the results of Sect. 5.4, we
can write the term coming from fibre integration as

1 I 1
E Z oo (1) =+ - Ho (k) —> m Z Z lTo|wr0)ro (1) @r(O)ro k)
o €Sk T€Sk+1 0ESK
where Sy < Sk4+1 acts on {0, 1, ..., k} by fixing 0. But then, since o (0) = 0, we
can rewrite this as
1

m Z Z [(T0)|Wro (O)ro(l) * * * Do (O)rok)-

TESK+1 0ESK

Now we can use the fact that multiplication by an element of Sy < Si41 is an
automorphism to perform a change of variables, giving us

1

(k+ 1)! 2 [l yom - o)
€Skt
which is (trivially, since w;; = 0) equal to
1 k
7 > 1 [T {@nomi) = onomo)-
" NESkt i=1

Next we rewrite the right-hand side. The skew-symmetrisation is simply

ok 1
Sktr (atE) R > Inlon@mm®nn - Ot
€Sk
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1
Tkt D! > Inloyomm @mome)

NESk+1

— WpO)n(1) **  (@n©O)nk) — Pp(©O)yk—1))

k
1
- (k + 1! Z In] H(wn(o)n(i) _wn(O)n(i—l))~

NESk+1 i=1

Now we prove equality. Since, for each fixed n, there are no relations satisfied
between the w;)(0); (i), we have two homogeneous degree k polynomials in (k + 1)
free non-commutative variables. To emphasise the fact the following argument is
purely abstract, we write x; = wg; and define an action of Si4+; on the x; by
Xn@i) = @Wy)y()- SO showing that the left- and right-hand sides are equal amounts
to showing that

k

k
A= Z Il l_[ (oniy = xn0)) = Z nl 1_[ (xXna) — *ni—1)) =: B.

UESk+1 i=1 HES]{+1 i=1

Write E to mean the Q-linear span of degree-k monomials in the (k + 1) free
non-commutative variables xo, ..., x, and let 0}, ; € Sy be the transposition
that swaps p with q. Then o, 4 gives an involution on E by swapping x, with x,,
andthus £ = E,, (1)@ Ep 4(—1), where E,, 4 (1) is the eigenspace corresponding
to the eigenvalue A.

Let H), , be the Q-linear subspace of E spanned by monomials that contain
at least one x, or x,. This subspace is stable'® under 0p,q» and so this space also
splitsas Hy, 4 = Hp 4(1) ® Hp 4(—1). Further, we have the inclusion H,, ,(—1) €
E,,(=1).Butif X € E, ,(—1), then, in particular, X must contain at least one'’
Xporxg,s0X € Hy,, whence X € Hy ,(—1). Thus E, ,(—1) = Hp ,(—1).

The intersection H of the H), 4 over all distinct pairs (p,q) € {0,...,k} x
{0, ..., k} is the Q-linear span of all monomials containing all but one of the x;
(and, in particular, containing k distinct x;). But since Hp 4(—1) = E, 4(=1),
we see that the intersection E(—1) of all the E, ,(—1) is equal to H(—1). Now
both A and B are in E, 4(—1) for all p, g (since the sign of w, 4 is —1), and so
A, B € E(—1) = H(—1). Since the coefficient of, for example, the xi - - - x; term
is the same (and non-zero'®) in both A and B, it suffices to show that H(—1) is
one-dimensional.

Solet X,Y € H(—1) be monomials. Then each one contains k distinct x;,
and so there exists some (unique) o € Sk41 such that c X = %Y. But, writing
0 = 0pq " Op,q» We know that 0 X = (—1)" X, whence X =Y, up to some
sign (and so up to some scalar in Z). O

16 1f 4 monomial X contains, say, one xp, then o) 4 X contains one x;.
17 1f not, then the action of 0p,q would be trivial and X would lie in Ep 4(1).
18 1n fact, it is 1, as seen by taking n = id.
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6. From vector bundles to coherent sheaves
6.1. The whole story: a summary

