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Abstract. In this paper, our main aim is to derive L? — L4 estimates of the solution uy (x, t)
(t fixed) of the Cauchy problem for the homogeneous linear wave equation associated to the
Dunkl Laplacian A,

Agug(x. 1) = uge(x, 1), dup(x,0) = f(x), up(x,0) = g(x).

We extend to the Dunkl setting the estimates given by Strichartz (Trans Am Math Soc
148:461-471, 1970) for the ordinary wave equation.

1. Introduction and background

In his seminal paper [5], Dunkl constructed a family of differential-difference oper-
ators associated to a finite reflection group on a Euclidean space, which are known
as Dunkl operators in the literature. He introduced in [6] an integral transform
associated with the eigenfunctions of the Dunkl operators for a root system which
generalises the classical Fourier transform and is now called the Dunkl transform.
By means of this transform several important results of the classical Fourier analy-
sis have been generalized to Dunkl analysis, giving us new perspectives on familiar
topics from Harmonic Analysis and Partial Differential Equations.

In this paper, we are interested in the L” — L7 estimates of the solutions of
wave equations associated to Dunkl Laplace operator, in particular we generalize
the estimates for ordinary wave equation due to Strichartz [17]. The techniques used
involve interpolation of an appropriate analytic family of operators in a way similar
to that used in the classical case. To illustrate our method and collect the results we
need, we begin by recalling some preliminary definitions and background materials
for the Dunkl analysis. References are [4-6,11,12,18].

Let G C O(R") be a finite reflection group associated to areduced root system R
andk : R — [0, +00) be a G—invariant function (called multiplicity function). Let
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R™ be a positive root subsystem. The Dunkl operators D’g on R" are the following
k-deformations of directional derivatives d¢ by difference operators:

J(&x) = flov.x)

o ) , (1.1

DEf(x) = f )+ Y k(v) (v, &)

veRt

where here oy, is the reflection with respect to the hyperplane orthogonal to v and
(., .) is the usual Euclidean inner product, we denote | . | its induced norm. If (e;) ;
is the canonical basis of R” we simply write D]]‘. instead of Dfl_. In analogy to the
ordinary Laplacian we define the Dunkl Laplace operator by

n

Ar =) (D)

j=1

The Dunkl operators are antisymmetric with respect to the measure wy (x) dx with
density

we@) = [T oo 240

veERT

The operators d¢ and Dé‘ are intertwined by a Laplace—type operator

Vif(x) = /Rnf(y)dvx(y)

associated to a family of compactly supported probability measures { v, | x eR"}.
Specifically, v, is supported in the convex hull co(G.x).
For every y € C”, the simultaneous eigenfunction problem

Dif =(y.6)f. Vé&eR"
has a unique solution f(x) = Ex(x, y) such that E¢(0, y) = 1, called the Dunkl

kernel and is given by

Ex(x,y) = Vi(e“ ) (x) :/ e dv(z)  VxeR™

n

When k = 0 the Dunkl kernel Ey (x, y) reduces to the exponential -},
The Dunkl transform is defined on L' (R”, wy (x)dx) by

Fef &) =c; /ﬂ; F(x) Ex(x, —i £) wy(x) dx,

where

X2
Ck =/ e 2 wr(x)dx.
Rn

If &k = 0 then Dunkl transform coincides with the usual Fourier transform. In the
sequel, we denote by ||. || p,x the norm of L”(R", wi(x)dx), 1 < p < oo. Below
we summarize some of the useful properties of the Dunkl transform.
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(i) For f € S(R") (the Schwartz space) we have Fy (D’gf)(x)zi &, x)Fr(f)(x).
In particular

Fi(Ap f)(x) = =[x PFe(f)(x).

(i) The Dunkl transform is a topological automorphism of the Schwartz space
S(RM).

(iii) (Plancherel Theorem) The Dunkl transform extends to an isometric automor-
phism of LZ(R”, wy (x)dx).

(iv) (Inversion formula) For every f € S(R"), and more generally for every f €
L'(R™, wy (x)dx) such that 7y f € L' (R", wy (x)dx), we have

f(x)=.7:k2f(—x) VY x eR".
(v) The Hausdorff-Young inequality: for 1 < p <2

17O prk < el fllp.k (1.2)

where ¢ is a positive constant and p’ is the conjugate exponent of p. This
follows from the Riesz-Thorin Interpolation Theorem for the special cases
p = 1 and p = 2. We refer to [2], where more details on L” — L7 norm for
the Dunkl transform can be found.

