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Abstract. We consider the fractional mean curvature flow of entire Lipschitz graphs. We
provide regularity results, and we study the long time asymptotics of the flow. In particular
we show that in a suitable rescaled framework, if the initial graph is a sublinear perturbation
of a cone, the evolution asymptotically approaches an expanding self-similar solution. We
also prove stability of hyperplanes and of convex cones in the unrescaled setting.

1. Introduction

Given a set E € R"! we define the fractional mean curvature flow E; starting
from E as the flow obtained by the following geometric evolution law: the velocity
ata point p € dE; is given by

op-v(p) =—Hs(p, Er):

1
= —81% B (XRn+1\E, () — X&, (y)) =y dy, (L.1)
where s € (0, 1) is a fixed parameter and v(p) is the outer normal to d E; at p.

The fractional mean curvature flow can be interpreted as the fractional analogue
of the classical mean curvature flow. Indeed, as the mean curvature flow is the
L? gradient flow of the perimeter, the fractional mean curvature flow is the L2
gradient flow of the so-called fractional perimeter, see [3], which can be seen as
an interpolation norm (the Gagliardo fractional seminorm) of the characteristic
function of a measurable set, which interpolates between the BV norm, which is
the standard perimeter, and the L' norm, which is the volume.

Therefore, the fractional mean curvature flow presents some analogies with the
classical mean curvature flow. Recently a local existence result for smooth solutions
starting from compact C L1 initjal sets was provided in [18] (see also [4,9] for an
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analog of the BMO scheme), moreover existence and uniqueness of the level set
flow for general nonlocal evolution equations, including (1.1), has been developed
in [8] (see also [17]), using the maximum principle and the monotonicity of the
curvature with respect to inclusions. On the other hand, the fractional flow presents
some different features with respect to the classical mean curvature flow, since
nonlocal effects come into play. For instance, as a basic example one can consider
a planar strip, which is stationary for the curvature flow, and shrinking for the
fractional flow.

An important issue in the study of the fractional flow, as for the classical one,
is the investigation of the long time behavior of solutions and the analysis of the
formation of singularities. In the local case, one of the most important tool in this
analysis is the monotonicity formula established by Huisken in [16]. The analog of
such formula in the fractional setting is still an open problem. As a consequence,
it is still missing a systematic approach for the study of long time asymptotics
of the flow and the classification of the possible singularities which may appear.
Nevertheless some results have been recently obtained, we recall for instance the
analysis of the formation of neckpinch singularities in [10], and of the fattening
phenomenon for the evolution of curves with cross-type and cusp-type singularities
in [5]. Moreover, in [11] it has been proved that smooth convex sets evolving under
the volume preserving fractional mean curvature flow approach round spheres.

Here we analyze the evolution (1.1) under the additional assumption that the
boundary of the initial datum E( can be written as a Lipschitz graph, that is, there
exists e € R"*!, such that v(p) - e > 0 for every p € dE(. By monotonicity of
the flow it is possible to show that the evolution E; maintains this property for all
positive times ¢ > 0, that is, v(p) - e > 0 for every p € JE;, see Sect. 2. Up to a
rotation of coordinates, we will assume that e = ¢,,41.

For the local case, the analysis of the mean curvature flow of entire Lipschitz
graphs goes back to the work by Ecker and Huisken [ 13, 14], whereas the anisotropic
mean curvature flow of entire Lipschitz graphs has been recently considered by the
authors and a coauthor in [7]. In particular, in [13] it is proved that the evolution
admits a smooth solution for all times, which approaches a self-similar solution
as t — 400, provided that the initial graph is “straight”at infinity, in the sense
that is a sublinear perturbation of a cone, see assumption (5.1) below. In this paper
we provide analogous results in the fractional setting. In particular, in Sect. 3 we
prove the C!* regularity of the flow starting from a Lipschitz graph, which can be
strengthened to C*° if the initial graph enjoys more regularity. These results are
based on the fact that the fractional curvature is an elliptic operator, and so we may
apply the regularity results for nonlinear fractional parabolic problems obtained
in [21,22] and the parabolic bootstrap argument developed in [18]. In the case of
initial graphs which are merely Lipschitz continuous, we do not recover the C*
regularity obtained in the local case, except in the case of self-similar solutions
(see Theorem 4.1), and this is due to the fact that a parabolic bootstrap regularity
argument is missing in this setting for quasilinear fractional operators.

Finally, in Sect. 5 we provide the convergence of the rescaled solution to a self-
similar expanding solution, under the assumption that the initial graph is straight
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at infinity in the sense of Ecker and Huisken. We recall here what we mean for
self-similar expanding or contracting solution to 1.1.

Definition 1.1. An expanding homothetic solution is a solution to (1.1) such that
E; = A(t)E| where A(1) = 1 and A'(¢) > O for ¢ > 1. This is equivalent to assume
that £ is a solution to

c(p-v) =—H(p, E1) (1.2)

for some ¢ > 0. Observe that necessarily A(¢) = [c(s + D) — 1) + l]ﬁ.

A shrinking homothetic solution to (1.1) is a solution to (1.1) such that E; =
A(t)E] where A(1) = 1 and A'(¢r) < 0 for ¢ > 1. This is equivalent to assume that
E is a solution to

c(p-v) = Hy(p, E1) (1.3)

for some ¢ > 0.

In Sect. 4 we study the main properties of the expanding self-similar solutions
to (1.1), whereas in Sect. 7 we show that the only graphical shrinking self-similar
solutions to (1.1) are actually stationary solutions. In the local setting, this result has
been obtained for entire graphs without growth condition at infinity in [23]. In the
fractional setting we obtain the result for entire Lipschitz graphs as a byproduct of
a Liouville theorem for ancient solutions of parabolic nonlinear equations obtained
in [21]. We also recall that a preliminary analysis of existence and stability of
fractional symmetric shrinkers has been developed in [6].

Finally Sect. 6 contains convergence results in the unrescaled setting. In particu-
lar we provide the stability of hyperplanes, when we start the evolution from graphs
which are asymptotically flat. In the local setting this stability can be proved by
using comparison with large balls and area decay estimates, see [12, 14, 19], whereas
in the fractional setting we use comparison with large balls and an argument based
on construction of appropriate periodic barriers. We show also stability of convex
cones and, in some particular cases, of mean convex cones, in the unrescaled set-
ting. Analogous results in the local setting were obtained in [12] for the isotropic
case and in [7] for the anisotropic case.

2. Level set formulation

The level set flow associated to (1.1) can be defined as follows. Given an initial set
Eo C R™! we choose a bounded Lipschitz continuous function Uy : R 5 R
such that

AEy = {p e R" ! st. Up(p) =0} = 8{p € R"" s.t. Up(p) > 0}
and Eo={p e R st Uy(p) > 0}.