Starting with some complex of coherent sheaves * € Coh(X), with the category
of complexes of coherent sheaves being defined as in [8, §3.1], we take Green’s
resolution, which produces a complex &** of vector bundles on the nerve (of some
possible refined cover) resolving i*F*. Then, also by Green’s resolution, we get
simplicial connections on each of the & *i and [8, Theorem 4.29] tells us that these
are admissible.'” So, applying the generalised invariant polynomial P, = {tr o
UnltneN (Where p, is the multiplication map that sends an n-fold tensor product of
endomorphisms to the endomorphism given by composition (resp. wedge product))
to the curvatures of each of the simplicial connections, we obtain the simplicial
exponential (resp. standard) Atiyah classes of each &*/. Using the alternating-
sum convention, this gives us the simplicial exponential (or standard) Atiyah class
of J. Finally, by fibre integration of the trace of these classes, we obtain closed
classes in the Cech-de Rham bicomplex, and thus classes in de Rham (or even tDR)
cohomology.

Lemma 6.1.1. This construction is independent of the choice of twisting cochain
(and thus cover) and of local connections.

Proof. The argument for this is of exactly the same form as the proof of [4, The-
orem 2.4], where we pass to the disjoint union of the covers and can inductively
construct a twisting cochain which is a common extension of the two twisting
cochains from which we start. Although Green only gives the proof for the (p, p)-
term, his argument applies equally well to the full Cech-de Rham representative
(cp-p, cp-brtl  92r) without modification. O

Remark 6.1.2. Of particular importance is [8, Lemma 4.39], which tells us that the
homotopy colimit (over refinements of covers) of the localisation of the category
Greeny (X ?/ ) of Green complexes is equivalent to the homotopy colimit of the
localisation of the category of complexes Greeny o(X ?/) which are locally quasi-
isomorphic to Green complexes. In particular, we only know how to construct
admissible simplicial connections for objects of the former, and so it is necessary
that our construction of &** in the above is an object of Greenv,o(X?/)-

6.2. General properties

Lemma 6.2.1. Let £ be a holomorphic line bundle with transition maps {gap} €
¢! (C*). Then

~ol
tr/ at}:cl(ﬁ),
[A®]

19 Indeed, they are all of the form of barycentric connections, i.e. generated in degree zero
(cf. [8, §4.5)).



956 T. Hosgood

where c1 (L) denotes the first Chern class of the line bundle given by the connecting
homomorphism from the Picard group in the long exact sequence associated to the
exponential sheaf sequence

0= 27iZ < Ox =B 65 — 0
(that is, the classical definition, as given in e.g. [9, Definition 2.2.13]).

Proof. We have already calculated in (3.2.0.5) that the left-hand side is equal to
M, ldMaﬁ. That the right-hand side gives the same result can be found in e.g.
the proof of the Proposition in [3, Chapter 1, §1, Chern Classes of Line Bundles,
p- 141]. O

Lemma 6.2.2. Let f: Y — X be a morphism of complex-analytic manifolds, and
let F be a coherent sheaf on X. Then

f* ( f traft?f) = / traft‘}]i 5
[A®] [A®]
forallk € N, where f* denotes the derived pullback.

Proof. This is basically the combination of the following facts: the derived pullback
is exact; the simplicial Atiyah class is defined by taking a resolution; the derived
pullback of a locally free sheaf agrees with the non-derived pullback; the non-
simplicial Atiyah class of the non-derived pullback of a locally free sheaf is exactly
the pullback of the non-simplicial Atiyah class of the locally free sheaf. We spell
out how to join up these facts in slightly more detail below.