(vi) If f is a radial function in L' (R", wi(x)dx) such that f(x) = f(lxl), then
Fr(f) is also radial and

1 o
Fi(f)(x) = W/o F &) Tyqna—1(slx]) s 2ds; x e R™.

(1.3)
where
=y k) (14)
veRtT
and J, is the Bessel function,
S 2n+v
(=1D"(z/2)
J, = —_—
v(@) ,,X:(:) AT +v+ 1)

Let x € R”, the Dunkl translation operator f — 7,(f) is defined on
LZ(R", wi(x)dx) by

Fi(te (D) = Fi f(y) Ex(x,iy), yeR"

In particular, when f € S(R") we have

w(H ) = /Rn Fe(f)E)Er(x, i) Ex(y, —i§)wi(§)d§

and since Dunkl kernel satisfies | Ex (x, iy)| < 1 (see, e.g. [11, Corollary 5.4]), then
we note the following

e (P llooke < NFrC1 k- (1.5)
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In the case when f(x) = f(lxl) is a continuous radial function that belongs to
L2(R", wi (x)dx), the Dunkl translation is represented by the following integral,

T (f)(y) = /R f(/mz + 12+ 2(y. 1) )duxm), (1.6)

This formula has been first obtained by M. Rosler [13] when f is a smooth radial
function and extended to the mentioned case of functions by F. Dai and H. Wang,
[3, Lemma 3.4].

The Dunkl translation operators can be extended to all radial functions f in
LP(R", wg(x)dx), 1 < p < oo and the following holds

Iz (O pke = ILf lp.- (1.7)

It should be mentioned here that (1.7) was justified in [18, Theorem 3.7] for 1 <
p <2 and recently in [7, Theorem 3.7] for p > 2.
We define the Dunkl convolution product for suitable functions f and g by

[ gx) = fN (= gwe(y)dy, x € R™.
R
We note that it is commutative and satisfies the following property,

Fi(f #x 8) = Fi(f)Fi(g). (1.8)

Moreover, the operator f — f % g is bounded on L”(R", wi(x)dx) provide g
is a bounded radial function in L'(R”, wi (x)dx). In particular we have the the
following Young’s inequality ( [18, Theorem 4.1]),

I *k gllpk < lglhell fllpk - (1.9)

We now come to the main subject. We consider the following Cauchy problem
for the Dunkl wave equation

Apup(x,t) = Bfuk(x, 1), drup(x,0) = f(x), up(x,0) = g(x); (x,1) e R" xR

where the functions f and g belong to S(R"). The solution is given in term of
Dunkl transform by

sinz|&|

1€

up(x, 1) = Fy ! < Fif (&) +cos(t|$|)fk(g)(§)) (x). (1.10)

The study of the Dunkl wave equation was initiated by Ben Said and @rsted [14,
15] where they computed the solution uj and established validity of Huygens’
Principles. Also in this context Mejjaoli [9, 10] studied the mixed-norm Strichartz
type estimates for u;. The main contribution of our work is the following theorem.
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Theorem 1.1. For t # 0 there exists C(t) > 0 such that

n
lu, Dllge = C@O |1 fllpx+ Z IDIng ; (1.11)
j=1 bk
provided that
n+2yk+l§p§2; n+2yk:2yk+n—l_i (1.12)
n+2y+3 q 2 P
and

it 2 P it 3 ¢ 2 P
where yy is given by (1.4) and p' is the conjugate exponent of p.

n—+ 2y _ <2n+2yk+1' 1 n+2yk—1_n+2yk (1.13)

The Proof is based on complex interpolation method much like the proof given in
[17]. For the reader’s convenience we recall the Stein’s Interpolation Theorem [16].
Let (M, 1t) and (N, v) be o-finite measure spaces and

S={ze€C; a<Re(z) <b}, a<hb.