Let also U (p, t) be the viscosity solution of the following nonlocal parabolic prob-
lem

{Uz(p,t) + DU (p, O)IH((p. ), {(p".0) [U(P', 1) 2 U(p,0)}) =0

U(p,0) = Up(p). @.1)
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Then the level set flow of d Eg is given by
Te@) :={p e R st. U(p, 1) =0}. (2.2)
We associate to this level set the outer and inner flows defined as follows:

EY(t):={peR"* st U(p,1) >0} and
E~(t):={peR* st U, 1) >0} (2.3)

We observe that the equation in (2.1) is geometric, so if we replace the initial
condition with any function V with the same level sets {Uy > 0} and {Up > 0},
the evolutions ET(¢) and E~(¢) remain the same. Existence and uniqueness of
viscosity solutions to the level set formulation of (1.1) has been provided in [8,17],
and qualitative properties of smooth solutions have been studied in [20].

In this paper we consider the particular case in which the initial set Ey can
be written- up to suitable rotation of coordinates- as the subgraph of a function
up : R" — R. So, it is possible to define the evolution E; at time ¢ as the subgraph
of the solution u(-, t) to the following nonlocal quasilinear system

{ ur + /14 |Dul?Hy((x, u(x, 1)), {(x",2) |z <u@x’,0)}) =0 (2.4)
u(x,0) = ug(x). ’

Theorem 2.1. Let ug : R* — R be a uniformly continuous function. Let v, w €
C(R" x [0, +00)) be respectively a viscosity subsolution and a viscosity superso-
lution to (2.4) such that v(x, 0) < up(x) < w(x,0).

Then v(x,t) < w(x,t) forall (x,t) € R" x (0, 400).

In particular (2.4) admits a unique viscosity solution u(x,t) € C(R" x
[0, +00)) with u(x,0) = ug(x). Moreover, if ug is Lipschitz continuous with
Lipschitz constant || Dug||co, then u(x,t) — u(x’, )| < ||Duglloolx — x| for all
x,x' eR"andt > 0.

Proof. For every x € R" and z € R, we define the uniformly continuous function
Up(x, z) := up(x) — z, and the functions V(x, z,t) = v(x,t) — z, W(x,z,t) =
w(x, t) — z. Then it is easy to check that V, W are respectively a viscosity sub and
supersolution to (2.1) such that V(x, z,0) < Up(x, z) < W(x, z,0). Then by the
comparison principle proved in [17] (and for general nonlocal geometric equations
in [8]) we get that V(x,z,1) < W(x,z,¢t) forall x € R, z € R, ¢t > 0. This
implies the result.

Moreover, again by the results proved in [8,17], the system (2.1) admits a
unique viscosity solution U (x, z, t). If Uy is Lipschitz continuous, then it is easy to
check that also U (x, z, t) is Lipschitz continuous in space, with Lipschitz constant
less or equal to the Lipschitz constant of Uy, by using the comparison principle
and the invariance by translation of the differential operator appearing in (2.1). By
comparison and again using the fact that the operator is invariant by translation in
space, for every h € R

U(-xa 2, t) + h = U(.x, zZ+ h, t)

Therefore, we conclude that U (x, z, t) = z—u(x, t), where u is a viscosity solution
to (2.4). O
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We now define the rescaled time variables as follows:

1 t 1 1 (s+Dt _ 1
— logltGs+ D+ 1) thatis f—¢ % (2.5)

1) :
@ s+ 1 s+ 1

In the rescaled time variables, the evolution (1.1) becomes
A p-D=—p-v— Hy(p, Er). (2.6)

We define the rescaled variables e*y = x, with t as in (2.5), and set

) . . DT _
u(y,t):=e ‘u|ye ’S—f-—l . 2.7

Then u solves the system

{ftr + i — Dii -y + 1+ [Dal*Hy((y, i(y, ), {(Y, 2) [z < a(y',0)}) =0
u(y, 0) = uo(y).
(2.8)
Clearly, the same existence, uniqueness and regularity results stated for (2.4)
in Theorem 2.1 are valid for (2.8).

2.1. Fractional curvature on graphs

Werecall an equivalent formulation of the fractional mean curvature H; on graphical
hypersurfaces, see [2,20]. First of all observe that if IT = {(x’, 2/), |z’ > u(x, 1)+
Du(x, t) - (x' — x)} then by symmetry

lim (xzyn = ) dy =0.

e—0 R"Jrl\Bg(p) |p — y|n+l+s

Therefore, for p = (x, u(x, 1)) and E; := {(x', 2) | z < u(x’, 1)}, we get (intending
the integrals in the principal value sense)

Hy(p, Er) = /

Rn+l

u(x,t)+Du(x,t)-(x'—x) 1
=2 / f dzdx'
" Jult) (Ix" = x|? + 12 — u(x, t)lz)(wrlﬂ)/2

1 Du(x,l)~ﬁ 1 ,
= 2/’1 _|x — x/|mts ﬁ‘(ﬂ-t) .0 1+ w2)(n+1+s)/2 dwdx'. 2.9)

—u
lx=x|

et g, (V) — xn(y)  xper\n(¥) — XE, (¥) i
|p _ y|n+1+s |p _ y|n+1+s

We now introduce the function

t
1
Gs(t) = /O (1 T w2)(n+l+s)/2dw'
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By (2.9) we get

Gs (DM(X, f) : \i:i’_\> - Gs (u(x [)t()__xur_l(x’t))
d

/

HS ((x,u(x,t)), El) = 2/

n lx — x/|+s *
G, (DM()C, 1) - L) — G, (Lt(x—Z,t)—u(x,t))
—2 Iz] |z] d
- N |z|nts <
(2.10)

We observe that this formula holds also in the viscosity sense (that is it is verified
at points where the graph of u can be touched with paraboloids).

Moreover, if we change variable from z to —z in (2.10) and recalling that G is
odd, we get

Hy((x, u(x, 1)), E;)

u(x+z,t)—u(x,t) u(x—z,t)—u(x,t)
/GS( i R Sy
_ dz
Rn |z|"+s

G. (u(x+z,t)—u(x,t)) —G. (u(x,t)—u(x—z,t))
- d

o . B . H
n |Z|n+s

_/ Ax, z, u)u(x +z,0) +ulx —z,1) — 2u(x, t)dz.

|Z|n+s+]
(2.11)
where
Ax,z,u)
_ /«1 @ (wu(x +2z,1) —u(x,t) . w)u(x, ) —ulx —z, t)> duw
0 |z] |z|
(2.12)

Observe that A(x, z,u) = A(x, —z, u) and

_nts+l

(1+41Dwl) * <A zw <L

This implies that the differential operator H,((x, u(x, 1)), E;) is elliptic, see e.g.
[21].