Since the derived pullback is exact, we know that, given Green’s resolution
E4*of F* = (X ?/ — X)*J by vector bundles on the nerve, the derived pullback
f*&** is a resolution for f*F*. But the derived pullback on locally free objects
agrees with the non-derived pullback (since we are tensoring with something locally
free), and so f*&** can be calculated by the non-derived pullback. Now we can
use the fact?® that, for a single vector bundle, the Atiyah class of the pullback
is the pullback of the Atiyah class; for a single vector bundle on the nerve, the
simplicial Atiyah class is determined entirely by the wgy,q; (Which represent the
non-simplicial Atiyah class). Combining all the above, we see that all the forms

20 We are working with vector bundles, which are locally free, and so, as previously men-
tioned, the derived pullback is just exactly the non-derived pullback. There is some subtlety
however, since we are using the word “pullback” to mean a few different things here. When
we talk about pulling back the Atiyah class of E, we mean first applying the pullback of
sheaves, to get some class in Hl(X  f *Q% ® &d (f*E)) (using the fact that pullbacks
commute with &d for finite-dimensional locally free sheaves), and then applying the canon-
ical map f*Qg( — Q%, (which is what we really mean when we talk about pulling back
forms). The fact that this construction sends atg to at g« follows from the fact that short
exact sequences are distinguished triangles, and so specifying a morphism between the first
and last (non-zero) terms of two SESs extends uniquely to a morphism of the SESs (in that
we get a unique morphism between the middle terms of the two SESs such that everything
commutes).



Simplicial Chern—Weil theory for coherent 957

defining the simplicial Atiyah class of the derived pullback of F are exactly the
pullbacks of the forms defining the simplicial Atiyah class of F. In particular, then,
taking the trace and then fibre integrating (both of which commute with the pullback
of forms on X) gives us the required result. O

Lemma 6.2.3. Ifthe total simplicial Atiyah classes are additive on every split exact
sequence of coherent sheaves then they are additive on every short exact sequence
of coherent sheaves.

Proof. Let0 — F 4 g Z, 9( — 0 be a short exact sequence of coherent sheaves
on X,and ¢ € C (which can be thought of as r € I'(C, P1)). Write p: X xP! — X
to mean the projection map. Define

w(1)—t-id
Y

A = Ker (p*S(1) ® p*IH prI(D)

where (7(1) —7-id): (g ®y,h) — m(g) ® y — h ® ¢. We claim that this gives a
short exact sequence

0— p*F) > N — p*H -0

of sheaves over X x P!, where the maps are the “obvious” ones: p*F(1) — 4 is
the map ¢(1): p*F(1) — p*G(1) included into p*G(1) & p*H (which we prove
lands in .4 below); and .4/~ — p*XH is the projection p*G(1) & p*H — p*H
restricted to 4.

To prove surjectivity, let h € T'(U, p*H). Then h @ t € T'(U, p*H(1)). But
w: G — JH is surjective, and thus so too is the induced map 7 (1): p*G(1) —
p*H(1). Hence there exists g ® y € I'(U, p*G(1)) such that 1(g ® y) = h ® t.
So (g ® y, h) € 4 maps to h.

To prove injectivity (and that this map is indeed well defined), we use the fact
that tensoring with O(1) is exact, and so, in particular, ((1): p*F(1) — p*G(1)
is injective. The inclusion into the direct sum p*G(1) @ p*H is injective by the
definition of a direct sum, so all that remains to show is that the image of this
composite map is contained inside .4". Let f @ x € ['(U, p*F(1)). Then this maps
to (t(f) ® x,0) € p*G(1) & p*H, but this is clearly in the kernel of 7w (1) — 7 - id
since wi(f) = 0.

To prove exactness, it suffices to show that Ker(.#" — p*F) = p*F(1). But

Ker(A — p*F) ={(g®y,h) € & | h =0}
={g®y,h)ep' S pH|h=0andrn(g) ®y —h®t =0}
={g®y,h)ep' 5O pH|n(@®y =0}
={(g®y,h) € p*5(1)
@®pH| (g®y) € )
= p*F(1).

Now we claim that the short exact sequence is split for = 0, and has .4~ = p*§
for t # 0. Formally, we do this by looking at the pullback of the map X x {t} —
X x P!, but we can think of this as just “picking a value for 1.
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For t = 0, by definition,

w(1)—tid
—_—

A =Ker (p*5(1) & p*H P H(D)

(
= Ker (p*S(1) & p*H =5 pr3(1))

=~ Ker (p*9(1) 22 p*3((1)) @ p*H

= p*F(1) & p*H.