We suppose that we are given a linear operator 77, for each z € S, on the space
of simple functions in L'(M, i) into the space of measurable functions on N.
If f is a simple function in L'(M, 1) and g a simple function in L' (N, v), we
assume furthermore that g7, (f) € L'(N, v). The family of operators {7} is called
admissible if the mapping

F: z—>/gTZ(f)dv
N

is holomorphic in the interior of S and continuous on S, and there exists a constant
¢ < (b — a) such that

supe Mm@l og | F(2)| < oo. (1.14)

[4=N
Theorem 1.2. (Stein [16]) Let 1 < po, p1,q90,q1 < oo and {T;}, z € S, be an
admissible family of linear operators such that

1 Taviy(Fllgg = Mo fllpy and N Toyiy (g = MiILf I py

for each real number y and each simple function f € LY (M, ). If, in addition, the
constants M j(y), j =0, 1, satisfy

sup e~ log(M;(y)) < o0
yeR

for some ¢ < w(b — a), then for all t € [0, 1] there exists a constant M, such that

1T, () llg: = Mill flIp,
for all simple functions f provided
1 (1—1) 1 (1—1)

t t
6i=010—-ta+th, — = +— and — = + —
Dt Po D1 qt q0 qi
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2. Interpolation of analytic family of operators

The idea now is to consider the following family of operators f — S,(f) given on
L2(R", wy(x)dx) by

Se (N @) = F (16742 o (EDF()®) ) ()

where z can be taken to be complex. Hence in view of (1.10) and by the fact that

2\'? sint 2\'/? cost
J =| - — d J_ = - —
172() (n) NG an 172() <ﬂ> NG
one can write
T\ 1/2 .
uee ) = (3) 18Oy 2867)F )
w12 .
+(3)  8OSura286 ) @1

where §(¢) is the dilation operator §(¢) f(x) = f(tx).
The operator S, turns out to be the analytic continuation in the parameters z of
the convolution operator

T(f) = P x f, 0=<Re(z) <1

where

2 2z -
o.(x) = | T — )7 if < L,
0. if x| > 1.

This is a consequence of the following proposition.

Proposition 2.1. The Dunkl transform of ®,, 0 <Re(z) < 1, is given by
Fi(@)(E) = 1§72 Ty n o (18- (2.2)

Proof. Since @ is a radial function that belongs to L'(R", wi(x)dx) then from
(1.3) we have

Z

(1= 2)[g[nFn/2=T

1
fk(Qz)(é) = T /(; (1 _ 52)_1Jyk+n/271(5|5|) Syk+"/2ds.

We obtain (2.2) by applying the well known relationship between Bessel functions
(Sonine’s first finite integral)

! : +1 2
J— vV
Jytv+1() = m/o Ju(st)sHTH (1 — s7)ds,
for Re() > —1, Re(v) > —1l and ¢t > 0O ( see for example 12.11 of [19] ). |

We now apply Stein’s Interpolation Theorem to the family {S;,}. The following
theorem is the main result of this section.



LP — L9 estimates for the solution of the Dunkl wave equation 385

Theorem 2.2. Suppose that 0 < o < yx + (n + 1)/2. Then with a constant C

1Se (g <C NI fllpks  forall feSR")
in each of the following cases :
(a) Forl < p<2<qg<oocandl/p—1/q < Ry +n+1-—2a)/2(n+2y).
(b) Forp=(n+1+2y)/(n+ 142y —a)andq = p'
(c) For 1/2 <a < (n+1)/2 + yi, in the following cases:
(i) n+14+2y)/(n+ 142y —a) <p<2and (n+2w)/q =a —1/p.
(i) (n+2p)/(n+2p —a+1/2) = p < (n+14+2y)/(n+ 1+ 2 —a)
and /g =a — (n+2w)/p’.

Remark 2.3. We see that condition c)-(ii) can be reduced to c)-(i) by duality.

The argument proceeds similarly to the proof of Theorem 1 of [17]. First, we state
the following generalization of the Hardy-Littlewood multiplier theorem

Theorem 2.4. Let 0 < t < 2y, + n and m be a measurable function such that
some constant ¢ > 0 c
m@)| < —.
&1
Then the operator T,, = f,:l(mfk) is bounded from LP(R", wi(x)dx) to
L9(R", wy(x)dx), provided

2.3)

1 1 t
l<p<2<g<oo, ———= .
P 9 2n+n
In the case k = 0 this result is contained in Theorem 1.11 of [8]. In the same way
we obtain Theorem 2.4 directly from the following lemmas.