3. Regularity results

In this section, we provide some regularity results for the flow starting from a
Lipschitz graph. These results are based on the fact that the fractional curvature for
graphs is an elliptic fractional operator, and so it enjoys regularizing effects.
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Proposition 3.1. Let ug : R" — R be a Lipschitz continuous function. Then there
existsa € (0, s) depending on s and n such that the viscosity solution u(x, t) to (2.4)
is in C'T*(R™) for every t > 0, with norm uniformly bounded in R" x [tg, +00) by
a constant only depending on || Dug ||~ and ty. In particular, there exists a constant
C > 0 only depending on || Dug|| o and ty such that

o
IDu(-, t)llcewnry < Ct 541 fort > 1.

This implies that, if u is the rescaled function defined in (2.7), for every 79 > 0,
there exists a constant C > 0 only depending on || Dug| o and vy such that

1 — ¢~ T0G+D

D T o néC
| Du(-, T)llce rr) < Y

sl

) fort > 1.

Proof. If ug is Lipschitz continuous, then by Theorem 2.1 the solution to (2.4) is
Lipschitz continuous in x with Lipschitz constant bounded by || Dug| . Then the
differential operator Hy on graphical hypersurfaces is elliptic, see (2.11), see e.g.
[21,22] for the definition. Then, by applying the Holder regularity theory to the
incremental quotients of u (see [21, Theorem 2.1, Theorem 2.2]) we get that they
are of class C* for some « € (0, 1), with norm bounded by the Lipschitz constant
of u.

Finally, observe that forevery r > 0, there holds that v, (x, t) = r_lu(rx, r1+st)
is the viscosity solution to (2.4) with initial datum vg(x) = r~Lug(x). Then vy is
Lipschitz continuous, with the same Lipschitz constant as u(, and we may apply to
v, the same regularity results as for u. In particular for every #( there exists a constant
C depending on 79 and on || Dugl|« such that for all ¢ > 1y, || Dv,(-, 1)]|ce < C.
Rescaling back to u, for every t > tor*+! we get

[ Du(, t)lce < Cr?.

We conclude by choosing r = (t/to)ﬁ_

Finally we consider the rescaled solution u. Note that Di(y,t) =

T+ _q - s+ _q

Du (yer, S555L) and [ DG, Dllcrny = e 1DuC, £
by the previous estimate, for every t > 10,

ot _ 1\ T | — ool TFT
| Di(., )|lcewny < e*"C | ————— <C|l——— )

) ”CO‘(R”)- Then

s+ 1 s+ 1

Let now u(x, 1) be a C>! solution to (2.4) with initial datum ug, and let

w(x, 1) ;=14 |Dux, t)|2Hg((x, u(x, 1)), E;).

Since u;(x,t) = —w(x, t), using (2.11) we compute

w, = _HS(()C, M(.x, t))a El) Dl/l(x, t) . Dw(x, t) +

1+ |Dul?
, 1) — ,t 1) — ot
) 1+|Du|2/ G;<u(x+z ) —u(x )) wx +2z,1) —wx )dz.
R’l

|Z| |Z|n+s+1




434 A. Cesaroni, M. Novaga

Therefore w is a solution to

wx +2z,t) —w(x,t)

w,—l—B(x,t)-Dw(x,t)—Z/Rn C(x,z,1) o dz =0, (3.1)
where
B(x, t) S = HY((-X’ M(xv t))v EI)DM(X, t)
V14 |Du(x, 1)|?
Cx.z.0): = 1+ |Dutx, DG, (”(x +Z’|t)|_ ”(x’t)>. 3.2)
Z

Lemma 3.2. Let ugp : R" — R be a Lipschitz continuous function such that
Hg((x, up(x)), Eg) is bounded, and let u(x,t) be the viscosity solution to (2.4)
with initial datum u.

Then C(x, z, t) is well defined for every x,z € R*,t > 0, C(-, z,t) € C*(R")

and
2 _nts+l1 2
0 <+ 11Duplls)” 2 <Clx,z,8) <4/1+ | Duglls.

Moreover, the following inequalities hold in the viscosity sense:

Lo B Cux ) BD py oy <
2 1+ |Du(x, t)|?

where C = || Hy((x, uo(x)), Eo)lloo(1 + [ Duolloo)-

C9

N |

Proof. First of all we observe that by Theorem 2.1, u(-, ) is Lipschitz with
|Du(x,t)|lcc < [|Duplloo- Then the regularity and the bounds on C(x, z, t) are
a direct consequence of the definition of Gy.

Let C := ||Hs((x, up(x)), Eg)lloc(1 + || Dugllso). Note that ug(x) £ Ct are
respectively a supersolution and a subsolution to (2.4), so that by comparison we
get

ug(x) — Ct <u(x,t) <wug(x)+Ct forallt > 0.

Moreover for every t > © > 0, the functions u(x, t) £ sup, |u(x, v) — uo(x)| are
respectively a supersolution and a subsolution to (2.4) with initial datum u(x, 1),
whence

lu(x,t + 1) —u(x, )] <suplu(x, ) —up(x)| < Crt.
X

This implies that u (x, -) is Lipschitz continuous with |u;(x, )| < C, which in turns
implies that, in the viscosity sense,

_C g \Y 1 + |Du(x7t)|2HS((x7 M(.x, t))v El) < C

for all x € R" and r > 0. We now conclude recalling that u(-,t) € C 1 O
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Theorem 3.3. Let ug : R" — R be a Lipschitz continuous function such that
H((x,uog(x)), Eg) is bounded. Let u(x,t) be the viscosity solution to (2.4) with
initial datum u.

Then u € C°, with norms bounded in R" x [ty, +00) by constants depending
on 1o, | Dugllee and || Hy((x, uo(x)), Eo) llcc-

Finally, the map t +> sup,cpe v/ 1+ |Du(x, t)|*|Hs((x, u(x,1)), Ef)| is

decreasing in't.

Proof. We first prove the result under the additional assumption that uq is in C>+
with bounded norms. Then the general case will follow by the stability of viscos-
ity solutions with respect to uniform convergence, recalling that all the estimates
depend only on the Lipschitz constant of ug and on || H ((x, uo(x)), Eo)|lco-

The short time existence result in [18, Theorem 5.1] implies that, if ug € C 2ta
with bounded norms, then there exists a time ¢ > 0, such that the system (2.4)
admits a smooth solution u(x, t).

Let w(x, t) be the unique solution to (3.1) with initial datum /1 + | Dug(x)|?
H((x, up(x)), Ep). Since u is smooth, by the computations in (3.1) and (3.2), we
get that

w(x, ) =+ 14+ |Dulx, t)|?Hg((x, u(x, 1)), E;).

By comparison w(x, t) is bounded by [|w(x, 0)||cc and sup, |w(x,t +r)| <
sup, |w(x, r)|, foreveryr > Oandr > 0.

Since w is a bounded viscosity solution of a linear integro-differential equation,
with bounded drift and uniformly elliptic integro-differential operator, the regularity
results obtained in [22, Theorem 8.1] apply. Hence there exists & € (0, s) such that

w(-, 1) € CRMY), w(x, ) € C3*(0, +00) with

sup [[w(, B)llci+e + sup Jw(x, )]
te(0,7) xeR”

< ClDuollco, [1Hs ((x, uo(x)), Eo)lloos 5)-

I+a
cz

Thisimplies thatu, (x, -) = /1 + |Du(x, -)|*Hs((x, u(x, ), E;) € CHTQ(O, +00).