For t # 0, define the injective morphism ¢: p*G — .4 of coherent sheaves by
0(g) = (g ®1,7(g)). To see that this is also surjective, let (g ® y, h) € A If
y = 0 then we must have = 0, and so (g ® y,h) = (0,0) = ¢(0 ® 0). If
y #0thenm(g) ® y —h ®1t = 0, with y, 7 # 0, whence 7(g) = +h. Then
(g®y.h)=(;8®1,7(;8) = ¢(}8).

As one final ingredient, note that any coherent sheaf on X pulled back to a sheaf
on X x P! is flat over P!, and so .4 is flat over P!, since both F(1) and H are.
Thus, for 7;: X x {t} = X x P! given by a choice of € C, the derived pullback
Lt/ agrees with the usual pullback 7;*./".

Now we use the P!-homotopy invariance of de Rham cohomology, which is
the following statement: the induced map

T H* (X x P, Qs

XxIPl) — H* (X x {t}, Q;(X{t})

does not depend on the choice of ¢. Since X x {t} is (canonically) homotopic to
X, we can identify (pz,)* with the identity on H*(X, Q%). Since the SES splits
for + = 0, by our hypothesis, flatness, and the fact that Green’s construction is
functorial under derived pullback, we know that

e N) = c(Lig N) = (i N ) = (i p*F (1) @ tf p*H)
=c(F) A c(H).
But we also know that A4~ = p*§ for t # 0, and so
c(9) = (pr)*c(9) = t/c(N).
So, finally, the 7-invariance of 7* tells us that
c(9) = c(F) A c(H).
0

Lemma 6.2.4. The total simplicial Atiyah classes are additive on every split exact
sequence of coherent sheaves.

Proof. This is exactly [4, Lemma 2.6], but the essence of the proof is simple: twist-
ing cochains behave nicely with respect to direct sums, as do all of the constructions
giving the simplicial connections generated in degree zero. O

Corollary 6.2.5. The total simplicial Atiyah classes are additive on every short
exact sequence of coherent sheaves.

Proof. This is simply the syllogism of Lemma 6.2.3 and Lemma 6.2.4. O
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6.3. The compact case

In the case where X is compact, we can appeal to [5, Theorem 6.5], which gives
a list of conditions that, if satisfied, ensure uniqueness of Chern classes: if we can
show that the fibre integrals of traces of the simplicial Atiyah classes satisfy certain
axioms, then we know that they are exactly the same classes as given by any other
construction of Chern classes.

Since tDR cohomology satisfies conditions (&) to (§) of [5, §6.2], it suffices to
check that the following things hold true:

(i) The construction agrees with ‘the’ classical one for line bundles. Although [4,
Lemma 2.5] tells us that the construction actually agrees with the classical one
for arbitrary vector bundles, we explain the specific case of line bundles in
Lemma 6.2.1.

(i1) The construction is functorial under pullbacks. This is Lemma 6.2.2.

(iii) The construction gives us the Whitney sum formula for short exact sequences.
We have split the proof of this into two steps: firstly, showing in Lemma 6.2.3
that it suffices to prove that we have the Whitney sum formula for split exact
sequences; then showing in Lemma 6.2.4 that we do indeed have the Whitney
sum formula for split exact sequences.

(iv) The construction gives us the Grothendieck—Riemann—Roch formula for closed
immersions. Although this is given as a requirement in [5, Theorem 6.5], it is
actually not necessary, thanks to e.g. [6, Proposition 3.1], whose proof relies
only on the three properties above, following some classical algebraic geometry
methods (such as deformation to the normal cone).

Remark 6.3.1. Again, when X is compact, [4, Lemma 2.7] gives a direct proof of
the fact that the (p, p)-term of the fibre integral of the trace of these simplicial
Atiyah classes agrees (up to a constant factor) with the Chern classes of Atiyah-
Hirzenbruch.

Corollary 6.3.2. If X is a compact complex-analytic manifold, then, for any coher-
ent analytic sheaf, the Chern classes given by the fibre integrals of the traces of the
simplicial Atiyah classes (following the construction described in Sect.6.1) agree
with all other constructions of Chern classes of coherent analytic sheaves.
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