Lemma 2.5. Let ¢ > 0 be a measurable function such that for some constant ¢ > 0
/ wi()dx < S, Vs> 0. (2.4)
p(x)=s $

Then for all 1 < p < 2 there exists a constant C, > 0 such that

/ Fi(f)(E)
n | @)

Proof. Put duy (&) = ¢(&)>wi(£)dé and T the operator f — T(f) = Fi(f)/o.
We have

wle 1IT(H©1 25} = e 0@ <1715

_ / (€ wi (€)dE
e@E)=<IIfllk/s

wi (§)tdrd§

p
P& wiE)dE < Cpllfllpa:  f € LPR", wi(x)dx). (2.5)

_ 2/
0<t=e® =Iflix/s

1flle/s
2/ t{/ wk(é)dé}dt
0 &) >t

2¢
< ||f||1,k_
S

IA
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This means that the operator T is bounded from LYR", wy (x)dx) into weak space
LV (R, juy (x)dx). On the other hand from Plancherel Theorem

1£113.¢
il IT(N@] = 5) < =

Then Lemma 2.5 follows from Marcinkiewicz interpolation Theorem. O

Lemma 2.6. If ¢ satisfies (2.4)and 1 < p <r < p’ < 00, then we have

i 1/r
( /R JFEp@@En | wk(s)ds>
= Cpllflpki £ € LP(R", wi(0)dx).

Proof. Puta = (p' — p)/(p’ —r), and d’ it’s conjugate, we have p/a+ p'/a’ =r,
(1—r/pYa=2— pand (r — p/a)a’ = p’. Then Using Holder’s inequality, (2.5)
and the Hausdorff-Young inequality (1.2),

, 1/r
(L, imo@rieen trmuee)
1/ra
= ([ m©reer rueas)

, 1/ra
x ( /R B D@ wk(s>ds)
<Cpllfllpk
which is the desired statement. O

Lemma 2.7. Let m be a measurable function and 1 < b < oo, such that
c
/ wi(x)dx < - Vs >0.
[m(x)|=s s
Then the operator T,, = }"k_l(m]-'k) is bounded from LP(R", wi(x)dx) to

L1(R", w(x)dx), provided

1 1 1
l<p<2<g<oo and ———=—.
p q b
Proof. We may assume first that p < ¢’ and welet g = |m|?. Since ¢ satisfies (2.4),

then using Lemma 2.6 withr = ¢’ and the factthat1/p—1/q = 1/¢'—1/p’ = 1/b,
we obtain, for f € L?(R”", wi(x)dx),

ImFie(llg e = Cpll fllpok-

Therefore Hausdorff- Young inequality implies

1T (g = ImFe(FHllgk < Cpll fllpk-
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When ¢’ < p = (p’)’, we can apply the similar argument to the adjoint operator
T) =T sincel <q' <2<p' <ooandl/q" — 1/p" = 1/b. Hence by duality
it follows that

ITn (P llge = Cpll fllpok-
This concludes the proof of Lemma 2.7. O

Remark 2.8. From Lemma 2.7 we obtain the statement of Theorem 2.4, since

C
=< <
/Im(x)>s ) = / wp(X)dx = T

x|<s—1/t
The second fact we shall also require in proving Theorem 2.2 is the following

Lemma 2.9. Let ¢ € L' (R", wi(x)dx) be a radial function. If ¢ € L™ (R",
wi (x)dx) for some 1 < r < oo then the Dunkl-convolution operator with ¢ is of
weak type (1,r).

Proof. Letus recall that ¢ is in L™°°(R", wy (x)dx) if there exists a constant ¢ > 0
such that

ay(t) = / wi(x)dx < %
lp () |>1 4

Let A > 0, we decompose ¢ = ¢ + ¢» where

if
¢1={g’ if:z:;i , and ¢ =¢ — ¢1.

So, we have

[ap), ift > A,
% () = {Ol¢()») ifr <2,

and

o0

/ |1 ()| w (x)dx =/ ag, (H)dt = hag(r) —l—/ ag(t)dt < oy
R® 0 A

Then, using (1.7) we obtain for f € L' (R", wy(x)dx),

If s dillie < lotlhiall £llie < cor "I fllk (2.6)

and

If #k P2lloc < ll2lloc !l fll1e < AIS N1k (2.7
Now lets > Oand A = s/(2| f||1.x)- In view of (2.7)

/ wr(x)dx =0
{1 f#kh2(x)|>5/2}
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Thus by Chebyshev inequality and (2.6),

/ wr(x)dx < f wr(x)dx +/ w(x)dx
{1 f*rp () |>5) {1 f kb1 (0)|>s5/2} {1/ *kh2(x)|>5/2}