Moreover since /1 + |Du(x, 1)|>Hy ((x, u(x, 1), E;) € C'T(R") as a func-
tion of x, recalling that . € C'T® by Proposition 3.1, with norm bounded
only by ||Dug|lco, by the bootstrap argument in [2, Theorem 6] we get that
u(-, 1) € CHHsTe+B(@R") for all B < 1 and all # > 0, with norm bounded only
on || Duollco, I1Hy ((x, uo(x)), Eo)llcc-

Finally, we apply the bootstrap regularity argument obtained in [18] and we get
the full regularity. O

4. Homothetically expanding graphical solutions

We shall provide a complete characterization of graphical homothetically expanding
solutions to (1.1).
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Theorem 4.1. Let g : R" — R be a Lipschitz continuous and positively 1-
homogeneous function, that is,

AC > 0 |ug(x) —iup(y)| < Clx —y| up(rx) =riupg(x) Vr>0,x,y€R".

. “.n
Then, for every t > O the subgraph E; of the viscosity solution i(x, t) to (2.4), with
initial datum uy, satisfies for p € 0E;

pev=—i(s+ DH(p, Ep), 4.2)
that is, for every t > 0 E; satisfies (1.2) with ¢~' = t(s + 1), and the flow starting
from E; is an expanding homothetic solution to (1.1) according to Definition 1.1.

Moreover u(x, t) is in C®°(R" x (0, +00)), and for every T > 0,

. liT liu(x,t +T)—u(x,t)] =0  locally uniformly inR".
— 400

Proof. By the fact that the differential operator is invariant under translations and
by uniqueness of solutions, see Theorem 2.1, we get that for all » 7 0, it holds

1 .
u(x, 1) = —u (rx, r““t) .
r
. _ 1
Letting r := ¢~ 5+1 for t > 0, we get
i, 1) =173 (xt—ﬁ, 1). (4.3)
L . - -
This implies that, if p € dE then pts+T € E; and
H, (pt71, E) = 5T Hy(p, Ey). (44)

Substituting in (1.1) we get that E; solves (1.2) with ¢! = s + 1. The same
argument holds substituting = 1 with another positive time ¢.

By the uniform C'* estimate in Proposition 3.1 we know that i (x, 1) is in
C!®. Moreover, since E; solves (1.2) with ¢ ™' = s+ 1, we get that u(x, 1) solves

i(x, 1)=Di(x, 1)-x+(14+s5)y/1 + |Dii(x, 1)|2Hs((x, i(x, 1)), E;) = 0. (4.5)

Therefore, since /1 + |Du(x, 1)|2Hs (x, ii(x, 1), El) is in C*, with norm locally
bounded by the Lipschitz constant of izg, we can apply the bootstrap argument in [2,

Theorem 6] and get that i (x, 1) is in C*°. Finally, since u(x, t) = tﬁﬁ(xfm, 1)
for every ¢ > 0, we conclude that & is in C*°(R" x (0, +00)).
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Now, observe that by scaling properties (4.3), for every T > 0 and ¢t > 0 and
by the fact that u(x, ¢) is Lipschitz continuous with the same Lipschitz constant as
uo,

(e, 1+ T) — (e, 0)| = [t + T) 7T (x(t FT)H 1) — T (xfﬁ, 1) |
A
— (x o, 1) |

L+ T)TT — 1577 ||i ( f)

N
%

\_/\_/

<(t+T)™|a (x(t £ Ty T

<C(t+T) i+ T)" 7 — 5|
+CL(t + T)FHT — 17| x|r 541

T\ T\
< Clx| <1+7> —(1—7> .

Sending t — 400, we get the result. O

By using the properties of homothetically expanding solutions, we show the
following result about uniform continuity of solutions to (2.4).

Proposition 4.2. Let ug : R" — R be a Lipschitz continuous function. Then the
viscosity solution to (2.4) with initial datum ug satisfies forall x, y € R",t,s > 0

1
lu(x, 1) —u(y,r)| < |Duglloclx — y| + K|t — r[5+1
for some constant K > 0 which depends only on || Dug|| -

Proof. We prove just the Holder continuity in time, since the Lipschitz continuity
has already been proved in Theorem 2.1. Let C = || Duog|| co-

Let vg(x) = CJx]|. Since vg satisfies (4.1), the solution vc(x,t) with ini-
tial datum vp is a homothetically expanding solution to (2.4). Moreover, since
Hg((x,Clx]), {(x",Z)), | 2 < C|x'|}) < 0 in the viscosity sense at every
x € R", vp(x) is a stationary subsolution to (2.4), which implies by compari-
son that ve(x, 1) > vo(x) for every t > 0, and then, again by comparison that
ve(x,t) Zvclx,r)if0 <r <t.

Let us fix xg € R. By Lipschitz continuity we get that ug(x + xo) < vo(x) +
uo(xp), so by comparison we conclude that u(x + xo, t) < ve(x, 1) + ug(xp), for
all x. If we compute the previous inequality in x = 0, using also (4.8) we get

u(x0, 1) — uo(x0) < ve(0, 1) = v, DiFT Vg € R,
By comparison this implies that
u(xo, t + 1) — u(xo, 1) < ve(0, rit  Vxp € R™.

The other inequality is obtained with an analogous argument by considering —C|x]|.
O
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Remark 4.3. We observe that if g in Theorem 4.1 is also a convex function, then
there exists C > 0 such that

sup |Hs(x,u(x,1))| < Ct™ V> 0. 4.6)

xeR"

We conjecture that this property is actually true also for nonconvex functions i,
which satisfy (4.1), as in the local setting. Observe that due to (4.4) it is sufficient
to show that that there exists C > 0 such that

Sup |HS(-X7 lz(x’ 1))' < C

xeR”

which is in turn equivalent by (4.5) to show that

sup |i(x, 1) — Di(x, 1) - x| < C(s + 1)~ L.

xeR”

Note that u(x, 1) is a convex function, since convexity is preserved by the
fractional flow (1.1), see [9]. Moreover u(x, 1) > ug(x) by comparison (since
uo(x) is a stationary subsolution to (2.4)). For A > 0, and x € R” fixed, we define
v(}) = u(Ax, 1). Note that this function is convex. By convexity we get that

40,1 =v0) > v(l) —v'(1) =iu(x,1) — Diu(x, 1) - x.

Recalling Proposition 4.2 we get that there exists K > 0 depending only on the
Lipschitz constant of iy (x) such that ug(Ax) + K > u(Ax, 1) for every A € R. So
using again convexity of v and by (4.1) we get for A > 0,

Aig(x) + K = ig(Ax) + K > a(dx, 1) = v(x) = v(l) + ' (1)(A — 1)
=ulx,)+A—-DDu(x,1)-x.
This implies, sending A — +o00, that ug(x) > Diu(x, 1) - x and so in turn
u(x,1) — Du(x,1)-x > u(x,1) —ugx) >0
So, we proved that
0<iu(x, 1) —Du(x,1)-x <u(,1)
which gives the result.

Remark 4.4. Observe that if (4.0) is satisfied, then we may strengthened the con-
vergence result in Theorem 4.1, that is for every T > 0 it holds that

lim |a(x,t+T)—i(x,r)] =0  uniformly in R".
t—>—+00

Indeed substituting in the equation (2. 4) and recalling that u(x, t) is uniformly
Lipschitz, we get that |if, (x, )| < C't™ G , for some C’ > 0 depending on C and
on the Lipschitz norm of ug. So, integrating we get, for all 7 > 0

it +T) — i )] < C ((r £ T)F — zﬁ)
and so for every T > 0,

lim |a(x,t+T)—i(x,)] =0 uniformly in R".
t——+00
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On the other hand, every homothetically expanding graphical solution to (1.1)
is obtained as in Theorem 4.1.

Proposition 4.5. Assume that E1 is a solution to (1.2) and that is the subgraph of
a Lipschitz continuous function uj : R" — R.
Then the solution u(x, t) to (2.4) with initial datum u(x, 1) = u1(x) is defined

inR" x (ty, +00) where tg = 1 — ﬁ and satisfies

lim+ u(x,t) =u(x) locally uniformly in x, 4.7
11

where i : R" — R" is Lipschitz continuous and 1-homogeneous as in (4.1).

Proof. According to Definition 1.1,
E = 1[c(s + 1)(t — 1) + 1171 Ey = A1) Ey

is a solution to (1.1), which means in particular that the solution u to (2.4) with
initial datum u(x, 1) = u(x) can be obtained as

X
M()C, [) L= )»(t)ul (m)

= [e(s + 1)t — 1) + 1777 u (x [e(s + (7 — 1) + 1]—ﬁ) (48)

This implies immediately that u is well defined in R" x (fy, 400), where typ =
| — -

Since u is Lipschitz continuous, we get that v,(x) = ru(x/r) are equilips-
chitz, and moreover |v, (x)| < r|u1(0)| 4 || Du1|lco|x|. Then, by Ascoli Arzela the-
orem, up to subsequences there exist the limits lim,, _, ¢+ vy, (x), locally uniformly
in x. We claim that actually the limit is unique, that is u(x) := lim, _, o+ ruy(x/r)

locally uniformly in x. If the claim is true, then it is easy to check that u(x) sat-
isfies (4.1) and moreover by (4.8), limtﬁtg ulx,t) = limtﬁtgr A)uy (ﬁ) =
lim, o+ ruy(x/r) = u(x).

To prove the claim we observe that by (4.8) v, (x) = rui(x/r) = u(x, A~ (r))
for every r > 0. Let r, — 0 such that lim,, ¢ v, (x) = v(x). Then u,(x,t) :=
u(x,t + 2~"1(ry)) is the viscosity solution to (2.4) with u,(x,0) = v, (x). By
stability of viscosity solutions with respect to uniform convergence, since v,, — v,
we get that u, (x, ) — v(x, t) locally uniformly, where v(x, t) is the solution to
(2.4) with initial datum v. But actually v(x, t) = u(x, t 4 t9) for every ¢ > 0, and
then the limit v is unique and independent of the subsequence. O

5. Convergence to self-similar solutions
We show that homotetically expanding solutions are the long-time attractors for

the flow of Lipschitz graphs, when the initial datum is a sublinear perturbation of
a 1-homogeneous function.
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We now generalize to the fractional curvature flows the result obtained in [13]
for the mean curvature flow, under the assumption that the initial datum ug is
Lipschitz continuous and is straight at infinity in the following sense: There exists
K > 0and § > O such that

luo(x) — Dup(x) - x| < K(1+ |x)'™%  Vx e R™.

This condition is equivalent to the following one: there exist a function ¢ which
satisfies (4.1) and constants K > 0, § > 0 such that

luo(x) — dto(x)] < K(1+ |x)'7°. (5.1)

Note that, if we define ¢ (r, x) := rug (£) for all x € R”, then the straight at
infinity condition reads, for r < 1,

w(z) =7 ow ()l

<K@+ D' <K+ x0T

a
‘ 3,20 %)

Then, forall 0 < r; < < 1 we get

n 8
rauo (i> —riuo (1>’ = / ¢ (r, x)dr
r 1 o or

1
Observe that, since u( is Lipschitz continuous, up to a subsequence there exists the
limit lim, _, o+ rug ()r—‘), which is locally uniform in x. By the previous inequality,
we conclude that the limit is unique, so that the limit is a function izg which satisfies
(4.1) and finally

L
‘/ —¢(r, x)dr
0 ar

Actually, the convergence result proved in [13] is stronger than ours, since they
provide exponential in time convergence of the flows.

K _
<5a + DS — ).

_ - K 1-8
= [ug(x) — ug(x)| < 3 (T+[x)—°.

Theorem 5.1. Let ug be a Lipschitz continuous function, such that there exist u
which satisfies (4.1), and constants K > 0, § € (0, 1) for which (5.1) holds. Let
u and u be respectively the solutions to (2.4) and (2.8) with initial datum ug, and
u(x, t) be the solution to (2.4) with initial datum uy(x). Then

1
lim a(y,t)=1u (y, —) locally uniformly in C'(R").
T—>+00 s+ 1

In particular, the rescaled flow

1
E
[(s + e+ 171/6+D ™

(5.2)

where E; is the subgraph of u(-, t), converges as T — +00 to a graphical hyper-
surface E which satisfies (1.2) (withc = 1).
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Proof. Letyr : (0, 400) — (0, 400) be a smooth function such that ¢ (k) = 0 if
k < land ¥ (k) = 1if k > 2. Define forr > 1

|x|

ug(x) = uo(x) + ¥ ( ) (uo(x) — uo(x)).

,
Then our assumption implies that
lug(x) — ufy(x)| < K(1+2r)'7° vy eR".

By the comparison principle we get that, if i and u” are respectively the solutions
to (2.8) with initial datum u¢ and ug),

@ (y,0) = K(1 420%™ iy, 1) <" (v, 1) + K(142r)! e
Vy e R", 7 > 0. (5.3)
On the other hand,

_ 2K , i} 2K
o (x) — —1x| S up(x) < dto(x) + —5|xl.

Let u+, be the solutions to (2.4) with initial datum respectively u¢(x) + 2r—{§|x|.
Note that ug(x) £+ 2r—15(|x| satisfy (4.1) with Lipschitz constant || Dig||oo + 2r_15< <
|Dugllco + 2K . By scaling properties of u¢(x) + 2r—I§ |x], see (4.3), and by formula
_e— G+t

(2.7), we get that iy, (y, ! |

uo(x) + Zr—{s{ |x]. Then by comparison principle

B 1 — ef(er])t . ~ 1 — e*(H»l)t
Uy |ly, ——— ) <u (y, )<y |y, ——|.