- 2||f *k P11,k ~¢ (”f”l,k)r’

N N

which is the desired estimate. m]
We are now in a position to prove Theorem 2.2.
Proof of Theorem 2.2. Concerning Bessel function we have first to note the fol-

lowing facts.

v 1
Jy(t) = (t/2) 75 /_1(1 —u?) 126y, Re(v) > —1/2, t >0

JriTw+
2.8)
and
OO g (] < e A+ g ceR and 0. (2.9)

This behavior of Bessel function was mentioned in [17]. In view of (2.9) we have
_ _ c
1§~ A2 (€D < F

foralld < yx + (n+1)/2 — a. We thus obtain (a) by applying Theorem 2.4 to the
operator S .

To prove (b), We may apply Stein’s Interpolation Theorem to the analytic family
of the operators S;, for 0 < Re(z) < yx + (n+1)/2. Indeed, let f and g be simple
functions and

F(z) = / S.(HMemwidx, 0= Re(2) < v+ (1 + 1)/2.
Rn

By applying the Cauchy—Schwarz Inequality and Plancherel Theorem the integral
converges absolutely. Moreover F can be written as

Fo) = /R EITYEETI Ty (EDF () E) Fi(®) ) un (§)dE.

and so in view of (2.8) and (2.9) we see that F is analyticin {z € C, 0 < Re(z) <
vk + (n + 1)/2} and continuous in {z € C, 0 < Re(z) < yx + (n + 1)/2}. (2.9)
also implies (1.14). Let us now consider the two boundary lines Re(z) = 0 and
Re(z) = yx + (n 4+ 1)/2. Using (1.8) and the fact that

inhy\'?
N — iy~ = (M) < cel? (2.10)
y

we estimate S;, (f) by

1Sy (P)llook < ce P Fll1
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However, using (2.9) and Plancherel Theorem we have the estimate

1Syt n+1y /241y (Oll2k < eV fllak.

Therefore the application of Stein’s interpolation theorem yields (b). To establish
estimate (c) we proceed as follows: when o > 1/2 then we obtain (c) from (a)
and (b) by the Riesz-Thorin interpolation theorem to the couples (L”!, L9') and
(LP2, L92) in the two cases:

{Pl =2, q1=n+2p)/(a—1/2),
P=0+2n+1D)/0+2n+1) —a, @2=0+2y+1/a

and

{Pl =n+20)/(n+2p+1/2—a), g =2
p=0+2n+D/0+2p+1)—a, g =m+2y+1)/a.

When o = 1/2, one can see that ¢ € L2 (R", wy(x)dx) and by Lemma 2.9
the operator S7,; is of weak type (1, 2). Thus, according to the estimates of (b)
we obtain (c¢) by Marcinkiewicz interpolation theorem and duality argument. The
proof of Theorem 2.2 is complete. O

2.1. Estimates of Dunkl wave equation

In this section we are going to apply Theorem 2.2 to the Dunkl wave equation. Our
goal is to prove Theorem 1.1.

We will need to consider the Riesz transforms for Dunkl transform R; , j =
1...n which defined on L2(R", wy (x)dx) by

Fr(R;(f)E) = —i%fk(f)(é)-

We have the following result.

Theorem 2.10. ([1]) The Riesz transforms R;, 1 < j < n are bounded operators
on LP(R", wi(x)dx) for 1 < p < o0.

The second main auxiliary result which will be useful to prove our theorem is the
following

Lemma 2.11. Let  be a radial smooth function on R" such that ¥(§) = 0

if 1€l < 1 and v(&) = 1 if |&] = 2. Then the Dunkl multiplier defined by
Ay (f) = Fl (%Sl)fk(f)) is a bounded operator from LP (R", wi(x)dx) to
L>®(R", wi(x)dx) forall p > n + 2y;.