) is the solution to (2.8) with initial datum

s+ 1 s+ 1

By Proposition 4.2, recalling that uo(x) + Zr—lf |x| are Lipschitz functions with Lip-
schitz constant less than || Dig|| s + 2K, we get that there exists B depending only
on || Dig|lco and K such that

i yL —Be <"y, ) <u y; + Be™*
—r ’S—i—l X ) X U4r 7s+1 .

Therefore by (5.3) we conclude that forall y € R”, 7 > 0,and all r >> 1,

_ 1 s . _ 1
i (y, s+_1) —(B+K1+2r)""e" iy, 1) ity (y, m)

+ (B +K(+ 2r)1—3) e T

Note that as r — +00, U4, (y, H_%) — u (y, ﬁ) locally uniformly in y by

stability of viscosity solutions, since io(x) % 2r—§|x| — ug(x) locally uniformly.
So taking r = 7 in the previous inequality and sending T — 400, we get the
local uniform convergence of i. Finally, since by Proposition 3.1, # has uniform
C1% norm in R” x [t0, +00), for every t > 0, we conclude that the locally uniform
convergence holds in C:¢ sense. O
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Remark 5.2. If condition (5.1) is violated, then in general we cannot expect the
asymptotic convergence result proved in Theorem 5.1. Indeed, observe that if i is
the solution to (2.8) with initial datum u, then reasoning as in Proposition 4.2 we
get that

1
~ . . 1 — e—(s+l)r s+T 1 ﬁ )
li(y,7) —e "ug(ye)| < K [ ———— <K =K'

s+1 s+ 1

In particular, if the convergence takes place, then for every compact set B C R”
there exists Tg > 0 such that

e up(ye™) — e Pug(ye™)| < 3K’ forallry, 7 > 7p.

For instance, this condition is not satisfied by initial data oscillating at infinity
between different positively homogeneous functions. We refer to [13, Proposition
6.1] for an explicit example.

6. Convergence of the unrescaled flow

In this section we will consider some cases in which convergence of the unrescaled
flow holds. To get stability without rescaling, we have to impose some decay or
periodicity condition of the initial datum.

6.1. Stability of hyperplanes

We show that hyperplanes are stable with respect to the flow (1.1), that is, if the
initial datum is flat at infinity (resp. periodic), then the solution stabilizes to the
hyperplane at which the initial datum is (resp. stabilizes to a constant).

We remark that the behavior of the solution to (2.4) for these families of ini-
tial data is analogous to the behaviour of solutions to the fractional heat equation
u; + (—A)%u = 0, with the same initial data. Analogous results for the local
mean curvature flow of graphs have been obtained in [12,14,19], with different
approaches: either comparison with large balls as in our case (even if in the local
case the argument is more involved), or reduction to stabilization of solutions to
the heat equation.

We start with a result about periodic initial data, showing that the solution
stabilizes to a constant. For a particular class of periodic initial datum we may
show that actually this constant is given by the mean value of the initial datum.

Proposition 6.1. Letr ug : R” — R be a Lipschitz function which is 7" periodic.
Then, there exists a constant ¢ € (min ug, max ug) such that the solution u to (2.4)
with initial datum u satisfies

lim u(x,7)=c  uniformly in C'(R").
t——+00
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If moreover uq has also the property that
there exists v € R"such that for allx € R", ug(x + v) = —uo(x) (6.1)

then

lim u(x,t)=0= f uo(x)dx  uniformly in C'(R™).
(0,11

t——+00

Proof. We observe that by uniqueness the solution u(x, t) is Z" periodic in the x
variable. We define M (t) = max, u(x, t) and m(¢) = min, u(x, t). Note that by
Proposition 4.2, M (t) and m(t) are Holder continuous functions, and moreover by
comparison, we have that min, ug(x) < m(t) < M(¢t) < max, ug(x), and that
M (t) is decreasing and m(t) is increasing. Therefore M () and m(¢) are differ-
entiable a.e. We want to prove that lim;_, ;oo M(t) — m(¢) = 0. If this holds,
then the result follows, recalling that M (¢) is decreasing and m(t) is increas-
ing. The C! convergence is a consequence of the uniform estimates in Proposi-
tion 3.1. Assume by contradiction that lim,_, ;oo M (t) — m(t) = C > 0. We fix
t > 0 and xp; € argmax u(-,t) N[0, 1]" and x,, € argmin u(-,¢) N [0, 1]*. Let
Ct)y = M(t) —m(t) > C. We recall that u(-, 1) is Lipschitz continuous with
Lipschitz constant less than || Dugl|oo and we fix § > 0 such that §|| Dug|lco < %
It is immediate to check that

u(xp,t) —u(x, t) = ulxpy, t) —ulxm, t) — 8l Duglloo

C_C@
=Ct)— = 2 0] Vx € B(xm, 9),
2 2
and analogously
C
ulx,t) —u(x,,t) > % Vx € B(xy, 6).

Then, at every point of differentiability ¢, the functions M, m satisfy

M'(t) = us(xp, 1), m'(2) = s (xm, 1),
for all xps € argmax u(-, t), x,, € argmin u(-, t).

Using the equation we get

M'(t) = us(xp, 1)

nts+1
-5 u(y,t) —ulxy,t
= —H(xm, u(xpy, t)) < (1 + ||DM()||C2)0) ’ / (. 1) S )dZ

|y _ xM|n+s+1

n+s+1
5= C(1) 1
2 2
<—(1+1Du0ll) T =7 S
n+s+1
- C(1) wp 8"
_ 2 2 n
_—(1+||Duo||oo> > oty <0
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and

m'(t) = uy (X, 1)

’HEH/ u(yat)_u(-xmvt)

|y _ xm|n+s+1 dz

= = H, G, i 1) > (1+ 1 Duoll%,)

n+s+1
- C(1) wyd"
2 (1+||Duo||§o) ’ > (5+1rl)n+s+1 > 0.

These two inequalities imply that M (¢) is strictly decreasing, m (¢) is strictly increas-
ing and C'(t) < —KC(¢) for a constant K depending only on C and || Dug||oo-
Therefore lim,_, y o, C(¢) = 0, which is in contradiction with our assumption.
Finally, observe that if u satisfies (6.1), then by uniqueness, —u(x, t) = u(x +
v, t). This implies that necessarily lim;—, 4o u(x,t) = —lim; ;oo u(x,t) and
then the limit is 0. O

We first of all prove stability of constant functions in R”.