Proof. Let p be a C* function such that supp(p) C {1/2 < || < 2} and

9]

Y. @7 =1 s#0.

j=—00
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Decompose,

%f (NHE) = 20(2 ’E)Iﬁg)fk(f)(é)

E\\ v (&) 277 p(277E)
= —_— —
<p($)+p <2>> ] —F(H(E)+ E:z 7] Fe(f)(E)

= V1O F(NE) + Z 2y QI Fi()(®),
j=2
we get
Ay (f) = F @) s £+ )20V F (90) (7)) s .
j=2

Using Holder’s inequality and (1.7) it follows that, for p > n + 2y

o0
1A (Dlloo < 1F ke § 1F @Ol s+ Y 202D 22 ) |y i

j=2
<C I fllpk

which is the desired result. m|

We will also need the following lemma

Lemma 2.12. Let y € R and V; be the function given by V;(x) = x;®;y(x),
x € R". Then we can find a constant ¢ > 0 that does not depend on y and such
that

Iz (W) ook < ¢ Pl
forall z e R™.
Proof. Let e > 0. Define

—e/A=1x) i x| < 1
he(x) =1 ¢ > 1 .
«(0 {0, if [x] > 1,

It follows that . ¢;y and h, ¢_14;, are C°°-functions supported in the unit ball
and

0 W;(x) £
Wj(Cb_Hiy(x) he()) =~ (0he(x) o (1 — ha(x)) .

Using the dominated convergence theorem we have the following

|Wjhe — Willoxg —> 0, as &€ —0
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H( — 1P )W"

which from the boundedness of the Dunkl translation opertaor 7, on L2(R", wy(x)
dx) yield that

z, (ai, (cb Loy h )) + ()

However, since hy ®_j;y is a C*-radial function we have that

a
7y <£<®_1+iy h£)> =T (D];<q3_1+iy hs)) = D.];tz <q)_1+iy hs)
J

We next compute DXt ®_ 144y he ) and its limit when & — 0. Puttin
p itz +iy g

and

— 0, as ¢ —>0
2.k

—-0 as ¢—0. 2.11)
2,k

AcGeon) = JIxP 4 122 = 2(x,m) = Jlx = 02 + 12 — InP.

for x € R" and n € conv(G.z), and using the formula (1.6) and (1.1) we have that

D, (@ 14iy he ) ()

- /R - 1)) @iy (AL (x, 1)) (AL (x, 0)dv, (n)

(xj — n))Piy(A(x, m)) . ~
_/" ( (I —iy) ) <1 — A, (x,n)? hg(AZ(x’”») dv(n)

kyv; — ~
+ X0 [ (0Tt i acte.my

eRT

~® iy (Ac oy, M (Ac(ou.x, ) )dv ().

Therefore, from (2.11)and dominated convergence Theorem we obtain for a.e.
x € R",

T(W))(x) = A{"(x,» — 1)) @iy (A (x. m)dp:(n)

ko, —_ ~
B Z vj / (q;flﬂ-y(Az(x, M) — Poiyiy(Az(0y.x, n))>dvz(n)-
V) JRe

(2.12)

Note that in the integrands, |(x; — n;)| < A;(x, ) < 1 and by using (2.10)

1(xj — 0)) Py (Az(x, )| < c eP.
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Also, if we write

D 14y (A, (x, 1) — D140y (AL (0.5, 7))
(x, v)

noopl
=" Z/O (xj —t{x, v)vj — NV Piy (A (x —1{x, v)v, n))dt
j=1

then we have that

®:T+iy(Az(x’ n) — Q:\l;iy(Az(Uv-xa m) < ¢ oM
{x,v) - '

Thus in view of (2.12), we conclude the proof of Lemma 2.12. m|
Proof of Theorem 1.1. Applying Theorem 2.2-(c), yields

1Syc+m-12(HD gk < cl fllpis  f € SR

for all couple (p, g) satisfying (1.12) or (1.13). So in view of (2.1) it will be enough
to prove

n

ISyt (Pllgr <c D IDSF| 5 f € SRY. 2.13)
j=1 p,k
We quote the following

n 2 n

&:
cos(E) Fr(f)E) =Y @ cos(E) Fr(f)(E) =Y

cos(§)
&1

F(Ri (DA ) @).

=1 j=1

Hence from Theorem 2.10 one can reduce (2.13) to show that

‘f,:l (C‘f;f) J-'k(f)(é))

Let ¥ be a radial smooth function on R" such that ¥ (§) = 0 if |§] < I and
¥ (&) = 11if |§] = 2. Then Theorem 2.4 implies

cos(§)
1§

provided, 1 < p <2 <¢g <ooand 1l/p —1/q > 1/Q2yr + n). Here clearly
conditions (1.12) and (1.13) are also satisfied. Thus we are reduced to showing that

‘ cos(§)