Theorem 6.2. Let ug : R" — R be a Lipschitz function such that

lim wup(x) =0.

|x|—4o00
Then, the solution u to (2.4) with initial datum uq satisfies

lim u(x,1) =0  uniformly in C'(R").
t—400

Proof. First of all we observe that it is sufficient to prove the result for initial
data which are nonnegative everywhere or nonpositive everywhere. Indeed the
general case is easily obtained by using as barriers the solutions with initial data
ua' = max(uo, 0) and u, = min(ug, 0).

So, we prove the result only for the case ug > 0, since the other case ug(x) < 0
is completely analogous. Note that by comparison, since the constant are stationary
solutions to (2.4), 0 < u(x, 1) < max, uo(y) forallx e R", ¢ > 0.

We claim now that for all # > 0,

inf u(x, t) = 0 and that M (¢) := max u(x, t)is decreasing in .
X X

Indeed for every ¢ > 0, let us fix R > 0 such that |ug(x)| < € for all |[x| > R. For
every |x| > R, fix K = |x|] — R > 0 and observe that the ball B((x, K +¢), K) of
center (x, K + ¢) and radius K, is contained in R"*! \ Ey. By monotoniciy of the
flow (1.1) with respect to inclusions, see [8], there holds that

B((x, K +¢), K(t)) SR\ E,,

where K (1) = (K’ — (s + 1)ét) ﬁ, and c is the fractional mean curvature of the

unit ball in R"*!, Therefore, we getthatforallz withr < T < 50T ( +1)E there holds

u(x,t) <e+K—K()<e—K'(T)t

25+t

=&+ 3 t< &+ B f.
(K5t — (s + 1)eT) 5+t K

(9]
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This implies that for all ¢ > 0, there exists R > 0 such that for |x| > R,

<utrn<ed —20 forall < 1= R (6.2)
X > X (|X| — R)‘& X 2(S T I)E . .
This implies that inf, u(x, t) = O for all # > 0 and moreover that sup, u(x,t) =
max, u(x, t). The fact that max, u(x, t) is decreasing in ¢ is a consequence of
comparison with stationary solutions.
Now, since M () is decreasing, let M = lim,_, oo M (t) = inf, M (t). We claim
that M = 0. If the claim holds, then we get the conclusion. The C! convergence is
a consequence of the uniform estimates in Proposition 3.1.

Assume by contradiction that M > 0. We fix 0 < ¢ < % and 7 > 0 such that

M(7) < M + &. We fix also R = R() such that u(x, 7) < for all x| > R.

Now we aim to get a contradiction by constructing a periodic barrier which
satisfies (up to suitable vertical translation) a condition like (6.1). We fix a Lipschitz
continuous function ¢ : [—R,2R] — R, such that ¢ is non increasing, ¢(z) =
M +¢forz e [-R, R], and ¢ (2R) = 5. Now we extend it to a function ¢ :
[—R,5R] — R by putting ¢(z) = 3M + & — ¢(z — 3R) forall 2R < z < 5R.
Finally, we extend it by periodicity to be a 6 RZ periodic function. Then the function
vo(x) = ¢(x -e1),is a 6RZ" periodic function, which is Lipschitz continuous, and
satisfies vg(x + 3Rep) = %1\_4 + & — vo(x).

Note that by construction, u(x, ) < vo(x) for all x € R" and then by compar-
ison

ulx,t+1 <v(x, ), and in particular limsupu(x, ) < lim v(x,1)
1—+00 1—>+00
where v(x, t) is the solution to (2.4) with initial datum vg. Now by Proposition 6.1
we get that lim,—, o v(x,1) = ¢ unlformly in C', and moreover, smce vo(x +
3Rey) = 3M+e— vo (x) there holds thatc = 3M+e—c,andsoc = M—i—2 <M,

recalling our choice of ¢. But then we get that limsup, , , u(x,t) < M, in
contradiction with the definition of M. ]

Remark 6.3. Let ué be a family of Lipschitz continuous functions which fulfills
uniformly in A the condition in Theorem 6.2, in the sense that

sup sup |ué(x)| -0 as R — +o0.
A |x|>R

Then it is easy to check that the convergence is uniform in A in the sense that

sup lu*(x, )|t = 0 ast — 400
A

where u* is the solution to (2.4) starting from ug.

Finally we give the general result about stability of hyperplanes. We denote
with d(A, B) the Hausdorff distance between the sets A, B.
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Corollary 6.4. Let Ey € R"*! be a set such that dEq is a Lipschitz surface and
that there exists a half-space H for which

i _d(Eg\ BO. R). H\ BO, R)) =0.

Then the outer and inner level set flows ET(t), E~(t) defined in (2.3) satisfy

lim d(ET(),H)=0= lim d(E~(t), H).
t—400 t——+00

Proof. Since the fractional mean curvature is invariant by rotations and translations,
we may assume without loss of generality that H = {(x,z) € R" x R | z < 0}.
Moreover, by the assumption that limg_. 40 d(Ep \ B(0, R), H \ B(0, R)) = 0,
there exist two Lipschitz functions ug, vo : R” — R such that limy | o0 uo(x) =
0 = limpy 4o vo(x) and {(x,2) € R" xR | z < up(x)} € Ep € {(x,2) €
R" xR | z < vg(x)}. By comparison we get that {(x,z) e R" xR |z < u(x, 1)} C
E C Ef C {(x,2) € R" x R |z < v(x,1)}, where u(x, 1), v(x, ) are the
solutions to (2.4) with initial datum ug, vo. By Theorem 6.2 lim;_, y oo u(x,t) =
lim;— 400 v(x, ) = 0 uniformly in R", and this gives the conclusion. O

6.2. Stability of convex cones

In this section we provide the convergence of the unrescaled flow in the case the
initial data is decaying at infinity to a Hg-mean convex cone, staying above it. The
result can be strenghtened if the initial cone is convex, by using the stability of
hyperplanes.

Proposition 6.5. Let ug : R* — R be a Lipschitz continuous function. Assume
there exists a non linear function ug which satisfies (4.1), and

H; (x, up(x)) < 0 in the viscosity sense, (6.3)
such that

uo(x) > ug(x) and lim  wug(x) —up(x) =0.
[x]—>400

Then, if u is the solution to (2.4) with initial datum uy, it holds

lim wu(x,t) —u(x,t) =0 locally uniformly in CI(R”).
t——+00

Proof. Observe that by (6.3), ig(x) is a stationary viscosity subsolution to (2.4),
therefore u(x, t) > up(x) and so in particular u(0, t) > up(0). Observe that, if i
is a homogeneous Lipschitz function, then either it is linear or it is singular at 0, in
the sense that the curvature in a neighborhood of x = 0 is not bounded. Therefore,
since we assumed that ig is non linear, then u(0, #) > O since u is smooth by
Theorem 4.1. Again by comparison, we get that also u(x, t + r) > u(x, t) for all
t>0,r>0,x €R".
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Fix ¢ > 0 and R > 0 such that ug(x) < ug(x) + ¢ for all |x| > R. Therefore
we get that forall 7 > 0,

ugx) <u(x,T)+e¢ for all |x| > R. (6.4)
Observe now that by (4.3) and Lipschitz continuity
u(x,t) > u,t) —Clx| = tﬁﬁ(o, 1) — Clx].
Since u(0, 1) > 0 there exists 7' > 0 sufficiently large such that
ux,T) > Tﬁﬁ(o, 1) = Clx| = up(x) for all [x| < R. (6.5)

Therefore, by (6.4), (6.5), and by comparison we get that for some 7 > 0
sufficiently large

ulx,t) <iulx, T+t)+¢e Vi>0,x eR".