1§
For this purpose we define an analytic family of linear operators U ZJ by

=clfllpk- (2.14)
q.k

=cllflipks (2.15)
p.k

kal ((1 — Y (&) fk(f)(§)>

=clfllpk-
p.k

F! (x/f(s) fk(f)(§)>

Ul () = F (0 ©8 16 o (EDFHE))
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for 0 < Re(z) < yx + (n + 1)/2. We now apply Stein’s Interpolation Theorem to
the family U/ and proceed as in the proof of Theorem 2.2. First on the boundary
Re(z) = yx + (n + 1)/2 we have

IUL (F)llok < ¢ ePH I fllak

which is a simple consequence of (2.9) and Plancherel Theorem. '
For z = iy, in view of (2.9), the function & — v (&)&;|g|~/2-retiv-]

Jnj2+y—iy—1(1&]) belongs to L2(R", wy(x)dx). Then one can write Uijv as the
convolution operator ’

UL = F (W ©8 162 o1 (€)1 £ (0,
f e L*(R", we(x)dx)

and to obtain a desired L! — L™ estimate for U l]} as in Theorem 1.2 it suffices to
estimate

o F ! (W%)Ei &1 o116 |) Hoo,k '

We begin by recalling the two classical identities for Bessel function

d
E(f”Ju(t)) =—t""Joq1 (1) (2.16)

and
Jop1(®) =2vJ,(@)/t = Jy—1 (). (2.17)

Let us observe first that by (2.2) and (2.16)
Fi(xj@iy)(€) = i DS Fi(®iy) (§) = —i&j &P 4o iy 1 (6(218)
and by (2.17)
Fi(xj®iy)(§) = i&j &[N iy 1 (€D
—i(n+ 2y — iVEETTITR g iy (D).
Hence
F (W @®g e i1 (6D) = =i (WO Felx 2 ©))
+0+ 20— D F (WOE T (8D

Now, write
F (VO F9)©) = 7 (06 = DF; @1)(@) ) + iy ().

The function £ — (Y (§) — 1) Fi(x;P;y)(§) is a C*° with compact support, so by
using (1.5), (2.9) and (2.18) it follows that

WA @® - DR@emE || el
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Thus, in view Lemma 2.12

nF (O ©)| et 2.19)

On the other hand, one can write

F (v @gilel 2 (6D ) = B (% (%)ﬂ@,ym))

= iAl//(Rj(q)zy))

Now for p > n + 2y the radial function ¢;, belongs to L”(R", wi(x)dx), thus
we can apply Theorem 2.10, Lemma 2.11 and (1.9) to obtain

e (V@8 16T (6D)| = 1A Ry (e (@) e
= C”q)iy)”p,k <c e,

This together with (2.19) yield

e (V@816 a1 (81)| < e et

and therefore
UL (P ook < € P11 f Ik
The Stein interpolation theorem now implies the following
NUL O pre < € I1f Nl pk

foral0 <o <py+m+1D/2and p = n+14+29%)/n+1+2y —a).In
particular forae =y, + (n — 1)/2 and p =2(n + 2y, + 1) /(n + 2y, + 3)we have

that
cos(|§])
€12

<cflipk (2.20)
Pk

- (ws)s j
Using the fact that

;! (w@)""jé'f')fk(f)(s)) ka (‘/’(’3)|gj|2 Coslé'f')fkm@)

fk(f)(é))

Sy (w@s, °°|s;|'f cosED £ (& (f))@))

it follows from (2.20) and Theorem 2.10

os(1&1)
1]

On the other hand by Theorem 2.4 we have

os(I51)
€]

- <W(S)C fk(f)(f)) =cllfllpk

P’k

- (W(S)C fk(f)(é‘)) =clflpx

q.k
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forl < p<2<qg<oo,1/p—1/q =1/(n+2y). Therefore with the use of the
Riesz-Thorin interpolation theorem for the couples (L”', L9') and (LP?, L92) for

p1=2, q1=2m+2¥)/(n+ 2y —2),
P2=2m+2+1)/(n+2%+3), 2=2+2n+1D/(n+2y—1)
and

p1 =2 4+2y)/(n + 2y ++2), q1 =2
P2=2m+2+1)/(n+2n+3), =20 +2n+1D/n+2y—1)

we obtain (€D
_ cos
‘fk ! (w(é)—fk(f)(if)) =clfllpx
for all p and ¢ satisfying (1.12) or (1.13). This combined with the estimate (2.15)
yields (2.14) and finishes the proof of Theorem 1.1. O
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