Note that since ug > u, by comparison u(x, t) > u(x, t) for all x, . Then we
get, for e > 0 and T > O fixed (and depending on ¢),

O<Lulx,t) —ulx,t) <ulx,T +1t)—ulx,t)+e.

We conclude by letting t — +o00 and recalling that, by Theorem 4.1, u(x, T +1) —
u(x,t) - 0ast — +oo uniformly in x, for all fixed T'. o

Theorem 6.6. Let ug : R"” — R be a Lipschitz continuous function. Assume there
exists a convex function uy which satisfies (4.1) and such that

Iim  wug(x) —ig(x) = 0.
[x|—>+oc0

Then, if u the solution to (2.4) with initial datum u,

lim u(x,7) —ia(x,1) =0  uniformly in C'(R").

t—+00

Proof. We divide the proof in several steps.
Step 1: for every ¢ > 0O there exists 7 = T (¢) such that

ulx,t) <ulx,TE)+1)+¢e Vi>=0,x e R". (6.6)

Since u is convex, then it also satisfies (6.3). We proceed as in Proposition 6.5.
So for every ¢ > 0, there exists R = R(¢) > 0 such that up(x) < up(x) +¢ <
u(x,t) + ¢ for all |x| > R and moreover, arguing as in the proof of (6.5), we get
that there exists 7' > 0 sufficiently large such that

u(x,T) > upx) for all |x| < R.

Therefore, since ug(x) < u(x, T) + €, we conclude by comparison.
Step 2: for every § > 0 there exist 7(§) > 0 such that

u(x,t) = uog(x) —6 vVt > T(@). (6.7)
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Since ug is convex and is positively 1-homogeneous, we get that for all v € §”
there exists p, € R”, such that ug(x) > p, - x, with equality at every x = Av with
A= 0.

We define the family of functions u(x) = inf(uo(x), p, - x) and observe that
by the assumption there holds that

lim sup sup up(x) — p,-x =0.
R—+00 pesn |x|>R

So, by Corollary 6.4, and arguing as in Remark 6.3, we get that

lim sup d(E/, H') =0

—>—+00 ves§t

where H, is the halfspace with normal (—p,, 1). This in particular implies that
lim; yoo t”(x,1) — py - x = O uniformly in v, which in turns gives that
liminf, s u(x,t) — py - x > limy you’(x,t) — py - x = 0 uniformly in
v, and so in particular lim inf,_, {5 u(x, t) > uo(x). This permits to conclude.
Step 3: conclusion.

Observe that by Step 2, and comparison principle, for § > 0 fixed, there holds
that u(x, t 4+ T(8)) > u(x,t) — 8. So, for every ¢ > 0 and t > T(8), we get by
Step 1 and the previous observation that

it —T(8) —ii(x, 1) —8 <ulx,t) —ilx, 1) <ilx,t+T() —ilx,t)+e.

Now we conclude by arbitrariness of €, § and by Remark 4.4, letting t — +o00. O

7. Ancient and homothetically shrinking solutions

Finally we consider homothetically shrinking solutions in the graphical case, and
we show that they are necessarily hyperplanes.

Definition 7.1. An ancient solution to (1.1) is a solution to (1.1) defined for all
t € (—00,0).

We recall the following Liouville theorem for ancient solutions of parabolic frac-
tional equations with rough kernels, proved in [21, Theorem 3.1]. We state it in the
setting we are going to apply it.

Theorem 7.2. [21, Theorem 3.1] Let I be a translation invariant operator, elliptic
with fractional order 1 + s, with [ (0) = 0andu € C(R" x (—o00, 0]) be a viscosity
solution to u; — I () = 0 in R" x (—00, 0]. Assume there exists C > 0 such that
forall R > 1 there holds

sup lu(x,t)| < CR.
[XI<R,—RMs<r<0

Then there exists a € R", b € R such that u(x,t) =a - x + b.
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Theorem 7.3. The only graphical Lipschitz solutions to (1.3) are hyperplanes (with
c=0).

Moreover the only graphical uniformly Lipschitz ancient solutions to (1.1) are
hyperplanes.

Proof. The result is a consequence of Theorem 7.2.

Let E be a graphical Lipschitz solution to (1.3), that is let u; : R” — R be a
Lipschitz continuous function such that £ = {(x, z) |z < u1(x)} is a solution to
(1.3). Then arguing as in Proposition 4.5 we may connstruct a solution to (2.4) in
(—00, 0) with u1(x, t) = uj(x). Indeed let

E, = [_c(s+1)¢+1]ﬁE:)L(t)E fort < 0.

It is easy to check, using the fact that E is a solution to (1.3), that E; is a solution
to (1.1). Therefore the function

wy (x, 1) = A(0)uy (%) = [—c(s + D + 177wy (x[=e(s + e + 11777)

(7.1)
isasolutionto (2.4) in (—oo, 0) and satisfies u1 (x, 0) = u(x). Since u is Lipschitz
continuous we get that

lur(x, D] < 2@ ]u1(0)] + [[Dutlloo|x].

This implies that there exists K > 0 depending on ¢, s, || Du{||cc, #1(0), such that
forall R > 1,

max lur(x,1)| < KR.
|x|<R,te[—RSH1,0]

Recalling the formula for H (2.11), we get that 1 is a viscosity solution to
ur—1I(w) =0, te(—o00,0),

where [ is a translation invariant operator, elliptic with fractional order s + 1, and
1(0) = 0. Then, by Theorem 7.2 we conclude that there exist € R" and b € R
such that u1(x,t) = a-x + b forall r < 0 and x € R”. This implies that £ is a
hyperplane and ¢ = 0.

Finally, if E; is a graphical uniformly Lipschitz and ancient solution to (1.1),
then u(x, t) is a continuous viscosity solution to u; — I () = Ofort € (—oo, 0) and
moreover, since | Du(x, t)| < C, arguing as in Proposition 4.2 we obtain that there

exists a constant K only depending on C such that |u(x, t)—u(x, t+h)| < K|h| = .
So, again by Theorem 7.2 we conclude that u is affine and does not depend on ¢. O

Remark 7.4. In the case of classical mean curvature flow, see for instance [15] and
references therein, there are translating, hence eternal, solutions which are smooth
but not Lipschitz. We expect that such solutions, with polynomial growth depending
on s, exist also for the graphical fractional mean curvature flow (2.4).
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